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Resumen

El presente trabajo de Tesis Doctoral, se vertebra en el estudio y desarrollo, dentro del
campo de la Teoria de Juegos, de los escenarios de Juegos de Costes Cooperativos de
Utilidad Transferible, donde la cooperaciéon se produce de manera bilateral entre pares
de agentes.

A tal fin se desarrolla en una primera parte un avance en los conceptos de benefactor y
beneficiario, a la vez que presenta un nuevo modelo de Corporate Tax system
descubriendo y analizando las propiedades que aparecen en los juegos de coste
coalicionales cuando existen miiltiples benefactores y una dualidad de roles, o dicho en
otros términos, cuando ambos roles pueden ser desempenados por un mismo jugador.
Unido a ello, se constata el valor de Shapley como criterio o regla de reparto idénea para
este tipo de juegos y se presenta una expresiéon simplificada e intuitiva del mismo que
facilita sobremanera su célculo.

En una segunda parte, y desde la estructura de biform-games , se estudia un escenario
hibrido donde los agentes cooperan tras una primera fase competitiva previa donde los
jugadores, con el objetivo de reducir sus costes, determinan estratégicamente el nivel de
esfuerzo que van a dedicar, o dicho de otro modo, el grado de cooperacién con el que van
a participar anticipando la reducciéon de costes que se obtendria, segin el nivel de
esfuerzo aportado, en el reparto como resultado de la cooperaciéon. Posteriormente a la
fase competitiva, se analiza y estudia el modo en el que los jugadores, de manera
bilateral, entre pares, cooperan segin el nivel de esfuerzo adoptado al objeto de reducir
sus costes.

A tal efecto, se presenta un nuevo modelo de juegos cooperativo denominado Pairwise
Effort Games (PE Games) desde el que se analiza el impacto de los esfuerzos bilaterales
entre pares de jugadores en las reducciones de costes producto de la cooperacién 7y se
estudia la existencia de criterios o mecanismos eficientes de asignacién de costes que
permitan distribuir idéneamente entre la totalidad de jugadores las ganancias obtenidas.

Se demuestra la estabilidad de la gran coalicién y la existencia de asignaciones que
incentivan a la totalidad de jugadores a cooperar a través de un nivel éptimo de esfuerzo.
Se identifica y presenta una familia de repartos con reducciones por pares ponderadas
por separado (Weighted Pairwise Reduction, WPR) en la que se halla y se constata la
generacién de dicho nivel éptimo de esfuerzo. Dentro de esta familia, se identifica y se
presenta a su vez, la regla que genera el dnico equilibrio de esfuerzo eficiente.

Por otro lado, se constata que el reparto propuesto por el Valor de Shapley se halla
dentro de la familia WPR pero se constata también que los incentivos provocados por
dicho reparto conducen a estrategias ineficientes de esfuerzo en la fase competitiva.



Se consigue hallar y demostrar la existencia de equilibrios de esfuerzo en esta fase
competitiva. (Pairwise Effort Equilibria, PEE).

Una vez presentada y demostrada la existencia de esta familia de valores de reparto
WPR, se identifica y se presenta una subfamilia de repartos donde las reducciones por
pares no se ponderan por separado sino que, en su lugar, se ponderan de forma agregada.
A esta subfamilia se le denomina WPAR, (Weighted Pairwise Aggregate Reduction).

Se prueba que el nivel de eficiencia es menor cuando cuando las reducciones entre pares
se ponderan de manera agregada para cada agente en lugar de hacerlo separadamente.
Se identifica y se propone, tras la comparacién entre la familia WPR y la subfamilia
WPAR, una regla de reparto dentro de la subfamilia WPAR que, sin alcanzar, tal y
como se ha indicado, los valores del nivel éptimo de equilibrio eficiente, si es capaz de
generar esfuerzos de equilibrio mé&s cercanos a los esfuerzos de equilibrio éptimamente
eficientes.

El trabajo contenido en la presente Tesis doctoral, abre interesantes y prometedoras
lineas de estudio e investigacion que ahonden tanto en la interdependencia o
complementariedad entre los agentes y los diferentes niveles de esfuerzo llevados a cabo,
como al desarrollo, entre otras lineas o vias, del estudio de modelos bilaterales con
miltiples reducciones de costes y el impacto que dichos esfuerzos realizados provoquen
en las mismas.



Summary

This Doctoral Thesis is based on the study and development, within the field of
Game Theory, of the scenarios of Transferable Utility Cooperative Cost Games,
where cooperation occurs bilaterally between pairs of agents.

To this end, the first part of this Thesis develops an advance in the concepts
of benefactor and beneficiary, and at the same time presents a new model
of Corporate Tax system, discovering and analyzing the properties that appear
in coalitional cost games when there are multiple benefactors and a duality of
roles, or in other words, when both roles can be played by the same player. In
addition, the Shapley value as an ideal distribution criterion or rule for this type
of games is established and a simplified and intuitive expression of it is
presented, which greatly facilitates its calculation.

In a second part, and from the biform-games structure, a hybrid scenario is
studied where the agents cooperate after a first competitive phase where the
players, with the objective of reducing their costs, strategically determine the level
of effort they are going to devote, or in other words, the degree of cooperation
with which they are going to participate, anticipating the cost reduction that
would be obtained, according to the level of effort contributed, in the distribution
as a result of the cooperation.

After the competitive phase, we analyze and study the way in which the players,
bilaterally, between pairs, cooperate according to the level of effort adopted in
order to reduce their costs.

To this end, a new model of cooperative games called Pairwise Effort Games (PE
Games) is presented, from which the impact of bilateral efforts between pairs of
players on the cost reductions resulting from cooperation is analyzed, and the
existence of efficient cost allocation criteria or mechanisms that allow the gains
obtained to be ideally distributed among all the players is studied.

The stability of the grand coalition and the existence of allocations that
incentivize all players to cooperate through an optimal level of effort are
demonstrated. A family of allocations with Weighted Pairwise Reduction (WPR)
is identified and presented in which the generation of such optimal level of effort
is found and verified. Within this family, the rule that generates the unique
efficient effort equilibrium is identified and presented.



On the other hand, it is found that the distribution proposed by the Shapley value
is within the WPR family, but it is also found that the incentives caused by this
distribution lead to inefficient effort strategies in the competitive phase.

The existence of Pairwise Effort Equilibria (PEE) in this competitive phase is
found and demonstrated.

Once the existence of this family of WPR partitioning values has been presented
and demonstrated, a subfamily of partitionings is identified and presented where
pairwise reductions are not weighted separately but instead are weighted in
aggregate. This subfamily is referred to as WPAR (Weighted Pairwise Aggregate
Reduction).

It is proved that the level of efficiency in is lower when the pairwise reductions
are weighted in aggregate for each agent instead of separately. It is identified and
proposed, after the comparison between the WPR family and the WPAR
subfamily, a sharing rule within the WPAR subfamily that, without reaching, as
it has been indicated, the values of the optimal efficient equilibrium level, it is
able to generate equilibrium efforts closer to the optimally efficient equilibrium
efforts.

The work contained in this doctoral thesis opens up interesting and promising
lines of study and research that delve into the interdependence or
complementarity between the agents and the different levels of effort carried out,
as well as the development, among other lines or ways, of the study of bilateral
models with multiple cost reductions and the impact that these efforts have on
them.



Introduction



Preliminaries: decision making

In the day-to-day reality, the human being as an individual in his personal sphere or the
human being as an agent or integral part of a social, economic or professional ecosystem,
is continually subjected to the need to make decisions in situations or scenarios that pose
more than one possible alternative. Each individual, faced with each decision to be taken,
according to his capacity and available information, must determine the best or optimal
solution from among all the possible options in order to maximize the benefit or minimize
the costs or losses.

Consequently, the need to face decisions is a constant in every aspect of human existence
(Bradley, 2017), being these logically more complex as the development achieved is greater,
so that decision making, from any field or area whether personal, professional, individual,
collective or institutional, directly or indirectly, conditions and shapes with each action our
own degree of evolution. In other words, determines and defines our own development and
existence.

Economics, as a social discipline intrinsically attached to the events of everyday life, was
born, among others, with the aim of analyzing and identifying ways to offer solutions to
the continuous questions that arise from a human nature already defined long time ago by
Aristotle as "social animal".

Questions and problems that inevitably arise as a consequence of the continuous inter-
actions centred on obtaining means or resources to satisfy needs. In other words, one of the
ultimate aims of economics is the study of the different models of organisation and distrib-
ution of resources that are not unlimited. The way in which these resources are organised
and distributed will be the result of a complex set of conflicting decisions in which the need
to act strategically is assumed to be necessary to obtain optimal results.

If resources were not limited, the existence of risk would naturally be less, and therefore
decisions would be of significantly less relevance, and certainly economics itself as a discipline
might find no reason to continue to exist.

The limitation of resources leads directly or indirectly to the fact that the number of



possible decisions or strategies to adopt aimed at satisfying needs is also not unlimited and
will force us to continually redefine new strategies and new decisions that will always have
the same objective: to optimise the allocation of limited resources (Poveda and Bual6, 2024)
or, in other words, to obtain the maximum possible satisfaction with respect to the degree
of scarcity of the resources available to us.

As Braund (2005) significatively stated, development or underdevelopment, growth,
stagnation, evolution or individual or joint backwardness have depended in the past and
will continue to depend in the future on the degree of success and the degree of success of
each decision strategy adopted.

Logically, each strategy and each decision is transcendental for the agents who must
make them, and it is this importance that makes it necessary to develop a theoretical body
with the capacity for real and practical application that allows, through study and analysis,
to minimize the probabilities of error and maximize the options for success.

Mathematics and its application to the so-called social sciences allows us to respond to
the need to model the situations or decision scenarios that take place in real life, situations
or conflict scenarios in which there is a certain degree of opposition in the interests of each
player and the achievement of these interests will depend on a decision-making strategy that,
to a greater or lesser extent, will be strongly conditioned in turn by the decision-making
strategies adopted by the other players.

Game Theory, from its economic and mathematical origin, arises specifically as a re-
sponse, as Bonome (2010) defines, to the need to analyze and study decision making or,
in other words, the strategies that each player can adopt in order to obtain the maximum

benefit in any possible scenario where he cooperates or competes against other agents.



Game Theory: origins and brief historical approach

Although there is a more than wide consensus in recognizing the contributions of von
Neumann and Morgenstern (1944) as the starting point of game theory as an area or scien-
tific discipline with its own identity and independence, it was not until two centuries ago,
in the eighteenth century, when the first references were published that were consolidated
as precursors proposing the basis for an imminent formal mathematical development that
would determine the theoretical frameworks of the same.

As detailed by Villalén and Caraballo (2015), in their publication "A walk through the
history of Game Theory", the works of G.W. Leibniz (1704), P.R.Montmort (1713) or A.N.
Caritat (1785) where, respectively, the appearance of a new model of scenarios or logical
reasoning games from the premises of probability was noted, the concept of mixed strategy
and the proposals of solution through the minimax rule were introduced for the first time,
and where, finally, in the work of the Marquis de Condorcet, the Jury Theorem and the
well-known Condorcet Paradox were shown for the first time. All of them were contributions
of notable relevance that opened up avenues of research hitherto unknown.

The 19th century marked the beginning of a growing production that reflected the
incipient interest generated. The first publications on mathematical modeling appeared
which, in the end, would be the embryo that would define and lay the future foundations of
the discipline. In 1913 the work of F. Zermelo and E. Borel (1913) stands out among them.
Borel (1913) laid the early foundations of Game Theory by proposing models between pairs
of players who interact moved by opposing or conflicting interests, as bipersonal zero-sum
games with imperfect information. Although it is true that this publication focused on
the characterization of strategies, it did not, however, show any interest in identifying the
existence of an optimal strategy above the rest. It was Borel (1920) who for the first time
identified and proposed the existence of a single optimal strategy in certain game scenarios.

During the course of the century, a succession of authors and works, each time with
greater projection, developed the bases of a future game theory that already showed a clear

potential for its application to more and more problems or situations of everyday life. The



works, among others, of Cournot (1838), Bertrand (1883), or Edgeworth (1881) solidly
consolidated the lines that in the near future would give rise to the birth and irruption of
Game Theory.

The first half of the twentieth century witnessed an exponential increase in academic
production that continued to develop and expand both the theoretical bases and new prac-
tical scenarios of a future game theory that was about to burst forth in full force. Authors
such as Steinhaus (1925) formally delimiting for the first time the concept of strategy or
H. Loomis (1946) delving into the proof of the minimax rule proposed by Neumann, are a
very succinct example of the unstoppable interest aroused by a discipline that revealed an
unusual potential for use and a vast range of applications from its beginnings.

The milestone reached and the repercussion caused by the publication in 1944 of "Theory
of games and economic behavior" by Neumann and Morgenstern would mark the moment in
which Game Theory would definitively consolidate itself as an independent mathematical
branch with the consideration as a scientific discipline and with its own identity. The
Nobel Prize awarded to John Nash together with C. Harsanyi and R. Selten in 1994 for
their contribution to game theory, introducing the essential concept of equilibrium and
analyzing the so-called "market imperfections", recognized for the first time with this award
its significance in economic theory, rewarding, in the words of the Royal Swedish Academy
of Sciences, "the pioneering analysis of equilibria in the theory of non-cooperative games".

Fifty years had passed since the 1944 publication of Neumann and Morgenstern and
Game Theory, as S. Monsalve (2003) rightly defined it, had unanimously reached the status
of a fundamental discipline of modern economic analysis.

The Nobel Prize awarded to Nash was not the only one in the field of economics to
recognize game theory as a tool for understanding and modeling decision-making processes.
Mirrlees and Vickrey in 1996 would obtain it for their work on Game Theory and asymmetric
information. Aumann and Schelling would do the same in 2005 for their work on conflict
and cooperation scenarios. Hurwicz, Maskin and Myerson were awarded in 2007 for their

contributions to the theory of mechanism design and market efficiency. Shapley and Roth



in 2012 won the same award for "the theory of stable allocations and the practice of market
design", Thaler in 2017 for his work on the possible absence of rationality in decision making,
and Wilson and Milgrom were also recognized with the same award in 2020 for their work
on the improvement of auction theory.

As can be seen, Game Theory, at present, has reached a notable and consolidated
degree of maturity that allows it a relevant status and position, beyond Economics itself,
in areas of knowledge a priori as disparate as, among others, Computer Science, Biology,
Engineering, Medicine, Political Science, Marketing, Sociology or even within the field of
military strategy or even too in Literature, where appears as an significant element within
the development of the plot of novels and literary narratives in which the strategic choice of
characters is treated (Brams, 1992) or it has been desired to analyze or model the choices
of the characters using this discipline (Mehlmann, 2000; Mozaffari and Eghbal, 2020).

With the imminent development of calculation and computation capacities together with
the exponential advances in quantification, identification and data management, essential
tools are provided which, when applied to Game Theory, will allow it to reach a capacity of
faithful reflection of reality that will lead to levels of accuracy in the proposals of strategic
solutions not yet reached, projecting for this discipline a long way to go and a future as

solid as it is remarkably promising.

Conflict, rationality and interdependence

Game Theory seeks, from the analysis, to propose or identify the optimal solution in
scenarios with interactional and decision making problems (Sohrabi and Azgomi, 2020),
environments that also could be defined as involving per se a conflict of interests and
presenting a marked strategic interdependence among the players. The individual rational
behavior of any agent involved will depend, therefore, on his capacity for analysis and also
on his capacity to anticipate the actions of the other players in situations, generally, of
incomplete or imperfect information.

Logically, we can deduce that the lesser the amount of information available to each



player, the greater and deeper the strategic capacity for analysis and anticipation must be
in order to define the optimal behavior of each player when the cost or benefit of each action
is not given and depends in turn on the actions of the other players.

Strategic interaction, as Hammerstein (1973) indicated, is an intrinsic consequence of
the existence of conflicts of interest in scenarios where the behavior of each agent will be
conditioned by his own decisions, taking into account that these decisions will in turn be
conditioned by the decisions of the other agents.

Consequently, conflict and the strategic way of behaving or acting in the face of it
is nothing more than the way in which each player will try to satisfy his own interest
to the maximum extent possible, either in a confrontational manner, without any type of
transaction or prior agreement, or through agreements for which consensus will be necessary
with each agent who, in turn, will also look after his own interest.

By definition, conflicts exist logically and naturally at all social levels, both individually
and collectively and from any approach or prism (Bashir et al., 2020), will exist whenever
the interests or motivational priorities (Hand, 1998) of one player are different from the
interests of another player with whom he interacts, so that this scenario must be rationally
managed by all the agents involved if they all seek to obtain the highest possible payoff,
benefit or utility value.

It is therefore necessary to identify four pillars or basic elements on which every inter-
action between players is generally based :

a) Conflict Scenario: Each player pursues the maximum benefit for himself without
taking into account the degree of benefit that the rest of the players may finally achieve.
Arrow (1951), in a theorization that is still accepted and valid today, and from the point
of view of rational utilitarianism, defined conflict as the scenario that occurs when each
individual player seeks to satisfy his own interest without taking into account the possible
preferences of the other players. He thus established a conceptual framework that is still
fully valid today to determine both the rational behavior of each agent and the very structure

or foundation of game theory.



b) Strategic behavior: the existence of a conflicnt leads each player, depending on his
interests and the information available to him and using the knowledge ot the others play-
ers payoffs (Rapoport, 2012), to develop or adopt a certain strategy of action, that will
determine the way in which he interrelates respectively with the other players.

c¢) Rational behavior: This strategy will be focused in order to maximize the satisfac-
tion of individual self-interest. The search for self-interest in turn defines the character of
interactions between agents in the framework of game theory, presupposing and taking for
granted that every agent will act rationally. To this effect, it is necessary to refer again
to the work contributed by Arrow (1951), to understand the relationship between the con-
cept of rationality and utility, defining the former as the behavior focused on obtaining the
highest individual utility, rejecting any decision that does not maximize it.

Consequently, players act in an attempt to optimize their utility functions in both com-
petitive and cooperative scenarios, reflecting rational behavior that seeks to maximize their
expected allocation of cooperative benefits (Chen, 2024). However, it should not be forgot-
ten that, sometimes, altruistic behavior can also be integrated and contemplated in utility
functions.

d) Interdependence: Finally, ties of dependence is the last feature that conditions and
determines the behavior of all agents insofar as their decisions will always be conditioned
by the decisions of the other players. Therefore, it will always should be necessary to reach
points of equilibrium, coalitions or unions that allow the materialization of agreements
between two or more players. The non-existence of such agreements would only deprive
the purpose or objective of the agents of meaning insofar as the veiled intention to extract,
dominate or subordinate some agents to others would be evident, and would also deprive

the reason for a game scenario and, logically, the purpose of the game itself of all meaning.



Confrontation or Cooperation

Having arrived at this point and having conveniently identified the structure on which
every game is based and takes place, it is equally appropriate to focus on the relationship
that causes every interaction to entail by nature the existence of a conflict that must be
resolved strategically by each player in a rational way (Schelling, 1958), either competing
against another player or cooperating with a group or set of players.

Game Theory, faced with the concept and existence of conflicts, offers unique and re-
markable advantages as a mathematical tool capable of analyzing and even modeling such
this conflict situations (Rapoport, 2012) totally or partially, allowing to identify possible
vectors of strategies between antagonistic agents and finding common objectives between
them that move to points of equilibrium or agreement.

To this end, a distinction is made between two possible scenarios or game models:
cooperative or non-cooperative or competitive, depending on whether or not decisions are
made with or without commitments to the other players, or depending, for example, on
whether or not there is transparency in the coalitional costs, the prior possibility for the
players involved to share information, or the possibility of reaching prior agreements that
allow them to adapt or coordinate their strategies in order to maximize the incomes for all
the players involved in a consensual manner. Cooperative games, turn, can also be classified
into games with or without transferable utility ! depending on whether or not the utility
that motivates cooperation can be tangible (Peters and Peters, 2015) in the sense of whether
or not it can be transferred as currency from one player to another.

In cooperative environments, where the aim is to maximize the benefits derived from
cooperation, perhaps the analysis or identification of the strategies of each player will not
have excessive relevance insofar as each agent seeks to cooperate to increase his profits,
so that the coalitional payments resulting from cooperation will be the key element or

aspect that determines the incentive so that, effectively, all the players decide and accept

!Games with Transferable Utility (TU Games) , as Myerson (1992) stated , could be considered as an

special case of NTU- Games ( Games with nontransferable utility)



to cooperate.

Given that, as rightly synthesized by R. Sexton (1986), for any game cooperation be-
tween agents is absolutely voluntary, no player would decide to cooperate if he does not
perceive that he can obtain a benefit from it, so that the existence of stable coalitions of
players will only occur insofar as such stability is a consequence of the absence of any other
possible coalitional alternative that improves the results of the first.

We are faced with two possible scenarios: cooperative or competitive, two scenarios in
which there is a conflict of interests (Aumann and Schelling, 2005) that is resolved through
negotiation in different ways and in which, indistinctly, each player will always act rationally
trying or pursuing to maximize or optimize his payment function , either by confronting
another player and trying to win or obtain a benefit to the detriment of his partner, or by
using the group as a way to achieve what would not be achievable or feasible individually
or through confrontation or absence of cooperation. The way in which each player acts in
pursuit of his own interest will make agreements possible or, on the contrary, will lead the
players to an impasse with no coalitional value.

From the competitive approach, the interaction under only and exclusively non-cooperative
models, entails, in certain scenarios, certain difficulty for its projection or real application
beyond the theoretical modeling. An example is the approach of the minimax theoretical
body (Neumann, 1928) where, given the mathematical nature of game theory, the existence
of an "optimal" strategy in zero-sum games has been a standard in non-cooperative models
that has practically been unanimously consolidated as an instrument of analysis in decision
making. This theory, that although from the theoretical approach the optimal or ideal way
of proceeding in a game can be clearly reflected, from the empirical or practical point of
view and applied to the reality of human interactions, it only hints at certain limitations
since it is hardly feasible to comply with the conditions required for its application (Riker,
1992), being perhaps one of the most evident limitations the conditional requirement of zero
sum, in which there are two entirely confronted interests, whereby everything that a player

wins must correspond to what his opponent loses, a scenario that can hardly be observed
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in a reality not only because of the forcefulness of the restrictions but also because of the
significant risk and the absence of incentives or stimuli to conform a game that would not
mean anything other than the complete elimination or defeat for one of the two participants.

On the other hand, Cooperative Games do not contemplate a scenario of loss for some
players in favor of others, in them, the players pursuing the so-called common good (as
a way of expressing the maximum possible benefit for each and every one of the agents
involved in the game), will be predisposed to reach certain agreements that entail sharing
and even making certain sacrifices aimed at obtaining a benefit that optimally compensates
them.

Consequently, Game Theory as a tool, and especially from a social science such as
Economics, cannot and should not disassociate itself from reality , in spite of the unbounded
complexity and multitude of variables that determine it. In other words, game theory must
be able to reflect any possible scenario of interaction, integrating the possible variables and
determining factors that can shape and define any game situation in today’s interdependent
environment, (Zhang et al., 2023) made up of complex dynamics that is permanently
changing.

Riker (1992) aptly describes the complexity of human action and the counterproductive
nature of trying to establish normative elements common to all types of interaction instead
of generalizing descriptive aspects, leading to the presentation of a biased interaction that
could hardly offer a rigorous analysis and, therefore, could hardly be presented as an ade-
quate tool to identify possible suitable strategies of behavior if it has not previously been
able to contemplate without any type of distortion and as accurately as possible any game
or conflict scenario.

In 1992, Ray Noorda, former CEO of Novell, broke with the classical theoretical concep-
tion, prevailing since Adam Smith (Dowling, 2020) that only contemplated the competitive

path, and polularized the term "Coopetition" ? to describe the need to compete and coop-

Z Although R. Noorda is credited with having popularised the concept , as Marlon et al (2024) states the

term Coopetition was, decades ago, first introduced by Cherington (1913) in his work entitled "Advertising
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erate at the same time as a formula to achieve a return that could not be achieved only
by competing. Five years later, Nalebuff and Brandenbruger (1997) consolidated the term
coined by Noorda and took a step forward to propose, from the field of game theory, collab-
oration between competitors as a way to maximize profits or minimize costs and improving
from the way in which, until this moment, interfirms strategic alliances and competitive
dynamics were understood (da Silva and Cardoso, 2024).

The search for utility from rationality, which can be considered as an interactive ra-
tionality (Colombatto et al., 1996), moves each player to act solely interested in obtaining
the best payoff or reward, either acting independently or taking into account the actions
of other players. This implies that each player will carry out any behavior that leads to
maximizing the profit pursued, which leads us on a wide range of occasions to collaboration
between agents, collaboration that moves agents to adopt "hybrid" or mixed interaction
strategies, in which competitive phases coexist with cooperative phases.

Brandenburger and Stuart, in 2007 modeled, presenting a new class of transferable
utility cooperative games (Biform Games), the way in which competition and cooperation
hybridize each other to conform payoffs that depend on the previous competitive strategies
of each player.

In this type of strategy, prior to cooperation or coalition building, each agent will "pre-
pare" by competing or negotiating, trying to place himself in an advantageous position that
allows him to obtain the highest utility or payoff by using or investing the minimum amount

or value of resources in the collaborative phase.

Objectives, methodology and contributions

The present thesis work is based on three central objectives, objectives that all start
from a single motivation that, from the necessary perseverance and humility, determines and

configures as a premise the strong will to provide an added value that contributes to reduce

as a business force", in which he includes the statements of K.S. Pickett defining the relations among oyster

dealers.
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or shorten the distance between the theoretical formulation and the practical application
in the modeling and allocation criteria, within the scope of Game Theory, of the conflict
scenarios of Cooperative Cost Games of transferable utility, where the interaction and cost
reduction occurs bilaterally between pairs of players, such bilaterality being coalitionally
independent.

The first objective is focused on the development and extension of the concept of roles
of benefactor (the player who will always reduce the cost of the rest of the players who are
in the same coalition) and beneficiary (the player who will always see his costs reduced as
a consequence of joining coalitions in which there is a benefactor) studying the possibility
of their performance in a dual manner, that is, studying the effects that happen when the
same agent acts with duality of roles, both as benefactor and beneficiary. This objective
arises in turn, and inherently to the above, from the analysis of models in which there is a
single beneficiary or beneficiaries coexist with benefactors without any player playing both
roles simultaneously, i.e., acting as both benefactor and beneficiary in any coalition.

Once the effects and nature of role duality in cooperative environments have been de-
termined, the next step is to analyze the duality of cooperative and competitive behaviors
in bilateral cooperation models between pairs of players, which, depending on their degree
of cooperation, can also be identified according to the dual or non-dual performance of the
roles indicated in the first chapter.

The second objective is focused by one hand on the analysis and study of the effects,
under the structure of biform games, of a specific type of asymmetric cooperation that
takes place bilaterally between pairs of agents with the common objective of reducing their
individual costs between pairs. By other hand is focused on the study and analysis about
the impact of pairwise efforts on cost reductions and the result cost structure for this
framework while also considering a family of cost allocation rules with pairwise reduction
wighted separately. A family of cost allocation rules with weighted pairwise reductions
(WPR) is studied, which includes the Shapley value (when all players exert half of the

possible effort) and which is a subset of the core of this type of games. Going deeper into
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the study of the sharing family (WPR), we finally consider the existence of effort equilibria
in this competitive phase. (PEE)

The third and last objective is focused on finding, within the WPR, family of alloca-
tions, a sub-family where pairwise reductions are not weighted separately but, instead, are
weighted in aggregate. This sub-family is referred to as the WPAR. On the other hand, the
aim is to compare the properties of the two identified allocation families.

The methodology used in general in this thesis is based on the analysis and application
of Transferable Utility Cooperative Cost games, using for this purpose the modeling in the
form of biform-games (Brandenburger and Stuart, 2007), in order to present and define a
new class of games that study the costs and challenges associated with the establishment
of a situation of paired effort.

In addition to the above, the methodology applied is structured on the basis of the use
of the mathematical framework as a vehicle tool that allows us to observe and analyse the
interactions between agents and the results of such cooperation by applying optimal and
accurate sharing rules.

As contributions of the work developed and reflected in this thesis document, it must
be indicated:

As a first contribution, a new class of cooperative cost games is presented, associated
to the coalitional cost models with multiple benefactors, which imply both a less restrictive
definition of the concept of beneficiary and a generalisation of the concept of benefactor
insofar as it does not contemplate a single benefactor but a multiplicity of them as well
as their irreplaceability and the performance of a double role, or what is the same, the
possibility that a benefactor can act simultaneously as such and as a beneficiary in any
possible coalition in which he/she is integrated.

In addition to this, we formulate a simplified expression of the Shapley value for this
new class of games, once the concavity of the new class of games has been proved, to
demonstrate the validity and suitability of the Shapley Value as a sharing rule capable of

guaranteeing coalitional stability, adequately recognizing the effects of give and take and



14

rewarding especially the dual role played by the benefactors, while presenting a remarkably

intuitive and simplified expression of the same that greatly facilitates its calculation.

As second contribution, the introduction of PE-Games (Pairwise Effort Games) a new
class of biform games. In PE-Games, a doubly robust cost sharing mechanism is presented.
That mechanism not only has good properties regarding the cooperative game in the second
stage but also creates appropriate incentives in the non-cooperative game in the first stage

that enable efficiency to be achieved.

As third contribution, on one hand the finding of a loss of efficiency when cooperation
is restricted or limited only to an aggregate cost reduction by pairs. On the other hand,
as a culmination of the work done, to identify, within the family of WPR allocations, a
sub-family where pairwise reductions are not weighted separately but instead are weighted
in aggregate. This sub-family is called WPAR. We find that this sub-family generates in

the competitive stage the unique efficient effort equilibrium.

It is demonstrated that the solution of the cooperative game determines the incentives
of agents to make an effort in the first stage, and consequently the efficiency of the final

outcome.
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Thesis Structure

This thesis document is organized in three chapters. As a due presentation and facili-
tating the course of the totality of the content, the present work opens with an introduction
that serves as a guided itinerary through a brief historical approach of the discipline of
Game Theory, to, subsequently, go through the spirit, essence and framework concepts
that, within this discipline, are constituted as the necessary foundation that has allowed,
on the same, to raise and carry out this doctoral thesis.

The first chapter, titled as "Corporation Tax Games with dual benefactors", corresponds
to the book chapter " The Shapley Value of corporation tax games with dual bene-
factors" published in Handbook of the Shapley value in 2019 (see Appendix E). It starts
with a brief introduction in Section 1.2. Then, the cost-coalitional problems with multiple
dual and irreplaceable benefactors and some of their properties are described. After that,
in Section 1.3, the class of cooperative cost games associated to cost-coalitional problems
with multiple dual and irreplaceable benefactors, the so called multiple corporation tax
games, is introduced. Section 1.4 presents a simple and easily computable expression for
the Shapley value of multiple corporation tax games. An example illustrating the model
and the role played by dual and irreplaceable benefactors is given in Section 1.5. Finally
some concluding remarks and highlights for further research are collected in Section 1.6.

The second and third chapters correspond to the article " Efficient effort equilibrium
in cooperation with pairwise cost reduction" published in Omega in 2023 (see Appen-
dix F') . The second chapter titled "Efficient Effort Equilibrium in cooperation with pairwise
cost reduction" , after a brief motivation and introduction is organized as follows. Section
2.2 introduces the biformal game and describes in detail the two stages in which the model is
developed. Section 2.3 is devoted to analyze the second stage which is a cooperative game.
In this cooperative game, agents reduce each other’s costs as a result of cooperation, so that
the total cost reduction of each agent in a coalition is the sum of the reductions generated
by the rest of the members of that coalition. Section 2.4 studies the first stage, i.e. the

non-cooperative game that precedes the cooperative game of the second stage. Here, agents
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anticipate the cost allocation that results from the cooperative game in the second stage by
incorporating the effect of exerted effort in their cost functions. It is considered a family
of cost allocation rules (in the second state) with separately weighted pairwise reductions
(WPR family) and obtain the corresponding effort equilibria in the first state. Then, we
develop a general and complete analysis of the efficient effort equilibria. Finally, in this
section is found the kernel assignment rule in this WPR family that generates the unique
efficient stress equilibria.

Finally, the third chapter is titled "Measuring Efficiency for Pairwise Aggregate Re-
duction" and is organized similarly to the previous two chapters. After a brief initial
introduction, Section 3.2 focuses on a subfamily of the WPR. family in which the pairwise
reductions are not weighted separately, but are weighted as an aggregate reduction, the
WPAR family. It is found that the level of efficiency is lower than that achieved when the
pairwise reductions are weighted separately for each agent. Next in Section 3.3 the rule is
identified, within this WPAR family, that generates the equilibrium efforts closest to the
efficient ones. Finally, Section 3.4 completes the study of our model by comparing the two
families of kernel allocation analyzed.

The thesis structure ends with a general conclusion and future researchs, a bibliography
part and a last part dedicated to the appendices of the previous chapters, which contain

the proofs of the results and summary tables (notation and optimization problems).



Chapter 1

Corporation Tax (Games with dual

benefactors

1.1 Introduction

In recent years, as a result of an eminently globalized environment, the debate on the
necessary cooperation among states and firms has been intensified. The absence of this
cooperation among countries can cause both a race to the bottom tax competition in fiscal
policies and opacity or financial secrecy. On the part of firms or individuals, it can cause
underground economy, tax evasion or fiscal fraud. All of them are inefficient behaviors.

In particular, the underground economy is a significant problem and difficult to deal
with. The causes and negative effects of the underground economy have been debated
by authors as Feige (2016), Sandmo (2012), Schneider (2000), and Bajada & Schneider
(2018), among other authors. The solutions to be adopted to detect and reduce the un-
derground economy have been studied, for example, by Slemrod & Yitzhaki (2002),Torgler
(2011), Keen & Slemrod (2017),Williams (2017), or Dell’Anno (2009). Three solutions of
particular relevance are the design of optimal tax systems, the increase in transparency and
information, and a greater severity of the punishments. These elements allow to increase
the capability to detect and discourage the infringing behaviors. These efforts not only
benefit the states themselves by allowing an increase in tax collection, but also benefit all
the firms that act in accordance with the law, since it eliminates the competitors that acted

in a submerged manner.
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However, carry out effective policies focused at combating the underground economy,
requires a high economic cost in human and material resources that must be faced by the
countries governments. Cooperation among countries and firms could reduce these costs.
For example, cooperation among countries could be based on the desire for transparency
and the transfer of information in order to facilitate the detection of fraudulent behavior,
allowing a reduction of costs. In addition, beyond the mandatory legal requirement, a firm
can make an effort to improve the transparency of its financial practice. The firm can also
just share any kind of relevant information with the tax authorities. This cooperation could
be rewarded by a tax reduction.

Inspired by the Spanish tax system, Meca & Varela-Penia (2018) introduce a cooperative
model, where the Government is considered the only benefactor, as it keeps costs at the
same level, zero cost, while reduce the costs of those investors who act legally (beneficiaries).
Investors may decide to cooperate or not cooperate with the Government. If they decide
to cooperate, the Government will provide a framework of legal certainty, which is in their
benefit. On the contrary, if investors decide not to cooperate with the Government and
try to defraud the system by tax evasion, they can be detected and charged with unlawful
behav-ior. Once this irregular behavior is demonstrated, they will be punished and required
to return all amount defrauded plus a penalty. This means that the costs of not cooperating
with the Government would be higher than cooperate, and so all investors are willing to
pay the lowest taxes under legal protection of the Government. The authors present the
class of corporation tax games as an application of linear cost games to the corporate tax
reduction system.

Linear cost games were introduced by Meca & Sosic (2014) as a particular case of k-
norm cost games with benefactor and beneficiaries, when k = 1. The authors introduce a
class of cost-coalitional problems, which are based on a priori information about the cost
faced by each agent in each set that it could belong to. Then, they focus on problems with
decreasingly monotonic coalitional costs. In their work they study the effects of giving and

receiving, on cost-coalitional problems, when there exist players whose participation in an
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alliance always contributes to the savings of all alliance members (benefactors), and there
also exist players whose cost decreases in such an alliance (beneficiaries). Meca & Sosic also
show that when there are multiple benefactors, an agent sees the same individual costs in
any coalition that contains at least one benefactor and is not all-inclusive. Thus, with a
single benefactor all the members of a coalition may see their cost increase if he leaves the
group; they say that he is irreplaceable.

On the other hand, when there are several benefactors, the cost of a member of the
coalition remains the same as long as there is another benefactor in the coalition; they say
then that each benefactor in this case is replaceable. They study separately the two cases,
and use linear and quadratic norm cost games to analyze the role played by benefactors
and beneficiaries in achieving stability of different cooperating alliances. Different notions
of stability, the core and the bargaining set, are considered there and provided conditions
for stability of the grand coalition which leads to minimum value of total cost incurred by
all agents.

In this chapter, it is presented a new model of corporate tax system with several firms and
countries (multiple dual benefactors). Countries are dual in the sense they are benefactors
(they reduce the cost of both firms and other countries) and beneficiaries (the information
provided by others countries reduce its cost). They are also irreplaceable benefactors be-
cause all the members of a coalition may see their cost increase if one of them leaves the
group. It differs from the corporate tax system given by Meca & Varela-Pena (2018) in the
following three points. First, there is a single benefactor there. Moreover, the definition
of benefactor given by them is a particular case of the definition of dual and irreplaceable
benefactor given here. It is noted that dual benefactors here generalize benefactors there.
Second, the concept of beneficiary in their paper is less restrictive than the one considered
here. It is also noted that a beneficiary here is a beneficiary in the corporate tax system
given there (see Section 1.2 for more details). And third, it is proposed here the Shapley
value (Shapley, 1953) a as stable allocation rule for sharing the reduced total costs. Meca

and Sosic, (2014) and Meca and Varela-Pefia (2018) proved that the grand coalition is sta-
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ble in the sense of the core, but they didn’t study the Shapley Value. Here we present a
simple expression for the Shapley value of multiple corporation tax games that benefits all
agents and, in particular, compensates the benefactors for their dual role and irreplaceable
character. As a representative and recent survey of this allocation rule, it may be cited
the work done by Moretti & Patrone (2008). More recently, Li et al. (2024) show the
remarkable application and usefulness of this allocation rule with respect to the undeniable

success of Machine Learning.

1.2 Cost-coalitional problems with multiple dual and irre-

placeable benefactors

Let E = {1,2,..,e} be a set of firms, and P = {1,2,..,p} be a set of countries, with
S; > 0 and 5]@ > 0 be respectively a tax and a reduced tax that firm j pays in country
i, with S;- > 5’; Let N = E U P denote the set of all agents (firms and countries), with
IN| =n =e+p, where e > 1 and p > 2. We define T' C N as an arbitrary set of agents in
N. If two given countries are in a coalition 7', then they cooperate and share information,
which implies that they can reduce their levels of tax evasion and underground economy.
The size of the reduction depends on how much information a country has and how relevant
it is for the other country. Note that, for a country i, the more countries are in a coalition
with it, the more relevant information this country gathers, and consequently, the smaller
the degree of tax evasion and underground economy it has. Formally, let wiT be a measure
of the underground economy and tax evasion of country ¢ when it is in a coalition 7', thus,
given two sets T C T’ C N, we assume that always w! > w!  if (I"\T) N P # 0, and

wl = wiT " otherwise. Therefore, always wiT > wiT/. We denote by w; a countrys’stand alone

(i}

measure of tax evasion, i.e., w; = w;

Any agent £ € T incurs certain non-negative cost, which depends on the subset T.
We denote this cost by cg, and by c¢; an agents’stand alone cost, i.e., ¢ = c,ik}. For any

coalition T' C N, the cost of agents are:
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1. cJT = icPAT 5’;- + Ziep\(PmT) Sji» for all j € TN E, where firm j € T must pay a tax

5’; to country ¢ if ¢ € T', and S; ifi¢T.

2. cl' =g (wZT) for all « € T'N P, with g; being an increasing function such that for all

i,i' € P and for all T C N, where 4,i' € PN T it always holds that g; (w;f\{i’}> _

Gi (sz ) = zjr, with z;7 > 0 being how much the country i’ reduces the cost of 7 with

the information ¢ shares with 4. !

