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ABSTRACT

This paper is focussed on some properties of paramonotone
operators on Banach spaces and their application to certain
feasibility problems for convex sets in a Hilbert space and
convex systems in the Euclidean space. In particular, it shows
that operators that are simultaneously paramonotone and
bimonotone are constant on their domains, and this fact is
applied to tackle two particular situations. The first one, closely
related to simultaneous projections, deals with a finite amount
of convex sets with an empty intersection and tackles the
problem of finding the smallest perturbations (in the sense of
translations) of these sets to reach a nonempty intersection.
The second is focussed on the distance to feasibility; specifi-
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cally, given an inconsistent convex inequality system, our goal
is to compute/estimate the smallest right-hand side perturba-
tions that reach feasibility. We advance that this work derives
lower and upper estimates of such a distance, which become
the exact value when confined to linear systems.

1. Introduction

The present paper is focussed on paramonotone operators with applications to
certain feasibility problems for convex sets in a Hilbert space and convex inequal-
ity systems in R". As usual, throughout the paper C is understood as C. To start
with, we recall some basic properties of operators in Banach spaces. Let X be a real
Banach space, with topological dual X*, and denote by (-, -) the corresponding
canonical pairing. A set-valued operator T : X =% X* is said to be monotone if

(x—yx*—y*) >0 whenever (x,x*),(y.y*) € gphT,

where gphT := {(x,x*) € X x X* : x* € T(x)}is the graph of T. In the case when
both T and — T are monotone, then T is called bimonotone. If T is monotone and,
in addition, gphT is maximal in the sense of inclusion order, it is said to be max-
imally monotone. A well-known example of a maximally monotone operator is
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the subdifferential operator of a proper, lower semicontinuous (lsc, for short),
convex function f : X —] — 00, +-00], denoted by df (see Section 2 for details).
Monotone operators are fundamental tools of nonlinear analysis and optimiza-
tion; see, e.g. the books [1-7]. A monotone operator T is called paramonotone if
the following implication holds:

k >k

(’(C;x_)y”(i;y_)y; g:plz)T} = (%5%), (y,x") € gphT.

The term paramonotonicity was introduced in [8] (although the condition was
previously presented in [9] without a name). The initial motivation for the intro-
duction of paramonotone operators comes from its crucial role regarding interior
point methods for variational inequalities (see again [8,9], and also [10]). Some
important examples of paramonotone operators are gathered in Section 2. At this
moment, let us mention that subdifferentials of proper Isc convex functions enjoy
this property (see [10, Proposition 2.2 ] in the Euclidean space and [11, Fact 3.1]
for its extension to Banach spaces).

Looking at the applications of Sections 4 and 5, we are interested in operators of
the form T7 N (—T3), where T1, T, : X =2 X™* are paramonotone, which are also
paramonotone and, additionally, bimonotone; this fact entails that ) N (—T3) is
constant on its domain (as shown in Proposition 3.5); recall that the domain of
an operator T is given by domT := {x € X | T(x) # {}. Observe that

dom(T1 N (=Ty) ={xeX|0e (T + 1) (x)},

which, in the particular case T; = df;, i = 1, 2, where the f;’s are proper, Isc and
convex, is known to coincide with

arg min (fl + f2) ,

i.e. with the set of (global) minimizers of f; + f,, provided that a regularity
condition ensuring df; + df = 9(f1 + f») is satisfied. These comments easily
generalize to the sum of a finite number of functions (see Section 3 for details)
and are applied to particular problems of the form

minimizeyex Z fi(x), (1)

i=1

where all f;’s are proper Isc convex functions on X.

Now we present two applications discussed in the paper. The first one is devel-
oped in a Hilbert space Y whose norm, associated with the corresponding inner
product, is denoted by || - ||. It deals with a finite number of nonempty closed
convex sets S1,82,...,5,; C Y such that ﬂzmzl S; = ¥ and is focussed on the



OPTIMIZATION (&) 3057

optimization problem given by

m
minimizeycy Z a;d (x, S)F, (2)

i=1
where o; > 0, i =1,..., m; without loss of generality we assume Z;”:l o =1,
p > 1and d(x, S;) denotes the distance from point x to the set S;, i =1,...,m,

that is, d(x,S;) := infyeg; |lx — y|l; this infimum is actually a minimum, as,
according to the Hilbert projection theorem, it is attained (at a unique point).
The following proposition establishes that (2) is equivalent to the problem:

minimize |ully,
subjectto (L, (Si + ui) # ¥, (3)
u= (up,...,uy) €Y™

where ||u||,» denotes the weighted p-norm in space Y™ defined as

m 1/p
lullap = (Z @ ||ul-||P) :
i=1

This equivalence was already observed in [12, Section 4] for Euclidean spaces; we
include a proof for the sake of completeness.

Proposition 1.1: A point u = (uy,...,uy) € Y™ is an optimal solution to (3) if
and only if there exists an optimal solution x to (2) such that u; = x — Pi(x), i =
L,...,m, with Pi(X) := argminycg; ||x — y|| being the best approximation of x in
S;.

Proof: Let u = (uy,...,u,) € Y™ be an optimal solution to (3), and take x €
ML, (Si + u;). There exist s; € S, i = 1,...,m, such that X = s; + u;. For every
x € Y, we have

m m m m
Y ad @S <) ailx—silP =) eillwllf <) aillx— Py ()P
i=1 i=1 i=1 i=1
m
= oid (x,S).
i=1

To justify the latter inequality, observe that (/- (S; + x — P;(x)) # ¥, because
from the equalities x = P;(x) + x — Pi(x), i = 1,..., m, it immediately follows
that x € (I2,(Si + x — Pi(x)). Thus, X is an optimal solution to (2). Further-
more, setting x = X, we also deduce that d(x,S;) = ||x —si|, i =1,...,m, that
is, s; = P;(x), so that u; = x; — s; = x; — P;(%).
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Conversely, let X be an optimal solution to (2), u be a feasible solution to (3),
and take x € ()L, (Si + u;). Then, there exists; € S;,i = 1,..., m, such that x =
s; + u;, and we have

m m m m
lullfp =Y aillull? = eillx—sillP = > aid (6,8) = Y oid (% S
i=1 i=1 i=1 i=1

m
=Y alx-P@IP,
i=1
which shows that the pointu = (uy, . .., uy), withu; :=x; — Pi(x),i=1,...,m,
is an optimal solution to (3). [ |

According to Proposition 1.1, problem (2) is equivalent to that of finding the
smallest translations of the sets S; that achieve a nonempty intersection.