The function g; measures the cost incurred by country ¢ with a given level of underground
economy. Behind the g; function lies the efectiveness of the resources of country 7 for a given
level of underground economy.

Next, it is identified two special roles that all the agents can play in the model, being
benefactors and beneficiaries.

Definition 1.1 A benefactor is an agent k € N such that for any set T C N\k and
for all k € T, c{ > czu{]}}, in addition, for at least one agent k € T, cg > CZU{E}. The
agents whose cost decreases in an alliance with a benefactor are denoted by beneficiaries.

The following lemma characterizes the agents of the game as benefactors and beneficia-
ries.

Lemma 1.1 An agent k is a benefactor if and only if it is a country. However, both
firms and countries can be beneficiaries.

There are agents that are dual in the sense that they are benefactors and beneficiaries,
these are the countries. However, the firms are exclusively beneficiaries. The proof of
Lemma 1.1 and all the results of this chapter can be found and consulted in Appendix A.

The following definition is a relevant property of a benefactor.

Definition 1.2 A benefactor k € T C N is irreplaceable if c;f #* CZ\E for at least a

keT\k.

'We assume zii/ > 0, thus, countries are always benefactors. However, zii/ could be as close to zero as
we want, i.e., the information that a country shares with other country can be negligible. Therefore, in the
limit case in which zii/ = 0, the results should hold. In any case, a wider generalization of this model will

be consider in future research.
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Lemma 1.2 Countries are irreplaceable benefactors.
It is noted the vector of individual agents’ costs in all possible subsets by

N_(T

¢ Ck )kET,Q);éTgN'

Thus, the set of agents N and the cost coalitional vector ¢V define a cost-coalitional
problem with multiple dual and irreplaceable benefactors (N N )

A desirable property is that cooperation is beneficial. It can be guaranteed, if the cost
in large subsets do not exceed their cost in smaller ones. The following definition formalize
this idea.

Definition 1.3 A cost-coalitional vector ¢V satisfies cost monotonicity if c% > czl for
all keT, with T CcT' CN.

The following lemma shows that the cost-coalitional problem with multiple dual bene-
factors has this property.

Lemma 1.3 The cost coalitional problem (N, cN) has the property of cost monotonicity.

Next step is to define cost games related to the cost-coalitional problem with multiple
dual benefactors and prove the cooperation in beneficial for all the agents in the model,

benefactors and beneficiaries.

1.3 Multiple corporation tax games

For a given cost-coalitional problem with multiple dual and irreplaceable benefactors (N N )
we define the multiple corporation tax game (N, c), where ¢(T') = 3", .pcf forall T C N,
and c(0) = 0.

The following issue is considered. Is it profitable for the agents in N to form the gran
coalition to pay lower taxes and so reduce the degree of tax evasion? Here, it is proved that
the answer to this question is positive because (N, ¢) is a subadditive game, in the sense that
c(TUuT) <c(T)+c(T), for any T,T" C N, and TNT’ = (). Notice that the subadditivity
condition implies that if N is partitioned into disjoint coalitions (whose integrants reduce
the degree of tax evasion) the corresponding cost will not decrease.

In fact it is demonstrated that (N, c) is not only subadditive but also concave, in the
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sense that for all K € N and all T,7" C N such that T € 7" C¢ N with k € T, then
co(T)—c(T\{k}) > c(T") — c(T"\{k}). Tt is a well-known result in cooperative game theory
that every concave game is subadditive. Moreover, the concavity property provides with
additional information about the game: the marginal contribution of an agent diminishes as
a coalition grows. It is wellknown as the snow ball effect. For more details on cooperative
game theory see, for example, Gonzélez-Diaz et al. (2023).

First, in the Lemma 1.4, it is found out which are the cost marginal contributions of the
agents (firms and countries).

Lemma 1.4 Let (N, cN) be a cost-coalitional problem with multiple dual and irreplace-
able benefactors and (N,c) the associated multiple corporation tax game. Then, for any
TCN,

1.if jEeENT, o(T) - c(T\{j})=c};

2.ifie PNT,

(1) = e\ =cl = > ($i-8) = > (o0 (wi" ) =g (u])).
JjeEnT i'ePNT\{i}

In point 1, this proposition states that a firm j always contributes to a coalition T\{j}
exactly with its cost in coalition 7', which is c;[’. As a firm is always and exclusively a
beneficiary in this model, it has not effect in the cost of others agents: either countries or
firms. However, a country is a benefactor to both firms and others countries, therefore, its
marginal contribution is smaller than its cost in coalition T'. If country 7 is withdrawn from
a coalition T, the individual cost of firms and others countries in coalition T increases.

The following Theorem states that our class of games are concave.

Theorem 1.1 The multiple corporation taz games (N, c) are concave.

So it is proved that in a cost-coalitional problem with multiple dual and irreplaceable

benefactors (N ,cN ) it is efficient that all firms pay lower taxes and all countries manage to

jointly reduce their degrees of tax evasion. In that case, the reduced total cost is given by

C(N) — ZiePczN + Z]GEcN
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An allocation rule for multiple corporation tax games is a map v which assigns a vector
Y(N,c) € RN to every (N,c), satisfying that >, ¥r(N,¢) = ¢(N). Each component
¥, (N, ¢) indicates the cost allocated to k € N, so an allocation rule for multiple corporation
tax games is a procedure to allocate the reduced total cost among the agents in N when
they cooperate. An allocation rule should have good properties from the following points
of view.

1. Computability. For a particular game the rule should be computable in a
reasonable CPU time, even when the number of agents is large.

2. Coaltional Stability. It is very convenient that the rule proposes an allocation
which belongs to the core of the cost game. This means that, for every multiple corporation
tax game (N, c), ¢ should satisfy the following:

Y ket Yu(N,c) < c(T), for every T'C N.

This condition assures that no group of agents 7T is disappointed with the proposal of
the rule, because the cost allocated to it is less than or equal to the cost it would support
if its members formed a coalition to pay lower taxes, and reduce the levels of tax evasion,
independently of the agents in N\T.

3. Acceptability. The rule must be understandable and acceptable by the agents.

A very natural allocation rule for multiple corporation tax games is ¥, (N, c) = c{f , for
all K € N. It has good properties at least with respect to computability and coalitional
stability. Notice that, for every T'C N, Y, cr ¥r(N,¢) = Y pepen < Spercr =c(T)

Nevertheless, the benefactors will have serious difficulties accepting the above allocation
rule that rewards the beneficiaries excessively while they do not receive enough compensa-
tion for their dual role of giving and receiving.

Since the multiple corporation tax games are concave, cooperative game theory provides
allocation rules for them with good properties at least with respect to items coalitional
stability and acceptability. It is highlighted the Shapley value and the nucleolus, which
always provide core allocations in this context (see Gonzélez-Diaz et al., 2010 for details on

them). Both are, in general, hard to compute when the number of agents increases.
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Next, it is presented a simple and easily calculated expression for the Shapley value of
multiple corporation tax games that compensates the benefactors for their dual role and

irreplaceable character.
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1.4 The Shapley value

One of the most important allocation rules for cost games is the Shapley value (see Shapley,
1953). As we already mentioned, the Shapley value is specially convenient for concave
games: it is the barycenter of its core (see Shapley, 1971).

We denote by ¢(N,c) the shapley value of multiple corporation tax game (N, c), where
for each agent k € N,

4N, ) = Lreper V(D)(T) = o(T\{kD)], with (1) = C==E, T =+

The following Theorem states that the Shapley value can be easily computed in the class
of multiple corporation tax games. Moreover, it shows that the Shapley value provides
an acceptable allocation for multiple corporation tax games: it increases the cost of a
beneficiary in a half of the benefits it obtains from benefactors, and it decreases the cost of
a benefactor in a half of the benefits it provided to the beneficiaries.

Theorem 1.2 For any multiple corporation tax game (N,c), the Shapley value is
1. For all j € E,¢;(N,c) = cj-v + %Ziep (S; — S’;)
2. For alli € P, (ﬁZ(N, C) = Cfv — % Z]GE (S; — S;) + % Zilep\{i} (Zii’ — Zi’i)

From Theorem 1.2 it can be derived that the Shapley value compensates benefactors.
Note first that, the cost of a firm j in the grand coalition is cj.v . This firm j is benefited from
a country ¢ in an amount which is Sji» — 5'; The Shapley value reduces this benefit exactly
in a half, and consequently this is the amount in which the cost of firm j is increased, see
point 1 of Theorem. In addition, the country ¢ is compensated exactly in this amount, and
consequently its costs is reduced, see point 2 of Theorem. However, a country in its relation
with others countries is simultaneously benefactor and beneficiary. Let’s first look at the
role as beneficiary of ¢, in any coalition, the country 7 is benefited from country 7’ in a cost
reduction of z;;, in this case, country i plays the role of beneficiary and i’ of benefactor.
Thus, the Shapley value reduces the benefit z;;; of country ¢ in a half, in others words, it
increases its cost in this amount. Nevertheless, at the same time, the country ¢ benefits

country 7’ in an amount equal to z;;. Now, country 7 is the benefactor and i’ the beneficiary.
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In this case, the Shapley value works in the same way, it compensates the benefactor and
increasing the cost of the beneficiary in a half of z;;. Therefore, in the relation between two
countries both are simultaneously benefactors and beneficiaries, however, if z;;; — z;; > 0,
then country ¢ could be seen as a "net" beneficiary and ¢’ as a "net" benefactor, on the
contrary if z;7 — zy; < 0. Thus, country ¢ can be a "net" benefactor with some countries
and a "net" beneficiary with others.

In conclusion, regarding to the individual cost in the grand coalition, the Shapley values
increases the cost of a beneficiary in a half of the benefits it obtains from benefactors, and
it decreases the cost of a benefactor in a half of the benefits it provided to the beneficiaries.
As in this model there are dual agents (benefactors and beneficiaries), the final effect on

these agents depends on which role is stronger.
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1.5 An example

In this example, a simple situation with two countries " A " and " B ", and two firms "1"
and "2" with activity in both countries is proposed. These countries are very concerned
about their own levels of underground economy, tax evasion, and fraud. To fight against this
illegal behavior, these countries must to face a high economic cost in human and material
resources. However, this cost can be reduced if both countries decide to cooperate and, for
example, they share resources and/or information in its fight.

On the other hand, firms have to pay in each country a certain amount of taxes. Never-
theless, these firms can choose to cooperate with a particular country. For example, beyond
the mandatory legal requirement, a firm can make an effort to improve the transparency of
its financial practice. The firm can also just share any kind of relevant information with the
tax authorities. This cooperation is rewarded by a tax reduction. In particular, country A
will fix a reduction of 10%, and B will do it of 15%. Thus, each firm must pay either a tax

<sz> or a reduce tax (5’;) as it is given in Table 1.1

St=2 | SP=4 | S3t=5 | SP=38

St =1,8|8P=3,4|5)=4,5|58=¢6,8

Table 1: Tax and reduced tax of each firm (in millions of euros)

It is considered that the cost function of any country ciT =g (wZT) has two terms. The
first term does not depend on the type of coalition the country belongs to. In other words,
it does not depend on the information other countries could provide. This is a kind of
fixed cost. The second term does depend on which coalition the country is. In particular,
ga(wa) =4+ w} and gp (wp) = 8 4+ 2wk. In addition, the level of underground economy
or tax evasion are normalized to 1 in any coalition with only one country, i.e., without the
help of others countries. Thus, w] = 1 for any i € P,/T C N such that P N T\{i} = 0.
However, in any coalition 7" C N such that A, B € T’, wZ;I = 0.5 and wg =0.6.

Table 2 shows the cost-coalitional vector and corresponding cost game (last column);

i.e. for any coalition 7 C N, the cost of each agent cf, and the cost of this coalition ¢(T')
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Coalition\ 9" | A B 1 2 e(T)
{A} 5 5
(B} 10 10
{1} 6 6
2} 13 |13
{A,B) 45 | 9.2 13.70
{A,1} 5 5.80 10.80
(A2} 5 12.50 | 17.50
{B,1} 10 | 5.40 15.40
(B2} 10 11.80 | 21.80
(1.2} 6 |13 |19
{AB,1} 450 | 9.20 | 5.20 18.90
{AB2} 45 | 9.20 11.30 | 25
(A12) 5 5.80 | 12.50 | 23.30
{B,1,2} 10 5.40 | 11.80 | 27.20
{A,B,1,2} 450 | 9.20 | 5.20 | 11.30 | 30.20

Table 2: Cost coalitional vector and cost game.

From the previous table, it is straightforward to obtain z;;, where z;;; = ciT\{i,} — ciT
for all T C N such that ¢,7/ € P NT. Therefore, zag = 0.5 and zg4 = 0.8, i.e., country
B reduces the cost of country A in 0,5 and country A reduces the cost of country B in
0.8. Consequently, country A is a net-benefactor with country B, and country B a net-
beneficiary with country A.

We can calculate now the Shapley value by using the expressions from Theorem 4. Note
that, in this case, we only need the values of Table 1, the last row of Table 2 (cﬁ , cg , C{V and
cé\f ), and both values z4p and zp4. Therefore, Theorem 9 allows to reduces significantly
the amount of information and time to compute Shapley value.

In Table 3, it is shown for any agent its individual cost, the cost in the grand coalition,

the Shapley value, and the difference between the last two values.
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Agent \V™e | c({k}) | ¥p(N,c) | ¢p(N,c) | ¥x(N,c) — ¢x(N,c)
A 5 4.5 4 0,5
B 10 9.2 8,5 0,8
1 6 5,2 5,6 -0,4
2 13 11,3 12,2 -0,9
Table 3: Comparsison individual costs, cost in the grand coalition and the Shapley value

Notice that costs in the gran coalition reduce the indivudual costs of each player. Re-
garding to the cost in the grand coalition, Shapley value decreases the cost of benefactors
in a half of the benefits that it provided to the beneficiaries. Additionally, it increases
the cost beneficiaries in a half of the benefits that they obtain from benefactors. For ex-
ample, for country A,¢(N,c) = N— 2 ((S{ = 571) + (58 — S5Y)) + % (248 — 2Ba). As
zap — 2A = —0.3, country A is a net-benefactor. Thus, Shapley value decreases its cost in
a half of this difference. However, for country B, the cost is increased in the same amount
because it is a net-beneficiary. In this example, there are only two countries, however, if
there was more countries, a given country could be a net benefactor with some countries

and a net beneficiary with others, this depends on the sign of z; — 2.
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1.6 Concluding remarks

In this chapter, a new model of Corporate tax games with benefactors and beneficiaries
as an application of linear cost games to the corporate tax reduction system introducing
the figure of multiple, dual and irreplaceable benefactors has been presented. It has been
used the Shapley value as a rule of stable allocation to sharing costs reduced. Moreover, its
properties are studied, it has been verified the snowball effect derived from the concavity
of the model proving that the larger the coalition the lower the costs for its members and
we proved that, these games are concave, i.e., the marginal contribution of a firm and a
country diminishes as a coalition grows (snowball effect). Hence, the grand coalition is
stable in the sense of the core. This means that firms have strong incentives to cooperate
with the countries instead of being fraudsters. Then, we propose the Shapley value as an
easily computable core-allocation that benefits all agents and, in particular, compensates
the benefactors for their dual and irreplaceable role.

The model here, distinguishes two groups of agents: dual benefactors (countries) and
beneficiaries (firms), while the original model presented by Meca and Sosic (2014), consid-
ered two disjoint groups of agents, benefactors and beneficiaries. A natural extension would
be to consider that all agents can be dual (benefactors and beneficiaries). We believe that

similar results to those obtained here could be achieved.



Chapter 2

Efficient Effort Equilibrium in
cooperation with pairwise cost

reduction

2.1 Introduction

In real life, the amount of information that a player possesses or knows about the other
players is significantly limited, so that the degree of certainty about the possible behaviors
or strategies of third parties is logically constrained and, therefore, the payoff matrices will
depend on the possible strategies aimed at minimizing as far as possible the effects of such
uncertainty with which each player enters a game. Cooperation will be nothing more than
a way of obtaining a profit that would otherwise be unattainable, inferior, very costly or
even inaccessible, by making use of the resources or values of third parties while sharing
or offering one’s own resources or values. The greater the benefit obtained from the other
players and the lower the amount and cost of sharing or offering one’s own resources, the
greater the total profit obtained.

Once the knowledge is established that not only competitive models occur under conflict
scenarios, understanding as such any interaction between players in which each of them
pursues the satisfaction of their own individual interest, but also that any cooperative
model takes place under the premise of the existence of a conflict and on the basis of a

rationality that will be the feature that guides and determines the behavior and therefore

32
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the decisions of any player, it becomes absolutely necessary to understand that any agent,
acting from the most absolute rationality, behaves in a selfish way, that is, he will seek to
obtain the maximum benefit by using all the ways and tools available or that he may have
at his disposal.

To conceive, therefore, that in cooperative scenarios the players always participate by
contributing the maximum effort (contributing all the resources at their disposal) would
imply, in the first place, erroneously assuming that in cooperative environments the respec-
tive degrees of cooperation are symmetrical and would imply, equally erroneously, in the
second place, admitting that the players prioritize cooperation over the individual interest
that motivates each one of them to interact.

Reality, therefore, is much more complex and dynamic, marked to a large extent by a
rationality that determines and shapes the behavior of each agent, who will do everything
possible to try to obtain the maximum return or benefit while devoting the least cost to
achieve it. In other words, and increasingly so in a social, economic and business environ-
ment perceived by the agents as deeply competitive, the players will try, whenever there is
an opportunity, to cooperate in positions of advantage that will allow them to redirect the
conflict of cooperation towards more favorable positions for themselves in order, as far as
possible, to obtain the maximum from the others while giving the minimum in return.

Logically, when faced with the proposal or possibility of cooperation, the positions with
which each player decides to do so will be marked by a previous preparation or strategic
behavior in which, given the assumption that the rest of the players will try to receive the
maximum payment offering the lowest value, individualism will be increased and maximized
(Freeman, 2013), an individualism marked by a sense of emergency that will materialize in
attempts to reach an agreement between pairs of agents with the aim of limiting the maxi-
mum cost or effort involved in cooperating for both, while guaranteeing certain minimums
with respect to the possible returns on these costs. In other words, an attempt will be made
to reach and close a previous or preparatory phase of negotiation under a competitive sce-

nario in which the best possible conditions will be sought bilaterally for each player in order
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to reach the cooperation phase in the most solid way, ensuring the best or most optimal
ratio of expenditure faced and payment received.

Let us look at the above from the operating modes and dynamics applied by essential
economic agents such as companies, entities or corporations. Taking as an example the
behavior of companies or corporations in their continuous search for growth and the pur-
suit of market expansion and reduction of operating costs while maintaining or increasing
competitiveness, we can clearly appreciate the existence of different forms of cooperation
depending on the degree of integration or interdependence of the partners and the intended
objectives of the agreements. These forms have been widely studied in the economic liter-
ature (see, for example, Todeva and Knoke (2005) for a review). There is a specific type of
cooperation in transferable utility models whose properties and characteristics differentiate
it from the rest. It can occur between agents that share, for example, resources, knowledge
or infrastructure. The common purpose is to obtain individual advantages such as the re-
duction of their respective individual costs. The particularity of this form of cooperation
lies in the fact that the cost reduction is based on bilateral interactions.

We consider that form of cooperation here in which, given any pair of cooperating
agents, one agent reduces the cost of the other by a certain amount which is independent of
cooperation with other agents. This means that if there are more agents in the coalition the
amount of the cost reduction does not change. This pairwise cost reduction is independent
of the coalition to which the pair of agents may belong. Therefore, for any agent, the total
cost reduction in any coalition can easily be calculated as the sum of the reductions obtained
from each bilateral interaction with the other members of the coalition.

There are several situations where this kind of cooperation with pairwise cost reduction
occurs and is profitable, e.g. strategic collaboration agreements between firms to reduce
logistical operational costs. The need to increase market share requires logistics firms to
expand their radius of action as far as possible. This means major investments in expensive
infrastructures at new sites, which increase operational costs. Agreements are established

between companies to reduce those costs while maintaining control of their respective mar-
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kets and hindering access by new competitors. They offer the resources held by each firm
in its respective area of influence under advantageous conditions. This enables them to
expand their operating ranges with significant cost savings. Interactions occur bilaterally,
with each company using the resources of the other. These cost reductions are independent
of any cost reductions that can also be obtained by interacting with other agents in larger
coalitions.

Among other frequent examples where these modes of cooperation are commonplace, we
can also cite bilateral free trade agreements between countries where free trade agreements
are quite common in a globalized economy such as today’s. They facilitate trade in goods
and services between countries, reducing trade barriers and, consequently, the cost of trade.
These cost reductions are specific to each pair of countries, and are independent of any
other agreements that either country may decide to enter into with other countries.

Another example of common scenarios is the exchange of market data. Today, infor-
mation about customers and their buying patterns is of vital importance to companies. It
enables them to maximize the cost-effectiveness of advertising and to focus on their ideal
target markets. Cooperation between companies (usually in complementary industries) con-
sists of sharing information about their respective customers. This reduces costs for each
of the companies involved. The information that a particular firm provides is specific to it,
so the value of the information that it receives from another specific firm is independent
of information from other firms. Even if two firms provide information about the same
customer, the information itself is different because it describes the purchase of a different
good or service. This can increase the value of that particular customer as a target, which
again boosts the value of this particular kind of cooperation.

The latest example, among an endless number of examples, may well be that of co-
operation agreements between companies to reduce costs by increasing the reach of their
respective telecommunications networks. In highly competitive sectors such as mobile tele-
phony and online services, cooperation between operators has become quite common. For

example, they can share the location of their respective antennas, enabling them to extend
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the reach of their networks. This results in greater benefits by offering a broader service,
while avoiding the costs that would be incurred if each company were to install its own
structures. Again, the cost reduction is bilateral when two players decide to share and use
each other’s antennas. These cost savings are independent of any collaboration agreements
that each firm may have with other agents to share antennas in larger coalitions.

In this kind of cooperation, the cost reduction between agents may be highly asymmetric
when they cooperate in pairs. For example, if two agents A and B decide to cooperate,
agent A could provide a major reduction for agent B, while the reduction provided in the
opposite direction could be more modest. These asymmetries can induce imbalances or
discriminations that could jeopardize cooperation. A fair distribution mechanism for the
costs generated by cooperation is undoubtedly needed to ensure the stability of any strategic
partnership, as Thomson (2010) points out.

In addition, it is quite common for this kind of cooperation to require the agents involved
to make a set level of effort. It is natural to think that the amount by which one agent can
reduce the costs of the other (if they decide to cooperate) could depend on the effort that
the agent exerts. For example, if one country can obtain information relevant to another
(e.g. information on tax evasion and the flight of capital involving its citizens), the amount
and quality of the specific information may depend on the effort exerted by the first country
in gathering it. This extends the situation beyond a cooperative model.

The first works presenting bilateral cooperation models between pairs of agents when
these, in two different phases, show different degrees or levels of cooperation as a result
of a first strategic competitive encounter, were carried out in 2007 by Brandenburger and
Stuart, introducing the concept of biform-games, a class of games in which the coalitional
value will be given according to the previous strategies adopted in the negotiation phase
between players.

Although there is currently a gradual growth in the volume of work on this type of
game, unfortunately at present there has been no significant volume of production aimed

at going deeper and opening up new avenues beyond the initial concept. Recently, among
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others, it is fair to highlight the work carried out by Manuel and D. Martin (2020) studying
the interdependence in the formation of coalitions with respect to the different wills to
cooperate on the part of the players and also studying certain properties and adaptation of
the Shapley value to act as a valid and suitable sharing rule.

In this thesis work, we model the sequence of decisions as a bi-form game (Brandenburger
and Stuart, 2007), a new class of games that allows, as it has been indicated, to model and
analyze this type of widespread and increasingly frequent scenarios where there is a phase of
non-cooperation prior to the cooperative phase while allowing to integrate and incorporate
the different asymmetries under which the players decide to interact with different degrees
of cooperation, degrees that are agreed or fixed in a previous non-cooperative or negotiation
phase.

In the model introduced in this thesis work, in the first stage of the bi-form game, agents
decide how much (costly) effort they are willing to exert. This has a direct impact on their
pairwise cost reductions. This first stage is modeled as a non-cooperative game in which
agents determine the level of pairwise effort to reduce the costs of their partners. In the
second stage, agents engage in bilateral interactions with multiple independent partners
where the cost reduction brought by each agent to another agent is independent of any
possible coalition. We study this bilateral cooperation in the second stage as a cooperative
game in which cooperation leads agents to reduce their respective costs, so that the total
reduction in costs for each agent in a coalition is the sum of the reductions generated by the
rest of the members of that coalition. In the non-cooperative game of the first stage, the
agents anticipate the cost allocation that will result from the cooperative game in the second
stage by incorporating the effect of the effort made into their cost functions. Based on this
model, we explore costs, benefits, and challenges associated with setting up a pairwise effort
situation.

We investigate the impact of pairwise efforts on cost reductions and the resulting cost
structure for this framework. In particular, we explore the design of a cost-allocation mech-

anism that efficiently allocates the gains from pairwise effort to all parties. To that end,
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we first compute the optimal level of cost reduction, taking into account the pairwise cost
reductions collectively accrued by all agents. An ideal allocation scheme should encourage
agents to participate in it and, at the same time, establish proper incentives to make efforts
prior to cooperation. Specifically, we first show that it is profitable for all agents to partic-
ipate in a pairwise effort situation. Then we study how the total reduction in costs should
be allocated to the participants in such a situation. We do this by modeling the pairwise
cost reduction between agents that takes place in the second stage as a cooperative game,
which we refer to as the pairwise effort game or "PE-game".

We prove that the marginal contribution of an agent diminishes as a coalition grows in
PE-games (i.e. they are concave games) and thus all-included cooperation is feasible, in
the sense that there are possible cost reductions that make all agents better off or, at least,
not worse off (i.e. PE-games are balanced, which means that the core is not empty). This
all-included cooperation is also consistent (i.e. PE-games are totally balanced, which means
the core of every subgame is non-empty). We identify various allocation mechanisms that
enable all-included cooperation to be feasible (i.e. allocation mechanisms that belong to
the core of PE-games). In particular, we discuss a family of cost allocations with weighted
pairwise reduction which is always a subset of the core of PE-games. This is a broad family
of core-allocations which includes the Shapley value, which is obtained when all the weights
work out to a half. We provide a highly intuitive, simple expression for the Shapley value,
which matches the Nucleolus in our model. To select one of these core-allocations in the
second stage, we take into account the incentives that it generates in the efforts made by
agents, and consequently in the aggregate cost of a coalition. We show that the Shapley
value can induce inefficient effort strategies in equilibrium in the non-cooperative model.
However, it is always possible to find core-allocations with weighted pairwise reductions that
create appropriate incentives for agents to make optimal efforts that minimize aggregate
costs, i.e. core-allocations that generate an efficient level of effort in equilibrium.

This thesis work contributes to the literature by presenting a doubly robust cost sharing

mechanism. This mechanism not only has good properties in the second-stage cooperative
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game, but also creates suitable incentives in the first-stage non-cooperative game that allow
efficiency to be achieved.

Cooperative game theory has developed a substantial mathematical framework for iden-
tifying and providing suitable cost sharing allocations (see, e.g., Fiestras-Janeiro et al. 2011;
Guajardo and Ronnqvist 2016, for a survey). Multiple solutions have been proposed from
a wide range of approaches (see, e.g., Moulin 1987; Slikker and Van den Nouweland 2012;
Lozano et al. 2013). The Shapley Value (Shapley 1953) is considered one of the most
outstanding of them, and a suitable solution concept (see, e.g., Moretti and Patrone 2008;
Serrano 2009 for a survey). As an allocation rule it has very good properties, such as
efficiency, proportionality, and individual and coalitional rationality. However, it has the
disadvantage of posing computational difficulties, which increase as the number of players
increases. Nonetheless, there is a large body of literature in which the Shapley value is
proposed as a simple, easy-to-apply solution in different economic scenarios (see, e.g., Lit-
tlechild and Owen 1973; Bilbao et al. 2008; Li and Zhang 2009; Kimms and Kozeletskyi
2016; Le et al. 2018; Meca et al. 2019). These papers give simplified solutions for different
classes of games. They take the cost structure as given and do not consider the system
externalities that arise when agents make efforts to give and receive cost reductions. Conse-
quently, the present work incorporates both the non-cooperative aspects of making efficient
efforts (modeling decisions related to pairwise cost reductions) and the cooperative nature
of giving and receiving cost reductions in pairwise effort situations.

As in principal-agent literature, we refer to action by agents as "effort". In this setting,
the concept of "effort" is widely used in analyzing different kinds of problem. One of the
first was the moral hazard problems: See for example Holmstrom (1982). Other examples
are Holmstrom (1999) and Dewatripont et al. (1999), who identify conditions under which
more information can induce an agent to make less effort. The approach in our model is
quite different, in that we do not consider any kind of principal. As far as we know, our
model is novel in that it analyzes the incentive for agents to make efforts in a bi-form game:

A non-cooperative stage where agents choose how much effort to make and a cooperative
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second stage. As mentioned, we show that the solution of the cooperative game determines
the incentives of agents to make an effort in the first stage, and consequently the efficiency
of the final outcome.

Bernstein et al. (2015) also use a bi-form model to analyze the role of process improve-
ment in a decentralized assembly system in which an assembler lays in components from
several suppliers. The assembler faces a deterministic demand and suppliers incur variable
inventory costs and fixed production setup costs. In the first stage of the game suppliers
invest in process improvement activities to reduce their fixed production costs. Upon es-
tablishing a relationship with suppliers, the assembler sets up a knowledge sharing network
which is modeled as a cooperative game between suppliers in which all suppliers obtain
reductions in their fixed costs. They compare two classes of allocation mechanism: Altruis-
tic allocation enables non-efficient suppliers to keep the full benefits of the cost reductions
achieved due to learning from the efficient supplier. The Tute allocation mechanism benefits
a supplier by transferring the incremental benefit generated by including an efficient sup-
plier in the network. They find that the system-optimal level of cost reduction is achieved
under the Tute allocation rule.

The hybridization linked to biform-games, integrating both cooperative and competitive
phases and relating the profits obtained with the strategy profiles of each player, allows a
great versatility to model and adapt to a wide range of situations, which is why the volume of
publications and the increasing breadth in the range of possible fields or areas of application
of biform-games is showing an obvious and undeniable evolution and exponential growth in
recent years (e.g. Summerfield and Dror (2013), Ray and Vohra (2015), Fox et al (2021)
for some survey references). Our bi-form game is novel in terms of incentive for efforts by
agents and is also richer in results: We find the allocation rule that generates the unique

efficient effort in equilibrium in cooperation with pairwise cost reduction.
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2.2 Model

We consider a model with a finite set of agents N = {1,2,...,n}, where each agent has
a good (for example resources, knowledge or infrastructure) and has to perform a certain
activity. The total cost of an agent’s activity can be reduced if it cooperates with another
agent, which means that the two agents share their goods. These cost reductions obtained
by sharing goods in pairs depend on the effort made previously by each agent. Our model
consists of two different stages. In the first stage, agents choose their effort levels as in a non-
cooperative game. In the second stage, agents cooperate to reduce their costs, and allocate
the minimum cost they achieve by pairwise cost reductions as in a cooperative game. The
proposed cost allocation for the cooperative game in the second stage determines the payoff
function of the non-cooperative game in the first stage. Therefore, we model the sequence
of decisions as a bi-form game (Brandenburger and Stuart, 2007). The two stages of the
model are described in detail below.

First Stage (non-cooperative game): Each agent ¢ € N chooses in this state an
effort level e; = (€1, -, €j(i—1); €i(i+1) ---€in) € [0, 1]"~1, where e;; € [0,1] stands for the
level of effort by agent ¢ to reduce the cost of agent j if they cooperate in the second stage.
These efforts have a cost ¢;(e;) € Ry for any i € N. We assume that ¢;(.) : [0,1]"7! — R

is a scalar field of class C?([0,1]"!).! Moreover, for all e;; € [0,1] with j € N\{i}, it is

(e; 2. (e; 20 (e;
assumed that 836(2?) >0, 2 g;gl) > 0, and gei‘;’ézzz = 0 for all h # 1,7, which implies that
the marginal cost Bgie(zi) is independent of the effort that i exerts with agents other than 5.2

Second Stage (cooperative game): Given the effort made in the first stage, agents
cooperate, so for any pair of cooperating agents 7,7 € N and a given effort e;;, agent

i reduces the total cost of agent j by an amount 7;;(e;;) € Ry, and vice versa. These

YA scalar field is said to be class C? at [0,1]™ " if its 2-partial derivatives exist at all points of [0,1]"7*

and are continuous.

2This last assumption implies that the Hessian matrix is a diagonal matrix. In addition, note that, given
our assumptions about c;, w.l.o.g. we could consider that ci(e;) = 37, g4 Cis(€ij) Where ¢i; () : [0,1] —

R4+. We omit it from the paper so as not to introduce more notation into the model.
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particular reductions between agents i,j7 € N are independent of cooperation with other
agents. We also assume for all j € N\{i} that function 7;;(.) : [0,1] — R4 is class C?,
increasing and concave® at [0,1]. Thus, these agents participate in bilateral interactions
with multiple independent partners whose cost reductions are coalitionally independent,
i.e. the cost reduction given by each agent to another agent is independent of any possible
coalition. This means that the total reduction in cost for each agent in a coalition S C N is
the sum of the pairwise cost reductions given to that agent by the rest of the members of the
coalition, i.e. for agent 1, it is Zje S\{i} rij(e;i). We assume perfect information regarding
agents’ costs and cost reductions depending on efforts.

Given an effort profile e = (e, eq,...,e,) € [0, 1]"("*1) in the first stage, the second
stage can be seen as a cooperative game, more specifically a transferable utility cost game
(N,e,c), where N is the finite set of players, and c: 2V — R is the so-called characteristic
function of the game, which assigns to each subset S C N the cost ¢(S) that is incurred if
agents in S cooperate. By convention, ¢()) = 0. The cost of agent 4 in coalition S C N is
given by ¢%(i) := ci(e;) — >_jes\gi} Tij(€5i). This cost can be interpreted as the reduced cost
of agent ¢ in coalition S. Note that the larger the coalition, the greater the cost reduction it
achieves, i.e. foralli € S CT C N, cT'({i}) < ¢%({i}). The total reduced cost for coalition

S is given by

o)=Y i) =) leile) = D rilesi)l. (2.1)

€S €S jesS\{i}

When all agents cooperate, they form what is called the grand coalition, which is denoted
by N. Thus, ¢(N) is the aggregate cost of the grand coalition. The allocation of the grand
coalition cost achieved through cooperation, in the second stage, assigns a reduced final
cost to each agent, that is, ¢;(e), for all i € N, where ¢, : E — R with E := [,y E; and

E; :=[0,1]""1. Then, we define the cost allocation rule ¢ : E — R" s.t. ¢(e) = (¥;(e));en

and 3,y ¥5(e) = c(IN).

30r;ji(eij)/0ei; > 0 (increasing) and 9%rj;(ei;)/0ei; < 0 (concave).
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The non-cooperative cost game in the first stage is defined through that cost allocation
rule ¢ by (N,{E;}ien,{¥;}ien), where E; is the strategy space of agent i € N (its effort
level space), and 1, is the payoff function of agent i, but in this case is a cost function.
Hence, for an effort profile e € E, the corresponding cost function is ¢(e). That effort is
made in anticipation of the result of the cooperative cost game that follows in the second
stage. Therefore, we first analyze the second stage (see Section 2.3 ), and focus on different
ways of allocating the grand coalition cost. We determine cost allocation rules with good
computability properties and coalitional stability for this cooperative cost game. Notice that
a given cost allocation rule will generate precise incentives in the first state and consequently
particular equilibrium effort strategies 4. In turn, these particular effort strategies will have
an associate cost of the grand coalition. At this point, a question about efficiency arises.
The lower the cost of the grand coalition generated in equilibrium is, the more efficient the
equilibrium effort strategies and the allocation rule considered will be.

Therefore, there are two dimensions to be considered. First, the cost allocation rule for
the cooperative game should have good properties (computability and coalitional stability).
Second, the allocation rule must induce the right incentives in the non-cooperative game to
obtain the lowest cost of the grand coalition. This interesting, relevant question is analyzed

in the section dedicated to analyze efforts and optimal rules.

Therefore, we consider the following assumptions:

20 (e,
) 85;75?’) > 0 (convex),
ij

(CA) Cost assumptions: ¢; € C?, and 86#(:) > 0 (increasing)

and Leile) _ 0, if & # j (additively separable).

867;]'36“(
(RA) Reduction assumptions: rj; € C%, and drj;(e;;)/de;j > 0 (increasing), 82rji(eij)/8e?j <

0 (concave).

A summary of the notation and the main optimization problems (Table 1 and 2) can be

found in Appendix D.

4 An effort strategy profile is said to be in equilibrium when each agent has nothing to gain by changing

only their own effort strategy given the strategies of all the other agents (Nash equilibrium).
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2.3 Cooperation with Pairwise Cost Reduction

This section presents the analysis of cooperation with pairwise cost reduction in the second
stage. Agents make their efforts in pairwise sharing in the first stage, and initiate coop-
eration with efforts e = (eq, ..., €;,...,e,). We model a Pairwise Effort Game (henceforth,
PE-game) as a multiple-agent cooperative game where each agent 4 incurs an initial cost of
ci(e;). All agents in a pairwise effort group (coalition) give cost reductions to and receive
such reductions from other agents. As a result, all agents in the coalition reduce their initial
costs to levels that depend on the efforts made in the first stage by the others. No agent
outside the pairwise effort situation benefits from this pairwise cost reduction opportunity.
We introduce all the game-theoretic concepts used in this paper, but readers are referred
to Gonzélez-Diaz et al. (2010) for more details on cooperative and non-cooperative games.

We refer to the pairwise effort situation as a PE-situation and denote it by the tu-
ple (N, e, {ci(ei), {rji(€ij) }jen\{i} }ien). We associate a cost game (N, e, c) with each PE-
situation as defined by (2.1).

The class of PE-games has some similarities with the class of linear cost games introduced
in Meca and Sosic (2014). They define the concept of cost-coalitional vectors as a collection
of certain a priori information, available in the cooperative model, represented by the costs
of the agents in all possible coalitions to which they could belong. The cost of a coalition
in their study is thus the sum of the costs of all agents in that coalition. However, the PE-
games considered here are significantly different from their linear cost games. Linear cost
games focus on the role played by benefactors (giving) and beneficiaries (receiving) as two
groups of disjoint agents, but PE-games consider that all agents could be dual benefactors,
in the sense that they be benefactors and beneficiaries at the same time. In addition, PE-
games are based on a bilateral cooperation between agents that enables both to reduce their
costs but is coalitionally independent.

We now consider a PE-situation (N, e, {ci(ei), {rij(€ij) } jen\{i} }ien) and consider whether
it is profitable for the agents in N to form the grand coalition to obtain a significant re-

duction in costs. We find that the answer is yes, and show that the associated PE-game
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(N,e,c) is concave, in the sense that for all ¢ € N and all S,7 C N such that S CT C N
with ¢ € 5, so ¢(S) —c(S\ {i}) > ¢(T) — (T \ {i}). This concavity property provides
additional information about the game: the marginal contribution of an agent diminishes
as a coalition grows. This is well-known and is called the "snowball effect".

The first result in this section shows that PE-games are always concave. This means
that the grand coalition can obtain a significant reduction in costs. In that case, the reduced
total cost is given by ¢(IN) = Y ci(e;) — R(N), where R(N) = Y- > rij(ej;) is the

ieEN iEN jeN\{i}
total reduction produced by bilateral reductions between all agents in the situation, which
turns out to be the total cost savings for all agents. The proof of next Proposition , together
with all our other proofs for this chapter, is shown in Appendix B.

Proposition 2.1 Fvery PE-game is concave.