All the results in Section 4, with only two exceptions, correspond to the case
m = 2, and extending them to arbitrary m appears to be problematic. The two
exceptions are the last two results in the section. The first of them (Theorem 4.5)
shows that, for p > 2, the displacement mappings are constant on the optimal
solution set. As a consequence, Corollary 4.6 ensures that the smallest trans-
lations that, applied to mutually disjoint convex sets, get translated sets with a
nonempty intersection are unique.

The second application, developed in Section 5, deals with convex inequality
systems in R” parameterized with respect to the right-hand side

o (b) = [gi(x)gbi, i= 1,...,m],

where x € R” is the vector of decision variables and, for eachi € {1,...,m}, g; :
n=0beR™"
Taking a nominal b € R™ such that o (b) is inconsistent (i.e. there is no x € R"
satisfying all inequalities of o (b)), our aim is to estimate the distance in R
endowed with any p-norm, with p > 2, from b to the set of parameters b such
that o (b) is consistent. This distance to feasibility can be computed by solving the
following problem:

R" — R is a (finite-valued) convex function on R”, and (b;);—1

.....

m
minimize,cgn Z[g, (x) — b,-]‘i,

i=1
which also adapts to the format of (1). Some new results on these issues are
shown later in Section 5. Sharper results are presented for linear systems when
p = 2. In order to integrate these new contributions into the existing litera-
ture, let us comment that a counterpart result on the distance from a consistent
system to infeasibility is established in [13, Proposition 3.10] in the context of
convex systems under affine perturbations and by appealing to the Fenchel-
Legendre conjugate of the supremum function sup;_; _,(gi(x) — b;); see also
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[14, Theorem 12] from a linearization approach. Generically, the distance to
feasibility/infeasibility, sometimes referred to as ‘distance to ill-posedness’, con-
stitutes an important stability measure of systems and, in particular, it appears
in the computation of condition numbers; see, e.g. [15] and the pioneer work
[16], developed in the framework of conic linear systems (see also [17,18] for
repercussions in the complexity of certain algorithms).

At this point, we summarize the structure of the paper. Section 2 gathers some
background on convex sets, convex functions and monotone operators, which is
appealed to in the remaining sections. Section 3 explores some new properties of
paramonotone operators and, in particular, analyzes the simultaneous fulfilment
of paramonotonicity and bimonotonicity. The problem of simultaneous projec-
tions — see (2) and (3) - is tackled in Section 4, while the distance to feasibility of
convex systems under right-hand side perturbations is dealt with in Section 5.

2. Preliminaries

Let X be a real Banach space and f : X —] — 00, +00] be a proper Isc convex
function. We denote by domf := {x € X | f(x) < 400} the domain of f. Recall
that the subdifferential operator of f, 0f : X =2 X*, assigns to each x € domf the
(possibly empty) set df (x) formed by all x* € X* (called subgradients) such that

fO)—f®=y—xx"), foralyeX;

here and in the sequel, (-, -) : X x X* — R stands for the duality pairing, so that
{x,x*) denotes the value of the continuous linear functional x* € X* at x € X.
When x ¢ domf we define df (x) := #; in this way the domain of the set-valued
mapping, domdf, is always contained in domf. Associated with f, its Fenchel
conjugative function f* : X* —] — 0o, +00] is given by

£ () = sup {{ox*) = f (1) | x € X}.

Recall that the Young-Fenchel inequality writes as f*(x*) + f(x) > (x, x*) for all
xeX.

For completeness, we gather in the following theorem some well-known
results about df and f* in Banach spaces used in the paper. They can be traced
out from different references dealing with convex analysis in infinite dimensional
spaces. Here, we mainly cite the books [2,7,19,20]. From now on, intA denotes
the interior of A C X and the zero vector of X* is denoted by just 0.

Theorem 2.1: Letf : X —] — 00, +00] be a proper Isc convex function. Then we
have:

(i) [2, Proposition 4.1.5] fis continuous at x if and only if x € int domf;
(ii) [19, Theorem 3.2.15] int domf C domaf;
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(iii) [19, Proposition 3.2.17] x € argmin f if and only if 0 € df (x);
(iv) [19, Exercise 4.2.15] df is maximally monotone;
(v) [11, Fact 3.1] (see [10, Proposition 2.2] for finite dimensions) df is
paramonotone;
(vi) [19, Proposition 5.31] For any x € X, we have the equivalence

x* e df (x) & fF (x*) +f (0 = (x,x*);

(indeed, this statement does not require convexity);

(vii) [19, Theorem 3.4.2] (see also [21, Theorem 3]) Let g : X —] — 00, +00]
be any proper convex function. If (int domf) N domg # @, then we have the
subdifferential sum rule

f (x) +09g(x) =0 (f —l—g) (x), whenever x € domdf N domadg,

(indeed, D’ is the nontrivial inclusion, as df (x) + 9g(x) C I(f + g)(x)
comes directly from the definition of subdifferential; moreover, the lower
semicontinuity of f is not needed).

Recall that, for an arbitrary monotone operator T : X =2 X*, a Isc convex func-
tion h: X x X* —] — 00, +00] is said to be a representative function of T if

= (x,x*), if(x,x") € gphT,
> (x,x*), elsewhere.

h(x, x™) {

Operators for which a representative function exists are called representable
monotone. For a detailed study of representable monotone operators we refer
o [22], where this notion was introduced.

Remark 2.2: From Theorem 2.1(vi), observe that, if f : X —] — 00, +00] is a
proper Isc convex function, the function sy : X x X* —] — 00, +00] defined by

he(x,x*) = f (%) +f* (x*), for (x,x¥) € X x X* (4)

is a representative function of df. More generally, every maximally monotone
operator is representable, as far as its well-known Fitzpatrick function is a
representative function (see, e.g. [2, Section 9.1.2] for details). An easy conse-
quence of this fact is that intersections of arbitrary collections of maximally
monotone operators are representable, too. According to [22, Corollary 32], in
finite-dimensional spaces only such intersections are representable. This is no
longer true in infinite dimensional spaces, as proved in [23, Theorem 11.2].

The rest of this section is devoted to recall some results about metric projec-
tions and, in order to ensure existence and uniqueness of the best approximation
to closed convex sets, we assume that Y is a Hilbert space. Here, || - || denotes
the norm associated with the corresponding inner product (-,-). Given any
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nonempty closed convex set S C Y, we denote by Ps: Y — Y the metric pro-
jection on S, which assigns to each x € Y its (unique) best approximation in §,
denoted by Ps(x), i.e. Ps(x) is the unique point of S such that

lx = Ps ()l = d (x,8) = min{[lx — s : s € S}.

(Observe that we write Ps: Y — Y instead of Ps:Y =% Y due to its single-
valuedness.) It is well-known that the function x — d(x, S), denoted for conve-
nience by ds : Y — [0, 4-00[, is a continuous convex function. Recall that, for a
continuous convex function, f : Y — R, applying [2, Corollary 4.2.5 ], we deduce
that f is Gateaux differentiable at a point x if and only if df (x) reduces to a sin-
gleton, ie. df (x) = {Vf(x)}; see [2, Section 2] for details. In our applications,
the facts that the subdifferentials 9dg(x) or adg (x) reduce to a singleton are cru-
cial. Accordingly, condition (7) in the following proposition is stated directly in
these terms (instead of Géteaux differentiability). From now on, Ng(x) denotes
the normal cone to S at x € S, which is given by

Ng (%) := {x* €Y | <s — x,x*) <0, foralls S}, (5)
B denotes the closed unit ball in Y and bdS the boundary of S.

Proposition 2.3: Let Y be a Hilbert space and ) # S C Y a closed set. Then, we
have

(i) [2, Corollary 4.2.5 and Theorem 4.5.7] S is convex if and only if 8d§ (x) is
singleton for all x € Y; in such a case,

Vdi (x) = 2 (x — Ps (x)).
(ii) [19, Proposition 4.1.5] (see also [24, Section 1]) If S is convex, then

{0} > ifx S intS,
dds (x) = { Ng(x) N B, ifx € bdS,
{lx=Ps )7 (x— Ps(x)}, ifx¢S.

3. On paramonotone and bimonotone operators

This section provides some results, appealed to in Sections 4 and 5, about opera-
tors which are simultaneously paramonotone and bimonotone on a real Banach
space X. To start with, we provide some basic results on these two properties
separately.

Proposition 3.1: Let T : X =2 X* be a representable monotone operator. The
following statements are equivalent:

(i) T is paramonotone;
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(ii) For any representative function h of T, the following implication holds:

> * > > * hT >k X >k >k
(}Zxx—)y (i/*y_)yf)i)() } = h(x,y") + h(y,x*) = h(x,x) + h(y, y").
(6)

(iii) There exists a representative function h of T such that (6) holds.

Proof: (i) = (ii). Consider any representative function of T, h, and take
(x,x%), 0, y*) € gphT, with (x — y,x* — y*) = 0. Then, the paramonotonicity
entails y* € T'(x) and x* € T(y), yielding

h(x, y) + h(y, x*) = (x, %) + (1, x*) = (6, x*) + (5, y*) = h(x, x*) + h(y, y*);

(ii) = (iii). Straightforward.
(iii) = (7). Let h be a representative function of T satisfying (6). Let x, y € X,
x* € T(x), y* € T(y) and suppose (x — y,x* — y*) = 0. Hence,

h(x, y*) 4+ h(y, x*) = h(x, x*) + h(y,y") = (6, x*) + (1, y*) = (% %) + (1, x¥).

Since h(x, y*) > (x,y*) and h(y, x*) > (y,x™), these inequalities actually hold as
equalities, yielding y* € T(x) and x* € T(y). |

Remark 3.2: Observe that the paramonotonicity of the subdifferential operator
df of a proper Isc convex function f can be alternatively deduced from Proposi-
tion 3.1. Just consider the representative function ks introduced in (4), which is
separable and, hence, one always has

he(x, y*) + he(y, x*) = hy (6, x7) + hy (3, y%).

Other examples of paramonotone operators are mappings of the form I—A
where I is the identity mapping and A is nonexpansive (see [25, Theorem 6.1]);
see also [10, Section 3] for the analysis of paramonotonicity of affine functions in
R™.

We next present two easy characterizations of bimonotone operators.

Proposition 3.3: For an operator T : X = X*, the following conditions are equiv-
alent:

(i) T is bimonotone;
(i) (x —y,x* —y*) = 0, whenever (x,x*), (y,y*) € gphT;
(iii) There exist monotone operators Ty and T such that T = T1 N (—T>).

Proof: (i) < (ii) is trivial.
(i) = (iii). Write T = T N (—(=T)).
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(iii) = (i). If T} is monotone, so is T, since T C T;. Analogously, since
-T=T,N(-T),

—T is monotone, too. |

In the same way as Proposition 3.1 characterizes paramonotone operators in
terms of representative functions, the following proposition provides an analo-
gous characterization of bimonotone operators.

Proposition 3.4: For a representable monotone operator T : X =2 X*, the follow-
ing conditions are equivalent:

(i) T is bimonotone;
(ii) For any representative function h of T, the following implication holds

h(x, x*) + h(y,y*) = (%, x*) + (1, y*) = h(x,x*) + h(p, y*) = (x.y") + (3. x").
(7)

(iii) There exists a representative function h of T such that (7) holds.

Proof: (i) = (ii). Consider any representative function h of T, and assume that
h(x, x*) + h(y,y*) = (x, x*) + (y.y).

Hence, h(x,x*) = (x,x*) and h(y,y*) = (y,y*), that is, (x,x*), (y,y") € gphT,
yielding (x — y,x* — y*) = 0. Consequently,

<x,y*) + (y,x*) = (x, x*) + (y,y*) = h(x,x*) + h(»,y").

(ii) = (ifi). Straightforward.
(iii) = (i). Letx, y € X, (x,x™), (y, y*) € gphT. We then have

h(x, x*) + h(y, y*) = (x,x*) + (1.y*),

and hence (x, y*) + (v, x*) = h(x,x*) + h(y, y*) = (%, x*) + (,y*), from which
the equality (x — y,x* — y*) = 0 immediately follows. [ |

From now on, the symbol ‘L’ represents orthogonality; specifically, given
any subsets A C X and B C X*, A | B means that (x,x*) = 0 for any (x,x*) €
A x B,whereas AT := {x* € X* | (x,x*) =0, forallx € A} and B+ := {x € X |
(x,x*) = 0, for all x* € B}.