An allocation rule for PE-games is a map ¢ which assigns a vector ¢ (e) € R™ to every
(N e, c), satisfying efficiency, that is, }_ ¢;(e) = ¢(N). Each component ¢; (e) indicates
the cost allocated to ¢ € N, so an alloc:ft]i\([)n rule for PE-games is a procedure for allocating
the reduced total to all the agents in N when they cooperate. It is a well-known result in
cooperative game theory that concave games are totally balanced: The core of a concave
game is non-empty, and since any subgame of a concave game is concave, the core of
any subgame is also non-empty. That means that coalitionally stable allocation rules can
always be found for PE-games. We interpret a non-empty core for PE-games as indicating
a setting where all included cooperation is feasible, in the sense that there are possible cost
reductions that make all agents better off (or, at least, not worse off). The totally balanced
property suggests that this all-included cooperation is consistent, i.e. for every group of
agents whole-group cooperation is also feasible.

A highly natural allocation rule for PE-games is ¢, (€) = ¢V ({i}) = ci(e;) — Ri(N),
for all i € N, with R;(N) = > rij(ej) being the total reduction received by agent
1 € N from the rest of the ageiliév E{le} N\{i}. It has good properties at least with respect

to computability and coalitional stability in the sense of the core. Formally, the core of a

PE-game (N, ¢) is defined as follows
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Core(N,c) ={z €R"/> x;=c(N),) =z < c(S)¥S C N}. (2.2)

1EN €S

Notice that ¢ (e) € Core (N, c). Indeed, >~ ¢; (e) = c¢(N) and for every S C N, 3 ¢; (e) =
> N (i) < > (i) = ¢(S). Nevertheless, gﬁé\’ agents could argue that this allocazieosn does
;eost providefjﬂicient compensation for their dual role of giving and receiving. Note that
the allocation only considers their role as receivers.

PE-games are concave, so cooperative game theory provides allocation rules for them
with good properties, at least with respect to coalitional stability and acceptability of items.
We highlight the Shapley value (see Shapley 1953), which assigns a unique allocation (among
the agents) of a total surplus generated by the grand coalition. It measures how important
each agent is to the overall cooperation, and what cost can it reasonably expect. The
Shapley value of a concave game is the center of gravity of its core (see Shapley 1971). In
general, this allocation becomes harder to compute as the number of agents increases. We
present a simple expression here for the Shapley value of PE-games that takes into account
all bilateral relations between agents and compensates them for their dual role of giving
and receiving.

Given a general cost game (N, c), we denote the Shapley value by ¢(c), where the

corresponding cost allocation for each agent ¢ € N, is

gy = 3 WTOEZ DLy gy, with | T =1 (2.3)

n!
i€TCN

The Shapley value has many desirable properties, and it is also the only allocation rule
that satisfies a certain subset of those properties (see Moulin, 2004). For example, it is
the only allocation rule that satisfies the four properties of Efficiency, Equal treatment of
equals, Linearity and Null player (Shapley, 1953).

Given a PE-game (N,e,c), we denote by ¢(e) the Shapley value of the cost game.

The following Theorem shows that the Shapley value provides an acceptable allocation for
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PE-games. Indeed, it reduces the individual cost of an agent by the average of the total
reduction that it obtains from the others (R;(IN)) plus half of the total reduction that it
provides to the rest of the agents, i.e. Gi(N) = > cn gy Ti(€35)-

Theorem 2.1 Let (N,e,c) be a PE-game. For each agent k € N, ¢;,(e) = ci(er) —
3[Re(N) + Gi(N)].

From Theorem 2.1 it can be derived that the Shapley value, ¢(e), considers the dual
role of giving and receiving of all agents, and the final effect on those agents depends on
which role is stronger. As mentioned above, if an allocation does not compensate them for
their dual role of giving and receiving, and it only considers their role as receivers, as the
individual cost in the grand coalition, ¢(e), does, the cooperation would not be desirable
for those dual agents. This non-acceptability can be avoided by using the Shapley value,
which also coincides with the Nucleolus (Schmeiler 1989) for PE-games.

The nucleolus selects the allocation in which the coalition with the smallest excess (the
worst treated) has the highest possible excess. The nucleolus maximizes the "welfare" of
the worst treated coalitions. Denote by v(e) € R™ the Nucleolus of the PE-game (N, e, c),
associated with a PE-situation (N, e, {ci(e:), {rij(eij)}jen\fi} yien). First, we define the
excess of coalition S in (V, e, ¢) with respect to allocation x as d (S, z) = c(S) — >_,cq Ti-
This excess can be considered as an index of the "welfare" of coalition S at x: The greater
d (S, z), the better coalition S is at x. Let d*(x) be the vector of the 2" excesses arranged
in (weakly) increasing order, ie., dj(z) < dj(z) for all ¢ < j. Second, we define the
lexicographical order ;. For any x,y € R", x >; y if and only if there is an index k£ such

that for any i < k, x; = y; and x} > yg. The nucleolus of the PE-game (N, e, c) is the set

vie)={zx e X :d"(x) = d"(y) for all y € X'} (2.4)

with X ={z € R": ) .y xi = c(N), z; > c({i}) for all i € N'}.
It is well known that the Nucleolus is a singleton for balanced games and that it is
always a core-allocation.

The Proposition proves that for PE-games the Shapley value matches the Nucleolus.
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This is a very good property that few cost games satisfy.

Proposition 2.2 Let (N,e,c) be a PE-game. For each agent k € N, vi(e) = ¢p(e).

Therefore, given an effort profile, the Shapley value is a very suitable way of allocating
the reduced cost due to cooperation. Note that, the cost reduction as a result of cooperation
between any pair of agents i,j € N is 7;(eji) + rji(ei;), and the Shapley value assigns one
half of this amount to ¢ and the other half to j. This seems a reasonable way to split this
aggregate cost reduction. However, if agents knew before choosing their levels of efforts
that the cost reductions resulting from their efforts were going to be allocated according to
the Shapley value, the incentives created could generate inefficiencies. Some agents could
find it optimal to exert too little effort and in some situations this could be inefficient.

For example, consider a PE-situation in which one agent has the ability to produce a
substantial reduction in costs for other agents with a low effort cost and the rest of the
agents have almost no ability to reduce costs for others even with a high effort cost. If the
Shapley value is used as the allocation rule for this game, agents may not have incentives
to make any level of effort. Note that in the first step agents have to decide how much
effort to make. However, if the Shapley value is modified to give a greater portion of the
pairwise cost reduction to the especially productive agent, it might make more effort and
thus produce a greater reduction in cost for other agents. This change in the Shapley value
generates new allocation rules, which can reduce the cost of the grand coalition regarding

the Shapley allocation. The following example with three agents illustrates these ideas.
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Example 2.1 Consider a pairwise inter-organizational situation with three firms, i.e.
N = {1,2,3}. For any effort profile e € [0,1]%, the PE-situation is given by the following

initial costs,

c1(e12.€13) = 100 + 100e12 + 4e?y + 100e13 + dedq

ca(e21,e23) = 100 + 100e2; + 4e3; + 10023 + 4e3;

63(6317632) = 100 + 100e3; + 46%1 + 100e39 + 46%2

and the following pairwise reduced costs, all of them in thousands of Euros,

ri(e1;) = 2+ 200ey; — 3e3; with i = 2,3

rio(e2;) = 2 + 3eg; — €3, with 1 = 1,3

7"1'3(63i) =2+ 3es; — 6%1- with i =1,2

If the allocation rule in the second stage is the Shapley value, the firms choose their
levels of effort according to this cost allocation function. It is straight forward to show that
in this case the unique effort equilibrium e*, is one in which the three firms make no effort,
ie. e;‘j =0 for i,7 € N.> Thus, the Shapley value distributes the cost of the grand coalition
c*(N) = 288 equally, i.e. for each firm i = 1,2,3, ¢;(e*) = ¢;i(ef) — %ZJEN\{Z-} [rij(e;) +
rji(ef;)] =100 — 3((2+2) + (2 +2)) = 96.

Note that, for example, in the relationship between firm 1 and 2, the pairwise cost
reduction is r12(e21) + r21(e12), and the Shapley value gives % of this amount to firm 1 and
the other % to firm 2. However, if the proportion that firm 1 obtains is increased, e.g. from
% to %, and the part for firm 2 is thus reduced to i, the incentive of firm 1 to make an effort
can be increased. The same goes for firms 1 and 3 so that the incentive of firm 1 to make an
effort for firm 3 is also increased. These changes in the Shapley value lead to a new allocation
rule which we denote by Q(e) = (Q1(e), Qa(e), 23(e)) for any effort profile e € [0, 1]°. With
this new allocation rule, the equilibrium efforts are zero for firms 2 and 3, and one for firm

1. That is, ej =1, for j = 2,3, 57 =0, for j = 1,3, and e3; = 0, for j = 1,2. In this case,

STheorem 2.3 in Section 2.4 shows the efforts of equilibrium in the non-cooperative game in the general

case.
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the grand coalition cost ¢**(N) = 102 is allocated equally between firms 2 and 3, and the
rest to firm 1. That is, Q;(e**) = 100 — 7[(2 +200 — 3) + 2] — 3(2+2) = 47,75 for i = 2,3,
and Q(e*) =100+ 100 + 4 + 100 + 4 — %[(2 + (24200 —3)) 4+ (2+ (24200 — 3))] = 6, 5.

Hence, the new allocation rule Q2(e**) greatly reduces the grand coalition cost (by 136.000
Euros) as well as the costs of each firm; i.e. a reduction of 89.500 Euros for firm 1 and 23.250
Euros for firms 2 and 3. In relative terms, with the Shapley value each company pays 33.33%
of the total cost. However, with the modified Shapley value agent 1 only pays 4.4% of the
total cost, while agents 2 and 3 pay 47.8% each. Therefore, the modified Shapley value
generates a more efficient outcome in the sense that it creates more appropriate incentives
for firms.

To reach efficient effort strategies in equilibrium (henceforth EEE) in the first stage,
we consider a new family of allocation rules, for PE-games (second stage), based on the

Shapley value. This family consists of the rules (e) € R", where for all i € N,

Qile) =ciler) = D [whjrij(esi) + whirsi(ei)),
JEN\{i}

with ng,wéi € [0,1], for all j € N\{i}, such that wﬁj =1-w/; and w;Z =1- w;Z The

Shapley value is a particular case of this family of rules in which ng = wzz = %, for all
i€ N and all j € N\{¢}. This family of cost allocation for PE-games is referred to as cost
allocation with weighted pairwise reduction.

The Theorem below shows that the family of cost allocations with weighted pairwise
reduction is always a subset of the core of PE-games. This property identifies a wide subset
of the large core of PE-games, including the Shapley value (and thus the Nucleolus).

Theorem 2.2 Let (N,e,c) be a PE-game. For every family of weights w%,w%i € [0,1],

i, j € N,i # j, such that wij =1— Wy and wi; =1 — Wi Q(e) belongs to the core of
(N,e,c).
Now a complete analysis of the EEE for cooperation in pairwise cost reduction can be

conducted.
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2.4 Efficiency, Equilibrium Strategies, and Optimal Rule

We first define an efficient effort profile as the effort profile that minimizes the cost of the
grand coalition, ¢(N) = >_,;c ylci(ei) = X2 jen gy s (€50)]-

Definition 2.1 An effort profile € = (€1, ..., €, ..., €n) with & = (€1, .., €i(i—1), Ei(i41)s ---Ein) €
[0,1]"~1 is efficient if €= arg ee[o%i?n*) >ienleiled) = 2o en iy Tis(€ji)]

An efficient effort profile € is well defined because ¢(IN) as a function of e is strictly
convex in e;; for all i, j € N,i # j.

The following proposition shows that the effort e;; is efficient if the marginal cost of
that effort equals the marginal reduction that this effort generates; otherwise, the effort is
zero or one. The proof of Proposition appears in Appendix B, together, as indicated, with
those of all the other proofs in this section.

Proposition 2.3  There exists a unique efficient effort profile € = (€1, ...,&;,...,Ep)

with €; = (éﬂ, e éi(i—l)a éi(i+1)7 ém) S [0, 1]”71, such that

o ¢;; =0if 80’(61) > 67%2(;”) for all e;; € [0,1],

o &y = 1if 250 < 2t) for all ¢y € (0,1,

¢ Ociles) _ Orji(eij)
oe;

= —h , otherwise.
ij

e ¢;; € (0,1) is the unique solution o .
13 —C1g

eij=64
We now focus on the non-cooperative effort game that arises under the family of cost
allocation with weighted pairwise reduction (henceforth, WPR family). Then we analyze
efficiency in equilibrium.
Consider the WPR family, i.e., Qi(e) = ci(ei) = X jen g1} [ngrij(eji) +w§~i7‘ji(eij)] for all
1€ Nw1thwm,w €10,1],4,j € N,i # j, such that wéj = 1—ng andw =1- w . For each

specification of these weights, a particular allocation rule can be obtained that induces a

certain equilibrium effort strategy in the first stage, which in turn generates the associated

82ci(ey) _ 9%rjilei)
2. de?.
¥ )

%Note that the second derivative in e;; is equal to , which is always positive because

) > 0 and Lriilei)

8%c; (e
Oe” i

< 0.
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cost allocation in equilibrium. The aim of this section is twofold. First, we identify the
efficient allocation rule within the WPR family, i.e., that which results in the lowest cost of
the grand coalition. Second, we show that the effort profile induced in equilibrium by this
allocation rule coincides with the efficient effort profile of Proposition 2.3.

The non-cooperative cost game associated with 0 = (£2;),. 5 in the first stage is defined
by (N,{E;}ien,{Qi}ien), where for every agent i € N, E; := [0,1]""! is the players’ i
strategy set, and for all effort profiles e € E := [[,.y Es, and €; is the cost function for
agent 7 € N. We call this an effort game.

In this game, we use the following definition of equilibrium.

Definition 2.2 The effort profile e* = (e, ...,e}) € E is an equilibrium for the game
(N, {E;}ien, {Q:}ien) if € is the optimal effort for agent ¢ € N given the strategies of all
the other agents j € N\{i}.

First, note that the optimal effort for agent ¢ € N given the strategies of all the other
agents j € N\{i} is the effort e; that minimizes Q;(e;, e_;). Note that the function Q;(e;, e_;)
is strictly convex in the effort e;; that agent i exerts for any j € N\{i}.” This means that
for agent 4 there is a unique optimal level of effort é;; for each j € N\{i}. That optimal level

é;; depends on the parameter w’;, on the marginal cost of agent i in regard to effort &;; (i.e.

it
&aiT(iif)), and on the marginal cost-reduction for agent j in regard to effort é;;, (i.e. %(2”))
Consequently, although the cost function of agent i depends on other agents’ efforts (e;; for
all j € N\{i}), the optimal effort does not.

To obtain the optimal effort, we analyze the derivative of the convex function Q;(e) with

Jci(ei) i Orji(eij)
dey; = Wi ey

respect to e;j, for any j € N\{i}. It must be noted that “(e) >0 <—
for all e;; € [0, 1]. The following result characterizes the optimal effort level for agent i € N

in the first stage of the game.

and o? Q(c) _ 9%ci(ed) _ wz’“32Tji(€z‘j)

. . P
"Note that a (e) = 9eiles) : Tg;(;”) D2, 31T He2.
(¥ 3

— Wji

> 0 because, as assumed

€ij

above, 2-cifei) 5;(61 > 0 and 76 riileii) g

tJ zJ
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Lemma 2.1 Let (N, {E;}icn,{Q}ien) be an effort game and é;; be the optimal level

of effort that agent i exerts to reduce the costs of agent j. Thus,

63(@) > i i) g a1 ei; € [0, 1],

° é'L] =0 if and Only if e;iq Ji  Oeij
ij v

e é; = 1if and only if %5 < w]agi(ﬂ for all e;; € [0, 1],

A Oc;(eq) 4 Orjileiy) .
e ¢;; € (0,1) that holds Rl wt #jjj _, otherwise.

The following theorem shows the unique allocation rule of the WPR family that induces
an efficient effort profile in equilibrium. This allocation rule gives all the reductions to the
agent that generates them. Formally, let H(e) := (H;(e))ien be the allocation rule in the
WPR family with w;Z = 1for i, j € N,i# j, that is Hi(e) = ci(ei) — 2o jen g4y ri(€is) for
1 € N. We consider an allocation rule as efficient if it induces an efficient effort profile in
equilibrium.

Theorem 2.3 Consider the effort game (N,{E;}ien, {H;}ien). Let €j; be the level of
effort that an agent i exerts to reduce the costs of agent j in the unique equilibrium with t,

j € N,i+#j. Thus,

* — (01 ¢ Oci(es) orji(eij)
e ¢;; = 0if and only if e |eyo” Ben Lo
k13 ¢ Oci(es) arji(eij)
e ¢;; =1if and only if Ten |, 4 < e L
VA ij—
o ¢f; €(0,1) that holds 25 — Oryilens)  otherwise.
] * i *

eij=e e;j=e

i ij

In addition, e}; = €;; for ¢, j € N,i # j and H;(e) is the only allocation rule of the WPR
family that always induces an efficient effort profile in equilibrium.

Corollary 2.1 Let © be the set of all allocation rules for PE-games. There is
no ¥ € © such that the effort equilibrium profile induced in the non-cooperative game
(N, {E;}ien, {¥; }ien) generates a lower cost of the grand coalition than allocation rule H.

As mentioned, the effort e;; is efficient when its marginal cost matches the marginal

reduction that it generates; otherwise, the effort is zero or one. Allocation rule H (e) aligns

the incentives of agents in the first stage game with this idea. It gives all the reduction
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to the agent that generates it. In that case, the best response of any agent is to make its
marginal cost equal to the marginal reduction that its effort generates; otherwise, this agent
exerts the minimal or maximal effort depending on which is higher: the marginal cost or
the marginal reduction.

We illustrate this analysis with the 3-firm case given in the Example 1 in Section 3.4

In this section we work out the allocation rule (in the second stage) within the WPR
family that generates the unique efficient effort equilibrium (in the first stage). However,
there are situations in which pairwise reductions cannot be weighted separately, i.e. it is not
possible to assign different weights to what an agent gives and what the same agent receives
in a pairwise interaction. For example, there may be situations in which there is a unique
cost reduction for any pair of agents that depends on the effort exerted by both agents,
i.e. an aggregate reduction. In that case they have to decide how to split the whole cost
reduction. Such cases require a weight to be assigned to the pairwise aggregate reduction.

The question that arises in this new scenario is whether the level of efficiency maintained
is the same as that attained when the pairwise reductions are weighted separately for each
agent. Unfortunately, the answer is no: the level of efficiency decreases in this new scenario

as shown in next chapter.
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2.5 Concluding remarks

In this second chapter, we analyze and study under the form of bi-form games, structured
in a first competitive phase and a second cooperative phase, a mode or form of bilateral
cooperation that, from the scope of the Transferable Utility Cooperative Cost Games, allows
the reduction of costs between pairs of agents being this reduction independent of the
behavior or cooperation of each agent of the pair outside the pair. In other words, the cost
reduction will remain invariant regardless of the size of the coalition in which each pair of
players is integrated.

As a consequence of the study of the costs, benefits and challenges associated with
this pairwise effort environment, it is found that in the first competitive phase the agents
anticipate to determine the individual level of effort that will shape their cost function in
the cooperative game of the second phase. As a result of the modeling of the pairwise cost
reduction in the cooperative phase, a new class of PE-Games (Pairwise Effort Games) is
introduced where both its concavity and the stability of a large coalition allowing a cost
reduction for all players are found. A cost sharing mechanism is presented that generates
sufficient incentives to generate the optimal efforts by the players to minimize the aggregate
costs through the contribution of optimal efforts. The allocation rule (WPR) that generates
the indicated unique efficient effort equilibria is found and presented.

Based on the evidence and certainties observed, there is inevitably a question that makes
it necessary to examine whether the same level of efficiency is achieved both by weighting the
reductions individually and by weighting them in aggregate. This scenario is developed and
analyzed in the next chapter. It is shown that the same level of efficiency is not achieved,

and that it is signifficantly lower if the weighting is done on an aggregate basis.



Chapter 3

Measuring Efficiency for Pairwise

Aggregate Reduction

3.1 Introduction

The impact and importance that the introduction of the notion of transferable utility (TU)
had on the field of game theory is undeniable. This has been so to the extent that it presented
a new class of games whose allocations depended on the previous strategic behavior of
the players, modifying an initial theoretical rigidity that presupposed full willingness to
cooperate for all players, modeling eminently symmetrical scenarios that are not, in reality,
at all frequent.

Analyzing the prior strategic element of the players in cooperative environments or
scenarios therefore implies analyzing the fact that the coalitional value inevitably depends
on the strategic behaviors adopted by each player, so that the greater the competitiveness,
the lower the coalitional values and therefore the lower the incentive to cooperate.

Given that, when a scenario of cooperation arises, the agents will act rationally in their
decisions, this rationality will move each agent to maximize his reward in terms of cost-
benefit through the strategic management of his involvement or degree of cooperation, since
this will be the only aspect that he will be able to manage in order to try to maximize the
payments resulting from the coalitions formed in the cooperative phase.

The modeling of this type of situation in the form of the biform-games introduced by

Brandenburger and Stuart (2007) contemplates the existence of competitive and cooper-
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ative behaviors when reaching agreements between players. Not surprisingly, the concept
and proposal of coexistence between both a priori opposite terms, is promoted and nor-
malized towards the business environment reaching a great diffusion and notoriety with the
publication by the same author ten years earlier of the book Coopetition (Brandenburger,
1997), where it begins to penetrate and popularize the attempt to take the most beneficial
of both behaviors to obtain the greatest possible gain or advantage.

The description or applied development of the coexistence of two strategies was even
earlier developed by Zhou in 1994 with the so-called investment and cooperation strategies
where, in a given situation, although the agents had to cooperate jointly to increase the
level of innovation, on the other hand they tried individually to agree on the optimum level
of investment effort that would allow a certain degree of innovation but incurring costs that
would optimize the profits derived from it.

One of the most significant contributions of the so-called Biform-Games has undoubtedly
been the progress made in bridging the lines separating Game Theory as a theoretical body
and the reality to which it is applied, in an attempt to become an effective tool capable of
providing or proposing optimal solution proposals.

At this point, it is necessary to stress the fact that, in any cooperation scenario, any
asymmetry, understanding as such the different degrees of cooperation with which each
player decides to join the game, necessarily causes a loss or reduction of the possible total
joint gain that could have occurred if such asymmetry had not existed.

Consequently, when one or more players decide to negotiate or compete in order to set
levels or degrees of cooperation lower than the maximum degree or full cooperation, the
future distributions or allocations obtained as a result of such cooperation will imply a
greater loss the lower the degree of cooperation established.

As pointed out in the work of Liu and Xiang (2023) and even earlier in his time also by
Stuart (2001), biform-games are a class of games that tends to be competitive, insofar as it
is the vector of strategies defined in the non-cooperative phase that defines the subsequent

cooperative phase where the distribution of the profits generated on the basis of the different
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individual strategies that each agent previously adopts is analyzed, and all this taking into
account that the profits or distributions generated by biform-games are not generated for
the individual players but for the totality of coalitions in the game.

Taking into account the above, the core or main axis of this third and last part of this
thesis work, focuses on measuring the level of efficiency of efforts in equilibrium for a par-
ticular family of weighted pairwise aggregate reduction. For this purpose, it is necessary,
once the non-existence of an empty core has been identified, as well as the family (WPR)
and subfamily (WPAR) of allocation or distribution, and Shapley’s proposal of distribu-
tion within the latter, to determine the efficiencies and scope of the efforts in equilibrium,
determine the efficiencies and scope of a competitive or bargaining phase that leads to the
identification of a sharing rule in a cooperative phase different from the one proposed ac-
cording to Shapley’s value, demonstrating the existence of a unique sharing vector within
the WPAR subfamily that coincides with the optimal vector of efficient effort determined
in the first bargaining phase or absence of cooperation and that in turn coincides with the

vector of effort values corresponding to the efficient Nash equilibrium.

3.2 Efficiency of Pairwise Aggregate Reduction

Consider the family of cost allocation with weighted pairwise aggregate reduction A(e) € R"

defined as follows:

Ai(e) = ciled) = Y aijlrij(es) + rjilei)], (3.1)

JeN\{i}
with a;; € [0,1]. The interaction between agents i and j generates an aggregate cost re-
duction which is 7i;(ej;) + 7ji(esj). The parameter a;; measures the proportions in which

this reduction is shared between agents i and j, i.e. «;; is the proportion for agent i and

aj; = 1 — ayj; for agent j.

Note that A(e) is a subfamily of the WPR, family €(e), where now wﬁj = ng = aj, for

all i,j € N. From now on we refer to this subfamily as the WPAR family. It is important
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to note that the Shapley value and the Nucleolus belong to the WPAR family with o;; = %
for all 4, j € N, i # j. We consider whether the allocation rule H(e), which generates the
efficient effort in equilibrium, is applicable in this situation. Unfortunately, H(e) does not
fit the scheme of pairwise aggregate reduction.

This section analyzes the non-cooperative effort game that arises in the first stage when
cost allocations in the WPAR family are considered.

Our goal is to find out, within the WPAR family, a core-allocation in the cooperative
game of the second stage that induce the effort equilibrium level in the first stage closest
to the efficient one. We consider that an effort profile ¢ € E is more efficient than a profile
¢’ € E if the aggregate cost generated in the second stage by ¢ is lower than that generated
by e’

We therefore first study the non-cooperative effort game that arises under this new cost
allocation A(e), that is (N, {E;}ien, {Ai}ien)-

To simplify notation and analysis, we consider that for all ¢ € N and j € N\{i},

/ . Oci(e; " . 9%cile; / . Orji(ey) " _ Prjilesy)
ci(eij) == 8(3(ij), cl(eij) = 837%. ), rji(eij) = 75%_” and rji(eij) = 75;%” . Note that,

as the WPAR family is a subfamily of WPR, the properties of the latter apply to the former.
Before analyzing the EEE of the above non-cooperative effort game, we define thresholds
of alpha parameters that enable them to be reached.
Definition 3.1 Given an effort game (N,{FE;}icn,{Ai}ien), we define the following
lower and upper thresholds for each pair of agents i and j,
N 1C) RPN 1€) ¢(0) T O

Q= Qi = o= =, and &;; :=
Qij = w oy YT way YT o)y ji

It is clear that 0 < a;; < @;; because ¢] is an increasing function and 77; decreasing one.
Analogously, 0 < ;i < Qi

The first Theorem in this chapter characterizes all possible types of effort equilibrium
according to the value of the parameter «;j, for all 4,5 € N,i # j. The proof of Theorem
appears in Appendix C, together with all the other proofs in this chapter.

Theorem 3.1 Let (N,{E;}icn,{Ai}tien) be an effort game. The pairwise efforts in

* *

any unique equilibrium (eij, eji) are given by
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0 if and only if a;; < ay;

e;; =4 el if and only if ;i < Qg5 < Qij
1 if and only if ag; > @

0 if and only if aj; > 1 - ay;

eji =19 e’ ifand only if 1 — aj; < ay; < 1 —ay;

\ 1 if and only if a;; <1 — @i

where el € (0,1) is the unique solution of ¢(e;) — ijr;(eij) = 0 and e’ € (0,1) is the
unique solution of ¢} (ej) — (1 — aij)r;;(eji) = 0.

The next corollary shows how the pairwise equilibrium efforts e;‘j depend on «;j, for all
1,7 € N,i # j. As expected, as the proportion of aggregate cost reduction obtained by an
agent increases, the effort that agent exerts also increases (or at least stays the same).

Corollary 3.1 Let (N, {E;}ien,{Ai}ien) be the effort game and (e}, €};) the pairwise

efforts equilibrium. Thus,

6@’?‘. . _ 86*- .
. BTZ >0, if g € (5, Qij); 872- = 0, otherwise.
de; . _ oe’, .
. ﬁ <0, if aj5 € (1 — ayi, 1 — ajy); WJLJ = 0, otherwise.

The results above are very useful when the goal is to incentivize agents i,57 € N to
make more pairwise effort e;; by means of parameter c;;. However, we wish to go further,
specifically to achieve the highest level of efficiency within the WPAR family. In other
words we wish to find the aj;, for all 4,7 € N that minimizes the aggregate cost function

> icn Ai(e*) in equilibrium, where both A; (e) and the effort equilibrium e* depend on a;.

3.3 A procedure for finding an Efficient Effort Equilibrium

induced by WPAR

The search for alpha parameters which will lead to the EEE can be simplified by taking

into account the bilateral independent interactions of agents. Note first that any pair of
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agents have a particular o;j, and second that the optimal effort made by any agent : € N
in regard to any agent j € N\{i} is independent of the optimal effort that agent ¢ exerts
in regard to any other agent h € N\{4,5}. Thus, minimizing ), \ Ai(e*) in terms of
a;j is equivalent to minimizing A;(e*) + Aj(e*), since each particular a;; only appears in
A;(e*) and Aj(e*). Fortunately, the problem can be further simplified: Note that, A;(e*)
and Aj(e*) are the sums of different terms, but «;; only appears in those terms related to
the interaction between i and j (see (3.1)). These terms are c;(e;) — avij(ri;(e};) + ri(ef;))
from A;(e*), and c;(e}) — (1 — ay;)(rji(ef;) + miz(e};)) from Aj(e*). Thus, a new function
Aj(auj) = ci(ef) — aij(rij(e};) + rji(e];)) can be considered, and analogously A%(1 — ay;).

Note that ZAilen) _ 97(Ai(ay)) g 97(Ai(e)) (4,0~ O‘”))f rx=1,2,.

8a 8041.1]. Bafj - 8a

. Therefore,
@

for each pair i and j, it is possible to define the function L};(c;;) := A7 (ci5) + A7 (1 — avij).

Hence, minimizing ),y A;(e*) is equivalent to minimizing L (o), with

Lij(euj) = cilef) +cilef) — [ouj(rij(el;) +rjiler;) + (1 — aug)(riler;) + rij(ef;)]

= ci(ef) +¢jef) = (rij(efy) + rjilei;)) (3-2)

The function L] (ozzj) depends on «;; through the equilibrium efforts e;; and e7; because
they depend on «;;. We now focus on finding the a;; that minimizes function L;kj(al-j), and
provide a procedure for finding the EEE for pairwise aggregate reduction.

We can summarize this reasoning as follows. Let a = (a;)ien and a; = (aij)jen (i}

of =arg  min oy Ai(e") &= aof; =arg min Ai(e*)+ Aj(e”) foralli € N

016[0 1}"(77'—1) OéijE[O 1
aj; = arg ﬂ”g[gb ]Cz(e ) — ayj(rij(e};) + rjile;)) + ¢jlef) — (1 — aij)(ryiles;) + rij(e};)) for
Qij

all i,j € Nyi #j < aof; = arg mz[gzl]cl( 1)+ i) — (rjile;) + rij(e};)) for all 4,
oS

J € N,i#j. As Lij(au;) = cile]) + ¢j(e]) — (rij(e};) + rjilef;)), then af; = arg min,
g
L};(ayy) for alld, j € N,i# j.

For any effort game considered here, there are only six possible distributions of the lower
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and upper thresholds of the alpha parameter.! These cases are

Case A q;; <ajj<l—a;<l—aqy

Case B gij<1—@ji<dij<1—gji

Case C  q;; <1-—ayi <1-—gq; <

(3.3)

Case D 1—aj <a; <ay<1l—ay
Case E 1—ay <q; <1-aj <ay
Case F 1—ay <1—qj <aq; <

The last theorem characterizes the optimal o}; in cases A-F. Thus, Theorem 3.2 provides

the of; that incentivizes an efficient effort equilibrium for WPAR 2. In Theorem 3.2 we use

the following notation:

1. 6" € [a,0) with0 < a<b < 1is:
' a it 29 0 for all ay; € [a, D]
alet = b it ) < 0 for all ay; € [a, D]
Solution of (ngT(Z'U)) =0 otherwise
( Oifa<O
2. Aa) =4 aifac(0,1)
lif o> 1

Theorem 3.2 Let (N,{E;}ien,{Ai}ien) be an effort game, and Lj;(cij) = ci(ef) +

i

!Note that aj,; < aj; and a;; < Qij.

2The function L7; is a piecewise function, and although it is continuous in ay; € [0, 1] it is not differentiable
at all points in its domain. Since it is defined over intervals, it is generally non-differentiable at the endpoints
of these intervals. Therefore, to compute the minimum, it is also necessary to evaluate the function at the
interval endpoints. In addition, due to its convexity, the minimum can also be an interior point within any
of the intervals. However, each interval entails a distinct derivative function, thereby contributing to the
complexity of the computation process.

The introduction of Theorem 5 streamlines the evaluation procedure by reducing the number of points to

be assessed, presenting them in a case-by-case framework.
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*

cj(ej) — (rij(e};) + rji(ef;)).  The optimal solution of; = arg min Lj;(aij;) is in each

a;;€[0,1] J

Case A «j; is any element of [a;j,1 — &

w < [1—=ai,auy]
Case B o = Qyy

any element of [a;;, 1] if «© = A(a;;) and A(ay;) < 1

Case C qj; = ,
a® otherwise

where o¢ = arg min{ij(dz[;iaji’ligﬁ])a ij(A(@ij))}-

any element of [0,1 — &;;] if o = A(1 — ay;) and A(1 — aj;) > 0

Case D o, = )

J D ]
o otherwise

where o = argmin{L};(A(1 — &js)), ij(dz[?ij’aij])}-

any element of [0,1 — a;;] if o = A(1 — aj;) and A(1 — a&j;) >0
Case E oj; = { any element of [a;;,1] if o = A(a;;) and A(a;) < 1 ;

o otherwise

where o = axgmin{L (A1 - a;0), a5, L (A @)}

any element of [0,1 — &;;] if of' = A(1 — &j;) and A(1 — ay;) >0
Case F aj; = { any element of [a;;,1] if o = A(a;;) and A(ay;) < 1
af' otherwise

where ol = arg min{Lj;(A(1 — &;;)), Lj;(A(@))}

To conclude the section, we describe a procedure for finding an efficient effort in equi-
librium induced by the WPAR family.
EEE Procedure

Given an effort game (N, {E;}ien, {Ai}ien),

1. we first calculate the lower and upper thresholds of the bilateral interaction between

any pair of agents by using Thresholds Definition ;
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. we then focus on the list (3.3) and determine which case (A-F) applies;

. Theorem 3.2 provides an optimal «j; for all ¢,j € N, to minimize the centralized

(aggregate) cost allocation )\ Ai(e*);

. with this o}, Theorem 3.1 gives the associated efficient effort equilibrium (ej;, €};) for

every pair of agents, and thus an efficient effort equilibrium e* for the game;
. at this point the optimal cost allocation that incentivizes agents ¢,7 € N to make an
efficient effort equilibrium e;; and e7; is known, i.e.
As(er) =cile]) — Y aflri(el) + rlel)];
JeN\{i}

We illustrate this procedure with the 3-firm case given in Example 3.1 in section 3.4
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3.4 Comparison of WPR and WPAR families

We complete the study of our model of cooperation with pairwise cost reduction by com-
paring the two families of core-allocations analyzed. We find that there is a loss of efficiency
when cooperation is restricted to a pairwise aggregate cost reduction. That loss of efficiency
can be measured. In addition, we show that those agents who receive less than the total
reduction generated and bear the total cost of this effort always exert less effort than the
efficient agent.

As mentioned above, the allocation rule H(e) induces an equilibrium effort e*¥ that

H — & This means that there is no rule

matches the efficient effort of Proposition, i.e. e*
that generates a lower cost of the grand coalition, see Corollary. However, as also mentioned
above, WPAR is a subfamily of WPR, but H (e) is not in WPAR, so ¢*4 is not always equal
to e*H.

Let A*(e) be the allocation rule in WPAR that induces the effort profile e*4” that
minimizes the cost of the grand coalition, i.e. the efficient allocation in this subfamily. The
difference, in terms of efficiency, between the cost of the grand coalition with e*4” and é can
be measured. Note that for any particular functions c;(e;) and r;;(e;;) for i, j € N, i # j,

the associated e*4” and € can be obtained. Let A be this difference or loss of efficiency,

where

A=Y lele™) = Y0 ru(e =D la@) — D (e (3.4)
iEN jEN\{i} ieEN JEN\{i}

The following proposition shows the relation between efforts e*4” and é.

Proposition 3.1 Let e;‘JA* for i, j € N, i+#j be the equilibrium efforts of A*(e), that
minimize the cost of the grand coalition in the family WPAR. Thus, the efficient effort

€ij > e;‘JA*for all i, j € N, i #j.

As mentioned above, when an agent receives less than the total reduction that it gen-
erates and bears the total cost of that effort, then that agent always exerts less effort than

the efficient one
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Finally, readers may think that the rationale behind the efficient rule, H (e), in the WPR
family, could also apply to the WPAR family. However, this is not the case. To reach an

efficient effort equilibrium in the WPR family, for each pair of agents 7,5 € N,i # j, the

Oule) _ Ociler) _ i Orjilei)

. ; j
weight w?; must be 1, because e, = er, i ey, and w;; must also be 1, because

092;(e) _ 9¢ley) _ 0 Orijleji)
Oej; — Oejj ij  Oej;

. However, this is no longer true for the WPAR family.?

The following example with three agents illustrates the comparison of the two core
allocation families and completes the demonstration.

Example 3.1 Consider a pairwise inter-organizational situation with three firms, i.e.
N = {1,2,3}. For any effort profile e € [0,1]%, the PE-situation is given by the following

initial costs,

c1(er2,e13) = 100 + 100e12 + 4e2, + 100e13 + 4e?,

02(6217623) = 100 + 100e21 + 46%1 + 100e93 + 46%3

cs(es1.e32) = 100 + 100e3; + 4e3; + 100e32 + 4e3,

and the following pairwise reduced costs, all of them in thousands of Euros,

ria(e1;) = 2 + 110ey; — 262, with i = 2,3

Tig(egi) = 2+ 105eg; — 36%2- with i =1,3

ri3(esi) = 2+ 105e3; — 3e2; with i = 1,2

by Definition, the pair of firms {1,2} has the thresholds a5 = 0.91, &12 = 1.02, ay; =
0.95, and ao; = 1.09, which correspond to Case F in the Table 3.3. By using Theorem

3.2, it can easily be checked that af' = A(@12) < 1 and af, = 1. Thus, by Theorem 3.1,

*In WPAR, for each pair of agents i, € N,i # j, the weight a;; is not always 1, because 32)4;‘(?) =
ij
ag;;” — ij mg"’e(;"“”) and ngj(_e) = 8?;;” — aj; 8”5;?” but a;; = 1 — aj;. Note that if ai; = 1, then

oj; = 0 and the derivative conditions for efficiency in Proposition ?? would be violated. Bear in mind that
the weights w;Z that appear in each derivative 88%1(:) for 4,7 € N,i # j are independent of one another.
However, the weights «;; that appear in the each derivative %}j) for i,j € N,i # j are not, because
oi; = 1 — ay;. In addition, it is known that wﬁj = w§7 = oy; in WPAR for all 4,5 € N,i # j, where

J

wﬁj =1-wj; and w;l =1- w;l The fact that pairwise cost reduction is aggregated by «;; in the subfamily

WPAR means that it is not possible to apply the efficient argument used for the WPR family.
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els = 0.833, e5; = 0. As firms 2 and 3 are identical, aj; = 1, e]3 = 0.833 and e3; = 0.
Finally, for the pair {2, 3}, aps3 = 0.95, drag = 1.09, 35 = 0.95, and @z = 1.09. This is again
Case F. Note that in case F, of’ = argmin{L};(A(1 — asz)), Lis(A(@23))}, where in this
particular case L35(A(1 — ag2)) = Lis(A(aes)) with A(1 — az2) = 0 and A(ae3) = 1 Thus,
two solutions emerge: (i) e5; = 0.357, ey = 0, and a3 = 1, and (ii) €53 = 0, e3y = 0.357,
and aj5 = 0.

Therefore, there are two EEE in WPAR.

(i) el = €e]3 =0.833, €5, =0, e53 = 0.357, e3; = €3, =0

(ii) e7y = €753 = 0.833, €3, = eds =0,¢e5; =0, 5, = 0.357

We now calculate the efficient efforts in this example by Proposition 3.3. They are the

: / -
solutions of ¢;(e;j) —77;

(eij) = 0, thus, élg = 513 = 0.833, and égl = 523 = é31 = 532 = 0.357.
Note that by Theorem 3.3 these efforts are also the effort equilibrium obtained by the

allocation rule H(e).