In view of the applications to be developed in the next sections, we are mainly
interested in operators which are both paramonotone and bimonotone. Our next
result characterizes such operators.
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Proposition 3.5: For T : X = X*, the following conditions are equivalent:

(i) T is paramonotone and bimonotone;
(ii) T is monotone and constant on its domain;
(iii) (domT — domT)L(range T — range T) and gph T = domT x range T.

Proof: (i) = (ii). Let x,y € domT, and take x* € T(x), y* € T(y). By bimono-
tonicity, we have (x — y,x* — y*) = 0. Hence, by paramonotonicity, y* € T(x)
and x* € T(y). This proves that T(x) = T(y).

(ii) = (i). The paramonotonicity of T is an obvious consequence of its being
constant on its domain. To prove bimonotonicity, let (x,x*), (y,y*) € gphT.
Monotonicity implies (x — y,x* — y*) > 0, and we can interchange x* and y*,
since T(x) = T(y); therefore (x — y,x* — y*) = 0.

(ii) < (iii) Comes from the fact that T is constant on domT if and only if
gph T = domT x range T. |

The following proposition deals with the case when a paramonotone and
bimonotone operator has a dense domain. It turns out that such operators are
single-valued. Similarly, if a paramonotone and bimonotone operator has a dense
range, then its inverse is single-valued. We also provide a characterization of those
paramonotone and bimonotone operators that are maximally monotone.

Proposition 3.6: Let T : X =% X* be paramonotone and bimonotone. Then, we
have

(i) IfdomT is dense in X, then range T is a singleton;
(ii) Ifrange T is dense in X*, then domT is a singleton;
(iii) T is maximally monotone if and only if domT and range T are closed affine
varieties and
i

domT — domT = (range T — range T) (8)
Proof: (i) Assume, reasoning by contradiction, that there exist (x, x*) and (x, x*)
in gphT with x* # X* and take u € X with (u, x* —X*) # 0. Under the current
assumption, we can take a sequence {x"},eny C domT converging to x + u. For
r large enough we have (x" — x,x* —X*) # 0 and x* € T(x) = T(x") because
of Proposition 3.5. This contradicts (i) = (i) in Proposition 3.3. We have thus
proved that T is single-valued on its domain, which, by Proposition 3.5, means
that range T is a singleton.

(ii) follows analogously to (i) by considering (x, x*) and (X, x*) in gphT with
x # X, taking again Proposition 3.5 into account.

(iii) Assume that T' is maximally monotone. Take xo € domT, x; € range T,
and let S and S, be the linear subspaces generated by domT — domT and
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range T — range T, respectively. Define T:X =3 X* by

xg + St ifx e xg+clS,
#) otherwise.

T (x) == {
We have

-~ _~ 1
domT —domT = (xp+clS) — (g + S =S — S =clS = (si)

=(s0=5) = (s +57) = (s +5))
= (range T — range /T\)L ,
which proves (8) for operator T. Moreover,

gph T = (xo + clS) x (xé + SL) = dom T x range T.

Therefore, by equivalence (i) < (iii) in Proposition 3.5, the operator Tis para-
monotone and bimonotone; in particular, T is monotone. On the other hand, by
the same equivalence, we have

range T — range T C (domT — domT)* = §*;

hence S, C S+ and
gph T = domT x range T C (x + clS) x (x§ +¢clS,) C dom T x (xé + Sl)
=domT x range/f = gph T.

Thus, by the maximal monotonicity of T, we have T = /T, from which we deduce
that domT = dom T = x¢ + cl S and range T = range/T\ = x} + S*, thus prov-
ing that domT and range T are closed affine varieties.

Let us see the converse implication. Let (x, x*) € X x X* be such that

(x—y.,x"—y*)>0 forall (y,y*) € gphT = domT x range T  (9)

(the latter equality following again from Proposition 3.5). Since range T' is an
affine variety, we can easily prove that x — y € (range T — range T)* = domT —
domT. More in detail, replace y* in (9) with xj = Av for any given x; € range T
and any v € range T — range T, with A > 0, then divide both sides of the result-
ing specification of (9) by A and let A — 400 to obtain (x — y, £v) > 0. There-
fore, given that domT is an affine variety, we deduce that x € domT. Similarly,
using that range T — range T = (domT — domT)~, we obtain that x* € range T.
Thus, (x,x*) € domT x range T = gph T, which proves that T is maximally
monotone. |

The following propositions involve a finite number of paramonotone opera-
tors and are intended to provide a unified framework to deal with the applications
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of Sections 4 and 5. First, we introduce the following lemma, which has an easy
proof.

Lemma 3.7: If Ty : X = X* and T, : X = X* are paramonotone, then so are
Ty + T and T; N (—T5).

Proposition 3.8: Let T;: X =3 X*, i=1,...,m, be paramonotone operators.
Then the intersection mappings

TfiZZTim _ZTJ , i:l,...,m.
J#i

are monotone and constant in their common domain

A:={xeX|0e) T
j=1

Proof: Fix i € {1,...,m}. From Lemma 3.7, Zj#Tj is paramonotone and,
hence, the same lemma establishes that T; is paramonotone. Then, from equiva-
lence (i) & (zzz) in Proposition 3.3, T is bimonotone. Hence Proposmon 3.5 (ii)

yields that T; is constant in domT;. Finally, one easily sees that domT; coincides
with A. [ |

Now, we particularize Proposition 3.8 by considering finitely many proper
Isc convex functions, f; : X —] — 00, 400],i = 1,...,m, and the corresponding
subdifferential operators T; := df;, i = 1,. .., m. We assume the following regu-
larity condition in order to apply the subdifferential sum rule (see Theorem 2.1
(vii)): there exists some index iy € {1, ..., m}, such that

domf;, N m intdom f; | # 9, (10)

i#ig
which is equivalent to the existence of some x € (),_, ,, domf; such that the
m—1of the functionsf;,i € {1,...,m} \ {ip} are continuous at x (see Theorem 2.1

(1)).
In this particular case, we are considering the operators

To=afin[-> 0], i=1....m, (11)

j#i

whose common domain, appealing to statements (7ii) and (vii) in Theorem 2.1,
writes as

A= {xGX |0 € Zafi(x) = argminZﬂ.
i=1 i=1
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We summarize the previous comments in the following proposition.

Proposition 3.9: Let f; : X —] — 0o, +00], i =1,...,m, be proper Isc convex
functions and assume that for some ig € {1,...,m} condition (10) holds. Then,
operators T, i € {1,. .., m}, defined in (11) are constant on their common domain

A =argmin Zf’

i=1

Remark 3.10: Proposition 3.9 can be applied to specific operators in order to
derive some classical statements which can be found in the literature, as the one
of [26, Lemma 2] involving df N (—N¢), and regarding the optimization problem

minimize  f (x)
subjectto x € C,

in the case when f : R” —] — 00, +00] is a proper Isc convex function and C is
a closed convex subset of R". Specifically, if S denotes the set of optimal solutions
of such a problem, [26, Lemma 2] states that df (x) N (—N¢(x)) is independent
of x € S. To derive this statement from Proposition 3.9, just observe that the
normal cone operator, N¢ (recall (5)), is paramonotone as it coincides with the
subdifferential of the indicator function of C.

Corollary 3.11: Under the assumptions of Proposition 3.9, one has:

(i) If for some jo € {1,...,m}, the function f;, is differentiable at x € A, then
Tjy (x) = {Vf;, ()}, for all x € A.

(ii) If for somejo € {1,...,m}, the function f;, is differentiable on A, then Vfj, is
constant on A.

Proof: (i) follows straightforwardly from Proposition 3.9, taking into account
that if f;, is differentiable at X, then Tj, (x) = 9df;, (x) = {Vfj,(x)} (since ¥} #
Tj,(x) C {Vf;,(%)}), which entails that Tj,(x) = Tj,(x) = {Vf},(x)} when-
ever x € A.

(ii) comes from (i) since for every x, x € .4 we have

(V@) = Tj, (¥) C afy (0) = [V}

hence Vfj, (x) = Vfj, (x). |

4. Simultaneous projections and displacement mappings

This section is mainly devoted to study the minimal weighted distance to two
disjoint non-empty closed and convex subsets S; and S, of a Hilbert space Y. We
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will denoteby d : Y x Y — R the distance function on Y, i.e. d(x,y) := [|x — y,
and by ds, : Y — R the distance function to S;, i = 1, 2. We set

d (81, Sz) = inf d (Sl, 52) .

S1 651,52652

For arbitrary real numbers o, > 0, with o} + o = 1, and p > 1, we define
v(ay, a2, p) = inf [a1d (x, S1)F + a2d (x, $)P],
xeY
A(ay,az,p) := argmin [aldls)l + ozzdgz} .

Observe that v(ay, o, p) and A(ay,«2, p) are the optimal value and the set of
optimal solutions of problem (2) for the case of two sets. Notice that A(ay, o2, p)
may be empty; consider, e.g. the case when Y := R2, §; is the convex hull of a
branch of a hyperbola and S, is one of its asymptotes; in this case v(a1, o2, p) = 0
is not attained.

We denote by P; := Ps, and P, := Ps, the metric projections over S; and S5,
respectively.

We are going to consider three cases depending on the values of the power p
and parameters o) and «;. At this moment we advance that in the case when dp
and dp are differentiable we are able to apply Corollary 3.11 to derive 1nformat10n
about A(al, as, p). Going further, Proposition 2.3(i) establishes the differentia-
bility of dp s, on the whole space Y when p > 2, which allows us to tackle the case
of a finite amount of sets.

Case 1. p: = 1, a1 # ap. Without loss of generality, we assume that o1 > a5.
The following result has a clear geometrical meaning according to Proposi-
tion 1.1. In it Iy : §; x S — S; denotes de projection mapping, defined by
I1;(s1,s2) = s1. Observe that, appealing to this projection mapping, A(ax;, a2, 1)
can be seen as the set of the first components s; € S; of pairs of closest points
(51, 52) € §1x8;.

Proposition 4.1: Ifo; > a3, then:

(1) V(O[],O[Z, ]-) = azd(sla 82):
(ii) A(ai,az,1) = argming, ds, = I1; (arg ming, xs, d).

Proof: (i) To prove inequality >, just observe that, for each x € Y, we have

a1d (x,81) + a2d (x,82) > a2 (d (x,81) +d (x,52))
= az ([I1P1 (x) — x| + d (x,52))
> apd (P (%), $52)
> ad (51,52) - (12)
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Let us show the opposite inequality * <’. We have

o2d (51,5;) = @ inf inf d (x.y) =@ xigsfl d(x,52)

XEJ1 YEN

= insf [a1d (x, 1) + a2d (x,S2)] = v(ag, 0, 1). (13)
XEJ]
(ii) First, we have that A(w;, a2,1) C S; since for any x ¢ S; the first inequality
of (12) is strict. Hence

A, 2, 1) C argmingeg, [@1d (x, S1) + a2d (x,S2)]

= arg ming, a»ds,.
To show the opposite inclusion, take X € arg ming, ds, and observe that
ard (%, 51) + a2d (X, 82) = 2d (X, $2) = o2 xlélsfl d(x,52)
= a2d (51, 82) = v(a, 0, 1),

where we have used the fact that, for x := X, the inequality of (13) is indeed an
equality, appealing to statement (7).