Example 1 This example is a particular subcase of Case F. This implies that o; is zero
or one, which in turn implies that one of the agents makes no effort and the other makes
the efficient value. However, they are never able to make the efficient effort simultaneously
under WPAR. The loss of efficiency in WPAR with regard to WPR can be calculated with
the help of (3.4).

A=Y enleler™) = Xienmpn i (€3] = Lienlei(@) = X jen iy i (€50)] = 278.776 —
276.104 = 2.67.
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3.5 Concluding remarks

In this chapter, the analysis focuses on a sub-family (WPAR) within the WPR family, where
it is found that bilateral reductions between pairs of players are not weighted separately,
and that the weighting occurs as the sum of all the reductions obtained, i.e. as an aggregate
reduction.

Consequently, in this third and last chapter, we have focused firstly on the analysis
of the non-cooperative phase in which the non -cooperative effort game takes place when
considering the cost allocations belonging to the WPAR, family.

The relationship between equilibrium efforts and weights is studied. It is found that
the pairwise equilibrium efforts depend on the parameter alpha , that is, on the weight
or measure of the proportion in which the cost reduction is shared between each pair of
players. The totality of possible equilibria are characterized.

Consequently, it is shown that the increase in the proportion of aggregate cost reduction
achieved by each agent leads in turn to that agent’s willingness to exert more effort or, in
the worst case, to maintain the level of effort unchanged, but never to be able to exert a
lower level of effort.

A procedure to calculate and find an efficient effort in equilibrium induced by the WPAR
allocation family is identified and presented.

Finally, both allocation families ,WPR and WPAR, are compared by analyzing the
behavior when cooperation is limited to a cost reduction in an aggregated pairwise basis as
well as when cooperation is individually weighted.

After analyzing the results obtained, on the one hand, the loss of efficiency is proven
when cooperation is limited to aggregate cost reductions by pairs and, on the other hand, it
is confirmed that this loss or variation in efficiency can be effectively measured, confirming
the stability of the grand coalition and demonstrating that those players who see their costs
reduced to a lesser extent with respect to the cost reduction they have caused to the rest

will always cooperate with a lower level of effort than the efficient one.



Conclusions and future research

In the first chapter it has been presented a new model of Corporate tax games with benefac-
tors and beneficiaries as an application of linear cost games to the corporate tax reduction
system introducing the figure of multiple, dual and irreplaceable benefactors. It has been
used the Shapley value as a rule of stable allocation to sharing costs reduced. Moreover, its
properties are studied, it has been verified the snowball effect derived from the concavity
of the model proving that the larger the coalition the lower the costs for its members and
it has been proved that, these games are concave, i.e., the marginal contribution of a firm
and a country diminishes as a coalition grows (snowball effect). Hence, the grand coalition
is stable in the sense of the core. This means that firms have strong incentives to cooperate
with the countries instead of being fraudsters. Then, it is proposed the Shapley value as an
easily computable core-allocation that benefits all agents and, in particular, compensates
the benefactors for their dual and irreplaceable role.

The model presented, distinguishes two groups of agents: dual benefactors (countries)
and benefidaries (firms), while the original model presented by [6], considered two disjoint
groups of agents, benefactors and beneficiaries. A natural extension would be to consider
that all agents can be dual (benefactors and beneficiaries). Consequently, it is certain that
similar results to those obtained here could be achieved.

The second and third chapter, that are directly interrelated, presents a model of cooper-
ation with pairwise cost reduction. The direct impact of pairwise effort on cost reductions
is investigated by means of a bi-form game. First, the agents determine the level of pair-

wise effort to be made to reduce the costs of their partners. Second, they participate in
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a bilateral interaction with multiple independent partners where the cost reduction that
each agent gives to another agent is independent of any possible coalition. As a result of
cooperation, agents reduce each other’s costs. In the non-cooperative game that precedes
cooperation, the agents anticipate the cost allocation that will result from the cooperative
game by incorporating the effect of the effort made into their cost functions. It is noted
that all-included cooperation is feasible, in the sense that there are possible cost reductions
that make all agents better off (or, at least, not worse off ), and consistent. It then identifies
a family of feasible cost allocations with weighted pairwise reduction. One of these cost
allocations is selected by taking into account the incentives generated in the efforts that
agents make, and consequently in the total cost of coalitions. Surprisingly, it is found that
the Shapley value, which coincides with the Nucleolus in this model, can induce inefficient
effort strategies in equilibrium in the non-cooperative model. However, it is always possible
to select a core-allocation with appropriate pairwise weights that can generate an efficient
effort.

Future research could take any of several directions. First, this thesis assumes that the

individual effort cost function ¢;(e;) is independent of the effort of other agents, and that the

marginal cost 8061'7(2;) is independent of the effort that ¢ makes in regard to agents other than
2(,.
j, i.e. aici;ge;i)h = 0. A similar assumption is made with the cost reduction function r;;(e;).

There is some degree of independence between efforts. This is a reasonable assumption in
many contexts, but in some settings different assumptions might be needed. For example,
there are situations with strategic complementarity in which the efforts of agents reinforce
each other. In such cases the cost function is supermodular. In other cases there is strategic

substitutability, so that efforts offset each other and the function is submodular. Focusing on

dc2 (es)
Oe;j0e;p,

the effort cost function of one agent, if > ( then there is complementarity between

2(,.
the efforts, and if 68;;((92)} < 0, then there is substitutability. This is a very interesting

future extension. It could also be worth considering this complementarity /substitutability
not only between the different efforts that one agent makes in regard to other agents but

also between the efforts made by different agents. This assumption can be made on both
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the effort cost functions and the cost reduction function. Obviously, complementarity on
the effort cost function has the opposite effect to that on the cost reduction function.

The second direction is close to the first. The pairwise total cost reduction could be con-
sidered as a general function which is increasing in the efforts e;; and e;;, that is R;;(e;j, €j;).
In our model, this function is additively separable, i.e. R;;(eij,eji) = rij(eji) + rji(ei;).
However, as mentioned above, there could be situations with strategic complementarity or
substitutability in which the efforts of agents reinforce or offset each other. In that case,
the function R;j(e;j,ej;) would not be separable. This is also an interesting question for
analysis.

Another direction is related to the assumption of bilateral interaction between agents.
This has the advantage of being analytically more tractable and is widely applied in practice
(e.g., Fang and Wang 2019; Amin et al. 2020, Park et al. 2010), but overall interaction
between agents, dependent on groups, is an important factor that we believe does not
affect the success of cooperation. One possible future extension would be to investigate the
cooperative model with multiple cost reduction and the impact of the efforts made on those
cost reductions.

Finally, we identify a large family of core-allocations with weighted pairwise reduction
which contains the Shapley value and the Nucleolus and always provides a level of efficient
effort in equilibrium. This family is very rich in itself, as a set solution concept for our
cooperative model. Research into this core-allocation family can be furthered through an

in-depth analysis of its structure and its geometric relationship to the core.



Conclusiones y vias futuras de investigacion

En el primer capitulo se ha presentado un nuevo modelo de Corporate Tax Games con
benefactores y beneficiarios como aplicaciéon de los juegos de costes lineales al sistema de
reduccion del impuesto de sociedades introduciendo la figura de benefactores multiples,
duales e insustituibles. Se ha utilizado el valor de Shapley como regla de asignacién estable
al reparto de costes reducidos. Ademas, se estudian sus propiedades, se ha comprobado el
efecto bola de nieve derivado de la concavidad del modelo demostrando que cuanto mayor
es la coalicién menores son los costes para sus miembros y se ha comprobado que, estos
juegos son céncavos, es decir, la contribucién marginal de una empresa y un pafs disminuye
a medida que crece una coalicién (efecto bola de nieve). Por lo tanto, la gran coalicién es
estable en el sentido del micleo. Esto significa que las empresas tienen fuertes incentivos
para cooperar con los paises en lugar de ser defraudadores. A continuacién, se propone
el valor de Shapley como una asignacién del niicleo ficilmente computable que beneficia a
todos los agentes y, en particular, compensa a los benefactores por su doble e insustituible
papel.

El modelo presentado, distingue dos grupos de agentes: benefactores duales (paises)
y beneficiarios (empresas), mientras que el modelo original presentado por [6], consider-
aba dos grupos disjuntos de agentes, benefactores y beneficiarios. Una extensién natural
serfa considerar que todos los agentes pueden ser duales (benefactores y beneficiarios). En

consecuencia, es seguro que podrian alcanzarse resultados similares a los aqui obtenidos.

Los capitulos segundo y tercero, que estdn directamente interrelacionados, presentan

un modelo de cooperacién con reduccién de costes por parejas. El impacto directo del
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esfuerzo por parejas en la reducciéon de costes se investiga mediante un juego biforme. En
primer lugar, los agentes determinan el nivel de esfuerzo por parejas que deben realizar para
reducir los costes de sus socios. En segundo lugar, participan en una interaccién bilateral
con multiples socios independientes en la que la reduccion de costes que cada agente ofrece
a otro es independiente de cualquier posible coalicién. Como resultado de la cooperacion,
los agentes reducen los costes de los demds. En el juego no cooperativo que precede a la
cooperacion, los agentes anticipan la asignacién de costes que resultard del juego cooperativo
incorporando a sus funciones de costes el efecto del esfuerzo realizado. Se observa que la
cooperacion todo incluido es factible, en el sentido de que existen posibles reducciones de
costes que hacen que todos los agentes estén mejor (o, al menos, no peor), y consistente.
A continuacién, se identifica una familia de asignaciones de costes factibles con reduccién
ponderada por pares. Se selecciona una de estas asignaciones de costes teniendo en cuenta
los incentivos generados en los esfuerzos que realizan los agentes y, en consecuencia, en el
coste total de las coaliciones. Sorprendentemente, se encuentra que el valor de Shapley, que
coincide con el Nicleo en este modelo, puede inducir estrategias de esfuerzo ineficientes en
equilibrio en el modelo no cooperativo.

Siempre serd posible, sin embargo, seleccionar una asignacién de nicleos con pondera-

ciones por pares adecuadas que puedan generar un esfuerzo eficiente.

La investigacion futura podria tomar varias direcciones. En primer lugar, en esta tesis
se asume que la funcién de coste del esfuerzo individual ¢;(e;) es independiente del esfuerzo
(ei)

. de; . . . .
de otros agentes, y que el coste marginal “Der, ©S independiente del esfuerzo que i realiza

ac?(e;)
Oe;;0e;p,

respecto a otros agentes distintos de j, i.e. = 0. Se hace una suposicién similar
con la funcién de reduccién de costes rij(e};). Existe cierto grado de independencia entre
los esfuerzos. Se trata de una suposicién razonable en muchos contextos, pero para otros
contextos, no obstante, serd necesario partir de supuestos diferentes. Por ejemplo, hay
situaciones con complementariedad estratégica en las que los esfuerzos de los agentes se

refuerzan mutuamente. En estos casos, la funcién de costes es supermodular. En otros

casos hay sustituibilidad estratégica, de modo que los esfuerzos se compensan entre si y la
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funcién es submodular. Centrdndonos en la funcién de coste del esfuerzo de un agente, si

oc2(e;)

acf (es)
de;j0e;p

> 0 entonces hay complementariedad entre los esfuerzos, y si Dewsdeun < 0, entonces
hay sustituibilidad.

Se trata de una ampliacién futura muy interesante. También podria ser interesante
considerar esta complementariedad/sustituibilidad no sélo entre los diferentes esfuerzos que
realiza un agente respecto a otros agentes, sino también entre los esfuerzos realizados por
diferentes agentes. Ello puede hacerse tanto sobre las funciones de coste del esfuerzo como
sobre la funcién de reduccién de costes. Obviamente, la complementariedad en la funcién
de coste del esfuerzo tiene el efecto contrario al efecto que tiene lugar respecto a la funcién

de reduccién de costes.

La segunda direccién se aproxima en parte a la primera. La reduccién del coste total
por pares podrfa considerarse una funcién general que es creciente en los esfuerzos e;; y ej;,
es decir, R;j(eij,eji). En nuestro modelo, esta funcién es separable aditivamente, es decir,
Rij(eij,eji) = rij(eji) + rji(ei;). Sin embargo, como ya se ha mencionado, pueden darse
situaciones de complementariedad o sustituibilidad estratégica en las que los esfuerzos de
los agentes se refuercen o compensen mutuamente. En ese caso, la funcién R;;(e;;,€j5) no

serfa separable. Esta es también una cuestién interesante para el andlisis.

Otra direccién estd relacionada con el supuesto de interaccién bilateral entre agentes.
Esto tiene la ventaja de ser analiticamente mds manejable y se aplica ampliamente en la
practica (por ejemplo, Fang y Wang 2019; Amin et al. 2020, Park et al. 2010), pero
la interaccién global entre agentes, dependiente de los grupos, es un factor importante
que creemos que no afecta al éxito de la cooperacién. Una posible extensién futura serfa
investigar el modelo cooperativo con reduccién de costes miiltiples y el impacto de los
esfuerzos realizados en esas reducciones de costes.

Por 1ltimo, identificamos una gran familia de asignaciones centrales con reduccién pon-
derada por pares que contiene el valor de Shapley y el Nucleolo y que siempre proporciona

un nivel de esfuerzo eficiente en equilibrio. Esta familia es muy rica en si misma, como con-
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cepto de solucién de conjunto para nuestro modelo cooperativo. La investigacién sobre esta
familia de asignacién de nicleos puede profundizarse mediante un anélisis en profundidad

de su estructura y su relacién geométrica con el nticleo.
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APPENDIX A

Proof of Lemma 1.1

Consider agent k/ € N and any set ' C N\{k/}. To prove Lemma 1.1, we first consider
that agent k/ is a country and compare the cost of agents in 7" and in 7'U {k}, and second
we consider that agent k/ is a firm, and we do the same analysis. Note that agents in T
could be either countries or firms:

1. Consider that agent k' is a country ¢’, then

(a) For all i € TN P, ¢l = g;(w!l) and cl-TU{i,} = gi(w;‘m{i,}), where w! = w;‘m{i,}
because T C T U {i'} and i’ € P. Consequently, as g; is increasing, ¢! > c;TFU{i,}

(b) Forall j e TNE,

T- ¥ S+ Y Si- Y Sasit oy s

€PNT 1€P\(PNT) iePNT 1€P\(PN(TU{i'}))

and

TU{'L/}i —. .7 — . — . .

¢ = > S+ > S= X S+85+ > 8

iePN(TU{i'}) ieP\(PN(TU{i'})) iePNT ieP\(PN(TU{i'}))

Consequently,

T TU{i'} /o i’

¢ > because S > S} .

2. Consider that agent &’ is a firm 5, then

(a) For alli € TN P, g;(w!l) and ¢!’ = g;(w!) and ciTU{j/} = gi(wiTU{jl}) where w] =
wiTU{jl} because T'C T U {j'} and j’ € E. Consequently, ¢! = C?U{j/}
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(b) Forallj e TNE

o= > S+ > S and

iePNT ieP\(PNT)
Tufj’ gi i gi i
CjU{J}:‘ 3 | Sj_‘_' > | Sj:'z Sj+' > Sj. Therefore,c}fz
1ePN(TU{j'}) 1€P\(PN(TU{j'})) iePNT 1€P\(PNT)
cru{i’}
J

Point 1 implies that countries are benefactors, and point 2 implies that firms are not
benefactor. Point 1 and 2 imply that countries and firms can be ben-eficiaries and an agent

k € N is a benefactor if and only if it is a country. W

There are agents that are dual in the sense that they are benefactors and beneficiaries,

these are the countries. However, the firms are exclusively beneficiaries.

Proof of Lemma 1.2

Note that by Lemma 1.1 only countries can be benefactors, then consider any T C N
such that T'N P # () where i/ € TN P. To prove Lemma 1.2, we compare the costs in set T'
and in set T\{i/}. Agents in T'\{i/} can be either countries or firms.

First, if the agent is a country, i € (T\{i’}) N P,

then ¢! = g;(w]) < cz-T\{i/} = gi(w?\{il})because g; is is increasing,

and w! < w;-f\{i/}because S’;I < S]’:/.

Second, if the agent in T\{¢'} is a firm, j € (T'\{¢'}) N E,

thenc = > Si+ > Sj= Y S+ gji-l + > S and
iePNT 1€P\(PNT) € PNT\{¢'} 1€P\(PNT)
T\{i'} _ Gi i _ Gi i! i
¢ = Z Sj+, > ' Sj_, Z Sj+5j+' > S5
€ePN(T\{}) 1€ P\PN(T\{'}) i€ePN(T\{}) 1€ P\(PNT)

Consequently, CjT < C;F\{i,} because g;/ < S}l.l



Proof of Lemma 1.3
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Consider two sets such that S C T'C N. Any agent in S has to be either a country or

a firm.

First, if the agent is a country i € SNP, then always ¢; = g;(w?) and ¢! = g;(w}),which

implies that cf > c;fp. Note that, g; is an increasing

function, and wiS > w;f because S C T

Second, if the agent in S is a firm j € SN E, then

=Y Si+ ¥ Si= Y 84+ ¥ Si+

i€PNS 1€P\(PNS) i€PNS 1€PN(T\S)
and

T _ Qi T Qi Qi
cg= > Si+ > Si= > S+ > S+

1€ PNT 1€ P\(PNT) iePNS 1€PN(T\S)

i

> S

1€P\(PNT)

> S

1€P\(PNT)

Note that, if in 7'\ S there is at least a country, then cf > ch because S} > 5’;-, otherwise

T

J
|
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Proof of Lemma 1.4
First, we prove (1). Take a coalition 7' C N, and a firm j € ENT.

Then,

ofT) =M\ =Yg — 2 ck\{J} =cj+ X (¢f - ck\{]}).
keT keT\{j} keT\{j}
Now we prove that

. %{ ‘}(C{ — ¢, "W =0, and so o(T) — ¢(T\{j}) = L.
€1\

Indeed,
T\{j T\{j ™
(ci — Ck\{J}) = > (¢ \{j}) + > (c? - cj,\{]}).
kET\{j} iePN(T\{j}) JEENT\{j})
We know that

el — cz\{j} = gi(w]) — gi(w?\{j}) =0, since w;f\{j} =w].
Moreover,
A= > g4 v oS- Y §- > §=0
iePNT ieP\(PNT) iePA(T\{j}) ieP\(PNT\{}})
Then,
(cF - cZ-T\{j}) =0, and > (ch) — 05\{j}) =0.
i€PN(T\{j}) J'€EN(T\{5})
Hence, we conclude that > (¢l — C;‘:\{j }) =0.
keT\{j}

Second,we prove (2). Take a coalition 7' C N, and a country i € PN T

Then,

, T\{i T\{j
o(T) — eo(T\{i}) = kZTcg - % }ck\{ b=l - k jz\{ }(ck W ey,
€ €T\ {i eT\{i
We know that
Yo-dh= 2 (W -d)r 2 (g -d).
keT\{i} ePN(T\{i}) JEEN(T\{:})
We prove now that
ANy

J ¢ =

Si+ > S+ » 'S;'>— S+ > S+ ¥ 'S;'>:
‘ - e PN(T\{i}) '€ P\PN(T\{i}) e PN(T\{i}) e P\PN(T\{i})
Si— St

We know, by definition, that

NG} _ T g (TN

cir = gir( :

gi’ (wi/ )

Hence we can conclude that
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oT)—c(T\fH =c = ¥ (55-5)— ¥ (gulwy ") = gu(w])).
. jeENT irePN(T\{i})

Proof of Theorem 1.1

Here we have to prove that the marginal contribution of an agent k diminishes as a
coalition grows. Any agent k can only be either a firm or a country, and Lemma 1.4
provided its marginal contribution.

If the agent is a firm j, then for all T C 17, j € T, ¢!’ > c]T/, and so ¢!’ = ¢(T) —

o(T\{j}) = e(T") = e(T\{j}) = ¢’

On the other hand, if the agent is a country i, again for all T c 7', ¢/ >

Tl
% G

In addition, > (S; — 5‘;) < > (sz - 5’;) because all the countries in7" are also in
JEENT jEENT’

T1, and if T7 there is at least one more than in 7', then the
inequality is strict.

Finally, for the same reason >, zii < > zii.
JePNT\{i} e PNT\{}
Hence, we can conclude that for all T C 77 and for all ¢ € PNT,

oT) —e(T\{i}) = ¢f — > (Si=8)— > zlizc — ¥ (5-5) -
JjeEENT e PNT\{i} JEENT!
S zili=¢(T) — e(T\{i}).1

e PAT\{i}
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Proof of Theorem 1.2

(1) First, we prove that for all j € E, ¢;(N,c) = cé-v +3> (S5 — 5.
icP

Take j € E. As detailed before, we know that

¢j(N7 )= > ) C]T-

TCN;jeT
We can separate coalitions j € T C N into mixed coalitions (j € T C N, TN P # 0,
TNE #0)

and coalitions with only firms (j e TC N TNP =0, TNE # ()

Then,
¢j (N7 C) =
1) S)) + > v > S)).
JETCTN,TNP=0,TNE#} icP JETCN,TNP#D, TNEF) ieP\PNT’
Taking into account that > +(t) = 1, we have that
TCN;jeT
V() =1- > (1),
JETCTN,TNP=0,TNE#} FJETC N, TNP#), TNEA)
and then,
¢j(N,c) = (1- > () (X S5+
JETCN,TNP#D,TNE#D iep
+ > YO > Si+ > 5))
jeTgN,TmP;é@,TmE;é(Z) i€P\PNT i€PNT N ‘
= S5+ > YOO X Si+ X 55— 205
i€pP " JETCN,TNPAD, TNEZD i€P\PNT _iepnT ieP
=25 - > () > (55— 55).
ieP JETCTN,TNP#D,TNE#D iePNT

Now, we prove for all coalitions that contain j € TNE and a particular country ¢ € TNP,

V(t) = 3,
JETCN, TNP#D, TNEH#D
and then,
6N, = T8 —} 2 (Si-8) =5 (5] 5.

i€EP iePNT i€P
Indeed,
n n—2

V() =2 y(t) =

JETCN,TNP#D, TNE#D t—2

n n
(t—1) _ >p_1k—n 1
ZtZQ n(n—1) — nk(nlfl) 2
n—2
where
t—2
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is the number of coalitions in which there is j and a particular country 7’.

Finally, doing some algebra, we have that

0j(N,¢) = Y (Si = 8)) = + 5 (S} - 5)),
icP icP
and so, we conclude that

¢;(N,c) =cl¥ + %%;(S;’- — 8%

(2) Second, we demonstrate that for all i € P,

G (N, ) =cN =33 (Si=8)+4 > (zii — zii).
jEE i'eP\{i}

Take ¢ € P. As demonstrated, we know that

Cbz(N? C) =
> () (e?— > (Si-8)- % <gz-/<w§\{”>—gi/<w$>>>.
i€TCN JEENT i'e PNT\{i}

Let’s calculate each of the addens separately.

(2.1) First, taking into account that

cF'=c— > zid forallT € N, and
i€ PAT\{i}
n n—2 L
t—2
we obtain that
T n n - 2 .o N 1 .o
Yoot =i —> y(t) Y ozt =¢' + 5 > 21,
i€TCN +_9 i'ePNT\{i} i'ePNT\{i}
n—2
where is now the number of coalitions that contain i and a
t—2

particular country i/.

(2.2) Second, by a similar argument,

. . n n—2 . — .
> o) X (Si-8SH=3,, V() 20 (55— 55) =
i€TCN JEENT t—9 jEE
32 (85-5)=0
JEE

(2.3) Third, by the same argument,

Y o) Y (gn(wp ) - gu(wl)) =

i€ETCN 'e PNT\{i}



s W) ¥ dli=—f T il

+_9 e P\{i} i eP\{i}

Finally, adding the above three expressions, we obtain that

G(Ney=cN+3 > ozl =35> (Si-8H)—3 > zili=
~ePNT\{i} jEE i'eP\{i}
N1 (Sj—S}-)—i—% ST (e —zi). A
JEE i'eP\{i}
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APPENDIX B

Proposition 2.1 in section 2.3, shows that PE-games are always concave. To prove this,
the class of unanimity games must be described. Shapley (1953) proves that the family of
unanimity games {(NV,ur),T C N} forms a basis of the vector space of all games with set

of players N, where (N, ur) is defined for each S C N as follows:

1, TCS
ur(S) =
0, otherwise
Hence, for each cost game (NN, c¢) there are unique real coefficients (ar)rcny such that
¢ = > pcyarur. Many different classes of games, including airport games (Littlechild

and Owen, 1973) and sequencing games (Curiel et al., 1989), can be characterized through

constraints on these coeflicients.

Proof of Proposition 2.1
Let (N, e, {ci(ei), {rji(€ij) }jen\(i} }ien) be a PE-situation and (N, e, c) the associated
PE-game. First, we prove that this game can be rewritten as a weighted sum of unanimity

games ug;y and ug ;1 for all 4,5 € N as follows:

Cc = Z CZ(GZ)U{Z} — Z rij(eji)u{i,j}. (71)

iEN i,jENsi#]
Indeed, for all S C N,
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iEN i,JEN i

=Y cle)— Y rile) =
€S 1,jESiF£]

=2 e =2 > rulen).
€S ieS jeS\{i}

It is easily shown that the additive game ),y ci(ei)ug;) is concave and that ug ; is
convex. Thus, the game — 3, . v 7ij(€ji)ugi ;3 is concave because of ri;(ej;) > 0 for all
i,7 € N. Finally, the concavity of (N, e,c) follows from the fact that game c is the sum of
two concave games. W

Theorem 2.1, in section 2.3, shows that the Shapley value reduces the individual cost of
an agent by half the total reduction that it obtains from the others (R;(N)) plus a half of the
total reduction that it provides to the rest of the agents, which is Gi(N) = > ;o (43 Til€i5)-

The Shapley value is the only allocation rule that satisfies the four properties of Effi-
ciency, Equal treatment of equals, Linearity and Null player. Next, we describe all of these

properties of the Shapley value, which are useful in demonstrating the Theorem 2.1.

(EFF) Efficiency. The sum of the Shapley values of all agents equals the value of the

grand coalition, so all the gain is allocated to the agents:

> bile) = e(N). (7.2)
1EN
(ETE) FEqual treatment of equals. If i and j are two agents who are equivalent in the sense

that ¢c(SU{i}) = c(SU{j}) for every coalition S of N which contains neither ¢ nor j,

then ¢,(c) = &;(c).

(LIN) Linearity. If two cost games ¢ and ¢* are combined, then the cost allocation should

correspond to the costs derived from ¢ and the costs derived from c*:

¢i(c+ ") = ¢;(c) + ¢;(c"), Vi € N. (7.3)
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Also, for any real number a,

¢;(ac) = ap;(c),Vi € N. (7.4)

(NUP) Null Player. The Shapley value ¢,(c) of a null player ¢ in a game c is zero. A

player ¢ is null in ¢ if ¢(S U {i}) = ¢(S) for all coalitions S that do not contain i.

Proof of Theorem 2.1
Consider the PE-game (NN, e, ¢) rewritten as a weighted sum of unanimity games given

by the expression 2.5, i.e.

c= Z Ci(ei)u{i} - Z 7’ij(eji)u{id'}‘

ieN i,JEN;i£]

Take an agent k € N. By the (LIN) property of the Shapley value, ¢, (e), it follows that

dr(e) =dp Y Ci<ei>u{i}> — | D mile) (wpgy)

iEN i,jEN;iF] (7.5)
= ailedy, (ugy) =D D riglen)dy (uggy) -
iEN ieN jeN\{i}

In addition, it is known from the (NUP) property that

1 =k
oy, (ugy) = Z (7.6)

0, otherwise

and from (ETE) and (NUP), that

O (ugigy) = (7.7)
0, otherwise

Consequently, by substituting the values (7.6) and (7.7) in equation (7.5), the following

is obtained:
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dle) =crler) — D> miilein)dy (ugngy) — D minlers)dp (ugin)
JEN\{k} JEN\{k}
= c(er) — % D Irrglegn) +rinlens)].

JEN\{k}

Finally, it can be concluded that, for each agent k € N,

— SIRL(N) + Gi(N),

or(e) = crler)

Proof of Proposition 2.2

To prove that the Shapley value coincides with the Nucleolus for PE-games, it is first
necessary to describe the class of PS-games introduced by Kar et al (2009).

Denote by M;c(T) the marginal contribution of player i € T', that is M;c(T) = ¢(T) —
c(T'\ {i}), for all i € T C N. A cost game (N, c) satisfies the PS property if for all : € N
there exists k; € R such that M;c(T U {i}) + Mjc(N \ T) = k;, for all i € N and all
T C N\ {i}. Kar et al (2009) show that for PS games, the Shapley value coincides with
the Nucleolus, i.e. ¢,;(c) =v;(c) = %, for alli € N.

Therefore, it only remains to show that (IV,e,c) is a PS-game with k; = [c;(e;) —
Ri(N)] + [ci(e;) — Gi(N)], for all i € N.

First, it is straightforward to prove that Mic(T') = ci(ei) — X jer iy [ryi(ei) +
rij(eji)] for all i € T'C N. Second, we show that M;c(T' U {i}) + Mic(N \ T) = [ci(e;) —
Ri(N)] + [ci(ei) — Gi(N)] for all i € N and T'C N\ {i}.

Indeed, take a coalition 77 C N and an agent ¢ € 7. It is shown that M;c(T' U {i}) =
ci(e) =2 jer (rjilei) + rijleji)) , and Mic(N\T) = ci(ei) =3 jen\ (rugiy) (Tii(€is) + rigleji)) -

Therefore,

Mie(T U{e}) + Mic(N\T) = 2ci(ei) = 2o jen gy (15ileij) + rij(eji)) =

ci(€i) = 2o jen\(i} Tij(eji)] + [Ci(ei) — 2 jen\{iy Tii(€i) | -
Hence, M;c(T' U {i}) + Mic(N\T) = [ci(ei) — Ri(N)] + [ci(ei) — Gi(N)] = k;),

and so (N,e,c) is a PS game. W



98

Proof of Theorem 2.2

Consider the PE-game (N, e, ¢) associated with the PE-situation

(N, e, {ci(ei), {rij(€ij) }jen\ (i} Fien)-

Take a family of weights wfj,wé-i € [0,1], for all j € N\{i}, such that wﬁj =1-wj; and

L=1-— wéi, and €2(e) the corresponding cost allocation with weighted pairwise reduction

with Q;(e) = c¢i(e;) — ZjeN\{i}[wijij(eji) + wéirﬁ(eij)], for all i € N. To prove that
Q(e) belongs to the core of (IV,e,c) it must be checked that (1) > .. n Qi(e) = c¢(V), (2)
Yics Qile) < ¢(S), for all S C N.

We start by checking (1). Notice that ), n Qi(e) = ¢(N) is equivalent to

Yien jen iy lwiirii(egi) + whirilei)] = Yien 2 jen iy Tii (€5i)-

Indeed,

Yien jen iyl (egi) + whiriilei)] = Xien 2 jen iy (W + wip)rij(eji) =

=D ieN ZjeN\{i} rij(eji),

where the last equality is due to wﬁj + wfj =1foralli,j € N.

Next we check (2). Take S C N. Notice now that ) .4 Qi(e) < ¢(S) is equivalent to
Dlies e wiirii(eji) + wimii(ei)] — Yies Djes\qy Tii(€ji) = 0.
Indeed, an argument similar to that used in (1) leads to
Yies 2jen iy wirii(esi) +whirii(e)] = Yies 2 jes gy Tii(€ji) =
Yies jes\ywhirii(egi) + whiriilei)] + Yics 2 jensugiy [Wiirii(ei) + whirjilei)] —

Dies 2jes\{iy Tii(€ji) =

Dies 2jes\giy i (i) F2ies 2ojen\sugiy WiTig (i) Fwliri(ei)] =Y ies 2 jesy iy Tii(€ji) =

Dies Ljemsugiylwijrii(esi) + whirji(ei;)] > 0.
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Proof of Proposition 2.3

To prove this result it is necessary to analyze c¢(IN) as a function of e. First, It is

2
easy to prove that c¢(IV) is strictly convex in e;; for all 4, j € N,i # j. Indeed, aace(g) =
ij

82sz‘g€ij)
Beij

Pci(er) _ 9rjileis)
8612]- Be?j

9%ci(eq)

aeZ, > (0 and

> 0, because < 0. Thus, there is a unique effort
profile € that minimizes c(IV).

Second, we focus on finding this efficient effort profile €. Note that the derivative

85((227 ) — 8‘5'6(;’?) — 8%;(;“ ) only depends on e;; because 88; (e ) = 0 for all h # i, j. Therefore,
if 3226(761) > 87"]8‘6(2” ) for all e;j € [0,1], then the function ¢(N) is increasing in e;;, which

implies that €;; = 0. Analogously,

Finally, if there is a solution of agie(_e_i) = arge(_e_ij ), that solution is ¢;;. W
ij ij

3 AN 9 AN ~
if age(;) > Tée(zj) for all e;; € [0,1], then é; = 1.

Proof of Lemma 2.1

Consider the non-cooperative game (N, {E; }ien, {2 }ien). To learn the optimal level of
effort ¢;; that agent ¢ must exert to reduce the costs of agent j in this game, it is necessary
to analyze the function Qi(e) = ci(e;) = 2o en (1} [ngrij(eﬁ) —i—w;irﬁ(eij)] for all i € N with

wm,w €1[0,1], 4, 7 € N,i # j, such that wﬁj =1 —ng and wzz =1 —w?i.

22Q(e)
86% -

As above, we also prove that the function Q;(e) is strictly convex in e;;. Indeed,

*rji(eis)
8622].

9%c;i(e;)
8612].

9%ci(e;) Wl *rjileis)

ok Vi o > 0 because > 0 and

< 0. Hence, there is a unique

optimal level of effort é.

Again, we focus on finding this optimal level of effort é. We know that 89 (e) = Bgie(g) —

e 2
, but 83(,6?) only depends on e;;, because 88: (ae) =0 for all A # 4, 5. Moreover,

i Orjieiz)
7 Jr\tg
Wi Des;

for all e;; € [0,1], f’ﬂu< ) >0 e 2alen > i Onilen)

eij  — Ji Oeij

Therefore, if 8?7(61) > wi, 23iCi) for ) e;j € [0,1], then é;; = 0. If acl(e’) < wi, 2riile)

€ij Ji Oeij Ji Oesj

for all e;; € [0,1], then é;; = 1. Finally, if there is a solution of 83'6(?) = wi Orjileij ), that

Ji Oeyy

solution is €;; and is unique. Hence, there is a unique optimal level of effort.
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Proof of Theorem 2.3

Now consider the non-cooperative game (N, {E;}ien, {Hi}icn). Note that, both deriv-

67“Jz(eu)
ei]’

and

ative functions 8‘; (,e,i)
€

only depend on e;;. Thus, by Lemma, the optimal level
of effort of a particular agent ¢ € N with another particular agent j € N\{i}, i.e. &;, is
independent of any other effort made by i or by any other agent. Thus, the equilibrium is
also characterized by Lemma with wéz =1for i, j € N,i# j. Comparing Lemma 2.1 with

Proposition, it follows directly that the equilibrium must also be efficient. W

Proof of Corollary 2.1

This is straightforward from the proof of Theorem 2.3. N

Proof of Proposition 2.4
Take A*(e) the allocation rule in WPAR with «f; for all i, j € N which induces the effort
profile e*4” that minimizes the cost of the grand coalition. Since WPAR is a subfamily of

WPR in which wéj = ng = oy, € [0,1] for all 4,5 € N, by Lemma 2.1 the optimal level of

effort for A*(e) can be also characterized.

Thus, the efforts are optimal in equilibrium and so e*4” must hold that

x Orjieij)

e*A" = (0 if and only if 2% > G = he for all e;; € [0,1],

Z]

e;‘jA* =1 if and only if 9e,

x Orjileij)

Oci(es)
Oeij
Oci(es)
0e;j tj  Oejj

O , for all e;; € [0, 1],

Otherwise, e € (0,1) so Beile) = o, drle) holds.
e o kAX 1] Oeyj *A*
eij=ey; eij=e};

Comparing the above expressions with Proposition 2.3 and taking into account that

dciles) - ce . . arji(e;
736(_6?) is a positive increasing function, 755(- - ) 4 positive decreasing function, and oj; €
i v

[0,1], it can be concluded that &;; > e*A foralli,jeN. N



APPENDIX C

Theorem 3.1, in section 3.2, characterizes all possible types of effort equilibrium according
to the value of the parameter oy, for all 4,7 € N,i # j. Before proving this theorem, we
consider a previous Lemma that is very useful for latter results. It characterizes the optimal

effort level for agent ¢ € N in the first stage non-cooperative game.

Lemma 3.1
Let (N,{E;}icn,{Ai}icn) be the effort game, with é;; being the optimal level of effort

that agent i exerts to reduce the costs of agent j. Thus,
1. &;; = 0 if and only if a;; < @

2. There is a unique é;; € (0,1) that holds ¢{(é;;) — ay;75;(é;5) = 0 if and only if a;; <

Q5 < Q.

3. éij =1 if and only if Qij > Qi

Proof

First, remember that the cost function A;(e) is convex for all © € N. To obtain the
optimal effort, the derivative of this function can be analyzed with respect to e;; for any
j € N\{i}. It must be noted that %A#Le) >0 <= cileiy) > aijri;(eij) for all e;; € [0,1],

which is a necessary and sufficient condition for é;; = 0 to be the optimal effort. !

!This occurs because A;(e) is an increasing function in e;; and the minimum value is obtained for &;; = 0,

which is the optimal effort for agent 7.
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c;(0) ci(eij)
! < !
73;(0) rii(eis)

// // I . . . . . . . / - . .
¢; >0, and r}; < 0. Thus, c;(ei;) is a positive and increasing function, and rjl-(e”) a positive

We begin by proving point 1. Note that a;; = because c; > 0, r; > 0,
and decreasing function, so for any e;; > 0, ¢;(0) < cj(ei;) and 7;(0) > 7%;(e;;). Therefore,
aij < ay; == cileij) > aijry(eij) for all ej; >0 <= ¢é; = 0.

The demonstration in point 3 is similar to that of point 1. The above arguments are
the same and only the signs of the inequalities change.

To end the proof, we prove point 2. First, we show that there is a unique é;; € (0, 1) such
that cj(é;;) = ay;75;(€;5), which is the unique optimal effort because %A%i(;) . = 0 and

A;(e) is a convex function. In addition, cj(e;;) is a positive increasing function and r7;(ei;)

a positive decreasing function, in e;; € [0,1]. This means that equation %A%S) = dj(eij) —
a;;77;(€;5) = 0 has a unique root, which belongs to (0, 1) if and only if a;; € (ay;, @;5). Note

that if a;; € (@, @ij) then ¢;(0) < ay;75,(0) and ¢;(1) > ayy75;(1), and so there is a unique

15 ji
point &;; where c;(é;5) = a;r7;(é;5). 0
Proof of Theorem 3.1

As we already mention, the optimum é;; is independent of other efforts. Therefore, the
equilibrium effort is determined by Lemma 3.1. In addition, we want to characterize the
effort equilibrium according to the value of the parameter c;;. Thus, in the case of agent

j»jS<ozji<6zji<:>gji<1—ozij<&ji<:>1—6zji<ozij<1—gﬂ-. |

The next corollary shows how the pairwise equilibrium efforts efj depend on «;;, for all
i,j € Nji#3j.
As expected, as the proportion of aggregate cost reduction obtained by an agent in-

creases, the effort that agent exerts also increases (or at least stays the same).
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Corollary 3.1

Let (N,{E;}ien),{Ai}icn) be the effort game and (e} the pairwise efforts equilib-

1]7 jl)

rium. Thus,

3 e*.
o] ). K E— 3
® 5, >0, if g € (a5, @ij); da,; = 0 otherwise

Oe3; . _ de’; .
i Tajij <0, if a5 € (1 —ay;, 1 —jS); ﬁ = (0 otherwise

Proof
e a(c;<e;‘j)gaijr;i<e:fj)> ")
. . . . i o _ ji\€4
By the implicit function theorem, oy B CARTGAGH) i AR G > 0,
89*

because 77;(e;) > 0, ¢f(ej;) > 0, and r7;(e};) < 0. Thus, for any ajj < ay;

Lemma 3.1 implies that ef; = 0, thus, a’jj = 0. However, if a;; € (a;j,a5), then

e (0,1) and ” > 0. Finally, if a;; > a5, then ef; =1 and ” = 0. Analogously, if

aji < aj; < a; > 1—aj;, then ef; = 0 and 8a =0, if a; € (jS,@jz’) = j €
(1—aj,l- ) then e}; € (0,1) and “ < 0. Finally, if aj; > @j; <= oy <1 — @y,
then e =1 and =0. N

Theorem 3.2, in Section 3.2, provides the weights ;; that minimizes function L};(c;),
and the efficient effort equilibrium. To solve the above optimization problem it is necessary
to know the function Lj;(«;;) very accurately.