Now let us show that arg ming, ds, = I1; (arg ming, xs, d). To prove the inclu-
sion C,lets; € argming, ds, and s; € S;. Then, for every s, € S,, we have

d(51,P2(51) =d(51,82) <d(51,8) <d(s1,%2);

hence (51, P2(51)) € argming, xs, d, implying thats; € IT;j(arg ming, x5, d), thus
proving the desired inclusion. We now proceed to prove the opposite inclusion.
Lets; € I1y(arg ming, xs, d) and s; € Sy. There exists s, € S, such that (51,5,) €
arg ming, x s, d, and for every s, € S, we have

d(51,82) <d(G1,52) <d(s1,82);

taking the infimum over s, € S5, this yields d(s;, S2) < d(s1, S2), which implies
thats; € argming, ds,. Thus IT; (arg ming, x5, d) C arg ming, ds,, and the proof
is complete. |

Case2.p=1,01 =ay = %

From now on ]P;(x), P2(x)[ represents the segment of points between P (x)
and P, (x), except these two ones; i.e. |P1(x), P2 (x)[:= {(1 — A)P1(x) + AP (x) :
0< X <1}

According to Proposition 4.1, one has A(a,02,1) C S; when o; > o3_;.
Our next proposition shows that the situation is quite different when o; = 5 :
indeed, A(3,2,1) NS # ¥ # A(3,3,1) NS, whenever d(51,5,) = [|s1 — 5|
for some (51,52) € S1 X Sy, in which case one can easily prove, using statement
(ii), that 151 +52) € A3, 3, 1), s0that AL, 1, 1) ¢ S1 US,.
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Proposition 4.2: One has:

(i) v(33,1) = 3d(S1,52),
(ii) A(%, %, 1) ={x € Y :x €]Pi(x), P2(x)[} U arg ming, ds, U arg ming, ds,.

Proof: (i) For x € Y, we have
d(x,81) +d(x,82) =[x — P1(x) [ + lx — P2(x)[| > [[P1(x) — Pa(x)]|
>d(51,%),

which proves the inequality >. To prove the opposite inequality, it suffices to
observe that, for s; € S; and s, € S, we have

ls1 = s2ll = d (s1,81) + lls1 — s2ll = d (s1,81) +d (51,52)
> 2(3, 3, 1.

(ii) Letx € A(%, %, 1).Ifx ¢ S; US,, then x €]P;(x), P(x)[, since otherwise we
would have

d(x%81) +d (5,8 = |x— Py @) + v = P, )| > [P (x) = P ()]
>d(51,8),
a contradiction with (i). If x € Sy, then, for any s; € S; we have
d(x,8) =d(x,81) +d(xS8) <d(s1,51) +d(51,52) =d(51,52),

which shows that x € argming, ds,. In the same way, if x € S5, then x €
arg ming, ds,. We have thus proved the inclusion C. To prove the opposite
inclusion, let x € Y be such that x €]P;(x), P,(x)[ and take A €]0, 1[ such that
x = (1 — A)P1(x) + AP2(x). Combining this equality with the inequalities (s; —
Pi(x),x — Pi(x)) <0, which hold for every s; € S;, i = 1, 2, we obtain (s; —
Py(x), P2(x) — P1(x)) < 0and (s — P2(x), P1(x) — P2(x)) < 0. Adding the lat-
ter inequalities, we get (sp — s; + P1(x) — P2(x), P1(x) — P2(x)) < 0; hence

IP1(x) — Pa(x)[I* < (51 — 52, P1(x) — P2(x)) < lIs1 — 82l [Py (%) — Po(0)]] -
Therefore, ||s; — s2|| > ||P1(x) — P2(x)||, and we deduce that

d(x,S1)+d(xS,)
= llx =Pl + llx = P2 () = [IP1(x) = P2(0)[| = [Is1 — 21l -

Since s; € S;, i = 1, 2, are arbitrarily chosen, we conclude

dx81)+dxS8) <d(S1,%),
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which, by (i), says that x € A(%, %, 1). It remains to prove that

arg ming, ds, U arg ming, ds, C A(%, %, 1).
For symmetry reasons, it suffices to prove that arg ming, ds, C A(%, %, 1), but
this inclusion follows from the fact that, for x € arg ming, ds,, we have

dx,S1) +dxS) =d(x,5,) = misn d (s1,S2) = min min d (s1, $3)
$1€91

S1 ES] ) 632

= min d(Sl,Sz) = d(Sl,Sz). |

51651,52682

Case 3. p> 1. In our current setting, it is known that the functionds, : ¥ — R
is convex and differentiable outside S; and for every x € Y \ S; one has (recall
Proposition 2.3(ii))

Vds, (x) = (x — Pi(x)) / lIx — Pi(x)] . (14)

The following theorem shows that the case p > 1 is quite different from the case
p = 1. Indeed, statement (i) is in sharp contrast with Propositions 4.1 and 4.2,
which show that A(aq, a3, 1) N (S1 U Sy) # @ whenever d(S;, S,) is attained. On
the other hand, statement (iii) shows that A(c;, @2, p) coincides with the set of
fixed points of a certain convex combination (depending on «; and ;) of the
projection mappings P; and P,.

Theorem 4.3: If p> 1, then:

(1) A(Oll, OZZ,P) N (SI U SZ) = @
(ii) Foreachi = 1, 2, the function dgi is differentiable on A(ay, o, p) and

Vdy (x) =pllx — P72 (x — Pi(x)),  x € Alor, 22, p).

(iii) A(o1, 2, p) coincides with the set of fixed points of

p—T P
o )
Waranp 7= —1 TPt P
p-1 p—T pT P
o] to, o] to,
(iv) v(a1,02,P) = Yay,a,pd(S1, S2)P, where
1 p 1 P
—1 —1
o oy
Val,az,p = 1 1 + (0%) 1 1

p—1 p—1 p— p
o] to, o] to
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Proof: (i) Itwill suffice to prove that A(ay, a2, p) N S1 = @. Letx € S; and pick

A > 0 such that % < g—f (this is possible, since limy _, g+ %
0). Since

—M)P =

d((1 = 2)x+ APy(x),S1) < d((1 — A)x + AP2(x),x) = A ||[P2(x) — x|l
and

d ((1 = A)x + AP2(x), S2)
< d((1=Mx+ APy (x), P,(x)) = (1 = 1) lx = P20,

we have

a1d (1 — M)x 4+ APy (x), S1)P + a2d (1 — M)x 4+ AP5(x), $)?
< i ||Py(x) — x[IP + az (1 — V)P |lx — Py(0) |1
= (1A +az (1 = 1)) llx = P(0)IP < ez [lx — Po(x) 1P
= ond (x, S1)P + a2d ((x, $2)F,
which shows that x ¢ A(a1, a2, p), thus proving that A(w;, 2, p) and S are
disjoint.
(i) is a consequence of (i) taking (14) into account.
(7ii) For simplicity of notation, for x € A(x1, 2, p) and i = 1, 2 we will denote
Df(x) = ainIS’i (x).
Let x € A(way, a2, p). The equality DII) (x) + Dg(x) = 0 yields

ar [lx — Pr(x) P72 (x — P1(x)) + oz |x — P2(x)[IP2 (x — P2(x)) = 0,

(15)
from which we deduce that
aq |lx — Py (x)||P~2
o Lk P _
ay |lx = P1(x)[PF" + oz [|x — Pr(x)|]
ay [|lx — Pa(x)||P~2 Py
ap llx — Py P72 + ay [|lx — Py(x)]|P2
o] %)
- lx—Po ()l 2t lx—P ()l |2 ).
X— X)X xX—r(x
@+ < P ) @ (nx—Pi(x)n) o

Since the condition DI; (x) + Dg (x) = 0 implies that IIDII )| = ||D§ )1,
that is, a1p|lx — P1(x)|[[P™! = appllx — P(x)||P~!, which is equivalent to
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the equality
o <||x—Pz(x)||>‘D_1 (16)
o \lx=Pi®l/)
we obtain
oy (%)
X = 7= Pi1(x) + 2 Pr(x) = Wal,ag,p(x)-
o) + o2 (ﬁj—;)"’l o] (;fi-f)pil + o

This shows that x is a fixed point of Wy, a4, p.

Conversely, if x € Y is a fixed point of Waya.p5 then x ¢ S; U S,. Indeed,
otherwise, if, say, x € S;, then, from the equalities x = Wy 02,0 (%) and
P (x) = x we would obtain x = P,(x) € S,, thus contradicting the assump-
tion that §; N Sy = ¥. Therefore, the functions ds,, i = 1, 2, are differen-
tiable at x. From x = Wy, 4, p(x), it follows that

1 1

T x—PL )+ ol (x—P,(x) =0, (17)

from which we deduce (16). Now, using (16), we can rewrite (17) as (15) to
obtain the equality le (x) + Dg(x) = 0, which shows that x € A(a1, a2, p).
(iv) To prove this statement we distinguish two cases.
Case 1. A(a1, 2, p) # 4. In this case, take X € A(w;, 2, p) and, appeal-
ing to statement (iii), write

v(ay, oz, p) = a1d (%, S1)f + aad (%, Sp)P
1 p
1
o) _ _
——— P1(x) — P2 (x))

= 0[1 I
aig—l +O{§—l
1 p
p—1
o _ _
to | —F——F (1 (X) - P2 (%))
O{f_l +Ol§_1

= Yayapp I1P1 (%) — Py (X)|IP
= Val,az,pd (51, 9)7,

where the last equality comes by taking into account that, from (iii) and
Proposition 4.2, we have x €]P;(X), P2(x)[C A(%, %, 1) and, hence,

_ _ _ _ 11
[P1(X) =P, (X)) =d(x81) +d(x,S2) = 2V(5, > 1) =d(51,52).
Case 2. A(a1, a2, p) = . In this case, write
v(ay, 00, p) = li¢n [ald (xr, Sl)p + ayd (xr, Sz)p]

= lim [al | =Py (&) [P + 2 | — P2 (") HP] ’
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for a certain sequence {x"},ey C Y. For each r, let
B\C"r = Wal’az’p (xr) .

Next, for each r, we are going to apply statement (iii) to the particular case
S = {P, (xg} and§2 := {P»(x")}, denoting as Wal,az,p the counterpart of
W, ,a,,p for S and S playing the role of 81 and S, respectively. In this way,
let us see that X" is a fixed point of Wy, 4, . We have

1 1

~ ol ol
Wararp (F) = ————P5, F') + ————P5, (¥
a{)—l —f—O[;_l a{)—l +a2p—1
1 1
= =
= ial I P1 (x’) + iaz e Pz (x’)
a{) 1 +a§71 af71+(x571

= Wal’az)p (xr) = /;C,r
Then, according to (iii),

X € arg r){g} [ald (x, Py (xr))p + apd (x, p, (xr))p] .

Hence, appealing to Case 1 above (again, in the particular case S =
{P1(x")} and S, := {P,(x")}) we have that

ard (F,P1 ()" + cad (% P2 ()" = Y |1 (x) = P2 ()|

(Observe that yy, 4, does not depend on subsets S; and S, as it only
involves o1, &z and p). Therefore,

v(ag, o, p) = li£n [ald (xr, P; (xr))p + and (xr, P, (xr))p]
> limsup, [o1d (¥, Py (¢)) + 02d (¥, P2 ("))
= Yaranp limsup, || Py (x) — P, (x") HP > Yaraapd (S1,S2)F .

So, we have established the inequality v(a1, 02, ) > Vuy,,,pd(S1,S2)P. In
order to prove the opposite inequality, write

T ro.r
d(51,82) = 11£nd(x Y )
for some sequences {x"} C S;, {y"} C S,. For each r, we have

v(ag,az,p) = chgg [ald(x, S)P + ard (x, Sz)p]
< inf[er =P = 1]

= Val,az,pd (xra }/r)P >
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where again in the equality we have appealed to Case 1 to the particular case
S1:= {x"}and S, := {y"}. Then we have

V(al) aZ)P) S hin J/Cll,az,pd (xr,yr)P == )/al,otz,pd (Sla 32)p 5

which finishes the proof. n

Notice that the set .A(%, %, p) does not depend on p, since, by Theorem 4.3(iii),
it coincides with the set of fixed points of %(Pl + P,). Also notice that
A(ay,a2,2) coincides with the set of fixed points of o} P + a2 P;.

The following lemma provides the counterpart of Theorem 4.3(ii) for the
case p > 2. The stronger condition p > 2 guarantees that dls) is differentiable
everywhere, not only on the optimal solution set A(c;, 2, p).

Lemma 4.4: Take p > 2, and let ) # S C Y be a closed convex set. The function
dg is differentiable on Y and we have

Vcl‘s7 (x) = pdlg_2 (x) (x — Ps(x)), forxeY.
Proof: Just write dls)(x) as (d§ (x))P/? and apply Proposition 2.3(i). [ |

The fact that the function dg is differentiable on the whole space X enables
us to tackle the case of a finite amount of subsets S, ..., S,;, with ﬂ;il S;i =0,
m € N. For simplicity, we use the notation

m
A(a, p) := arg min Z aid‘ls’i,

i=1

where & := (a1, 2,...,0y), with@; > 0,i=1,...,m,and Y " a; = 1. The
following theorem gathers the announced application of Corollary 3.11(i). It
has as an immediate consequence that the projections of a point x € A(«, p)
determine those of every other point y € A(«x,p), since one has Pi(y) =
y+ Pi(x) — x.