To demonstrate Theorem 3.2, three technical lemmas are needed first. Lemmas 3.2, 3.3,

* (s 2(L*
and 3.4 characterize the derivatives 8('48"65_0‘_” )), a(Lé{‘f s )), and oL 5 g is))
ij

respectively.

The first lemma shows how the optimal cost function of agent i € N depends on ;.

. Or;j(e; ;
Henceforth, to simplify notation, we consider that for any ¢,j € IV, Taje(: 71) and 82 (*’) stand
Ji

for derivatives evaluated in the unique effort equilibrium.

Orij(eji) Oci(es)
86]'7; and 8ei]~
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Lemma 3.2

Let (N,{E;}ien,{Ai}icn) be the effort game and e* the effort equilibrium. Thus,

1 9 Ai(e") _ 9(A(aif)) _
. aaij - 8a1;j -
orij(e¥;) Oel; .
—1ij(€fi) = Qi ~gert gy — ailely), i i € (aij, i)

_Tij(e;z’) rji(e; ) <0, otherwise
2 B(Aj(e*)) 8(‘4*(1 0‘@]))
T O daij
" ar; 1(e ) 86 " . B
ryi(ef;) — (1 —au) 38 o T rij(€i), if aij e (- a1 —ay)
rji(ef;) +rij(€5;) > 0, otherwise.
Proof

It is known that Aij(e*) = ci(€]) — Do e iy @iz (riz(el;) + rzilel)), and Af(ay;) =

ci(e]) — aij(rij(e};) +rji(ef;)), thus

A(Ai(e*) _ O(Af(ij)) _ Oci(e}) Oeiy (en) — C Orij(ey;) ey (er) — ~ Orjiley;) Oe;
dai; Do Def; 804” i\Cji) = Qi T pexr Bay; — Ti\G) T YT 9er, Bau; )

J— 801(62() 8TJ1(61 ) * 87‘1](6*1) 83*,2. %
- ( der;, — Yii T o, : 8% — rij(€f;) — ouj 86;.; oy, rji(€5;)-
ion i : dci(e}) Irji(el;)\ e
The first term of the above expression is always zero, i.e. ( Be~ — Vi —gir J c’hxljj —0.
To see this, note that if a;; € ( @i;), the € (0,1) by Lemma 3.1, so 3Ci(ei‘) il
18, NO I (i Qi QAij ne y Lemm S 9er, ®j —ger

0 because it is evaluated in equilibrium. In the other case, where a;; < Q;; Or (i > g,

de; (A, (e* or;j(er;) Oej;
e;; =0, s0 8a = (. Therefore, 7(60(; D — —7ri;( ;‘Z) — Qyj 8]6 3% - T’ji(efj)-
or; _
It is known by assumption that ’I”Z]( e;;) >0, r](e“) > 0. If aij € (1—ayi, 1 —aj;), then

*

s . Oe; _ Oe*.
by Proposition in Lemma 3.2, Doy < 0. However, 1f aij & (1 — aji, 1 — ;) then, 6271; =0,

The proof is analogous for %ﬁi*)). -

Notice that the effect of c;; on the cost function of agent 7 could be positive or negative
because of two simultaneous effects. First effect: As expected, if a;; increases so does the
proportion of cost reduction that agent ¢ can obtain, and thus the cost function, A;(e*),

decreases. This decrease is measured by the term —r;; (e}‘i) rji(er ) < 0 in the derivative.

) -
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Second effect: When «;; increases, the effort of agent j decreases in equilibrium, so the cost

Orijefi) €5

function of agent ¢ increases. The term —a;;—5= > 0 measures this second effect.
Jjt

dovij
The sum of these two effects determines the sign of the derivative. Therefore, an increase in
the proportion of the aggregate cost reduction that an agent obtains could increase the cost
of that agent if the second effect dominates the first. This is an interesting result: Giving
too much to a particular agent could be not only worse for the aggregate cost but also for
that particular agent.

The second lemma calculates the derivative of the aggregate cost function ij(aij) in

the effort equilibrium for any 7,5 € N.
Lemma 3.3

Let (N, {E;}icn,{Ai}ien) be the effort game, and e* the effort equilibrium.

Thus,
A(Lf;(iz))  (deiler)  Orijlef;) Oeky I+ cjle])  Orjilel;)\ Oef;
0o - 863‘-1- - 66;1. Oai; ~J Gez’fj - 662‘]- dai; ~ Y
1 lf Qij € (Qz‘jv dij) 1 Zf Qi € (1 — d]’i, 1-— jS)
where I; = and I; =
0 otherwise 0 otherwise

Therefore, there are four possible cases:

O(L¥, (i oy . . _ _
o %ﬁj)) can be positive and/or negative if a;; € (a;;, @ij) N (1 — aji, 1 — ;)

O(L;(aij))
* —da;

= 0, if Ckij ¢ (g

i ig) U (=i, 1 — ;)
(L} (i)
® —ba;

> 0 if Qij € (1 — i, 1-— gji) N ((O7Qij) U (dij, 1))

L L)
Oa;j

<0if oy € (0,1 —az) U (1 —a;;,1)) N (a,a@i;))
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Proof

From (3.2), we calculate that oLy (ig) (aci(e:) — arij(e;i)) Ocji —i—(cj(eﬁ — 6”1'(6?3')) Oej;

0oy 86;1- Be;i Oay; 862} 862} 0oy °
Simplifying for the different subsets of o;;, the following emerges:
1. if Otl'j (Oé

i @ig) N (1 —dji, 1 —a»-) then, by Theorem 3.1, e}, € (0,1) and ¢j; € (0, 1),

e} aci(e:‘) Arig(e;) _
thus, by Corollary 3. ] o> 0. In addition, since oer, — aj 56 J
cj(€}) aM(ez) 81 Oriz(e] ) C(e)
0 and éeﬁ - (1- aij)”aei:j] =0, it follows that ~ (e ) _ <9Je;i < 0 and 596% _
orji(er,) O(L: (cj)) - 861‘(6,') ori; (e*l) i c;(e¥) orji(er;)\ Oer;
ae;jj < 0. Therefore, —4- = ( e s J ) Bajzg _|_( aeg _ Bez‘j] ) sl

which can be positive or negative in this case.

2. if ;5 ¢ (am,aij)u(l—dﬁ, 1—aj;) then, by Theorem 3.1, €}, € {0,1} and e}; € {0, 1},

and by Corollary 3.1, aa S Y Therefore, W —0.

 Oayj T

3. if a5 € (1-— aji, 1 — gji) N ((O?sz) U (5[1‘]‘, 1)), then, as above,

B(L i (@ij)) dci(ef) 8Tij(e;fi) de’;
da; <de T o, ) > 0.

4. if agj € ((0,1— @) U (1 - ay,, 1)) N (e, @) )

then O(L;; (i) _ <Cj(e;f) Brji(efj)) de;; <0

* - * .
0oy Beij Bei]- Oayj

The derivative is a piecewise function and there are intervals where its sign is indepen-
dent of the particular form of the functions of the game. For those cases, it is straightforward
to find the optimal a;; that minimizes the function Lj;(c;;). In those intervals, the deriv-

ative is either positive, negative or zero throughout the interval. These cases are respec-

O(L7; (i) (Beilel) Irij(er;)\ Oej; oLy (as5)) — (ci(e]) Irji(e};)\ Oej;
tively =56 = ( der, — oe, )aa” >0 e, = (ae;f]. T e )aa” <0,
L7 (s . . . .
and w = 0. However, there is an interval where the sign of the derivative de-

ij
O(Lj;(aiz))

pends on the particular form of functions of the game. In this particular case Bors

dc; (el orij(ek)\ e, cj(e) orji(ef;)\ Oey;
( 8‘6(;) — 562“ ) iy ( Jaezf — (396:” ) 8a . This occurs when o;; € (o, @) N (1 —

da; ij>

Qjis 1 — ayy /), which implies that in equilibrium simultaneously 0 < e < land 0< e - < 1.
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Therefore, in this case only, the derivative may be zero for some «;; within this interval. In
that case, the second derivative is needed to solve the optimization problem.
The third Lemma shows that the aggregate cost function L3; (cvj) is convex in a;;. Two

additional assumptions about third derivatives need to be introduced.

Lemma 3.4

Let (N,{E;}ien,{Ai}tien) be the effort game, e* the effort equilibrium,

i(er)

M>Oand7*3<0 for any i,j € N.

e

ij

Thus M > 0 for all oij € (a

and

aij) N (1 — Qg 1-— jS).

aa” =459
Proof
Take Qij € (Qijv @ij) N (1 — Qtjgs 1-— jS). Thus,
de; (e¥) 3”.(6’61.)) ae¥; (C.(e’f) 8r~i(ez-)) aej.]
. H2 AN A ]*J J J*J_ J*J J
82(Li]~(ai]‘)) _ |:( aeji Beji Oa;j + Beij Beij Oajj
80&% 6&%
Dei(e) _ Priglel) | 0% | (deiler) _ Oris(efi)) Ol
ae;‘iaaij ae*f.a(xij 8aij Be;‘l 86;1 80(%
i 820]'(6;) B 0?2 rji(er;) | Oef; n (8(:](6*) B 8Tji(e;fj)> 8262‘].
86:]-8&1']' oef 804” 804” 862‘]- Ba?j
. 8201( ) Be]- 9?2 7’23 Be aci(e;‘) _ 87“2‘3'(8;7:) 328;7:
- 0%e* % Oavij Ba” 80{1] Be;fi 86’?. 6042»
4 8207( ) Oej; B 02 rjz(e )0 dey; dc;(e) _ orji(ey;) d%e 27
T 9%e*. ] 8a” 82 804”' 8aij 88’;]» 882} aa?j

o 8267:(@;‘) . 821"”(6;2) 86 2 + 802(67) 87‘2] (6 ) 82 x
- 826;1- 826;1- aa” de}; e, 8o¢

8%cj(er) 0%rji(ery) Oe’, dcj(eh) orji(ey;) 9%e’,
il ij ij il
+ < 626;]. 82€Zj (Oaij) + ( 86:]- 86 ) 6(1?. >0

d%e*, 0%}, 62(L (o))
Ji 1] i
Now we prove that 5, < 0and 5 2 <0, so 97 > 0.
82e*, )
We first prove that a:gz < 0. It is known that
ij
DA;(e*) _ Ocj(er) N\ Orije)
dey = ver, — (1= i) e =0

We now derive the second term regarding ov;;.

0%c;(e*) de*. ori;(e*. 0%r;;(e*.) de*.
Pl O D) _ g _ g Prat 25 _
eji Qijj eji 88]-1- Qjj

We now do the same for a;;.

83c](e ) ([ 9e}; + 620j(e;f) 826;1- I o2 rij(e};) Oej;
Oex3 aaij dex2 804?- Oe ;‘2 3041]

Jv

83ryj(ex,) [ Oel, 2 8%ri;(er,) 0%ex
— — .. _ g [ Jr 7]17
(1 al]) < 86;? (Bai]) + de*2 Oa? ) - 0

Ju J
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82(;:]-(2;) B (1 B aij)82mj(e;i)> 826;1. I 827’1-]-(6;1.) Oe*
e*

*2 2
i 8eji O

*2 ..
i Beﬂ 80‘7,]
3 . (% 3. (% * 2
P (8D 1 gt (240Y? g
de¥; J det; 0oy
52 3 53 2
o ri]-(e;fi) Be;-‘i _ s} cj(e;)f(lfoy)d rl-]-(e;fi) Be;-‘i
H52e*. 35;1,2 Baij 36;23 ©j Be}‘? ao‘ij
VA —
da?. 82c. (e*) 82r;i(e*.)
3 J g . 1 g1
! 633’.‘1.2 7(1761”) de*2

. . . " . 830]'(6’7) 83”]'(6*.1,)
Clearly, this expression is lower than zero if 55— > 0 and —5.5— < 0; note that
s ¥
oe’, ..
%”i; < 0 by Proposition.

Ju

Analogously, we obtain

0 ;1(6”)367}}7 6361'(6:)70['637'3'1'(8;}) (66;!}' )2
32@% _ ae;?j? da;; aej].3 £l 352‘]3 dajj 0
Ba%j - 0267:(6:) B 827“]'1'(5;5‘].) <9
2 T e
|

3

Lemma 3.4 enables us to state that in any interval where the piecewise derivative function

O(L*; (aij)) Orij(e%.) oe*, orji(er;) der. . .
takes the value éﬂTijj —aij# 862_; —(1- O‘U)éf;j“ aaz»’ the function L7; () is
convex (see also Lemma 3.3 ).

The following proposition shows that, according to the value of the effort equilibrium,
the cost function L (aj) is a continuous piecewise function with four types of piece. This

result characterizes all of those pieces, showing the shape of L;?‘j (cjj) and the optimal a;; in
each type of piece.

Proposition 3.1

Consider the effort game (N,{FE;}icn,{Ai}ien) and e* as the effort equilibrium. Let

@ij € la,b] be a piece of L;(ay;) with 0 < a <b <1, L};(as;) can have only four types of
pece:

1. Constant (ej;,e};) is either (0,0), (1,0), (0,1) or (1,1). Thus a(ngTm”)) = 0 and L};(a;)
ij
is always constant. Therefore, any ;; € [a,b] minimizes L7;(a;).

AL, (i
2. Increasing: e¢;;iseitherOor 1, and 0 <e€j; <1. Thus (L () _

dci(er)  Orij(e};)\ Oej;
Oa;j - Oe;i o ae;i Oy >
0 and Lj;(ay;) is always increasing. Therefore, a;; = a minimizes L7;(cvy).

3. Decreasing:

A(LT (cvij
: 0 <ef; < 1,and €}, is either 0 or 1. Thus (L3 (i) _ (

Oy

cj(e}) orji(es;)\ Oef;
8e;‘j Be;‘j

Oy
0 and Lj;(ay;) is always decreasing. Therefore, ;j = b minimizes L7;(cv;).
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4. Depending on cost function shape: 0 <e¢j; <1and 0 <ej; <1. Thus,

O(Ly;(aij)) _ <Oci(e;) . 87“1‘3‘(6;71-)) de’; cjler) B Brji(e;‘j)> e

.. * * .. * * ..
0o 8eji 8ej2. Oy 662-]- 881.]. Oy

In this case, there is always a unique o’z%’b} € [a, ] that minimizes L7;(cv;;), which is:

a it 29 0 for all ay; € [a, D]
s = b if 25D < 0 for all ay; € [a, b
Solution of a(ngT(z_ij)) =0 otherwise
Proof

The proof of Lemma 3.3 shows four possible cases for L;‘j (aj). The point 2. of the proof
of Lemma 3.3 proves the point 1. (Constant). The point 3. proves the point 2. (Increasing),
and point 4. proves point 3 (decreasing). Finally, to prove the point 4. (Depending on cost
function shape) we need the point 1 of Lemma 3.3 and Lemma 3.4 which proves that L7;(c;)

is convex in this case. Therefore, in this last case, it is also straightforward to show that

A(L7;(eis))

s is continuous, so there is always a unique «;; that minimizes Lj;(a;;) in such
3

ij
[a.b]

pieces. The procedure for calculating ¢&, ;s the following: First, by Theorem, we calculate

e;; and ej; as a function of a;; from cj(eij) — ayry;(ei5) = 0 and cj(eji) — ayiri;(eji) = 0.
Second, we build the function L7;(c;;) with the €f;(c;) and e};(i;) previously calculated.

A(LE, (aiy .
Finally, we calculate %21)) and obtain az[?’b]

Finally, Theorem 3.2 characterizes the optimal ozfj, for all 4,7 € N with ¢ # j, which

incentivizes an efficient effort equilibrium, which is also provided.

Proof of Theorem 3.2

As ij(aij) is a continuous piecewise function, we analyze the five pieces that define it
in each case. Lemma 3.3, 3.4 and Proposition 3.1 enable the type of piece to be determined,
thus giving the value of o;; that minimizes L;‘j(aij) in each piece. Comparing the pieces
gives the a;‘j that minimizes the aggregate cost for each of the six cases. This value need

not be unique. Note, in addition, that a;;, &;j, @;; and a;; are always greater than zero,
but any of them may be greater than one, which implies that some pieces of certain cases

may not exist. We prove the theorem case by case:
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)

Note that those thresholds are always greater than zero,

so0 0 < aq;; <@y <1-—ay <1—ay; <1. By Lemma 3.3,

o if a;5 € (O,Qij), then L;‘j(aij) is constant in this interval.

o If oy € (gij,@ij), then L;‘j(aij) is decreasing, which implies that a;; = 1 — a;
minimizes L7 (cvj).

o If a;j € (aj, 1 — aji), then L};(«v;) is constant in this interval.

o If a;; € (1 — oy, 1 _jS)> then L;-‘j(ozij) is increasing, which implies that 1 — aj;
minimizes L7 (cv;).

o If a5 € (1— 0y, 1), then L};(evij) is constant in this interval.

*

Therefore, af; is equal to any a;; € [ay), 1 — ay).

Case B (gij <1-— Qi < Qyj < 1 —gj-)

(2

Analogously, 0 < a;; <1 —ay; < a;; <1—ay <1,

and by Lemma Lemma 3.3, 3.4 and Proposition 3.1,

o if a;; € (O,Qij), then Lj;(av;) is constant in this interval.

o If a;; € (gl-j, 1-— dji), then L;‘j(aij) is decreasing, which implies that a;; = 1 — ay;
minimizes L7;(cj).

*

7;(cij), where ¢;; is defined-64 in Propo-

o If Q5 € (1 — @jiyaij)a then CVVij minimizes L

sition 3.1.

o If oy € (@ij, 1-— jS)7 then L;?‘j(aij) is increasing, which implies that &;; minimizes
L7 (ij).

o If ojj € (1— Qi 1), then e;; =1, €j; =0, and L};(a;;) is constant in this interval.
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* = d[l.iajh&ij] .

Therefore, a; : i

It may happen here that either &;; < 1 or &;; > 1. Thus there are two subcases:
0<Qij<1_5‘ji<1_gji<dij<1

Starting with the first subcase, by Lemma 3.3, 3.4 and Proposition 3.1
o if a;; € (O,Qij), then Lj;(cv;) is constant in this interval.

o If y; € (gij, 1-— @ji), then L;‘j(aij) is decreasing, which implies that o;; = 1 — @ ;

minimizes L7;(cv;).

o If oy € (1 — oy, 1 — jS)> then ¢;; minimizes L;‘j(aij).

o If oy € (1 — gji,@ij), then L7 (cvj) is decreasing, which implies that ¢&;; minimizes
L7 ().

o If a;; € (@ij, 1), then Lj;(cv;) is constant, in this interval.

However, in the second subcase &;; > 1, which implies that the last interval described

above does not exist. The rest of the analysis is similar to the first subcase.
[1-ayil-ay]

*

Therefore, a; !

= argmin{L};(&

),L;}-(A(@i]‘))}. Note that, if af, = A(@ij)

)

*

and &;; < 1, then o is equal to any a;; € (@i, 1).
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Case D (1 —aj; < Q5 < Qjj < 1 _sz')

It may happen here that either 1 —a@;; > 0 or 1 —a;; < 0. Thus there are two subcases:
O<1—&ji<gij<64ij<l—gji<1
1—dji<0<gij<64ij <1—gji<1

Starting with the first subcase, by Lemma 3.3, 3.4 and Proposition 3.1
o if a;; € (0,1 — ay;), then ef; =0, ej; = 1, and L;(c;) is constant in this interval.

o If o5 € (1 — @ji,%j), then ij(aij) is increasing, which implies that a;; = 1 — @
minimizes L7 (cvj).

o If Qi € (Qij’ @ij)a then Q4 minimizes L:](O[Z])

o If oj € (@i,1—ay;), then e;; = 1,0 <ej; <1, and L;(c;) is increasing, which

implies that &;; minimizes Lj;(cv;).

o If aj; € (@ij, 1), then ej; =1, e}, = 0, and Lj;(cv;) is constant in this interval.

However, if 1 — aj; < 0 the first interval above does not exist. Again, the rest of the
analysis is similar to the first subcase.

Therefore, of; = argmin{L;;(A(1 — &;i)), L} (ézl[]g”&”])} Note that if ; = A(1 — a;;)

and 1 — a;; > 0, then oz;-*j is equal to any a;; € [0,1 — &3l
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Case E (1 —aj <y <1-—aj <)

In this case, it may happen that either 1 —aj; > 0 or 1 — aj; < 0, and either a;; < 1 or
&;; > 1. Thus there are four subcases:

0<1—&ji<gij<1—gji<dij<1

-0y <0<q; <l—aj <a; <1

0<l—aj<a;<l—-oa;<l<ay

1—@ji<0<gij<1—gﬁ<1<@¢j
Focusing on the first subcase, by Lemma 3.3, 3.4 and Proposition 3.1
o if aj; € (0,1 — @), then L7 () is constant in this interval.

o If o € (1 — &ji,gij), then ij(aij) is increasing, which implies that a;; = 1 — &

*

minimizes L7 (cv;).

o If o € (gij, 1-— gji), then ¢;; minimizes L7;( ;).

o If oy € (1 — jS,@ij), then L;‘j (a;) is decreasing, which implies that @;; minimizes
L7 (ij)-

o If a;; € (v, 1), then e;;=1,€;;=0,and Lj; (cij) is constant in this interval

In the other three subcases, the first and/or last interval may not exist. Once again,
the rest of the analysis for those subcases is similar to the first one.

Therefore, af; = argmin{L;;(A(1 — &ji)),ézl[?”’l_gﬁ],L;‘j(A(ézij))}. Note that if o; =

A(1 — @j;) and 1 — &j; > 0 then of; is equal to any «;; € [0,1 — @], and if ozfj = A(ayj)

*

and a;; < 1, then oj; is equal to any a;; € [, 1]
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Case F (1 —aj <1-aj <aq;; <)

This is the most general case and anything could happen with thresholds greater than
one. Thus there are nine subcases.

First consider the case 0 <1 —a;; <1—a;; <aq;; <a@;; <1:

If a;j € (0,1 — @), then L7;(cy;) is constant in this interval.

If a5 € (1 — oy, 1 — gji), then Lj; (ayj) is increasing, which implies that a;; = 1 — @ ;
minimizes L7;(cj).

If ;5 € (1 — gji,gij), then L;‘j (cij) is constant in this interval.

If a5 € (gij, @Z-j), then L;‘j (cj) is decreasing, which implies that a;; = @;; minimizes

L (o).

If a;j € (@5, 1), then L;(cy5) is constant in this interval.
In any other subcase, the first, second, to last, and last intervals considered above, may

not exist. The rest of the analysis for those subcases is similar to the first one.

Therefore, af; = arg Min{Lj;(A(1 — ay;)), L;(A(a;)) . Note that, if of; = A(1 — ayi)

and 1 — ay; > 0, then o is equal to any a;; € [0,1 — a;], but if of; = A(ay;) and a;5 < 1,

*

then oj; is equal to any a;; € [y, 1]. Additionally, if 1 — aj; < 0 and &;; > 1, then

L (A1 — @ji)) = Lj;(A(@ij), so o is equal to any a;; € [0, 1].
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Table 1: Notation summary

N ={1,2,..n}

Agents

Ei=1[0,1]"""

Strategy space of agent 7 of the non-cooperative game

E = Hz‘eN E;= 0, ”n(nfl)

Strategy profile space of the non-cooperative game

ei;€ [0,1]

Effort exerted by agent % to reduce the cost of agent ]

Efforts exerted by agent 2

ecF

Effort profile

C;i: EZ—> R+

Cost function for agent % with Ci(ei) the cost of effort €4

rij: [0,1] — R,

Cost reduction function of agent % given by agent ]

Tij (eji)

Cost reduction for agent ¢ due to effort €45

c: 2N R

Characteristic function of the cooperative cost game

SCN

Coalition of agents

?({i}) = ¢;(e;) - ZjeS\{i} Tij (eji)

The reduced cost of agent ¢ in coalition S

o(S) =Yies < ({i})

The reduced cost for coalition S

Vi B — R

Allocation to agent 7

P(e) = (¥i(€))ien

Allocation rule, with ZZGN wz(e) — C(N)

Qie) = ¢;(e;)— ZjeN\{i} [ijrij(eji) + wé’irji(eij)]

WPR allocation for agent Z where wz] S [O, 1]

and(&.};i — ].—W";-iwithi.j EN,Z#]

Ai(e) = c;(e;)— ZjeN\{i} Qi [Tij(ejz‘) + Tji(eij)]

WPAR allocation for agent Z

where CYZ] S [0, 1] and a]l — 1 - O[Z]

a = (a;)ien with o = (aij)jeN\{i}

Weights of WPAR allocation

Shapley value

Nucleolus
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Table 2: Summary of optimization problems

e Efficient effort profile €= arg man C(N)
ec[0,1)n(n=1)

éi Optimal efforts of agent Z given efforts of other agents éz — a.rg m'Ln AZ (6)
e,-e[(),l]("*l)

* . *__ 4
ei Equilibrium strategy of agent 7 ei = €;
. *

o Optimal weights of WPAR allocation = arg mwn ZiEN AZ (6 )

aco,1]n(n=1)
aj; = arg min  Li(ag;) i #j €N
cw,jE[O,l]

with Lj:](al]) = Cl(e;/k) + C](ej;)
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1.1 Introduction

In recent years, as a result of an eminently globalized environment, the debate
on the necessary cooperation among states and firms has been intensified.
The absence of this cooperation among countries can cause both a race to
the bottom tax competition in fiscal policies and opacity or financial secrecy.
On the part of firms or individuals, it can cause underground economy, tax
evasion or fiscal fraud. All of them are inefficient behaviors.

In particular, the underground economy is a significant problem and diffi-
cult to deal with. The causes and negative effects of the underground economy
have been debated by authors as [9], [3], [10], and [2], among other authors.
The solutions to be adopted to detect and reduce the underground economy
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have been studied, for example, by [14], [15], [5], [16], and [1]. Three solutions
of particular relevance are the design of optimal tax systems, the increase
in transparency and information, and a greater severity of the punishments.
These elements allow to increase the capability to detect and discourage the
infringing behaviors. These efforts not only benefit the states themselves by
allowing an increase in tax collection, but also benefit all the firms that act
in accordance with the law, since it eliminates the competitors that acted in
a submerged manner.

However, carry out effective policies focused at combating the underground
economy, requires a high economic cost in human and material resources that
must be faced by the countries governments. Cooperation among countries
and firms could reduce these costs. For example, cooperation among countries
could be based on the desire for transparency and the transfer of information
in order to facilitate the detection of fraudulent behavior, allowing a reduction
of costs. In addition, beyond the mandatory legal requirement, a firm can make
an effort to improve the transparency of its financial practice. The firm can
also just share any kind of relevant information with the tax authorities. This
cooperation could be rewarded by a tax reduction.

Inspired by the Spanish tax system, [7] introduce a cooperative model,
where the Government is considered the only benefactor, as it keeps costs
at the same level, zero cost, while reduce the costs of those investors who
act legally (beneficiaries). Investors may decide to cooperate or not cooperate
with the Government. If they decide to cooperate, the Government will pro-
vide a framework of legal certainty, which is in their benefit. On the contrary,
if investors decide not cooperate with the Government and try to defraud the
system by tax evasion, they can be detected and charged with unlawful behav-
ior. Once this irregular behavior is demonstrated, they will be punished and
required to return all amount defrauded plus a penalty. This means that the
costs of not cooperating with the Government would be higher than cooperate,
and so all investors are willing to pay the lowest taxes under legal protection
of the Government. The authors present the class of corporation tax games
as an application of linear cost games to the corporate tax reduction system.

Linear cost games were introduced by [6] as a particular case of k-norm cost
games with benefactor and beneficiaries, when k = 1. The authors introduce
a class of cost-coalitional problems, which are based on a priori information
about the cost faced by each agent in each set that it could belong to. Then,
they focus on problems with decreasingly monotonic coalitional costs. Their
paper study the effects of giving and receiving, on cost-coalitional problems,
when there exist players whose participation in an alliance always contributes
to the savings of all alliance members (benefactors), and there also exist play-
ers whose cost decreases in such an alliance (beneficiaries).

[6] show that when there are multiple benefactors, an agent sees the same
individual costs in any coalition that contains at least one benefactor and is not
all-inclusive. Thus, with a single benefactor all the members of a coalition may
see their cost increase if he leaves the group; they say that he is irreplaceable.
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On the other hand, when there are several benefactors, the cost of a member
of the coalition remains the same as long as there is another benefactor in
the coalition; they say then that each benefactor in this case is replaceable.
They study separately the two cases, and use linear and quadratic norm cost
games to analyze the role played by benefactors and beneficiaries in achieving
stability of different cooperating alliances. Different notions of stability, the
core and the bargaining set, are considered there and provided conditions for
stability of the grand coalition which leads to minimum value of total cost
incurred by all agents.

In this paper, we present a new model of corporate tax system with sev-
eral firms and countries (multiple dual benefactors). Countries are dual in the
sense they are benefactors (they reduce the cost of both firms and other coun-
tries) and beneficiaries (the information provided by others countries reduce
its cost). They are also irreplaceable benefactors because all the members of a
coalition may see their cost increase if one of them leaves the group. It differs
from the corporate tax system given by [7] in the following three points. First,
there is a single benefactor there. Moreover, the definition of benefactor given
by [7] is a particular case of the definition of dual and irreplaceable benefac-
tor given here. We can say that dual benefactors here generalize benefactors
there. Second, the concept of beneficiary in [7] is less restrictive than the one
considered here. We can say that a beneficiary here is a beneficiary in the cor-
porate tax system given there (see Section 2 for more details). And third, we
propose here the Shapley value [11] a as stable allocation rule for sharing the
reduced total costs. [6] and [7], proved that the grand coalition is stable in the
sense of the core, but they didn’t study the Shapley Value. Here we present
a simple expression for the Shapley value of multiple corporation tax games
that benefits all agents and, in particular, compensates the benefactors for
their dual role and irreplaceable character. A recent survey on this allocation
rule is [8].

The outline of the paper is as follow. First, in Section 2, the cost-coalitional
problems with multiple dual and irreplaceable benefactors and some of their
properties are described. After that, in Section 3, we introduce the class of
cooperative cost games associated to cost-coalitional problems with multi-
ple dual and irreplaceable benefactors, the so called multiple corporation tax
games. Section 4 presents a simple and easily computable expression for the
Shapley value of multiple corporation tax games. An example illustrating the
model and the role played by dual and irreplaceable benefactors is given in
Section 5. Finally some concluding remarks and highlights for further research
are collected in Section 6.



1.2 Cost-coalitional problems with multiple dual and ir-
replaceable benefactors

Let E = {1,2,..,e} be a set of firms, and P = {1,2,..,p} be a set of countries,
with S’;- > 0and §j— > 0 be respectively a tax and a reduced tax that firm j pays
in country 4, with S% > S%. Let N = E'U P denote the set of all agents (firms
and countries), with |N| =n = e+p, where e > 1 and p > 2. We define T C N
as an arbitrary set of agents in N. If two given countries are in a coalition
T, then they cooperate and share information, which implies that they can
reduce their levels of tax evasion and underground economy. The size of the
reduction depends on how much information a country has and how relevant
it is for the other country. Note that, for a country %, the more countries are
in a coalition with it, the more relevant information this country gathers, and
consequently, the smaller the degree of tax evasion and underground economy
it has. Formally, let w! be a measure of the underground economy and tax
evasion of country ¢ when it is in a coalition T, thus, given two sets T' C
T' C N, we assume that always w? > w? if (T'\T) N P # 0, and w! = w]
otherwise. Therefore, always w! > wiT,. We denote by w; the countrys’ stand
alone measure of tax evasion, i.e., w; = wzf{z}.

Any agent k£ € T incurs certain non-negative cost, which depends on the
subset T'. We denote this cost by cg, and by ¢ an agents’ stand alone cost,

ie., ¢ = c,Ek}. For any coalition T" C N, the cost of agents are:

1.0]T:_Z 5‘;-+. > Sj—foralleTﬁE.
i€ PNT i€P\(PNT)

2. cI'=g; (wl) forallie TNP.
Where firm j € T must pay a tax 5”; to country ¢ if 4 € T, and S; ifi¢gT. In
addition, g; is a strictly increasing function such that for all ¢,:’ € P and for all
T C N, where ¢,7 € PNT, always it holds that g; (wiT\{l }) —gi (w]') =z,
with z;; > 0 being how much the country i’ reduces the cost of ¢ with the
information i’ shares with . !

Next, we identify two special roles that all the agents can play in the model,
being benefactors and beneficiaries.

Definition 1.1 A benefactor is an agent k € N such that for any set T C
N\k and for allk € T, ck > c:u{k}’ in addition, for at least one agent k € T,

k> cgu{k}. The agents whose cost decreases in an alliance with a benefactor
are denoted by beneficiaries.

1We assume z;;; > 0, thus, countries are always benefactors. However, z;; could be as
close to zero as we want, i.e., the information that a country shares with other country can
be negligible. Therefore, in the limit case in which z;;; = 0, the results should hold. In any
case, a wider generalization of this model will be consider in future research.
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The following lemma characterizes the agents of the game as benefactors
and beneficiaries.

Lemma 1.1 An agent k is a benefactor if and only if it is a country. However,
both firms and countries can be beneficiaries.

Proof. Consider agent k' € N and any set T C N\{k’}. To prove Lemma 1.1,
we first consider that agent &’ is a country and compare the cost of agents in
T and in T U {k}, and second we consider that agent k' is a firm, and we do
the same analysis. Note that agents in T' could be either countries or firms:

1. Consider that agent k' is a country ¢’, then

(a) Foralli € TNP, ¢l =g; (wl) and ciTU{i/} =g (wiTU{i/}), where

iTU{i/} because T C T U {i'} and i’ € P. Consequently, as
TU{i'}

7

wl > w
g; 1s increasing, cz-T >c
(b) Forallj e TNE,

o= S+ ¥ Si= 3 S;Z+S;i'+_ > sk
i€PNT i€ P\(PNT) i€PNT i€ P\(PN(TU{i'}))
and '
ol = > S+ 3 Si= > S48+
i€ PN(TU{i'}) i€ P\(PN(TU{i'})) i€ePNT
> S; Consequently, CJT > Cju{l } because S;-/ > 5;-,.

i€ P\(PN(TU{i'}))

2. Consider that agent k' is a firm j', then,
(a) Forallie TNP,cl =g, (wZT) and ciTU{j/} =g (wiTU{j/}), where,

wl = wiTU{j,} because T'C T U {4’} and j/ € E. Consequently,

3

T _ Tu{j'}
C’L = Ci .

(b) Forallj e TNE,
= Y Si+ Y Siand

i€ PNT i€ P\(PNT)
Tu{j’ Gi i Gi
ch{J}Z_ > S+ > Si= ¥ S+
i€ PN(TU{4'}) I€P\(PO(TU{5'}) i€PNT
> Sl Therefore, ¢] = eru{z 3
ieP\(PNT)

Point 1 implies that countries are benefactors, and point 2 implies that firms
are not benefactor. Point 1 and 2 imply that countries and firms can be ben-
eficiaries and an agent £ € N is a benefactor if and only if it is a country.
|

There are agents that are dual in the sense that they are benefactors
and beneficiaries, these are the countries. However, the firms are exclusively
beneficiaries.

The following definition is a relevant property of a benefactor.
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Definition 1.2 A benefactor k € T C N s irreplaceable if ek + cf\k for at
least an agent k € T\k.

The following lemma states that our benefactors are irreplaceable.
Lemma 1.2 Countries are irreplaceable benefactors.

Proof. Note that by Lemma 1.1 only countries can be benefactors, then con-
sider any T C N such that TN P # @ where i’ € T N P. To prove Lemma
1.2, we compare the costs in set T' and in set T\{i'}. Agents in T\{3'} can
be either countries or firms. First, if the agent is a country, i € (T\{i'}) N P,

then ¢/ = g; (w]) < ciT\{i/}

K2

wl < wiT\{i/} because T\{i'} C T.
Second, if the agent in T\{i'} is a firm, j € (T\{¢'}) N E, then ch =
> S+ Y St= Y S48+ Y Shandc W=
i€ PNT i€ P\(PNT) i€ PNT\{i'} i€ P\(PNT)
S Sy > Si = > Si4sSi+ > S Con-
i€PN(T\{}) iGP\IIDO(T\{i’}) i€PN(T\{}) i€ P\(PNT)
sequently, ch < CJT\{Z } because g}-/ < S;l. [ |

= g; (wiT\{i/}) because g; is increasing, and

We denote the vector of individual agents’ costs in all possible subsets by
cN = (cf)keT,q)#TgN. Thus, the set of agents NV and the cost coalitional vec-

tor ¢V define a cost-coalitional problem with multiple dual and irreplaceable
benefactors (N e )

A desirable property is that cooperation is beneficial. This can be guaran-
teed if the cost in large subsets do not exceed their cost in smaller ones. The
following definition formalize this idea.

Definition 1.3 A cost-coalitional vector ¢V satisfies cost monotonicity if
k' >l forallk €T, with T CT' CN.

The following lemma shows that the cost-coalitional problem with multiple
dual benefactors has this property.

Lemma 1.3 The cost coalitional problem (N, CN) has the property of cost
monotonicity.

Proof. Consider two sets such that S C T' C N. Any agent in S has to be
either a country or a firm.

First, if the agent is a country ¢ € S N P, then always cf = g; (w;g) and
cl' =g (sz), which implies that ¢ > ¢f. Note that, g; is an increasing
function, and w; > w! because S C T.

Second, if the agent in S is a firm 7 € SN E | then

cf:_z Si+ X Si= X S+ X S+ ¥ 8

i€PNS i€ P\(PNS) i€PNS i€PA(T\S) i€ P\(PNT)

and



= S+ ¥ Si= % S+ ¥ S+ > S

i€PNT 1€ P\(PNT) i€PNS i€PN(T\S) 1€ P\(PNT)
Note that, if in T\S there is at least a country, then ch > ch because
S; > 5”;», otherwise c]S = CJT. [ |

We now define cost games related to our cost-coalitional problem with
multiple dual benefactors and prove the cooperation in beneficial for all the
agents in the model, benefactors and beneficiaries.

1.3 Multiple corporation tax games

For a given cost-coalitional problem with multiple dual and irreplaceable bene-
factors (N ,cN ) we define the multiple corporation tax game (N, c¢), where
c(T)= Y ¢t for all T C N, and ¢(0) = 0.
keT

We consider now the following issue. Is it profitable for the agents in N to
form the grand coalition to pay lower taxes and so reduce the degree of tax
evasion? Here, we prove that the answer to this question is positive because
(N, ¢) is a subadditive game, in the sense that ¢ (TUT") < ¢(T) + ¢ (T"), for
any T, T' C N, and T N'T’ = (. Notice that the superadditivity condition
implies that if N is partitioned into disjoint coalitions (whose integrants reduce
the degree of tax evasion) the corresponding cost will not decrease.

In fact we prove that (IV,c) is not only subadditive but also concave, in
the sense that for all k € N and all T,7" C N such that T C T’ C N with
k €T, then ¢(T)—c(T\{k}) > c(T") — c(T"\{k}). It is a well-known result in
cooperative game theory that every concave game is subadditive. Moreover,
the concavity property provides us with additional information about the
game: the marginal contribution of an agent diminishes as a coalition grows.
It is well-known as the snowball effect. For more details on cooperative game
theory see, for example, [4].

First, in Lemma 1.4, we found out which are the cost marginal contribu-
tions of the agents (firms and countries).

Lemma 1.4 Let (N, cN) be a cost-coalitional problem with multiple dual
and irreplaceable benefactors and (N,c) the associated multiple corporation
tax game. Then,

1. Forall TCN, forallje ENT,
o(T) — (T \{j}) = -



2. ForallTCN, forallie PNT,
o(T) —e(T\{i}) =c] = Y (55— 5))

JEENT

Y () g,

e PN(T\{i})

Proof. First, we prove (1). Take a coalition T C N, and a firm j € ENT.
Then,

co(T)—c(T\{j}) = k%:TC{ - ¥ CZ\{J'} =T+ 2 (- CZ\{j}).

kTN (5} T ke
Now, we prove that > (cf—cz\{j}) =0, and so ¢(T)—c(T\{j}) = ¢ .
keT\{7}
Indeed,
T\{j T\{j T\{j
(f-c'= 3 (T 5 (g,
keT\{7} iePN(T\{7}) 3’ €EN(T\{j})

We know that ¢ — ciT\{j} = g;(w]) — gi(wiT\{j}) = 0, since wiT\{j} =wl.

Moreover, c? — cg\{j} = > S*Ji_/ + S S;‘_I - ) | Si —
, iePT ieP\(PNT) iePAT\(5))
S;'/ = 0
i€eP\(PNT\{j})

Then, _ _

(el — ciT\{J}) =0, and > (c? - cg\{J}) =0.
iePN(T\{j}) J'eEN(T\{5})
Hence, we conclude that >~ (¢} — cf\{J }) =0.

keT\{j}

Second, we prove (2). Take a coalition T C N, and a country ¢ € PN T.
Then,

(T)— e\ = T - ¥ M= -y (O o),

keT keT\{i} keT\{i}
We know that,
X eedy= o (@ ed)r 2 (=),
keT\{i} e PN(T\{i}) JEEN(T\{i})

We prove now that

T\{i} T _ i ai’ i’
g eg =5+ X S+ XS
e PN(T\{i}) /e P\PN(T\{i})

|8+ > S8+ > Si| =si- 5.

i’ e PN(T\{i}) i’ e P\PN(T\{i})



We know, by definition, that

M g (wI MY = g (w])

Hence, we can conclude that

(D) —e(T\{i) =T~ ¥ (5i-5)— ¥ (gwM) = gu(w])).
JEENT i€ PA(T\{i})

|

In point 1, this proposition states that a firm j always contributes to a
coalition T'\ {j} exactly with its cost in coalition T, which is ¢} . As a firm is
always and exclusively a beneficiary in this model, it has not effect in the cost
of others agents: either countries or firms. However, a country is a benefactor to
both firms and others countries, therefore, its marginal contribution is smaller
than its cost in coalition T'. If country ¢ is withdrawn from a coalition T', the

individual cost of firms and others countries in coalition 7" increases.

The following Theorem states that our class of games are concave.
Theorem 1.1 The multiple corporation tax games (N, c) are concave.

Proof. Here we have to prove that the marginal contribution of an agent k
diminishes as a coalition grows. Any agent k can only be either a firm or a
country, and Lemma 1.4 provided its marginal contribution.

If the agent is a firm j, then for all T C T",j € T, by Lemma 1.3, c]T > ch’,
and so T = e(T) — e(T\ {}) = o(T") — (T \ {j}) = 7",

On the other hand, if the agent is a country 4, again for all T' C T’, by
Lemma 1.3, ¢ > ¢l

In addition, > (S;—57) < > (8 —5)) because all the countries
JEENT jeENT’
in T are also in T”, and if T there is at least one more than in T', then the

inequality is strict.

Finally, for the same reason > zirg < > Ziti-
e PAT\ {4} i1 ePNT\{i}

Hence, we can conclude that for all T C T’ and for alli € PN T,

o(T)=e(T\{i}) =cf = > (Sj=5)— >  zizel = > (Si-
JEENT ire PNT\{i} JEENT’
S1) — > zii = c(T) — c(T"\ {i}). ]
i€ PAT\{i}

So we proved that in a cost-coalitional problem with multiple dual and
irreplaceable benefactors (N eV ) it is efficient that all firms pay lower taxes
and all countries manage to jointly reduce their degrees of tax evasion. In that
case, the reduced total cost is given by ¢(N) = > ¢V + 3 cj-v.

i€P j€E

An allocation rule for multiple corporation tax gamejs is a map 1 which
assigns a vector 1 (N, c) € RN to every (N, c), satisfying that >~ . (N, c¢) =

kEN
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¢(N). Each component ¢ (N, ¢) indicates the cost allocated to k € N, so an
allocation rule for multiple corporation tax games is a procedure to allocate the
reduced total cost among the agents in N when they cooperate. An allocation
rule should have good properties from the following points of view.

1. Computability. For a particular game the rule should be computable in
a reasonable CPU time, even when the number of agents is large.

2. Coalitional Stability. It is very convenient that the rule proposes an al-
location which belongs to the core of the cost game. This means that,
for every multiple corporation tax game (N, c), % should satisfy the fol-
lowing:
> i (N, ¢) < ¢e(T), for every T C N.

KET

This condition assures that no group of agents 7' is disappointed with
the proposal of the rule, because the cost allocated to it is less than or
equal to the cost it would support if its members formed a coalition to
pay lower taxes, and reduce the levels of tax evasion, independently of
the agents in N\ 7.

3. Acceptability. The rule must be understandable and acceptable by the
agents.

A very natural allocation rule for multiple corporation tax games is ¢y, (N, ¢) =
C{CV , for all £ € N. It has good properties at least with respect to computabil-
ity and coalitional stability. Notice that, for every T C N, > oy (N,c) =

keT
Yo < 3 o =c(T).
kET kET
Nevertheless, the benefactors will have serious difficulties accepting the

above allocation rule that rewards the beneficiaries excessively while they do
not receive enough compensation for their dual role of giving and receiving.

Since the multiple corporation tax games are concave, cooperative game
theory provides allocation rules for them with good properties at least with re-
spect to items coalitional stability and acceptability. We highlight the Shapley
value and the nucleolus, which always provide core allocations in this context
(see [4] for details on them). Both allocations are, in general, hard to compute
when the number of agents increases.

Next, we present a simple and easily calculated expression for the Shapley
value of multiple corporation tax games that compensates the benefactors for
their dual role and irreplaceable character.
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1.4 The Shapley value

One of the most important allocation rules for cost games is the Shapley value
(see [11]). As we already mentioned, the Shapley value is specially convenient
for concave games: it is the barycenter of its core (see [13]).

We denote by ¢ (N,c) the shapley value of multiple corporation tax
game (N, c), where for each agent k € N, ¢ (N,c) = Y. ~(T)[e(T)
TCN;keT

— o(T\ {k})], with ~(t) = == 4 —

The following Theorem states that the Shapley value can be easily com-
puted in the class of multiple corporation tax games. Moreover, it shows that
the Shapley value provides an acceptable allocation for multiple corporation
tax games: it increases the cost of a beneficiary in a half of the benefits it
obtains from benefactors, and it decreases the cost of a benefactor in a half of
the benefits it provided to the beneficiaries.

Theorem 1.2 For any multiple corporation taxr game (N,c), the Shapley
value s

1. Forallj € E, ¢; (N,c) :ij_i_% S (S _§Ji,)
icP

2. Foralli € P, ¢; (N,c)=cN =5 3 (Si=SH+35 > (zier — zi)
jEE v eP\{i}

Proof. (1) First, we prove that for all j € E, ¢; (N,¢) = ¢V +3 3 (5% = 5%).
i€P
Take j € E. By Lemma 1.4, we know that
¢ (N,o)= > Alt)es.
TCN;jeT

We can separate coalitions j € T C N into mixed coalitions (j € T C
N, TNP+#0, TNE # () and coalitions with only firms (j € T C N, TNP =
0, TNE#0).

Then,
¢; (N,c) = >, QS
JETCN, TNP=0,TNE#D i€P
+ > W Y S+ X S
JETCN, TNP#D, TNE#D i€ P\PNT’ i€ PNT’

Taking into account that > 7(t) = 1, we have that
TCNjeT

y(t)=1- > v(t),
JETCN,TNP=0,TNE#) JETCN,TNP#0, TNE#D



and then,
¢ (N,c) =(1 - > )OS
JETCN, TNP#AD, TNEH#D ieP
+ > W0 D S+ Y 8
JETCN, TNP#D,TNE#(] i€ P\PNT i€ PNT
=>_ S+ > WO D S+ Y 5308
i€P JETCN, TNP#D, TNE#] i€ P\PNT i€ PNT iEP
DI ENED SRR Tl DR )
ieP JETCN, TNP#D, TNE#) ie PNT

Now, we prove that for all coalitions that contain j € TNE and a particular
country ¢ € T'N P,

V() =1/2,
JETCN,TNP#),TNE#D
and then,
G (N =T S-S (S -8) =1 X (5145,
ieP i€ PNT icP
Indeed,

JETCN, TNP#D, TNE#D
n i k—n
(t—=1) _ k= _
t%n(nfl) - ];z(;zfl) - 1/2’

where ( 7;:22 ) is the number of coalitions in which there is j and a partic-
ular country ’.

Finally, doing some algebra, we have that

LTS5+ 5) = 4 (55— 5,

i€P ieP

and so, we conclude that

b (Nee) =+ (55 - 5).

(2) Second, we demostrate that for all i € P,

$i(No)=c¥ =5 2 (S5=8)+35 > (aw —2wi).

JjEE i/ eP\{i}
Take ¢ € P. By Lemma 1.4, we know that

b (Vo) = 3 ()

i€ETCN

= X s Y (e - wh)

JjEENT i'ePNT\{i}
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Let’s calculate each of the addends separately.

(2.1) First, taking into account that ¢/ =¢;— > 2y, forall T € N,
i1 ePAT\{i}

n n—2 1
wd (425 )a0 =4
we obtain that
n n—2
S a0d —a-2 (100 )00 T we=dth T
i€TCN t=2 '€ PAT\{i} '€ PAT\{i}

t—2
particular country ¢’.

-2 . .. .
where < " > is now the number of coalitions that contain ¢ and a

(2.2) Second, by a similar argument,

Z'ETZQNV(IS)je%er(S; - §;) N tz::Q ( 7;:22 ) () X (Syl - S’;) =
3 2 (55 5).

(2.3) Third, by the same argument,

> ) 2 (el - gaw])) =

i€ETCN i’e PNT\{i}

n n—2

> ( ‘9 )7(15) Y ozii=—% >z
t=2 /e P\{i} i'eP\{i}

Finally, adding the above three expressions, we obtain that

¢i(N70>:ClN+% Z Zu/*%%(sjz*gp*% Z Zitg =
Jje

- iePnT\{i} i'eP\{i}
N -F T (Si-S)+E T (= 2). .
JEE i€ P\{i}

From Theorem 1.2 can be derived that Shapley value compensates bene-
factors. Note first that, the cost of a firm 7 in the grand coalition is cév . This

firm j is benefited from a country ¢ in an amount which is S]i- — g}' The Shap-
ley value reduces this benefit exactly in a half, and consequently this is the
amount in which the cost of firm j is increased, see point 1 of Theorem 1.2.
In addition, the country 7 is compensated exactly in this amount, and conse-
quently its cost is reduced, see point 2 of Theorem 1.2. However, a country in
its relation with others countries is simultaneously benefactor and beneficiary.
Let’s first look at the role as beneficiary of i, in any coalition, the country
is benefited from country i’ in a cost reduction of z;;, in this case, country
1 plays the role of beneficiary and i’ of benefactor. Thus, the Shapley value
reduces the benefit z;;; of country ¢ in a half, in others words, it increases its
cost in this amount. Nevertheless, at the same time, the country ¢ benefits
country ¢’ in an amount equal to z;;;. Now, country ¢ is the benefactor and ¢’
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the beneficiary. In this case, the Shapley value works in the same way, it com-
pensates the benefactor and increasing the cost of the beneficiary in a half of
zi/i- Therefore, in the relation between two countries both are simultaneously
benefactors and beneficiaries, however, if z;; — z;; > 0, then country ¢ could
be seen as a "net” beneficiary and i’ as a "net” benefactor, on the contrary if
ziir — ziri < 0. Thus, country 7 can be a "net” benefactor with some countries
and a "net” beneficiary with others.

In conclusion, regarding to the individual cost in the grand coalition, the
Shapley values increases the cost of a beneficiary in a half of the benefits it
obtains from benefactors, and it decreases the cost of a benefactor in a half
of the benefits it provided to the beneficiaries. As in our model there are dual
agents (benefactors and beneficiaries), the final effect on these agents depends
on which role is stronger.

1.5 An Example

In this example, we propose a simple situation with two countries A and B,
and two firms 1 and 2 with activity in both countries. These countries are
very concern about their own levels of underground economy, tax evasion,
and fraud. To fight against this illegal behavior, these countries must to face
a high economic cost in human and material resources. However, this cost can
be reduced if both countries decide to cooperate and, for example, they share
resources and/or information in its fight.

On the other hand, firms have to pay in each country a certain amount
of taxes. Nevertheless, these firms can choose to cooperate with a particular
country. For example, beyond the mandatory legal requirement, a firm can
make an effort to improve the transparency of its financial practice. The firm
can also just share any kind of relevant information with the tax authorities.
This cooperation is rewarded by a tax reduction. In particular, country A will
fix a reduction of 10%, and B will do it of 15%. Thus, each firm must pay
either a tax (S}) or a reduce tax (S%) as it is given in Table 1.1,

TABLE 1.1: Tax and reduced tax of each

firm (in millions of euros)
S =2 SP =4 S5 =5 SE =38
S =1.80 | 5, =3.40 | S5 = 4.50 | S) = 6.80

We consider that the cost function of any country ¢! = g; (wZT) has two
terms. The first term does not depend on the type of coalition the coun-
try belong to. In other words, it does not depend on the information other

countries could provide. This is a kind of fixed cost. The second term does
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depend on which coalition the country is. In particular, ga (wa) = 4 + w’
and gp (wp) = 8 + 2w}, In addition, the level of underground economy or
tax evasion are normalized to 1 in any coalition with only one country, i.e.,
without the help of others countries. Thus, w! = 1 for any i € P, T C N such
that P NT\{i} = (. However, in any coalition 77 C N such that A, B € T",
wh = 0.50 and wh = 0.60.

Table 1.2 shows the cost-coalitional vector (columns 2-5) and correspond-
ing cost game (last column); i.e. for any coalition T C N, the cost of each
agent cf, and the cost of this coalition ¢(T')

TABLE 1.2: Cost-coalitional vector and cost

game
Coalition\Age]ﬂt A B 1 2 C(T)
T4} 5 5
(B} 10 10
1 6 6
) 3 |13
{4, B} 15 |92 13.70
A1) 5 5.80 10.80
4,2} 5 12.50 | 17.50
(B, 1} 10 | 5.40 15.40
{B,2} 10 11.80 | 21.80
(1,27 6 |13 |19
(4,81} 150 9.20 | 5.20 13.90
{4,B,2} 15 [9.20 11.30 | 25
4,12 5 5.80 | 12.50 | 23.30
{B, 1,2} 10 5.40 | 11.80 | 27.20
{A4,B,1,2] | 4.50[9.205.20 | 11.30 | 30.20

From the previous table, it is straightforward to obtain z;, where z;» =

cl-T\{ll} — ciT for all T C N such that 4,7/ € P N T. Therefore, z45 = 0.50
and zgp4 = 0.80, i.e., country B reduces the cost of country A in 0.50 and
country A reduces the cost of country B in 0.80. Consequently, country A is a
net-benefactor with country B, and country B a net-beneficiary with country
A.

We can calculate now the Shapley value by using the expressions from
Theorem 1.2. Note that, in this case, we only need the values of Table 1.1,
the last row of Table 1.2 (¢, c¢¥, ¢V and c}'), and both values z4p and
zpA. Therefore, Theorem 1.2 allows to reduces significantly the amount of
information and time to compute Shapley value.

In Table 1.3, it is shown for any agent its individual cost, the cost in the
grand coalition, the Shapley value, and the difference between the last two
values.

Notice that costs in the grand coalition reduce the costs of each player.
Regarding to the cost in the grand coalition, Shapley value decreases the cost
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TABLE 1.3: Comparsison among individual costs, cost in the
grand coalition and the Shapley value

agent\ " [ e({kD) [ ¥n (N, 0) | ¢ (N.©) [ ¢ (N, ) — ¢ (N, )
A 5 4.50 4 0.50

B 10 9.20 8.45 0.75

1 6 5.20 5.60 —0.40

2 13 11.30 12.15 —0.85

of benefactors in a half of the benefits that it provided to the beneficiaries.
Additionally, it increases the cost of beneficiaries in a half of the benefits
that they obtain from benefactors. For example, for country A, ¢4 (N,c) =
N — (S = S + (58— 54Y) + 3 (zaB — zBA). As zap — 254 = —0.30,
country A is a net-benefactor. Thus, Shapley value decreases its cost in a half
of this difference. However, for country B, the cost is increased in the same
amount because it is a net-beneficiary. In this example, there are only two
countries, however, if there were more countries, a given country could be a
net benefactor with some countries and a net beneficiary with others, this
depends on the sign of z;;; — zy;.

1.6 Conclusions

Corporation tax games were introduced by [7] as an application of linear cost
games (see [6]) to a corporate tax reduction system. Motivated by the Span-
ish tax system, the authors considered that the Government, as benefactor,
provided different group investment options which reduced the costs of those
investors who acted legally (beneficiaries).

In this chapter, we have presented a new model of cooperation in corporate
tax systems with several firms and countries (multiple dual and irreplaceable
benefactors). Countries are dual in the sense they are benefactors (they re-
duce the costs of both firms and others countries), and beneficiaries (its cost
is reduced by the information provided by others countries). They are also
irreplaceable benefactors because all the members of a coalition may see their
cost increase if one of them leaves the group.

The class of TU cooperative games corresponding to this model is called
multiple corporation tax games. We have proved that these games are concave,
i.e., the marginal contribution of a firm and a country diminishes as a coalition
grows (snowball effect). Hence, the grand coalition is stable in the sense of
the core. This means that firms have strong incentives to cooperate with the
countries instead of being fraudsters. Then, we propose the Shapley value as



17

an easily computable core-allocation that benefits all agents and, in particular,
compensates the benefactors for their dual and irreplaceable role.

Our model here, distinguishes two groups of agents: dual benefactors
(countries) and beneficiaries (firms), while the original model presented by
[6], considered two disjoint groups of agents, benefactors and beneficiaries. A
natural extension would be to consider that all agents can be dual (benefac-
tors and beneficiaries). We believe that similar results to those obtained here
could be achieved.
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ABSTRACT

There are multiple situations in which bilateral interaction between agents results in considerable cost
reductions. The cost reduction that an agent obtains depends on the effort made by other agents. We
model this situation as a bi-form game with two states. In the first stage, agents decide how much effort
to exert. We model this first stage as a non-cooperative game, in which these efforts will reduce the
cost of their partners in the second stage. This second stage is modeled as a cooperative game in which
agents reduce each other’s costs as a result of cooperation, so that the total reduction in the cost of each
agent in a coalition is the sum of the reductions generated by the rest of the members of that coalition.
The proposed cost allocation for the cooperative game in the second stage determines the payoff function
of the non-cooperative game in the first stage. Based on this model, we explore the costs, benefits, and
challenges associated with setting up a pairwise effort situation. We identify a family of cost allocations
with weighted pairwise reductions which are always feasible in the cooperative game and contain the
Shapley value. We also identify the cost allocation with weighted pairwise reductions that generate an

efficient equilibrium effort level.

© 2023 The Author(s). Published by Elsevier Ltd.
This is an open access article under the CC BY-NC-ND license
(http://creativecommons.org/licenses/by-nc-nd/4.0/)

1. Introduction

The search for greater efficiency, access to new markets and
greater competitiveness are some of the main factors that result in
inter-organization or inter-corporate cooperation structures. There
are different forms of cooperation depending on the degree of in-
tegration or interdependence of partners and on the intended goals
of agreements. These forms have been widely studied in economic
literature (see e.g. Todeva and Knoke [1] for a survey). There is
one specific type of cooperation whose properties and character-
istics differentiate it from the rest. It can occur between agents
that share, for example, resources, knowledge or infrastructure. The
common purpose is to obtain individual advantages such as reduc-
ing their respective individual costs. The particularity of this form

* Area - Production Management, Scheduling and Logistics. This manuscript was
processed by Associate Editor Harks.
* Corresponding author.
E-mail addresses: jose.garciam@umbh.es J.A. Garcia-Martinez),
antonio.mayor@goumh.umh.es (A.J. Mayor-Serra), ana.meca@umbh.es (A. Meca).

https://doi.org/10.1016/j.0mega.2023.102920

of cooperation lies in the fact that the cost reduction is based on
bilateral interactions.

We consider that form of cooperation here in which, given any
pair of cooperating agents, one agent reduces the cost of the other
by a certain amount which is independent of cooperation with
other agents. This means that if there are more agents in the coali-
tion the amount of the cost reduction does not change. This pair-
wise cost reduction is independent of the coalition to which the
pair of agents may belong. Therefore, for any agent, the total cost
reduction in any coalition can easily be calculated as the sum of
the reductions obtained from each bilateral interaction with the
other members of the coalition.

There are several situations where this kind of cooperation with
pairwise cost reduction occurs and is profitable, e.g. strategic col-
laboration agreements between firms to reduce logistical opera-
tional costs. The need to increase market share requires logistics
firms to expand their radius of action as far as possible. This means
major investments in expensive infrastructures at new sites, which
increase operational costs. Agreements are established between
companies to reduce those costs while maintaining control of their

0305-0483/© 2023 The Author(s). Published by Elsevier Ltd. This is an open access article under the CC BY-NC-ND license
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respective markets and hindering access by new competitors. They
offer the resources held by each firm in its respective area of in-
fluence under advantageous conditions. This enables them to ex-
pand their operating ranges with significant cost savings. Interac-
tions occur bilaterally, with each company using the resources of
the other. These cost reductions are independent of any cost re-
ductions that can also be obtained by interacting with other agents
in larger coalitions.

The second situation is that of bilateral free trade agreements
between countries. In a globalized economy, free trade agreements
are quite common. They facilitate trade in goods and services be-
tween countries, reducing trade barriers and consequently the cost
of trade. These cost reductions are specific to each pair of coun-
tries, and are independent of any other agreements that either may
decide to establish with other countries.

A third situation is the sharing of market data. Currently, in-
formation on customers and their purchase patterns is vitally im-
portant for firms. It enables them to maximize returns on adver-
tising costs and focus on their ideal target markets. Cooperation
between firms (usually from complementary sectors) consists of
sharing information about their respective customers. This reduces
the costs of each of the firms involved. The information that a par-
ticular firm provides is specific to it, so the value of the informa-
tion that it receives from another specific firm is independent of
information from other firms. Even if two firms provide informa-
tion about the same customer, the information itself is different
because it describes the purchase of a different good or service.
This can increase the value of that particular customer as a target,
which again boosts the value of this particular kind of cooperation.

The last situation presented here is that of inter-firm coopera-
tion agreements to reduce costs by increasing the range of firms’
respective telecommunication networks. In eminently competitive
sectors such as mobile telephony and online services, cooperation
between operators has become quite common. For example, they
may share the locations of their respective antennas, which en-
ables them to expand the reach of their networks. This means
greater benefits thanks to the offering of a broader service, while
avoiding the costs that would be entailed by each company in-
stalling its own structures. Here again, cost reduction is bilateral
when two agents decide to share and use each other’s antennas.
These cost savings are independent of any collaboration agree-
ments that each firm may have with other agents to share anten-
nas in larger coalitions.

In this kind of cooperation, the cost reduction between agents
may be highly asymmetric when they cooperate in pairs. For ex-
ample, if two agents A and B decide to cooperate, agent A could
provide a major reduction for agent B, while the reduction pro-
vided in the opposite direction could be more modest. These asym-
metries can induce imbalances or discriminations that could jeop-
ardize cooperation. A fair distribution mechanism for the costs
generated by cooperation is undoubtedly needed to ensure the sta-
bility of any strategic partnership, as Thomson [2] points out.

In addition, it is quite common for this kind of cooperation to
require the agents involved to make a set level of effort. It is nat-
ural to think that the amount by which one agent can reduce the
costs of the other (if they decide to cooperate) could depend on
the effort that the agent exerts. For example, if one country can ob-
tain information relevant to another (e.g. information on tax eva-
sion and the flight of capital involving its citizens), the amount
and quality of the specific information may depend on the effort
exerted by the first country in gathering it. This extends the situ-
ation beyond a cooperative model. For this reason, we model the
sequence of decisions as a bi-form game ([3]). In the first stage of
the bi-form game, agents decide how much (costly) effort they are
willing to exert. This has a direct impact on their pairwise cost re-
ductions. This first stage is modeled as a non-cooperative game in
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which agents determine the level of pairwise effort to reduce the
costs of their partners. In the second stage, agents engage in bi-
lateral interactions with multiple independent partners where the
cost reduction brought by each agent to another agent is indepen-
dent of any possible coalition. We study this bilateral cooperation
in the second stage as a cooperative game in which cooperation
leads agents to reduce their respective costs, so that the total re-
duction in costs for each agent in a coalition is the sum of the
reductions generated by the rest of the members of that coalition.
In the non-cooperative game of the first stage, the agents antici-
pate the cost allocation that will result from the cooperative game
in the second stage by incorporating the effect of the effort made
into their cost functions. Based on this model, we explore costs,
benefits, and challenges associated with setting up a pairwise ef-
fort situation.

We investigate the impact of pairwise efforts on cost reduc-
tions and the resulting cost structure for this framework. In par-
ticular, we explore the design of a cost-allocation mechanism that
efficiently allocates the gains from pairwise effort to all parties.
To that end, we first compute the optimal level of cost reduction,
taking into account the pairwise cost reductions collectively ac-
crued by all agents. An ideal allocation scheme should encourage
agents to participate in it and, at the same time, establish proper
incentives to make efforts prior to cooperation. Specifically, we first
show that it is profitable for all agents to participate in a pairwise
effort situation. Then we study how the total reduction in costs
should be allocated to the participants in such a situation. We do
this by modeling the pairwise cost reduction between agents that
takes place in the second stage as a cooperative game, which we
refer to as the pairwise effort game or "PE-game”.

We prove that the marginal contribution of an agent diminishes
as a coalition grows in PE-games (i.e. they are concave games) and
thus all-included cooperation is feasible, in the sense that there are
possible cost reductions that make all agents better off or, at least,
not worse off (i.e. PE-games are balanced, which means that the
core is not empty). This all-included cooperation is also consistent
(i.e. PE-games are totally balanced, which means the core of ev-
ery subgame is non-empty). We identify various allocation mech-
anisms that enable all-included cooperation to be feasible (i.e. al-
location mechanisms that belong to the core of PE-games). In par-
ticular, we discuss a family of cost allocations with weighted pair-
wise reduction which is always a subset of the core of PE-games.
This is a broad family of core-allocations which includes the Shap-
ley value, which is obtained when all the weights work out to a
half. We provide a highly intuitive, simple expression for the Shap-
ley value, which matches the Nucleolus in our model. To select one
of these core-allocations in the second stage, we take into account
the incentives that it generates in the efforts made by agents, and
consequently in the aggregate cost of a coalition. We show that the
Shapley value can induce inefficient effort strategies in equilibrium
in the non-cooperative model. However, it is always possible to
find core-allocations with weighted pairwise reductions that cre-
ate appropriate incentives for agents to make optimal efforts that
minimize aggregate costs, i.e. core-allocations that generate an ef-
ficient level of effort in equilibrium.

This paper contributes to the literature by presenting a doubly
robust cost sharing mechanism. That mechanism not only has good
properties regarding the cooperative game in the second stage but
also creates appropriate incentives in the non-cooperative game in
the first stage that enable efficiency to be achieved.

Cooperative game theory has developed a substantial mathe-
matical framework for identifying and providing suitable cost shar-
ing allocations (see, e.g., [4-6] for a survey). Multiple solutions
have been proposed from a wide range of approaches (see, e.g.,
[7-16]). The Shapley value ([17]) is considered one of the most
outstanding of them, and a suitable solution concept (see, e.g.,
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[18,19] for a survey). As an allocation rule it has very good prop-
erties, such as efficiency, proportionality, and individual and coali-
tional rationality. However, it has the disadvantage of posing com-
putational difficulties, which increase as the number of players in-
creases. Nonetheless, there is a large body of literature in which
the Shapley value is proposed as a simple, easy-to-apply solution
in different economic scenarios (see, e.g., [20-25]). These papers
give simplified solutions for different classes of games. They take
the cost structure as given and do not consider the system ex-
ternalities that arise when agents make efforts to give and re-
ceive cost reductions. Our paper here incorporates both the non-
cooperative aspects of making efficient efforts (by modeling deci-
sions related to pairwise cost reductions) and the cooperative na-
ture of giving and receiving cost reductions in pairwise effort situ-
ations.

As in principal-agent literature, we refer to action by agents as
"effort”. In this setting, the concept of "effort” is widely used in an-
alyzing different kinds of problem. One of the first was the moral
hazard problems: See for example [26]. Other examples are Holm-
strom [27] and Dewatripont et al. [28], who identify conditions un-
der which more information can induce an agent to make less ef-
fort. The approach in our model is quite different, in that we do
not consider any kind of principal. As far as we know, our model
is novel in that it analyzes the incentive for agents to make efforts
in a bi-form game: A non-cooperative stage where agents choose
how much effort to make and a cooperative second stage. As men-
tioned, we show that the solution of the cooperative game deter-
mines the incentives of agents to make an effort in the first stage,
and consequently the efficiency of the final outcome.

In [29], it is also used a bi-form model to analyze the role of
process improvement in a decentralized assembly system in which
an assembler lays in components from several suppliers. The as-
sembler faces a deterministic demand and suppliers incur variable
inventory costs and fixed production setup costs. In the first stage
of the game suppliers invest in process improvement activities to
reduce their fixed production costs. Upon establishing a relation-
ship with suppliers, the assembler sets up a knowledge sharing
network which is modeled as a cooperative game between sup-
pliers in which all suppliers obtain reductions in their fixed costs.
They compare two classes of allocation mechanism: Altruistic al-
location enables non-efficient suppliers to keep the full benefits of
the cost reductions achieved due to learning from the efficient sup-
plier. The Tute allocation mechanism benefits a supplier by trans-
ferring the incremental benefit generated by including an efficient
supplier in the network. They find that the system-optimal level of
cost reduction is achieved under the Tute allocation rule. Our bi-
form game is novel in terms of incentive for efforts by agents and
is also richer in results: We find the allocation rule that generates
the unique efficient effort in equilibrium in cooperation with pair-
wise cost reduction.

The paper is organized as follows. Section 2 presents the bi-
form game and describes in detail the two stages in which the
model is developed. Section 3 is devoted to analyzing the second
stage which is a cooperative game. In this cooperative game, agents
reduce each other’s costs as a result of cooperation, so that the to-
tal reduction in the cost of each agent in a coalition is the sum
of the reductions generated by the rest of the members of that
coalition. In Section 4 the first stage is studied, that is the non-
cooperative game that precedes the cooperative game in the sec-
ond stage. Here, the agents anticipate the cost allocation that re-
sults from the cooperative game in the second stage by incorpo-
rating the effect of the effort exerted into their cost functions. We
consider a family of cost allocation rules (in the second state) with
pairwise reductions weighted separately (WPR family) and obtain
the corresponding effort equilibria in the first state. Then, we de-
velop a general and complete analysis of the efficient effort equi-
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libria. Finally, in this section, we found the core-allocation rule in
this WPR family that generates the unique efficient effort equilib-
ria. Section 5 focuses on a subfamily of the WPR family in which
pairwise reductions are not weighted separately, but are weighted
as aggregated reduction, this is the WPAR family. We find out that
the level of efficiency is lower than that attained when the pair-
wise reductions are weighted separately for each agent. Then, we
found the rule, within this WPAR family, that generates the equi-
librium efforts closest to the efficient ones. Finally, Section 6 com-
pletes the study of our model by comparing the two families of
core-allocation analyzed. We complete the paper with a section of
conclusions and four appendices containing the proofs of the re-
sults and tables of summaries (notation and optimization prob-
lems).

2. Model

We consider a model with a finite set of agents N = {1, 2, .n},
where each agent has a good (for example resources, knowledge
or infrastructure) and has to perform a certain activity. The total
cost of an agent’s activity can be reduced if it cooperates with an-
other agent, which means that the two agents share their goods.
These cost reductions obtained by sharing goods in pairs depend
on the effort made previously by each agent. Our model consists
of two different stages. In the first stage, agents choose their effort
levels as in a non-cooperative game. In the second stage, agents co-
operate to reduce their costs, and allocate the minimum cost they
achieve by pairwise cost reductions as in a cooperative game. The
proposed cost allocation for the cooperative game in the second
stage determines the payoff function of the non-cooperative game
in the first stage. Therefore, we model the sequence of decisions as
a bi-form game ([3]). The two stages of the model are described in
detail below.

First Stage (non-cooperative game): Each agent i € N chooses
in this state an effort level e; = (ej1, ..., €ji_1), €i(it1)s---€in) €
[0,1]™1, where e;j € [0, 1] stands for the level of effort by agent i
to reduce the cost of agent j if they cooperate in the second stage.
These efforts have a cost c;(e;) € R, for any i € N. We assume that
¢i() :[0,1]"! - R, is a scalar field of class C%([0,1]""1).! More-

over, for all e;; € [0, 1] with j e N\{i}, it is assumed that BC(;T(S') > 0,
P54 > 0, and S5 = 0 for all h i, j, which implies that the

ij
marginal cost "CB’T(S’) is independent of the effort that i exerts with
agents other than j.2

Second Stage (cooperative game): Given the effort made in the
first stage, agents cooperate, so for any pair of cooperating agents
i,jeN and a given effort e;;, agent i reduces the total cost of
agent j by an amount rj(e;;) € Ry, and vice versa. These partic-
ular reductions between agents i, j € N are independent of cooper-
ation with other agents. We also assume for all j € N\{i} that func-
tion ry;(.) : [0, 1] — Ry is class (2, increasing and concave® at [0,1].
Thus, these agents participate in bilateral interactions with multi-
ple independent partners whose cost reductions are coalitionally
independent, i.e. the cost reduction given by each agent to another
agent is independent of any possible coalition. This means that the
total reduction in cost for each agent in a coalition S c N is the
sum of the pairwise cost reductions given to that agent by the rest

T A scalar field is said to be class C2 at [0, 1]*! if its 2-partial derivatives exist at
all points of [0, 1]"! and are continuous.

2 This last assumption implies that the Hessian matrix is a diagonal matrix. In
addition, note that, given our assumptions about c;, w.l.o.g. we could consider that
ci(er) = X jem gy Cij(eij) where ¢;;() : [0,1] — Ry. We omit it from the paper so as
not to introduce more notation into the model.

3 drji(ei;)/8e;; > 0 (increasing) and 82rjf(e,»j)/69izj < 0 (concave).
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of the members of the coalition, i.e. for agent i, it is 3\ g3 Tij(€ji)-
We assume perfect information regarding agents’ costs and cost re-
ductions depending on efforts.

Given an effort profile e = (e1,ey,...,ey) € [0, 1]*™1 in the
first stage, the second stage can be seen as a cooperative game,
more specifically a transferable utility cost game (N, e, c), where N
is the finite set of players, and c: 2N — R is the so-called charac-
teristic function of the game, which assigns to each subset SC N
the cost c¢(S) that is incurred if agents in S cooperate. By con-
vention, c(#) = 0. The cost of agent i in coalition S C N is given
by S(@i) :=c;(e;) — 2 jes\{i) rij(ej;). This cost can be interpreted as
the reduced cost of agent i in coalition S. Note that the larger
the coalition, the greater the cost reduction it achieves, i.e. for all
ieScTcN, cT'({i}) <S{i}). The total reduced cost for coalition
S is given by

cS) =) cdih =) lale) - > nijlep)] (1)

ieS ieS jeS\{i}

When all agents cooperate, they form what is called the grand
coalition, which is denoted by N. Thus, c¢(N) is the aggregate
cost of the grand coalition. The allocation of the grand coalition
cost achieved through cooperation, in the second stage, assigns
a reduced final cost to each agent, that is, ¥;(e), for all ieN,
where ¥; : E — R with E :=[]jvE and E; :=[0,1]*"'. Then, we
define the cost allocation rule ¥ : E — R" s.t. ¥r(e) = (¥i(e))ien
and Yy Vi(e) = c(N).

The non-cooperative cost game in the first stage is defined
through that cost allocation rule ¥ by (N, {E;}icn, {Vi}ien), Where
E; is the strategy space of agent i ¢ N (its effort level space), and
Y; is the payoff function of agent i, but in this case is a cost func-
tion. Hence, for an effort profile e € E, the corresponding cost func-
tion is i (e). That effort is made in anticipation of the result of
the cooperative cost game that follows in the second stage. There-
fore, we first analyze the second stage (see Section 3), and focus
on different ways of allocating the grand coalition cost. We de-
termine cost allocation rules with good computability properties
and coalitional stability for this cooperative cost game. Notice that
a given cost allocation rule will generate precise incentives in the
first state and consequently particular equilibrium effort strategies*
In turn, these particular effort strategies will have an associate cost
of the grand coalition. At this point, a question about efficiency
arises. The lower the cost of the grand coalition generated in equi-
librium is, the more efficient the equilibrium effort strategies and
the allocation rule considered will be.

Therefore, there are two dimensions to be considered. First,
the cost allocation rule for the cooperative game should have
good properties (computability and coalitional stability). Second,
the allocation rule must induce the right incentives in the non-
cooperative game to obtain the lowest cost of the grand coalition.
This interesting, relevant question is analyzed in Section 4 and 5.

Throughout the paper, we consider the following assumptions:

(CA) Cost assumptions: c¢; € C2, and 33’7(16’) > 0 (increasing),
32c;(e;) '
dejjdejg

325;# > 0 (convex), and

ij

(RA) Reduction assumptions: r;; eC?, and orji(e;;)/8e;; > 0
(increasing), 82rj,-(eij)/56i2j < 0 (concave).

A summary of the notation and the main optimization prob-
lems (Tables 1 and 2) can be found in Appendix D.

=0, if k # j (additively separable).

4 An effort strategy profile is said to be in equilibrium when each agent has noth-
ing to gain by changing only their own effort strategy given the strategies of all the
other agents (Nash equilibrium).
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3. Cooperation with pairwise cost reduction

This section presents the analysis of cooperation with pairwise
cost reduction in the second stage. Agents make their efforts in
pairwise sharing in the first stage, and initiate cooperation with ef-
forts e = (eq,...,€;,...,en). We model the PE-game as a multiple-
agent cooperative game where each agent i incurs an initial cost
of c;(e;). All agents in a pairwise effort group (coalition) give cost
reductions to and receive such reductions from other agents. As a
result, all agents in the coalition reduce their initial costs to levels
that depend on the efforts made in the first stage by the others.
No agent outside the pairwise effort situation benefits from this
pairwise cost reduction opportunity. We introduce all the game-
theoretic concepts used in this paper, but readers are referred to
[30] for more details on cooperative and non-cooperative games.

We refer to the pairwise effort situation as a PE-situation and
denote it by the tuple (N, e, {c;(e;), {rji(ei})}jen\ (i} }ien). We asso-
ciate a cost game (N, e, c) with each PE-situation as defined by (1).

The class of PE-games has some similarities with the class of
linear cost games introduced in [31]. They define the concept of
cost-coalitional vectors as a collection of certain a priori informa-
tion, available in the cooperative model, represented by the costs
of the agents in all possible coalitions to which they could belong.
The cost of a coalition in their study is thus the sum of the costs
of all agents in that coalition. However, the PE-games considered
here are significantly different from their linear cost games. Linear
cost games focus on the role played by benefactors (giving) and
beneficiaries (receiving) as two groups of disjoint agents, but PE-
games consider that all agents could be dual benefactors, in the
sense that they be benefactors and beneficiaries at the same time.
In addition, PE-games are based on a bilateral cooperation between
agents that enables both to reduce their costs but is coalitionally
independent.

We now consider a PE-situation
(N, e, {ci(e;), {rij(eij)}jen (i }ien) and consider whether it is prof-
itable for the agents in N to form the grand coalition to obtain
a significant reduction in costs. We find that the answer is yes,
and show that the associated PE-game (N, e, c¢) is concave, in the
sense that for all ie N and all S, T € N such that SCT c N with
ieS, soc(S)—c(S\{i}) = c(T)—c(T\ {i}). This concavity property
provides additional information about the game: the marginal
contribution of an agent diminishes as a coalition grows. This is
well-known and is called the "snowball effect”.

The first result in this section shows that PE-games are always
concave. This means that the grand coalition can obtain a signifi-
cant reduction in costs. In that case, the reduced total cost is given
by c(N) = 3" ci(e;) — R(N), where R(N) = >~ > rj;(ej) is the to-

ieN ieN jeN\({i}
tal reduction produced by bilateral reductions between all agents
in the situation, which turns out to be the total cost savings for
all agents. The proof of Proposition 1, together with all our other
proofs for this section, is shown in Appendix A.

Proposition 1. Every PE-game is concave.

An allocation rule for PE-games is a map ¥ which assigns a
vector ¥ (e) e R" to every (N, e,c), satisfying efficiency, that is,
> ¥i(e) = c(N). Each component v;(e) indicates the cost allocated
ieN
to i e N, so an allocation rule for PE-games is a procedure for al-
locating the reduced total to all the agents in N when they coop-
erate. It is a well-known result in cooperative game theory that
concave games are totally balanced: The core of a concave game
is non-empty, and since any subgame of a concave game is con-
cave, the core of any subgame is also non-empty. That means that
coalitionally stable allocation rules can always be found for PE-
games. We interpret a non-empty core for PE-games as indicating a
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setting where all included cooperation is feasible, in the sense that
there are possible cost reductions that make all agents better off
(or, at least, not worse off). The totally balanced property suggests
that this all-included cooperation is consistent, i.e. for every group
of agents whole-group cooperation is also feasible.
A highly natural allocation rule for PE-games is ¢;(e) =
CN({I}) =ci(ei) 7Ri(N), for all ieN, with Rl(N) = Z T'ij(ej,')
JjeN\{i}
being the total reduction received by agent i ¢ N from the rest of
the agents j e N\{i}. It has good properties at least with respect
to computability and coalitional stability in the sense of the core.
Formally, the core of a PE-game (N, c¢) is defined as follows

Core(N,c) = {x e R"/ Y "x;=c(N), Y "x; < c(S)VS < N}. (2)
ieN ieS
Notice that ¢(e) € Core(N, c). Indeed, )" ¢;(e) <c(N) and for
ieN

every SCN, Y ¢i(e) = Y. cN (i) < Y. c5(i) = c(S). Nevertheless, the
ieS ieS ieS

agents could argue that this allocation does not provide sufficient

compensation for their dual role of giving and receiving. Note that

the allocation only considers their role as receivers.

PE-games are concave, so cooperative game theory provides al-
location rules for them with good properties, at least with respect
to coalitional stability and acceptability of items. We highlight the
Shapley value (see [17]), which assigns a unique allocation (among
the agents) of a total surplus generated by the grand coalition.
It measures how important each agent is to the overall coopera-
tion, and what cost can it reasonably expect. The Shapley value of
a concave game is the center of gravity of its core (see [32]). In
general, this allocation becomes harder to compute as the number
of agents increases. We present a simple expression here for the
Shapley value of PE-games that takes into account all bilateral re-
lations between agents and compensates them for their dual role
of giving and receiving.

Given a general cost game (N, c), we denote the Shapley value
by ¢(c), where the corresponding cost allocation for each agent
ieN, is

It =1)
0=y B Do) — ey, with | TI=t.

ieTCN
3)

The Shapley value has many desirable properties, and it is also
the only allocation rule that satisfies a certain subset of those
properties (see [33]). For example, it is the only allocation rule that
satisfies the four properties of Efficiency, Equal treatment of equals,
Linearity and Null player ([17]).

Given a PE-game (N, e, ¢), we denote by ¢ (e) the Shapley value
of the cost game. The following Theorem shows that the Shap-
ley value provides an acceptable allocation for PE-games. Indeed,
it reduces the individual cost of an agent by the average of the to-
tal reduction that it obtains from the others (R;(N)) plus half of
the total reduction that it provides to the rest of the agents, i.e.

Gi(N) =3 jeniy Tii Ceij)-
Theorem 1. Let (N, e, c) be a PE-game. For each agent k € N, ¢y (e) =
Ck(ek) - %[Rk(N) + Gk(N)]-

From Theorem 1 it can be derived that the Shapley value, ¢ (e),
considers the dual role of giving and receiving of all agents, and
the final effect on those agents depends on which role is stronger.
As mentioned above, if an allocation does not compensate them for
their dual role of giving and receiving, and it only considers their
role as receivers, as the individual cost in the grand coalition, ¢ (e),
does, the cooperation would not be desirable for those dual agents.
This non-acceptability can be avoided by using the Shapley value,
which also coincides with the Nucleolus (|34]) for PE-games.
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The nucleolus selects the allocation in which the coalition
with the smallest excess (the worst treated) has the high-
est possible excess. The nucleolus maximizes the "welfare” of
the worst treated coalitions. Denote by v(e) € R® the Nucle-
olus of the PE-game (N,e,c), associated with a PE-situation
(N, e, {ci(e), {rij(eij)}jen (i }ien)- First, we define the excess of
coalition S in (N,e,c) with respect to allocation x as d(S,x) =
c(S) — Y jcsx;. This excess can be considered as an index of the
"welfare” of coalition S at x: The greater d(S, x), the better coali-
tion S is at x. Let d*(x) be the vector of the 2" excesses arranged
in (weakly) increasing order, i.e., df (x) < d;f (x) for all i < j. Second,
we define the lexicographical order >,. For any x,y e R", x >, y if
and only if there is an index k such that for any i < k, x; =y; and
Xy > Yk The nucleolus of the PE-game (N, e, c) is the set

v(e) ={xeX:d*"(x) = d*(y) for all y € X} (4)

with X = {x e R" : ", yX; = c(N), x; > c({i}) for all i € N}.

It is well known that the Nucleolus is a singleton for balanced
games and that it is always a core-allocation.

The Proposition 2 proves that for PE-games the Shapley value
matches the Nucleolus. This is a very good property that few cost
games satisfy.

Proposition 2. Let (N,e,c) be a PE-game. For each agent k € N,
vi(e) = Py (e).

Therefore, given an effort profile, the Shapley value is a very
suitable way of allocating the reduced cost due to cooperation.
Note that, the cost reduction as a result of cooperation between
any pair of agents i, j € N is rjj(ej;) 4 rj;(e;;), and the Shapley value
assigns one half of this amount to i and the other half to j. This
seems a reasonable way to split this aggregate cost reduction.
However, if agents knew before choosing their levels of efforts that
the cost reductions resulting from their efforts were going to be
allocated according to the Shapley value, the incentives created
could generate inefficiencies. Some agents could find it optimal to
exert too little effort and in some situations this could be ineffi-
cient.

For example, consider a PE-situation in which one agent has the
ability to produce a substantial reduction in costs for other agents
with a low effort cost and the rest of the agents have almost no
ability to reduce costs for others even with a high effort cost. If the
Shapley value is used as the allocation rule for this game, agents
may not have incentives to make any level of effort. Note that
in the first step agents have to decide how much effort to make.
However, if the Shapley value is modified to give a greater portion
of the pairwise cost reduction to the especially productive agent,
it might make more effort and thus produce a greater reduction in
cost for other agents. This change in the Shapley value generates
new allocation rules, which can reduce the cost of the grand coali-
tion regarding the Shapley allocation. The following example with
three agents illustrates these ideas.

Example 1. Consider a pairwise inter-organizational situation
with three firms, i.e. N={1,2,3}. For any effort profile e e
[0,1], the PE-situation is given by the following initial costs,

c1(e12,e13) = 100 + 100eq; + 4e2, + 100e;3 + 4e?,
c2(e21,623) = 100 + 100e;; + 4e3; + 100e,3 + 4e3,
c3(e31,e32) = 100 + 100e3; + 4e3; + 100e3; + 4e3,
and the following pairwise reduced costs, all of them in thousands
of Euros,

rin(eq;) = 2 +200ey; — 3e2, with i =2,3
rip(egi) = 2 +3ey; — €2, with i=1,3
ri3(es;) = 2 + 3e3; — 2, with i=1,2
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If the allocation rule in the second stage is the Shapley value,
the firms choose their levels of effort according to this cost al-
location function. It is straight forward to show that in this case
the unique effort equilibrium e*, is one in which the three firms
make no effort, i.e. ey = 0 for i, j € N.”> Thus, the Shapley value dis-
tributes the cost of the grand coalition c*(N) = 288 equally, i.e. for
each firm i=1,2,3, ¢;(e*) = ¢i(ef) - %ngw\{i}[ﬂj(@f,-) +1ji(e5)] =
100 — —((2+2)+(2+2)) =96.

Note that, for example, in the relationship between firm 1 and
2, the pairwise cost reduction is ryy(ey) + 11 (eq2), and the Shap-
ley value gives 2 of this amount to firm 1 and the other to firm
2. However, if the proportion that firm 1 obtains is mcreased e.g.
from } to 3, and the part for firm 2 is thus reduced to J, the
incentive of firm 1 to make an effort can be increased. The same
goes for firms 1 and 3 so that the incentive of firm 1 to make an
effort for firm 3 is also increased. These changes in the Shapley
value lead to a new allocation rule which we denote by Q(e) =
(Q4(e), (e), R3(e)) for any effort profile e € [0,1]6. With this
new allocation rule, the equilibrium efforts are zero for firms 2
and 3, and one for firm 1. That is, e** =1, for j=2,3, e** 0, for
j=1,3, and e**j‘. =0, for j=1,2. In thlS case, the grand coalmon
cost ¢**(N) = 102 is allocated equally between firms 2 and 3, and
the rest to firm 1. That is, €;(e**) =100 — 1[(2+200 - 3) +2] -
%(2 +2)=47,75fori=2,3, and 24 (e**) = 100 + 100 + 4 + 100 +

- 3[(2+(2+200-3)) + (2 + (2+200 - 3))] = 6,5.

Hence, the new allocation rule 2(e**) greatly reduces the grand
coalition cost (by 136.000 Euros) as well as the costs of each firm;
i.e. a reduction of 89.500 Euros for firm 1 and 23.250 Euros for
firms 2 and 3. In relative terms, with the Shapley value each com-
pany pays 33.33% of the total cost. However, with the modified
Shapley value agent 1 only pays 4.4% of the total cost, while agents
2 and 3 pay 47.8% each. Therefore, the modified Shapley value gen-
erates a more efficient outcome in the sense that it creates more
appropriate incentives for firms.

To reach efficient effort strategies in equilibrium (henceforth
EEE) in the first stage, we consider a new family of allocation rules,
for PE-games (second stage), based on the Shapley value. This fam-
ily consists of the rules ©2(e) € R", where for all i € N,

Q;(e) = ci(e;) — Z [wfjrij(eji) + w;‘irji(eij)],
JjeN\{i}
with a)" i . €10.1], for all jeN\{i}, such that a)i =1 —a)j and

o, =1- a)’ The Shapley value is a particular case of this famlly

]l
of rules in wh1ch a)’ = a);l = 2, for all i e N and all j € N\{i}. This
family of cost allocatlon for PE-games is referred to as cost alloca-
tion with weighted pairwise reduction.

The Theorem below shows that the family of cost allocations
with weighted pairwise reduction is always a subset of the core of
PE-games. This property identifies a wide subset of the large core
of PE-games, including the Shapley value (and thus the Nucleolus).

Theorem 2. Let (N, e, c) be a PE-game. For every family of weights
a)’ a)’ €[0,1], i, je N,i# j, such thata)' _170)1 and a)’ =1-

J
],, Q(e) belongs to the core of (N, e, c).

Now a complete analysis of the EEE for cooperation in pairwise
cost reduction can be conducted.

5 Theorem 3, in Section 4, shows the efforts of equilibrium in the non-cooperative
game in the general case.
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4. Efficiency, equilibrium strategies, and optimal rule

We first define an efficient effort profile as the effort profile

that minimizes the cost of the grand coalition, c(N) = >;_ylci(e;) —
> jenn(iy Tij (€5 -

Definition 1. An effort profile é=(é;,...,6;,...,6;) with
6 = (é“ ..... €i(i-1): €icis1)> - - - €in) € [0, 1]*-1 is efficient if &= arg

el ]]"(n b Yienlcie) — Z]eN\ Tij (6]1)]

An efficient effort profile é is well defined because c(N) as a
function of e is strictly convex in e;; for all i, j € N,i # j.b

The following proposition shows that the effort e;; is efficient if
the marginal cost of that effort equals the marginal reduction that
this effort generates; otherwise, the effort is zero or one. The proof
of Proposition 3 appears in Appendix B, together with those of all
the other proofs in this section.

Proposition 3. There exists a unique efficient effort profile

E=(F1.....00....80) With &= (.. ... 81 Bigen). . Bm) €

[0, 1]™-1, such that

« &y =0if G~ Mforaue,-je[o 1],

- ey =11 29 < drﬂ“*f for all e;; € [0.1],

* &;j € (0,1) is the unique solution of 86’(5) = %(5”) e
ij=ij ij=rij

otherwise.

We now focus on the non-cooperative effort game that arises
under the family of cost allocation with weighted pairwise reduction
(henceforth, WPR family). Then we analyze efficiency in equilib-
rium.

Consider the WPR family, ie., Qi(e) =c(e;) —
Y jeni [w;']r,j(e],)+w§,rﬂ(e,j)] for all ie N with a)i wi e[0,1],

i, jeN,i# j, such that a)’] —l—w{] and w’ —l—w] For each
specification of these weights, a particular allocatlon rule can be
obtained that induces a certain equilibrium effort strategy in the
first stage, which in turn generates the associated cost allocation
in equilibrium. The aim of this section is twofold. First, we identify
the efficient allocation rule within the WPR family, i.e., that which
results in the lowest cost of the grand coalition. Second, we show
that the effort profile induced in equilibrium by this allocation
rule coincides with the efficient effort profile of Proposition 3.

The non-cooperative cost game associated with Q = (£2;);.y in
the first stage is defined by (N, {E;}icn, {2i}icn), Where for every
agent i € N, E; :=[0, 1] 1 is the players’ i strategy set, and for all
effort profiles e € E := [];.y E;, and £2; is the cost function for agent
i e N. We call this an effort game.

In this game, we use the following definition of equilibrium.

Definition 2. The effort profile e* = (e%,...,e};) € E is an equilib-
rium for the game (N, {E;}icn, {€2i}ien) if €f is the optimal effort for
agent i € N given the strategies of all the other agents j € N\{i}.

First, note that the optimal effort for agent i ¢ N given the
strategies of all the other agents j € N\{i} is the effort e; that min-
imizes 2;(e;, e_;). Note that the function ;(e;, e_;) is strictly con-
vex in the effort e;; that agent i exerts for any j e N\{i}.” This
means that for agent i there is a unique optimal level of effort &;;

PP . 2 a2
6 Note that the second derivative in e;; is equal to ZGe) _ i)
? 7

, which is al-

2
ways positive because -G
U

7 9Qi(e) _ (’)c(e)
Note that 5= = St — o) =

>0 and M <0.
U
_ ol ity ) and %8© _ #ae)
:’iefJ

92
>0 and Zrites) :;’E(ze”) <0
ij

i 9%rjitei)
1 JLATj -
= Tae ~ Y ae >0 be
2,
cause, as assumed above, 22¢i(e)
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for each j e N\{i}. That optimal level &; depends on the parame-

ter w'., on the marginal cost of agent i in regard to effort &; (le.

ji’
aci(? i) ), and on the marginal cost-reduction for agent j in regard to

). Consequently, although the cost function of

effort &;, (i.e. J’( if)
}

agent i depends on other agents’ efforts (ej; for all j e N\{i}), the
optimal effort does not.
To obtain the optimal effort, we analyze the derivative of the

convex function ;(e) with respect to e;;, for any j € N\{i}. It must
be noted that 2%i® > 0 — df,’(e_) wl D for all e;; € [0, 1],
e ji ae,} J

The following result characterizes the optimal effort level for agent
i € N in the first stage of the game.

Lemma 1. Let (N, {E;}icn, {2i}ien) be an effort game and &;; be the
optimal level of effort that agent i exerts to reduce the costs of agent
j. Thus,

. 3 . 9ci(e: arji(e;i)
* &; =0 if and only lf%gl)>wﬂ 19 1=, for all e;; € [0, 1],
“ . . (e; Gl
e &;=1if and only if &Z;T(;’) < wﬂ rfl(e” , for all e;; € [0, 1],
e & €(0,1) that holds % = w‘ﬂ- 3(9” , otherwise.
U ley=gy T ey

The following theorem shows the unique allocation rule of the
WPR family that induces an efficient effort profile in equilibrium.
This allocation rule gives all the reductions to the agent that gen-
erates them. Formally, let H(e) := (H;(e));cn be the allocation rule
in the WPR family with a);i =1 for i, je N,i# j, that is H;(e) =
ci(e)) — X jen(iy Tji(esj) for i e N. We consider an allocation rule as
efficient if it induces an efficient effort profile in equilibrium.

Theorem 3. Consider the effort game (N, {E;}icn, {Hi}icn)- Let e be
the level of effort that an agent i exerts to reduce the costs of agent j
in the unique equilibrium with i, j € N, i # j. Thus,

er. = 0 if and only if % > w
! é lej=0 € ley=0
o (s
« e;;=1if and only if 861(” %
e;i=1 ij le.=1
l_[ ij
(e: o (e; )
s ej; € (0,1) that holds df,’;.e.’) = rg;e(_e_”’ , otherwise.
J e 5 _el*j ij eij _eu

In addition, e;‘j =¢&; for i, jeN,i# j and H;(e) is the only allo-
cation rule of the WPR family that always induces an efficient effort
profile in equilibrium.

The next Corollary shows that the allocation rule H is not only
the only efficient one within the WPR family, but that it induces
the lowest possible grand coalition cost for any possible allocation
rule.

Corollary 1. Let ® be the set of all allocation rules for PE-games.
There is no ¥ € © such that the effort equilibrium profile induced in
the non cooperative game (N, {E;}icn, {1i}icn) generates a lower cost
of the grand coalition than allocation rule H.

As mentioned, the effort e;; is efficient when its marginal cost
matches the marginal reduction that it generates; otherwise, the
effort is zero or one. Allocation rule H(e) aligns the incentives of
agents in the first stage game with this idea. It gives all the reduc-
tion to the agent that generates it. In that case, the best response
of any agent is to make its marginal cost equal to the marginal
reduction that its effort generates; otherwise, this agent exerts
the minimal or maximal effort depending on which is higher: the
marginal cost or the marginal reduction.
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We illustrate this analysis with the 3-firm case given in
Example 2 in Section 6.

In this section we work out the allocation rule (in the second
stage) within the WPR family that generates the unique efficient
effort equilibrium (in the first stage). However, there are situations
in which pairwise reductions cannot be weighted separately, i.e. it
is not possible to assign different weights to what an agent gives
and what the same agent receives in a pairwise interaction. For
example, there may be situations in which there is a unique cost
reduction for any pair of agents that depends on the effort exerted
by both agents, i.e. an aggregate reduction. In that case they have
to decide how to split the whole cost reduction. Such cases require
a weight to be assigned to the pairwise aggregate reduction.

The question that arises in this new scenario is whether the
level of efficiency maintained is the same as that attained when
the pairwise reductions are weighted separately for each agent.
Unfortunately, the answer is no: the level of efficiency decreases
in this new scenario. The next section focuses on measuring the
level of efficiency of efforts in equilibrium for a particular family
of weighted pairwise aggregate reductions.

5. Measuring efficiency for pairwise aggregate reduction

Consider the family of cost allocation with weighted pairwise
aggregate reduction A(e) € R" defined as follows:

Ai(e) =ci(e;) — Z ajj[rij(eji) +rji(e;)], (5)

JeN\{i}

with ;; € [0, 1]. The interaction between agents i and j generates
an aggregate cost reduction which is r;;(ej;) + rji(e;;). The parame-
ter «;; measures the proportions in which this reduction is shared
between agents i and j, i.e. @;; is the proportion for agent i and
aji=1-a; for agent j.

Note that A(e) is a subfamily of the WPR family Q(e), where
now wl = a)]j = ajj, for all i, j € N. From now on we refer to this
subfamily as the WPAR family. It is important to note that the
Shapley value and the Nucleolus belong to the WPAR family with
ajj = 2 for all i, jeN, i# j. We consider whether the allocation
rule H(e), which generates the efficient effort in equilibrium, is
applicable in this situation. Unfortunately, H(e) does not fit the
scheme of pairwise aggregate reduction.

This section analyzes the non-cooperative effort game that
arises in the first stage when cost allocations in the WPAR family
are considered.

Our goal is to find out, within the WPAR family, a core-
allocation in the cooperative game of the second stage that induce
the effort equilibrium level in the first stage closest to the efficient
one. We consider that an effort profile e’ e E is more efficient than
a profile ¢” e E if the aggregate cost generated in the second stage
by €’ is lower than that generated by e”.

We therefore first study the non-cooperative effort game
that arises under this new cost allocation A(e), that is
(N. AE}ien. {Ai}ien)-

To simplify notation and analysis, we consider that for all i e N

3 92¢;i(e: orji(ejj)
and j e N\{i}, ¢ (eu) = C'(e). ¢ (ejj) := acé;e’), rii(eij) = geiju

(eu

and r}’i(e,-j) :_ . Note that, as the WPAR family is a subfam-

ily of WPR, the propertles of the latter apply to the former.

Before analyzing the EEE of the above non-cooperative effort
game, we define thresholds of alpha parameters that enable them
to be reached.
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Definition 3. Given an effort game (N, {E;}icn, {Ai}icn), we define
the following lower and upper thresholds for each pair of agents i
and j,

CdO - . d) _ GO ¢(1)
Q= 75;1'(0)' Qjj 1= rl’l,ﬁ aji = 7o and aj; ;= GRS

It is clear that 0 < ¢;; < &;; because ¢ is an increasing function
and r}i decreasing one. Analogously, 0 < & j; < &j;.

The first Theorem in this section characterizes all possible types
of effort equilibrium according to the value of the parameter o;;,
for all i, j € N, i # j. The proof of Theorem 4 appears in Appendix C,
together with all the other proofs in this section.

Theorem 4. Let (N, {E;}icn, {Ai}icn) be an effort game. The pairwise
efforts in any unique equilibrium (e’ﬁ, e;i) are given by
0 if and only if ot < &5
e = el if and only if & < oy < @;;
1 if and only if o > @
0 if and only if @;; > 1 -«
e = e if and only if 1 —@j; <o <1-—
1if and only if o5 < 1

Qi
where el € (0,1) is the unique solution of ci(e) — al-jr;,i(el-j) =0
and e € (0, 1) is the unique solution of cj.(ej) -1 —a,-j)rlf].(ej,-) =0

It is demonstrated in Appendix C that e! increases with ajj
while ¢ decreases, see Corollary 2. The findings of Corollary 2 are
valuable when the objective is to incentivize agents i, j € N to in-
crease their pairwise effort e;; by adjusting the parameter o;;.
However, our aim is to go beyond this and achieve optimal effi-
ciency within the WPAR family. In other words, we seek to de-
termine the optimal values of (xl.*j, for all i, j € N, which minimizes
the aggregate cost function ) ; yA;(e*) at equilibrium, where both
A; and the effort equilibrium e* depend on «;;.

The search for alpha parameters which will lead to the EEE
can be simplified by taking into account the bilateral indepen-
dent interactions of agents. Note first that any pair of agents have
a particular o;;, and second that the optimal effort made by any
agent i ¢ N in regard to any agent j € N\{i} is independent of the
optimal effort that agent i exerts in regard to any other agent
h e N\{i, j}. Thus, minimizing ) ;_yA;(e*) in terms of a;; is equiv-
alent to minimizing A;(e*) + Aj(e*), since each particular o;; only
appears in A;(e*) and Aj(e*). Fortunately, the problem can be fur-
ther simplified: Note that, A;(e*) and A;(e*) are the sums of dif-
ferent terms, but «;; only appears in those terms related to the
interaction between i and j (see (5)). These terms are c;(e}) —
oz,j(ru(eﬂ) + rﬂ(e* )) from A;(e*), and cj(ej) -(1- oz,-j)(rﬁ(e;‘j) +
rl](e*)) from A; (e*) Thus, a new function Af(w;j) :=ci(e}) —
oz,j(r,](ejl)+rj,(e* ) can be considered, and analogously Aj(l —
a;). Note that ¥ (?a(xe ) a*(g’;{(gl,» aX(gO[(Xe*» d*(A*a(;XauD
forx=1,2,. Therefore for each pair i and j, lt is possible to de-
fine the functlon Ly, (oz,j) = Af (a45) +A (1 — ;). Hence, minimiz-
ing > ;v Ai(e*) is equ1valent to mmlmlzmg ij (@;j), with

and

Lj(eiij) = ci(ef) +cj(ej)
— [ (rij(e5) + rjiCes)) + (1 — o) (rjicefy) + 1y (€5) ]
= ci(e]) +cj(e}) — (rij(e}) +rjief;)) (6)

The function L} (ozu) depends on ¢;; through the equilibrium
efforts e and e because they depend on o;;. We now focus on
finding the o;; that minimizes function L;‘j(aij), and provide a pro-
cedure for finding the EEE for pairwise aggregate reduction.
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We can summarize this reasoning as follows.® Let & = (&)ien
and @; = (j) jen\ i), then o* = arg mm YienAi(e*) & o=

ael0, 1=
arg m[l(;l ]A i(e*) +Aje*) forallieN < «; =arg m{l(?”cl(e*) -

j
ajie ajj€
aij(rij(e],) +r]l(e*))+c_](e*) (1 al])(rﬂ(e )+r1](ej,‘)) for all
LjeNi#je oj=arg m{z(?l]c,(e*) +cj(€5) — (rji(ep) + ryj(ex)) for
u
all i, jeN,i#j. As L (ozl]) = ci(e} )+CJ(€*) -
then oz] = arg m{zg1 L; (oz,]) foralli jeN,i#j.

[e %

(rij(e5) + 1ji(ef;)),

For any effort game considered here, there are only six possi-
ble distributions of the lower and upper thresholds of the alpha
parameter.’ These cases are

Case A oy<oj<l-0i<l-o ]»
Case B o; <10 <oy <1-—g
Case C o <1-@i<1-g; < 7)
Case D 1-0oj<o;<oy<1-gp
Case E 10 <oy;<1-—o;<j
Case F 1-oji<1-g; <<
in cases A-F.

The last theorem characterizes the optimal a;‘j
Thus, Theorem 5 provides the a;fj that incentivizes an efficient ef-
fort equilibrium for WPAR.'® In Theorem 5 we use the following
notation:

1. V[ab]e[a,b] withO<a<b<1is:

AL (@)
a if —L 0 for all ; < [a, b]
ij
. Lk (@)
otl[ja‘b] ={b if gTa” <0 for all o € [a, b]
(au)) .
Solution of — = otherwise
Oifax <O
2. Ala)=3Jaifae(0,1)
lifa>1

Theorem 5. Let (N, {E;}icn, {Ai}icn) be an effort game, and
L;‘](a,-j):c,v(e*)+cj e*) (rU(e )+r],(e:fj)). The optimal solution

“1*] = arg m[m LY (aU) is in each case,
0,1

Case A o is any element of [ayj, 1 — aj].

8 In principle, this problem could be considered a bilevel optimization problem
([40]). The main characteristic of a bilevel programing problem is a kind of hierar-
chy, because its constraints are defined, in part, by a second optimization problem.
In our case, the second level (lower level or follower’ level) will be the problem

[mir |Ai(e) with solution e* = (e} );cy Where e* depends on «. The first level (up-
e;e[0,1]-1)

per level or leader’s problem) will be min

Y ienAi(e*). Thus, we can rewrite the
el0,1]n-D

problem as follows:

”(}le” YienAila, )

s.t. (@, e) € [0, 1]"=D x [0, 1]"(=D
e e Gi(a) forallie N
with e = (&;)ien

where Gj(a) = argmmA (a,e)

st. e €0, 1](” D, ael0,1]7=D

However, it is difficult to see this problem as a Stakelberg game, as described for
example in [41], because « is not a strategy profile but a parameter of the reduc-
tion cost functions. We believe that our setting better fits a bi-form game that was
introduced by [3].

® Note that aj; < &; and a;; < @;.

10 The function Ly is a piecewise function, and although it is continuous in a;; €
[0, 1] it is not differentiable at all points in its domain. Since it is defined over inter-
vals, it is generally non-differentiable at the endpoints of these intervals. Therefore,
to compute the minimum, it is also necessary to evaluate the function at the inter-
val endpoints. In addition, due to its convexity, the minimum can also be an interior
point within any of the intervals. However, each interval entails a distinct deriva-
tive function, thereby contributing to the complexity of the computation process.
The introduction of Theorem 5 streamlines the evaluation procedure by reducing
the number of points to be assessed, presenting them in a case-by-case framework.
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any element of [&;;, 1] if a¢ =

A(q;;) and A(@;)) <1
ii = ] &€ otherwise

where [ |
—ai, 1-a; -
of = =argmin{L;;(d; " ). L (A@;)))
Case D
" any element of [0, 1 —&j;] if &P = A(1 —&;;) and A(1 —aj;) >0
ij = |«P otherwise
where
— argmin{L; (A (1 - &;)). Lj @),
Case E
any element of [0,1 —aj] if «f = A(1 — @) and A(1—@j;) >0
oe:; = q any element of [d;;, 1] if «f = A(a;;) and A (&) <1
of otherwise
where [ »
. - el
E = argmin{L;(A (1 —@;)). @ "M L (A G))
Case F
any element of [0, 1 —aj] if of = A(1—@j) and A(1 —&j;) > 0
oel’; = q any element of [d;;, 1] if «f = A(a;;) and A (&) <1
of otherwise
where

of = argmin{Li; (A (1 - &), L (A (i)}

To conclude the section, we describe a procedure for finding an
efficient effort in equilibrium induced by the WPAR family.

EEE PROCEDURE

Given an effort game (N, {E;}icn, {Ai}icn)

—

. we first calculate the lower and upper thresholds of the bilat-
eral interaction between any pair of agents by using Definition

2. we then focus on the list (7) and determine which case (A-F)
applies;

3. Theorem 5 provides an optimal O‘f} for all i, j € N to minimize
the centralized (aggregate) cost allocation Y";_yA;j(€*);

4, with this o Theorem 4 gives the associated efficient effort
equilibrium (e;*j, ejfi) for every pair of agents, and thus an ef-
ficient effort equilibrium e* for the game;

5. at this point the optimal cost allocation that incentivizes agents
i,je N to make an efficient effort equilibrium e and € is

known, i.e.
Arey =ciler) = > og[ri(es) +mile) ]
JeN\{i}

We illustrate this procedure with the 3-firm case given in
Example 2 in Section 6.

6. Comparison of WPR and WPAR families

We complete the study of our model of cooperation with
pairwise cost reduction by comparing the two families of core-
allocations analyzed. We find that there is a loss of efficiency when
cooperation is restricted to a pairwise aggregate cost reduction.
That loss of efficiency can be measured. In addition, we show that
those agents who receive less than the total reduction generated
and bear the total cost of this effort always exert less effort than
the efficient agent.

As mentioned above, the allocation rule H(e) induces an equi-
librium effort e*H that matches the efficient effort of Proposition 3,
i.e. e = & This means that there is no rule that generates a lower
cost of the grand coalition, see Corollary 1. However, as also men-
tioned above, WPAR is a subfamily of WPR, but H(e) is not in
WPAR, so e*? is not always equal to e*,

Let A*(e) be the allocation rule in WPAR that induces the effort
profile e*A" that minimizes the cost of the grand coalition, i.e. the

Omega 121 (2023) 102920

efficient allocation in this subfamily. The difference, in terms of ef-
ficiency, between the cost of the grand coalition with e** and é
can be measured. Note that for any particular functions c;(e;) and
rij(eji) for i, j e N, i # j, the associated e*A" and & can be obtained.
Let A be this difference or loss of efficiency, where

A=) = > el = la@) - > 1@l

ieN JjeN\{i} ieN jeN\{i}
(8)

The following proposition shows the relation between efforts
e*A" and &. The proof of Proposition appears in Appendix B.

Proposition 4. Let e;‘f‘* for i, jeN, i+ j be the equilibrium efforts
of A*(e), that minimize the cost of the grand coalition in the family
WPAR. Thus, the efficient effort &; > e;‘j‘*for alli, jeN, i # j.

As mentioned above, when an agent receives less than the total
reduction that it generates and bears the total cost of that effort,
then that agent always exerts less effort than the efficient one

Finally, readers may think that the rationale behind the efficient
rule, H(e), in the WPR family, could also apply to the WPAR family.
However, this is not the case. To reach an efficient effort equilib-
rium in the WPR family, for each pair of agents i, j € N,i # j, the

. i aQi(e) _ dci(e)) i Orjieij) j
1 i — i\Ci) 1 JiATj
weight w}; must be 1, because de; = de, w}; e, , and wj;
I (e dc;(e; i dryi(es
must also be 1, because aj( ) Bgtep) i il J'). However, this
eji dej ij dej

is no longer true for the WPAR family."!
The following example with three agents illustrates the compar-
ison of the two core allocation families and completes the paper.

Example 2. Consider a pairwise inter-organizational situation
with three firms, i.e. N={1,2,3}. For any effort profile e e
[0,1]6, the PE-situation is given by the following initial costs,

Cq (9121913) =100 + 100eq, + 46%2 + 100e43 + 49%3

Cy (921,923) =100 + 100ey; + 48%1 + 100e;3 +4€§3

C3 (931632) =100 + 100e3; + 4@%1 + 100e3, + 4@%2

and the following pairwise reduced costs, all of them in thousands
of Euros,

i1 (e”) =2 =+ 1109” — 2@%1» with i = 2, 3
Tip (82,') =2 =+ 105@2,’ — 36% with i = 1, 3
ri3(e3;) = 2 + 105e5; — 3e3; with i=1,2

By Definition 3, the pair of firms {1, 2} has the thresholds «, =
0.91, @12 = 1.02, oy, = 0.95, and &y = 1.09, which correspond to
Case F in the Table 7. By using Theorem 5, it can easily be checked
that af = A(@p) <1 and aj, = 1. Thus, by Theorem 4, e}, =
0.833, e5, =0. As firms 2 and 3 are identical, aj; =1, %, = 0.833
and ej, = 0. Finally, for the pair {2,3}, ay; =0.95, @3 =1.09,
o3, = 0.95, and a3, = 1.09. This is again Case F. Note that in case F,

F = argmin{L;; (A (1 — @32)), L33 (A(@y3))}, where in this partic-
ular case L35 (A (1 —a3p)) = L55(A(Qp3)) with A(1—a3;) =0 and

1 In WPAR, for each pair of agents i, j € N, i # j, the weight @;j is not always 1,

9A; dci(e; arji(e;;) 9Aj(e) _ dci(e)) orij(eji)

because #4€) — (e _ ;26 and R ) T but oy =1 -
Note that if a;; =1, then o;; =0 and the derivative condltlons for efficiency in
Proposition 3 would be violated. Bear in mind that the weights w}. that appear

af;’;ff’ for i, j e N,i+ j are independent of one another. However,

9A;(e)
()e

—aji

in each derivative

the weights o;; that appear in the each derivative

for i, j e N,i+# j are not,
because o;; =1 —aj;. In addltlon it is known that a)’ = wﬂ =aj; in WPAR for all

i,j e N,i+# j, where w}] =1- w and w’J =1- a)’ The fact that pairwise cost re-

duction is aggregated by a;; in the subfamily WPAR means that it is not possible to
apply the efficient argument used for the WPR family.
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A(ap3) =1 Thus, two solutions emerge: (i) €35 = 0.357, €3, =0,
and o35 =1, and (ii) e5; =0, e}, = 0.357, and a3, = 0. Therefore,
there are two EEE in WPAR.

(l) 6’{2 = (:')]k3 = 0833, 631 = O, 633 = 0357, €§1 = €§2 =0

(i) e, = €j; =0.833, €5, = e, = 0,35, =0, €3, = 0.357

We now calculate the efficient efforts in this example by
Proposition 3. They are the solutions of c](e;;) — rj.i(e,-j) =0, thus,
é]z = 613 = 0833, and éz] = 523 = 531 = 532 = 0.357. Note that by
Theorem 3 these efforts are also the effort equilibrium obtained
by the allocation rule H(e).

This example is a particular subcase of Case F. This implies that
oc;‘j is zero or one, which in turn implies that one of the agents
makes no effort and the other makes the efficient value. However,
they are never able to make the efficient effort simultaneously un-
der WPAR. The loss of efficiency in WPAR with regard to WPR can
be calculated with the help of (8).

A = Yienlie®) = X jemiy T (€)1 = Lienlci(@) -
Y jew iy T (@)1 = 278.776 — 276.104 = 2.67.

7. Conclusions and future research

This paper presents a model of cooperation with pairwise cost
reduction. The direct impact of pairwise effort on cost reductions
is investigated by means of a bi-form game. First, the agents deter-
mine the level of pairwise effort to be made to reduce the costs
of their partners. Second, they participate in a bilateral interac-
tion with multiple independent partners where the cost reduction
that each agent gives to another agent is independent of any possi-
ble coalition. As a result of cooperation, agents reduce each other’s
costs. In the non-cooperative game that precedes cooperation, the
agents anticipate the cost allocation that will result from the co-
operative game by incorporating the effect of the effort made into
their cost functions. We show that all-included cooperation is fea-
sible, in the sense that there are possible cost reductions that make
all agents better off (or, at least, not worse off), and consistent. We
then identify a family of feasible cost allocations with weighted
pairwise reduction. One of these cost allocations is selected by tak-
ing into account the incentives generated in the efforts that agents
make, and consequently in the total cost of coalitions. Surprisingly,
we find that the Shapley value, which coincides with the Nucleolus
in this model, can induce inefficient effort strategies in equilibrium
in the non-cooperative model. However, it is always possible to se-
lect a core-allocation with appropriate pairwise weights that can
generate an efficient effort.

Future research could take any of several directions. First, this
paper assumes that the individual effort cost function c;(e;) is in-
dependent of the effort of other agents, and that the marginal cost

% is independent of the effort that i makes in regard to agents
1

aaeci’j;eefi; = 0. We make a similar assumption with
the cost reduction function rij(e;fi). There is some degree of in-
dependence between efforts. This is a reasonable assumption in
many contexts, but in some settings different assumptions might
be needed. For example, there are situations with strategic com-
plementarity in which the efforts of agents reinforce each other. In
such cases the cost function is supermodular. In other cases there
is strategic substitutability, so that efforts offset each other and the
function is submodular. Focusing on the effort cost function of one

other than j, ie.

.o dck(e . .
agent, if 5;'((,2 > 0 then there is complementarity between the
ij9¢%
.. dcZ (e . . o .
efforts, and if oec'g?i, < 0, then there is substitutability. This is a
ij Y%

very interesting future extension. It could also be worth consider-
ing this complementarity/substitutability not only between the dif-
ferent efforts that one agent makes in regard to other agents but
also between the efforts made by different agents. This assump-

10
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tion can be made on both the effort cost functions and the cost
reduction function. Obviously, complementarity on the effort cost
function has the opposite effect to that on the cost reduction func-
tion.

The second direction is close to the first. The pairwise total
cost reduction could be considered as a general function which
is increasing in the efforts e; and ej;, that is Rjj(ejj,ej;). In
our model, this function is additively separable, i.e. Rj;(e;;,e;j;) =
rij(eji) +rji(e;;). However, as mentioned above, there could be sit-
uations with strategic complementarity or substitutability in which
the efforts of agents reinforce or offset each other. In that case, the
function R;;(e;;, e;;) would not be separable. This is also an inter-
esting question for analysis.

Another direction is related to the assumption of bilateral inter-
action between agents. This has the advantage of being analytically
more tractable and is widely applied in practice (e.g., [35-37]), but
overall interaction between agents, dependent on groups, is an im-
portant factor that we believe does not affect the success of coop-
eration. One possible future extension would be to investigate the
cooperative model with multiple cost reduction and the impact of
the efforts made on those cost reductions.

Finally, we identify a large family of core-allocations with
weighted pairwise reduction which contains the Shapley value and
the Nucleolus and always provides a level of efficient effort in
equilibrium. This family is very rich in itself, as a set solution con-
cept for our cooperative model. Research into this core-allocation
family can be furthered through an in-depth analysis of its struc-
ture and its geometric relationship to the core.
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Appendix A
Proposition 1, in Section 3, shows that PE-games are always

concave. To prove this, the class of unanimity games must be de-
scribed. In [39], it is proved that the family of unanimity games
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{(N,ug), T c N} forms a basis of the vector space of all games with
set of players N, where (N, ur) is defined for each S € N as follows:

1, TCS
ur($) = {O, otherwise

Hence, for each cost game (N, c) there are unique real coeffi-
cients (or)rcn such that ¢ = Y ;- arur. Many different classes of
games, including airport games ([24]) and sequencing games ([38]),
can be characterized through constraints on these coefficients.

Proof of Proposition 1

Proof. Let (N, e, {c;(e;). {rji(eij)}jen\jitlien) be a PE-situation and
(N, e, c) the associated PE-game. First, we prove that this game can
be rewritten as a weighted sum of unanimity games u; and uy; ;
for all i, j € N as follows:

c=Y cledug — Y rjleugj.
ieN i,jeN;i#j
Indeed, for all S N,
c(S) = cileuy(S) — > rijleug j(S)

(9)

ieN i,jeN;i#]
=>cle)— Y. milei) =) cle) =Y Y rlej).
ieS i,jeS;i#j ieS ieS jeS\{i}

It is easily shown that the additive game };_yc;(e)uy,
is concave and that ugj; is convex. Thus, the game
—Yijen:izj Tij(€ji)ugijy s concave because of rj;(e;) >0 for
all i, j € N. Finally, the concavity of (N, e,c) follows from the fact
that game c is the sum of two concave games. O

The Theorem 1, in Section 3, shows that the Shapley value
reduces the individual cost of an agent by half the total reduc-
tion that it obtains from the others (R;(N)) plus a half of the to-
tal reduction that it provides to the rest of the agents, which is
Gi(N) =3 jen iy Ti (€ij)-

The Shapley value is the only allocation rule that satisfies the
four properties of Efficiency, Equal treatment of equals, Linearity
and Null player. Next, we describe all of these properties of the
Shapley value, which are useful in demonstrating the Theorem 1.

(EFF) Efficiency. The sum of the Shapley values of all agents
equals the value of the grand coalition, so all the gain is al-
located to the agents:

> i) = c(N).

ieN

(10)

(ETE) Equal treatment of equals. If i and j are two agents who
are equivalent in the sense that c(Su {i}) = c(SU {j}) for ev-
ery coalition S of N which contains neither i nor j, then
$1(c) = ;(©).

(LIN) Linearity. If two cost games ¢ and c* are combined, then
the cost allocation should correspond to the costs derived
from c and the costs derived from c*:

¢i(c+c*) = ¢i(c) + ¢i(c*), Vie N. (11)
Also, for any real number aq,
¢i(ac) = ap;(c),Vie N. (12)

(NUP) Null Player. The Shapley value ¢;(c) of a null player i in
a game c is zero. A player i is null in c if c(SU {i}) = c(S) for
all coalitions S that do not contain i.

Proof of the Theorem 1. Consider the PE-game (N, e, ¢) rewritten
as a weighted sum of unanimity games given by (9), i.e.

c=Y cledug — Y rjleugj.

ieN i,jeN;i#j

1
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Take an agent k € N. By the (LIN) property of the Shapley value,
¢y (e), it follows that

o(e) = ¢k(ZNCi(€i)U{i}> - ¢k(

ij(eji) (Ui
> (e (”{,1})) (13)
= ZN ci(e i (ugpy) —

iLjeNii]
> > rleidi(ugj)-

ieN jeN\{i}

In addition, it is known from the (NUP) property that

1, i=k
bi(up) = {0, otherwise ()
and from (ETE) and (NUP), that
12 i=kj=ki#]
AU {0, otherwise (15)

Consequently, by substituting the values (14) and (15) in
Eq. (13), the following is obtained:

dr(e) =celer) — Y rCeidd(upy) — Y. (e dr(ugin)

JjeN\{k} JjeN\{k}
1
= cr(ey) — 5 Z [rjCeji) + rir(ex;)].
JjeN\{k}

Finally, it can be concluded that, for each agent k € N,

P1(@) = () — 3 [Re(N) + (M),
O

Proof of Propesition 2. To prove that the Shapley value coincides
with the Nucleolus for PE-games, it is first necessary to describe
the class of PS-games introduced by [39].

Denote by M;c(T) the marginal contribution of player i € T, that
is M;c(T) =c(T) —c(T \ {i}), for all ie T C N. A cost game (N, c)
satisfies the PS property if for all i € N there exists k; € R such that
M;c(TU{i}) + Mjc(N\T) =k;, for all ie N and all T € N\ {i}. Kar
et al. [39] show that for PS games, the Shapley value coincides
with the Nucleolus, i.e. ¢;(c) = v;(c) = % for all i e N.

Therefore, it only remains to show that (N,e,c) is a PS-game
with k; = [c;(e;) — Ri(N)] + [c;(e;) — G;(N)], for all i € N.

First, it is straightforward to prove that M;c(T) =
ci(en) = Yjer\lrjiei;) +rij(ej)]  for all ieT < N. Second,
we show that M;c(TU{i}) + Mjc(N\T) = [c;(e;) — Riy(N)] +
[ci(e;)) —Gi(N)] for all ieN and T cN\{i}. Indeed, take
a coalition TSN and an agent ieT. It is shown that
Mic(T U {i}) = ci(e;) — Xjer (rjiCeij) +1ij(ej0)). and  Mic(N\T) =
ci(e)) = Xjencrupiy) (TjiCeij) +1ij(eji)). Therefore,

Mic(T U {i}) + Mic(N\ T) = 2ci(e;) — Xjem iy (ji(eij) + rij(eji)) =

[cier) = X jem iy Tij (e ] + [ci(ei) — 3 jemiy T eif) |-

Hence,  M;c(T U{i}) + Mic(N\T) = [ci(e;) — Ri(N)] + [ci(e;) —
Gi(N)] =k;), and so (N,e,c) is a PS game. O

Proof of Theorem 2. Consider the PE-game (N,e,c) associated
with the PE-situation (N, e, {c;(e;), {rij (ei})} jen\ (i} }ien)- Take a fam-
ily of weights ng,ij1. €[0,1], for all je N\{i}, such that a)l’fj =
1—w{j and a)’]l =1 —wj:i, and 2(e) the corresponding cost al-
location with weighted pairwise reduction with Q;(e) = c;(e;) —
Zje,\,\{i}[wl'fjrij(eﬁ)+a)}irj,-(e,~j)], for all i e N. To prove that Q(e)
belongs to the core of (N,e,c) it must be checked that (1)
Yien R2i(e) = c(N), (2) Yics Qi(e) < c(S), for all Sc N.

We start by checking (1). Notice that > ;_y2j(e) =c(N) is
equivalent to

Yien Ljen\(iyl@yiij(eji) + @i = Yien 2jeny iy Tij (€ji)-

Indeed,
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Yien Ljen iy l@)irij(€ji) + @rji(ei)] = Yien Xjeny iy (@) +
w{j)rij(eji) =D ieN 2jen\(i) Tij(€ji), where the last equality is due
to a)}j +le] =1foralli,jeN.

Next we check (2). Take S c N. Notice now that ;. €2;(e) <
c(S) is equivalent to

Yies Xjen iyl @]jTij (€ji) + @iirji(ei)] = Yies jesy iy Tij (€ji) = 0.

Indeed, an argument similar to that used in (1) leads to

Yies ZjeN\{i}[w::jrij(eji) + a);irji(eij)] = Yies 2jes\ (i} Tij (€ji) =

Yics Zjes\[i}[a),l:jrij(eji) + w;irji(eij)] +
Yies ZjeN\5u{i}[w§jTij(€jf) + wj-irji(eij)] = Yies Ljes\ii Tij(€ji) =

> ies Zjesw} Tij (eji) + Xies ZjeN\Su{i}[w,’:jrij (eji) + w}irji(eij)] -
Yies 2jes\{iy Tij (€ji) =

Yies Ljensuit|@}Tij (€ji) + hrjie] = 0. O

Appendix B
Proof of Proposition 3

To prove this result it is necessary to analyze c(N) as a func-
tion of e. First, It is easy to prove that c¢(N) is strictly convex in e;;

. . 2 2c(e) 92
for all i, j € N, i+ j. Indeed, aaC(ZN) =9 ac'(zel) ‘ ra i) 0, because
E'J eU eU
92¢: (e: 32r;(e;; . . ~
% >0 and dr]‘i(;”) < 0. Thus, there is a unique effort profile &
ij ij

that minimizes c(N).
Second, we focus on finding this efficient effort profile é. Note

) 0

that the derivative 35('\” 33’5_8_') w only depends on e;; be-
ij

cause :: f;e) =0 for all h # i, j. Therefore, if dge(s) M for all

e;j €0, 1] then the function c(N) is increasing in e;j, wh1ch im-

plies that é; = 0. Analogously, if M > L(i”) for all e;; € [0, 1],
then &; = 1. Finally, if there is a solutlon of ag,(e) M that
) ]

solution is &;. O

Proof of Lemma 1

Consider the non-cooperative game (N, {E;}icn, {Qi}ien). To
learn the optimal level of effort ; that agent i must exert to re-
duce the costs of agent j in this game, it is necessary to analyze
the function 2;(e) = c;(e;) — ZjeN\{i}[a);jr,-j(eﬁ) + a)}irﬁ(eu)] for all

i e N with wi. o' e[0,1],1, j € N,i# j, such that a);.‘j=1—a){j and

As above, we also prove that the function 2;(e) is strictly
32Qe)  92¢(ep i 0%rjite;))
Indeed, 55— = T ~ @i ez

convex in e;;. > 0 because

92c;(e;)
aégj' >
of effort é.
Again, we focus on ﬁnding this optimal level of effort

92r;;(e;; . . .
0 and % < 0. Hence, there is a unique optimal level

ij

é. We

know that "Q © "g"e(_e_") - arﬁ'(e”) but dc*(_e_) only depends on
€ij ij Jji de €ij
e;j, because 38:' E()e;) =0 for all h # i, j. Moreover, for all ¢;; € [0, 1],
1]
Qi (e) Bc,(e) i Brﬂ(e,])
aeij 20 = 1j ji 391]
Bci(ei) i 301(91]

Therefore, if for all e;; € [0, 1], then &; = 0. If

Jji
ac;(e;)

;0
A < o r”(e”) for all g;; € [0, 1], then &;; = 1. Finally, if there is
ij Jji ij
. i Orjile;; A . .
a solution of ac,(e) i rg;f,”). that solution is &; and is unique.
ij

Hence, there is a umque optimal level of effort. O

Proof of Theorem 3
Now consider the non-cooperative game (N, {E;}icn, {Hi}ien)-

Note that, both derivative functions % and ”geﬁ only de-
i ij
pend on e;;. Thus, by Lemma, the optimal level of effort of a par-

12
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ticular agent i € N with another particular agent j e N\{i}, i.e. &;,
is independent of any other effort made by i or by any other agent.
Thus, the equilibrium is also characterized by Lemma with “)31 =1
for i, j € N,i# j. Comparing Lemma 1 with Proposition, it follows
directly that the equilibrium must also be efficient. O

Proof of Corollary 1

This is straightforward from the proof of Theorem 3 O

Proof of Proposition 4

Take A*(e) the allocation rule in WPAR with a;*j foralli,jeN
which induces the effort profile e*A” that minimizes the cost of the
grand coalition. Since WPAR is a subfamily of WPR in which a);j =

w{] =a;j€[0,1] for all i, je N, by Lemma 1 the optimal level of
effort for A*(e) can be also characterized.

Thus, the efforts are optimal in equilibrium and so e*A" must
hold that

e*JA =0 if and only if ac,(e) > ozU (e”) , for all e;; [0, 1],
}
efjA =1 if and only if 83}% < ozu (e”) , for all eU e[0,1],
. +A* Bci(e ) (eu)
Otherwise, e € (0,1) so Ty |, e = l.j 3eu S
=) Ui

holds.

Comparing the above expressions with Proposition 3 and taking

into account that

dq(g) a

. . . . arii(e;i
is a positive increasing function, g;__”)
1

positive decreasing function, and o € [0,1], it can be concluded
that &; > ef]A*for alli, jeN. O

Appendix C

Theorem 4, in Section 5, characterizes all possible types of ef-
fort equilibrium according to the value of the parameter a;;, for all
i, j € N,i# j. Before proving this theorem, we consider a previous
Lemma that is very useful for latter results. It characterizes the op-
timal effort level for agent i € N in the first stage non-cooperative
game.

Lemma 2. Let (N, {Ej}icn. {Ai}ien) be the effort game, with &;; being
the optimal level of effort that agent i exerts to reduce the costs of
agent j. Thus,

1. &;=0if and only if oj; < &;;

2. There is a unique &;; € (0, 1) that holds c](&;)
and only if a;; < o5 < @jj.

3. é,’j =1 ifand only l'fOll'j > &U

— a1 (&) =0 if

Proof. First, remember that the cost function A;(e) is convex for

all i e N. To obtain the optimal effort, the derivative of this func-

tion can be analyzed with respect to e;; for any j € N\{i}. It must

be noted that M 9A(e) ':(e;j) for all e;j € [0, 1],
I

which is a necessary and sufficient condltlon for &; =0 to be the
optimal effort.'?

>0 < c(e;) > ajjT;

c;(0) C;(eij)
T (0) ~i(eij)
cause cl. >0, r].l. >0, cl. > 0, and rﬁ < 0. Thus (o (e,]) is a positive
and increasing function, and r’ ;(e;j) a positive and decreasing func-
tion, so for any e; > 0, ¢ (0) < cj(e;;) and r :(0) > r :(e;j). There-
fore, ajj < @ <= ci(ejj) > ﬁ(eu) for all eu >0 <:> é;=0.

The demonstration in point 3 is similar to that of point 1. The
above arguments are the same and only the signs of the inequali-
ties change.

To end the proof, we prove point 2. First, we show that there
is a unique &;; € (0,1) such that c}(¢;;) = ozijr;.i(éij), which is the

be-

We begin by proving point 1. Note that ¢;;

12 This occurs because A;(e) is an increasing function in e;; and the minimum
value is obtained for é;; = 0, which is the optimal effort for agent i.
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unique optimal effort because %

U le=¢;
vex function. In addition, cj(e;;) is a positive increasing func-
tion and r .(e;j) a positive decreasmg function, in e;; € [0, 1]. This

9A;
aeie) = cj(eij) — ojjr;(e;j) = 0 has a unique

root, which belongs to (0,1) if and only if o;; € (e, @;;). Note that
if o € (@, ;) then c(0) < a,]rﬂ(O) and ¢j(1) > oz,jr;.l.(l), and so
there is a unique point &; where c}(¢;;) = aijr;.i(éij). O

=0 and A;(e) is a con-

means that equatlon

Oli]'

Proof of Theorem 4. As we already mention, the optimum &;
is independent of other efforts. Therefore, the equilibrium effort
is determined by Lemma 2. In addition, we want to characterize
the effort equilibrium according to the value of the parameter o;;.
Thus, in the case of agent j, aji < aji < @ji & @i <1 -0y < Qji &
l—O_éji <Oé,‘j <1 —gﬁ. O

The next corollary shows how the pairwise equilibrium efforts
e depend on a;, for all i, j e N,i+# j. As expected, as the propor-
tion of aggregate cost reduction obtained by an agent increases,
the effort that agent exerts also increases (or at least stays the
same).

Corollary 2. Let (N, {E;}icn, {Ai}icn) be the effort game and (e;‘j,
the pairwise efforts equilibrium. Thus,

e;fl.)

86* *
. aa >0, ifoj € (oc,],oz,,) —L =0, otherwise.
88}‘1 R _
* Tay < Oif ajj € (1 — @i, 1 J,) —_ = 0, otherwise.

A(c] (eX)—ayir(eX))

. ivij ijji‘\Cij
* da[-j
Proof. By the implicit function theorem, da G Ty =
de¥.
1J
n > 0, because r,(e*.) > 0, ¢//(e*,) > 0, and r”.(e%,) <0
/(e ) oturj’l(efj) ’ jivoij * M NTf ’ jivtij .
. ) det.
Thus, for any ajj < j, Lemma 2 implies that e;‘j =0, thus, aal»]- =0.
ij
However, if o;; € (¢;j, &), then ej; if
ajj = &;j, then e* =1and 4 ” = 0. Analogously, if o <) <=

@jj = 1 —aj, then e = i — 0, if o e (@i, @j) <= aj5€
®ij
de.
(1-aj;, 1 —aj), then ejfie (0,1) and 37{; < 0. Finally, if aj >

det;
Y :: L. — O L— o
Qji <= a;j <1-aj;, then e =1 and 7%, =0. O

Theorem 5, in Section 5, provides the weights «;; that min-
imizes function L; (a,]) and the efficient effort equilibrium. To
solve the above optlmlzatlon problem it is necessary to know the
function L;‘j (ajj) very accurately.

To demonstrate Theorem 5, three technical lemmas are needed

. - (A (0
first. Lemmas 3, 4, and 5 characterize the derivatives W
ij
CIGACT)) 92 (L5 () .
3 @ , and 9 respectively.

The first lemma shows how the optimal cost function of agent
i e N depends on «;;. Henceforth to simplify notation, we consider

ac; (e ar;i(es;
3'(* ) stand for derivatives ’5;]’)
ji

that for any i, j € N, ”( i) and

and % evaluated in the unique effort equilibrium.
ij

Lemma 3. Let (N, {E;}icn, {Ai}icn) be the effort game and e* the ef-
fort equilibrium. Thus,

8r,-j(e*.i) ae*l
ae;fij Bajij —Tji(ef)),
rji(e;‘j) <0,

if

—Tij(e}) — ajj

—Tij(€j;) —

1 e _

OAf (o)
B : =

0
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d(Aj(e") d(A}f(l—Olfj))
doz,] aoz,-j
2. (et _ Orjiefp) ¢y i . @i 1—
rji(ef;) — (1 - ) der, Bay; +rij(er), if ajje(—a;l-oay)
rjief;) +1ij(e3;) > 0, otherwise.
Proof. It is known that A;j(e*) = ci(e) — X eny iy iz (Tiz (€5) +

17i(ef,)), and Af(eij) = ci(ef) — ayj(rij(es,) +1ji(ef;)), thus

AAi(e*)) 8<A;f(aij>) Z el e ey — gy i D
30 ay ey day TG T Y The T By,
arji(er,) de¥,
L(e*) — s — L
rji(ef) — o gy, O
dci(e}) drjier) drij(e5;) dej "
—(Te;j — o e - aa, = 1 () — o e gy — Tii(€f))-

The first term of the above expression is always zero,
. dc;(e}) arji(es;) def
1.e. ( ae?j — a,'j 736;}

U =0. To see this, note that if ;e

dajj
. dci(er) arjitef;)
(e, @;j), then ej; € (0,1) by Lemma 2, so e, _wijT?j =
0 because it is evaluated in equilibrium. In the other case, where
der.

Qjj < o O oj > Oy, € = =0 by Proposition 2, so ”, = 0. There-

3(A; (e*) ar;j(e*) de%
fore, #j) = —r,-j(e}fi) — O gej‘;‘]l aaﬁ — rj,-(e’f.).

. . rij(e3

It is known by assumption that rij(e3) = 0, ” ” > 0. If a5 €

*
ji

¢!
",
(T—aj, 1-aj) then, by Proposition 2, (.3;—' =0, so
ij
—Tij(€5) — Tjief;).

The proof is analogous for

—@j, 1 —a;), then by Proposition 2

, aa < 0. However, if ajj ¢

A(Ai(e*) _
dajj

O

9(Aj(e")
dajj *

Notice that the effect of o;; on the cost function of agent i
could be positive or negative because of two simultaneous ef-
fects. First effect: As expected, if o;; increases so does the propor-
tion of cost reduction that agent i can obtain, and thus the cost
function, A;(e*), decreases. This decrease is measured by the term
—Tjj (e}fl.) r],(e ;) < 0 in the derivative. Second effect: When «;; in-
creases, the effort of agent j decreases in equilibrium, so the cost
ar,-j(e}fi) e

8e§i da;
sures this second effect. The sum of these two effects determines
the sign of the derivative. Therefore, an increase in the propor-
tion of the aggregate cost reduction that an agent obtains could
increase the cost of that agent if the second effect dominates the
first. This is an interesting result: Giving too much to a particular
agent could be not only worse for the aggregate cost but also for
that particular agent.

The second lemma calculates the derivative of the aggregate
cost function Ll*j (@j;) in the effort equilibrium for any i, j € N.

> 0 mea-

function of agent i increases. The term —a;;

Lemma 4. Let (N, {E;}icn, {Ai}icn) be the effort game, and e* the ef-
fort equilibrium. Thus,

L)) (dcj(en)  Bryj(es) aejil dci(er)  Orji(efy) 8@}‘”
da,j — e - e, ) Doy it de;; - de; ) Doy i
where L= Loif o e (@, @) and I;=
0 otherwise
1 if o€ —aj1-aj)
0 otherwise
Therefore, there are four possible cases:
AL (i)
R T can be positive and/or negative if o;; € (a5, &) N (1 —
aji, 1—aj)
9 (L (o)) . - -
. TJU =0if o ¢ (5, i) U (1 =@, 1 — )
(L (i) . - -
>0 fojed—-ajl —Qﬁ)m((O,%j)U(aij»]))
oij E (9%;;) L%U)
acth @)

13

<0 oy e ((0.1-a;)u (1 - 1)) N (e @)

0 erv@%;ﬁ
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B ey _
da,]
dcj(er)  arjep de; ac;(e}) rji(e;) . .

< aejl.j - 36}:?1.]1 )60[2— + ( ée;j de*} )daj Simplifying  for

the different subsets of «;;, the following emerges:

Proof. From (6), we calculate that

Lif o5 € (o5, 05) N (1 - @i, 1 —a) then, by Theorem 4,

ij>
de.

e;fie(O,l) and e;*je(O,l), thus, by Corollary 2, i <0
ij

da;
and gi’?j > 0. In addition, since 35;:;}) -(1- U)ar”(e D _o
and é’ch(? — jj arg;;?) =0, it follows that dcaje(f*)
3r3§»«*) <0 and 33;?— f,':f:") < 0. Therefore, %‘f”))
(8609(5 L arg:j”))giﬁ (8358*) - {,:e )>(,a , which can be

positive or negative in this case.

2.0f a4 ¢ (. 045) U (1 — @i, 1 — ) then, by Theorem 4, e*
der.  der
{0,1} and ej; € {0, 1}, and by Corollary, é;(—” = 5L = 0. There-
ij 0t
L, <a,,)>
fore, T =0.

3. if O[,'j € (1 —dﬁ, 1 —gﬁ) n ((O, g,]) @] (C-li]', 1)), then, as abOVe,
B(L (oz,J)) 8cj(e}) Brij(e}i) de
Bau T\ % T 0 ) By

4. ary e ((0.1- &) U (1 - @ 1)) 0 (e, @)) then 4"

(52 - i’fﬁ<ea>) ci 20
ae;j Bel.*j daj;

O

The derivative is a piecewise function and there are in-
tervals where its sign is independent of the particular form
of the functions of the game. For those cases, it is straight-
forward to find the optimal o;; that minimizes the func-
tion L, (aU) In those intervals, the derivative is either pos-
itive, negative or zero thr%ughout }the mt;)erval Thgese cases

o ci(e* ar;;(e*: e*. I(LY (a
S = (el - e ) > 0. S -

are respectively
aci(er)  Irjief) dej B(L (i) .

( 36;‘; — ve;, ) 7wy <0, and T = 0. However, there is an
interval where the sign of the derivative depends on the particular
(Ot,J))

8(1
dci(e*) aryi(et)\ det. dc;(e*) arji(er.) Be*

IV ) ATji Ji i JINTij
(738* - e )a% + ( ae;}.' ~ e )aa This occurs when
ajj € (@jj, @;j) N (1 —@&j;, 1 — i), which implies that in equilib-
rium simultaneously 0 < e < 1and 0 < e < 1. Therefore, in this
case only, the derivative may be zero for some «;; within this in-
terval. In that case, the second derivative is needed to solve the
optimization problem.

The third Lemma shows that the aggregate cost function L;fj (@ij)
is convex in «;;. Two additional assumptions about third deriva-
tives need to be introduced.

form of functions of the game. In this particular case

Lemma 5. Let (N {Ei}icn- {Ai}icn) be the effort game, e* the effort
33r

equilibrium, and c'(e ) - 0 and *:” <0, for any i, j € N. Thus
U ]

92L% (o)) _ _

T»&U Ofor all ojj € (g,-j,aij)ﬂ(l —ozjl-,l—gj,-).

1

Proof. Take o;; € (o5, &) N (1 — &, 1 — ). Thus,

* * ..(e* *
X 92 ac; (e}.)_ar”(eﬂ) Se i 3ci(e;*)_8rﬂ(eij) ?Eij
a (L* (atjj )) Be;f,. Be* ()ot Be;‘j Belf‘j ey

301 Baizj
dZCJ(e*) B r,j(e ) (Bcj(e}f) B ar,-j(ej.i)) aZe}fi
de* Bot” 8e 801” 8e§i Be;‘.i 3%2,-
92¢;(er) rji(el) aci(ei*) drji(eg)\ 9%ej;
de* da,J e* 801,} Bei*j Gefj 3ai2j
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32c cj(e}) dey; 3 rl](e*) des; \ dey; dc;(er) 3 dryj(e5) 329;‘.1.
;i datjj 36‘71. Be}fi aa,z.

?Ze 60(1-} azejf,. da,j
32¢;(er) dej; 3 Bzrﬁ(e;‘j) dey; \ de; N (351.(91_*) B Brj,v(ei*j)) azej]
82e* E)oz,j 829?‘. daj; | dayj def; de;; a(yIZJ
02¢; () 82ru(e*) ﬁ 2 N dej(er) B drij(en) 82ejf,.
82e* Bze* day; aes; de5; 30,_2_

2eer)  Prier) ) [ 0e\% | [ocer)  OrjiCer) 9%}
+( 826;‘1. - Bze}*j (3aij> +( de;; - def; ) 8a >0
2 92er. 32 (L (o ))
<0and - <0,5072U
1 daez oo
j 1
ze*f. .
We first prove that sz‘ < 0. It is known that
ij
0A;(e*) 36 (e ) oryj (e
J — _ _ Jl —
dej; ( U) Be* =0
We now derive the second term regarding o;;.
62cj(e}*.) 35} dr,](eﬂ _a- )d r,j(e ) de
dei7 ey ae, ij de? Bau

We now do the same for o;;.
83cj(e}f) dey; 2 N Bzcj(e;f) Bze}fi N ru(e ) dey
3e3fi3 dajj Be’f.z 304]2.'. Bejx2 0011]

93 rij(€5) 2 é)zrij(ejfi) 329}*.1.
-(1- U)( Taes (a%) +W b =0

8%¢;(e) azr,-j(e;i)> 0%y, N 8%rij(ey) v,

+

e*.
}

B
Now we prove that 0.

=0

52 - (=) =5 do2 T e 7

8c(e) aru(e) dex. \ 2
+< e*3 = (1 - o) S ded )(3%) =0

d ru(ejl deﬁ 23 ¢ (e;) _a )83rij(e;?i) (i)e}?i )2
2 2 Gy 3 ~%ij) T3 3oy
d e}fi _ E)e ij 82 r)eji ij

5 = 2c. (ot 25 (e*
3otij ] cj(ej)_ . 3 ru(eﬁ)
der2 U7 gex2
ji ji

3. (p*
c](ej)
3

eji

W < 0; note that ’_‘_ < 0 by Proposition.
: o

Analogously, we obtain

arji(e;,) def; <33q(e?) ) e)3rﬁ(ei*j)> ( aef; )2
42 5 20\ ged3 i T e 0,
k] eij deis ij Beij aEij

ij
= . <0. O
aaizj Bzci(elf‘) (’Zfﬁ(efj)

ge2 YT ge2
ij ij

Lemma 5 enables us to state that in any interval where
. . N . 9 (L (a5))
the piecewise derivative function takes the value T’J
ij
arj;(er.) de*. rji(ef; ) der.
—ot,-jgfji]’ 3"‘)11 -Q _O‘u) 38* 5 :JJ the function L;(a;j) is con-

vex (see also Lemma 4).

The following proposition shows that, according to the value
of the effort equilibrium, the cost function LY (a”) is a continu-
ous piecewise function with four types of piece This result char-
acterizes all of those pieces, showing the shape of LY (al]) and the
optimal ¢;; in each type of piece.

Proposition 5. Consider the effort game (N, {E;}icn, {Ai}icn) and e*
as the effort equilibrium. Let «;j € [a, b] be a piece of L;Fj(aij) with
O<a<bz<1, L;“j (ajj) can have only four types of piece:

1. Constant: (e* e*) is either (0,0), (1,0), (0,1) or (1,1). Thus

(L (@) .
T =0 and L..(aij) is always constant. Therefore, any
@;j € [a, b] minimizes L} (ocu)

2. Increasing: ej; is either 0 or 1, and 0 < e%; < 1. Thus o g; ) _

Be* det.

J

Therefore @;j = a minimizes L, (a,])

dci(en)  dry(en)\
( AL r”(e”)) 3; >0 and Li;(ey) is always increasing.
ij
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3. Decreasing: O<e;‘j <1 and e% is either 0 or 1 Thus
3(L* (@;j)) ac;(e¥) rji(ef;)
a%” ( 5 e*' - a & )3% 0 and L};(ej) is always

decreasing. Therefore @;j = b minimizes L}; (Olu)
4. Depending on cost function shape: 0 < ef] <land 0 < e;fl. <

1. Thus,
8(L (ozl])) acj(ejf) _ E)r,-j(e;‘.i) Z)E}fi i Bc,-(e;‘) _ E)rj,-(ei*j) é)e;.“j
d(x,j Be’f. Be*,. dajj Be* Be,*. dayj°
v[a b]

In this case, there is always a unique &
mizes L;‘j (@jj), which is:

€ [a, b] that mini-

ALt )

a if Aa, > 0 for all o € [a, b]
Clab AW ()
et = b if —jz— <0 for all o € [a. b]
(a,J» )
Solution of — " —0 otherwise
%ij

Proof. The proof of Lemma 4 shows four possible cases for L,?*j (@jj).
The point 2. of the proof of Lemma 4 proves the point 1. (Con-
stant). The point 3. proves the point 2. (Increasing), and point 4.
proves point 3 (decreasing). Finally, to prove the point 4. (Depend-
ing on cost function shape) we need the point 1. of Lemma 4 and
Lemma 5 which proves that L;‘j(a,-j) is convex in this case. There-
fore, in this last case, it is also straightforward to show that
(L (@)
30{"
mizes L* (@;j) in such pieces. The procedure for calculating a
the followmg First, by Theorem, we calculate e and e as a func-
tion of ;; from cf(e;;) — aijr;,(eij) =0 and ¢, (eﬁ) - otjirl’](eji) =
Second, we build the function L}, (oc,]) with the el (oc,]) and eﬂ (ozl])

previously calculated. Finally, we calculate %
ij

is continuous, so there is always a unique q;; that mini-
ylabl

and obtain
s la.b]
oe,.j . O

Finally, Theorem 5 characterizes the optimal oz;‘j, foralli,jeN
with i # j, which incentivizes an efficient effort equilibrium, which
is also provided.

Proof of Theorem 5

Proof. As L;‘j (@;j) is a continuous piecewise function, we ana-
lyze the five pieces that define it in each case. Lemma, and
Proposition 5 enable the type of piece to be determined, thus giv-
ing the value of ¢;; that minimizes L;‘j (@;j) in each piece. Compar-
ing the pieces gives the a;‘j that minimizes the aggregate cost for
each of the six cases. This value need not be unique. Note, in addi-
tion, that a;;, @;j, &j; and «j; are always greater than zero, but any
of them may be greater than one, which implies that some pieces
of certain cases may not exist. We prove the theorem case by case:

Case A (o < @jj <1-@j <1—-aj)
Note that those thresholds are always greater than zero, so
0<gjj<a@jj<1-aj<1-aj<1 By Lemma 4,
if o;j € (0. ), then L¥;(a;;) is constant in this interval.
If ojj e (ajj, @;), then L “(ajj) is decreasing, which implies
that aj; =1 —aj mlmmlzes Ly, (oz”)
If ;j € (@;j, 1 — @j;), then L, (ozu) is constant in this interval.
If o5 € (1 a1 —7]»1-), then Lii(eyj) is increasing, which
implies that 1 — &;; minimizes L;‘].(otij).
If ojj € (1—a;, 1), then L (o) s constant in this interval.
Therefore, oc”; 1§ equetl to any «;; € [@;5, 1 — @il
CaseB(gij<1 Olj,‘<0tij<1—gﬁ)
Analogously, 0<gj<1-aj<aj<1l-aj<],
Lemma 4, 5 and Proposition 5,
if o5 € (0, o; ) then L; (O‘u) is constant in this interval.

and by

15

Case C (q;; <1—

Case E (1
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If o € (jj. 1—@;p), then Lyi(ey) is decreasing, which im-
plies that ¢;; = 1 — &;; minimizes L;} (@ij)-
If aij € (] _&ji’&ij)' then &U minimizes L;‘J(au), where dl]
is define in Proposition 5.
If o € (@, 1— ), then Ly (e;) is increasing, which im-
plies that ¢;; minimizes L} (a,])
If a;j € (1—-aj, 1), then e* =1, ¢, =0, and L};(c;;) is con-
stant in this interval.

1-
Therefore, o}, 5 al[] i ]
Olﬂ <1 —Olﬂ < dl])
It may happen here that either @;; < 1 or ¢;; > 1. Thus there
are two subcases:
O<gj<l-oj<l-g;<a;<l;
O<aj<1-@i<l-g;<1<ay
Starting with the first subcase, by Lemma 4, 5 and
Proposition 5
if a; € (0, a;;), then Li;(eij) is constant in this interval.
If ajj e (aj;, 1—aj), then L “(ajj) is decreasing, which im-
plies that o;; =1 — a], mlmmlzes L, (a,])
lfal-j € (1 —&ﬁ,1 —
If ajj e (1 —oz]l,aij) then Ly (c;;) is decreasmg, which im-
plies that ¢;; minimizes L:‘] (Ol,])

aj;), then &; minimizes LY, ().

If ojj € (@, 1), then L¥(e) is constant, in this interval.
However, in the second subcase &;; > 1, which implies that
the last interval described above does not exist. The rest of
the analysis is similar to the first subcase

Therefore, ozj_argmm{L;‘](V[1 %ii ']), U(A(au))} Note

that, if o = A(q;;) and @;; < 1, then o is equal to any
Ujj € (&1]11)
Case D (1 -@qj <oy <5 <1—ay)

It may happen here that either 1-&;; >0 or 1-a;; <0.
Thus there are two subcases:
O<l-wj<aj<oj<l-o;<l;

1-a; <O0<gj<o<1-o;<1

Starting with the first subcase, by Lemma 4, 5 and
Proposition 5

if ojj € (0,1 - @), then ef; =0, e, =1, and Ly (ay) is con-
stant in this interval.

If o € (1-aji,aj;), then Ly (a;) is increasing, which im-
plies that o;; =1 - @&;; mmlmlzes Ll] (@j)-

If ojj € (g,-j, O_l,]) then &,] minimizes L*-(C{,’j)

If ojj € (@yj. 1 - ), then ef; = 1,0 < <1, and L () is
increasing, which 1mp11es that @;; minimizes LU (au)

If & € (&, 1), then ej; =1, 5 =0, and Lj(a;j) is constant
in this interval.

However, if 1 —@j; < 0 the first interval above does not exist.
Again, the rest of the analysis is similar to the first subcase.
Therefore, aJ =arg mm{L* (A1 —ajp)). L* (07[%] a”])} Note
that if ocj} A —aj) and 1-aj >0, then al*]. is equal to
any «;j € [0, 1 —aj].

—O_lji <gij <1 —Qﬁ <O_ll'j)

In this case, it may happen that either 1 —¢&;; >0 or 1—
@ji <0, and either ¢;; <1 or &; > 1. Thus there are four
subcases:

O<l-o<oy<l-g;<a<Tl;
1-; <0<aj<l-gj<oy <1
O<l-aj<aj<l-g;<1<ay

1—Ot],<0<ot]<l—ot] <1<
Focusing on the first subcase, by Lemma 4, 5 and
Proposition 5.
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if o5 € (0.1 - @;;), then Ly;(c;;) is constant in this interval.
If o € (1 —o'zﬁ,g,-j), then L;‘j(ai]-) is increasing, which im-
plies that o;; = 1 — @;; minimizes L;*j(aij).

If ojj € (5, 1 — 7), then &; minimizes L (o).
If ajj e (1 -, a@;), then Lii(eyj) is decreasing, which im-

plies that ¢;; minimizes L;‘j ().
If ajj € (&, 1), then ej; =1, €}, =0, and L};(e;;) is constant
in this interval.
In the other three subcases, the first and/or last interval may
not exist. Once again, the rest of the analysis for those sub-
cases is similar to the first one.
Therefore, oz,f“j =arg min{L;Fj (A —ap)). éi[j%‘jv]—ﬁji]’
Ll*](A(O_[l]))} Note that if ai*j = A(l 70_61‘1‘) and 1 707]‘,' >0
then al.*]. is equal to any o;; € [0, 1 —@j], and if otiEj = A(a))
and @;; < 1, then ai*j is equal to any «;; € [@;, 1].

Case F (1 —O_[ji <1 _jS <gij < O_[u)
This is the most general case and anything could happen
with thresholds greater than one. Thus there are nine sub-
cases. First consider the case 0 <1-a; <1—aj <a;<

i =ij
Olij <1:

If oj; € (0,1 - @j;), then L;(et;j) is constant in this interval.
If ojj € (1 @i 1 —gj,-), then Ly (a;j) is increasing, which

implies that «;; = 1 — &j; minimizes L;‘j (ajj).

If o € (1 — i, j5), then Ly (a;) is constant in this interval.

If & € (ajj, &), then L;(ay;) is decreasing, which implies

that @ = O_[U minimizes L:}(O{,])

If ajj € (O_tij, 1), then Ly; (@jj) is constant in this interval.

In any other subcase, the first, second, to last, and last inter-

vals considered above, may not exist. The rest of the analysis

for those subcases is similar to the first one.

Therefore, otlf*j = argMin{L;‘j(A(l —aj)), L;‘j(A(o'z,-j))}. Note

that, if oti*j =A(1-aj) and 1 —-@aj; > 0, then o; is equal to

any «;j € [0, 1 — &j;], but if ozi*j = A(q;;) and @;j < 1, then a;‘j

is equal to any o;; € [@;, 1]. Additionally, if 1 -« <0 and
a@jj > 1, then Lj(A(1 - &) = L;(A (@), so o is equal to
any a;j € [0, 1].

g

Appendix D

Table 1 and 2.

Table 1
Notation summary.
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Table 2
Summary of optimization problems.

é Efficient effort profile é=arg [mgn ”c(N)
ee[0, 1]
é; Optimal efforts of agent i é =arg mir(l |A,-(e)
. : n-1)

given efforts of other eicl0.1]

agents
er Equilibrium strategy of er=¢

agent i
ot Optimal weights of WPAR  «* = arg min( , YienAi(e®)

allocation acloape-y

o = arga:‘g{igl]L;ﬁj (ajj) fori#jeN
with L;‘J.(a;j) =ci(e}) + cj(ej)
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