Theorem 4.5: If p> 1 and m = 2, or p > 2, the displacement mappings I — P,
i=1,...,mare constant on A(c, p).

Proof: From Theorem 4.3(ii) and Lemma 4.4 if any of the current cases occurs
we have that dgi is differentiable on A(«, p), for each i = 1,...,m. Hence, by
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Corollary 3.11(ii),
Vd, (x) =pllx = Pix)|P7% (x — P; (x)) (18)
is constant on A(e, p),i = 1,...,m (again, P; := Ps;, i = 1,2,...,m). So,
Ve | = pllx = Pico 177!

is constant on A(w, p), too, and hence so is || x — P;(x)||. Therefore, from (18), we
conclude that I — P; is constant on A(w, p),i =1,...,m. [ |

As a consequence of the previous theorem, taking Proposition 1.1 into
account, we derive the following corollary. Roughly speaking, under the current
assumptions, the corollary says that the smallest translations of the sets S; that
achieve a nonempty intersection are unique. To obtain such translations, one just
has to pick x € A(w, p) and set u; = x — P;(x); then, the required translated sets
are S; + u;. The constancy of I — P; on A(«, p) shows that this procedure does
not depend on the choice of x.

Corollary 4.6: If p>1 and m = 2, or p > 2, problem (3) has a unique optimal
solution, provided that problem (2) is solvable.

To summarize our results on the solution set A(xi,a,p), let us mention
that they show essential differences between the cases p = 1 and p > 1. Indeed,
Propositions 4.1 and 4.2 show that computing A(a;, @, 1) essentially reduces to
finding projections onto the sets S;, whereas for p > 1 the situation is substantially
more complicated, since computing A(a1, a2, p) involves finding fixed points of
a certain convex combination of the projection mappings P; and P;.

5. Distance to feasibility

This section is focussed on the distance to feasibility for convex inequality sys-
tems in R” under right-hand side perturbations. In this framework, lower and
upper estimates for such a distance are provided in terms of some elements
whose existence is guaranteed from Corollary 3.11. Both estimates coincide when
confined to linear systems.

Let us consider the parameterized system,

o (b) := [gi(x)fbi, i= 1,...,m],

where x € R”, (b))i=1,..,m = b € R", and g : R" — R is a convex function, i =
1,2,...,m. To start with, the space of variables, R", is endowed with an arbi-
trary norm, || - ||, with dual norm || - ||« and the associated distances denoted by
d and d,, respectively. From Corollary 5.6 on we consider R"” equipped with the
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Euclidean norm, || - ||2. The space of parameters, R™, is endowed with any p-
norm, || - ||y, provided that p > 2, and the associated distance is denoted by d,.
We denote by ©, the set of consistent parameters; i.e.

O, = {b eR"|o(b) is consistent} .

Throughout this section we consider a fixed b € R™ \ ®, and our aim is to
estimate

4y (b.0.) = inf{HE— pr ‘be @C},

called the distance from b to feasibility.

Our first result in this section provides a formula to compute the distance to
feasibility by solving a simple unconstrained optimization problem in the space
of variables.

Proposition 5.1: Let b € R™ \ @, then
_ P i _
dy (5.0c) = inf Y lgi (0 — b,
i=1
Proof: To establish the inequality “ <’, take any x € R"” and define
b,-:=5,-+[gz-(x)—l_9i]+, i=1,...,m.
One can easily check that b = (b;)i=1,..m € ©. and, hence,

dy (5.0.)" < dy (b.b)' = i[gi @) — bl

i=

Since x € R" has been arbitrarily chosen, then
p m
— ) —p
4 (6.0) < inf ;[gi ) — bl
=

Let us prove the converse inequality. Take any b € ®,, i.e. such that, for some
xeR", gi(x) <bj,i=1,...,m;then, gi(x) —b; <b;—b;,i=1,...,m,and so

[gi ®) — bil+ < [bi — bil+

Hence
8 D0 = = Yl 5t = [5-of

Since the previous inequality is held for all b € ©, then infycgn szzl [gi(x) —
bill, < dp(b, 0P n
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The well-known Ascoli formula establishes that the distance from a point x €
R” to a half-space H := {x € R" | (a,x) < b}, with 0, Za € R" and b € R, is
given by

dy (x) = ———. (19)

The following result is focussed on the extension of (19) to the convex case, where
a convex inequality of the form ‘g(x) < b’ is considered. In this context, the dis-
tance from x € R” to the nonempty closed convex set S := {x € R" | g(x) < b},
denoted by ds(x), is lower and upper bounded by quotients involving the residual
[g(x) — b]4+ and the minimum norm of some subgradients of g. Regarding these
quotients, we use the convention % = 0.

Proposition 5.2: Let g : R" — R be a convex function and b € R be such that the
corresponding sublevel set, S, is nonempty. Then we have:

(i) Foranyx e R",

[g(x) —bly

ds (x) > W,

(ii) Assume that there exists x € R" (called a Slater point) such that g(x) < b.
Then, for any x € R",

[g (x) — bl+
(04, 3g (Ps (x)))’

ds (x) < )

where Ps(x) is the metric projection set of x on S with respect to the norm || - ||

Proof: (i) Inequality g(x) < b turns out to be equivalent (same solution set, S)
to its standard linearization by means of the Fenchel conjugate, g*, (see, e.g.
[27, Formula (3)] ), namely system

{(ux) <g* (W) +b, ueig(R")}.

The distance ds(x) may be computed by means of [28, Lemma 1], yielding

(with the convention % =0)

[((v,x) —a]4
VIl

ds (x) = sup {

v,a) €

conv {(u,g* (u) + b), u € 3g (R")} }



OPTIMIZATION (&) 3079

el

,x) — (g* b
Zsup{[<u i (g () + )]+

u € og (R”)}

el

—b
Zsup[m

ue Bg(x)}

_ st @bl
inf {lull, | u€dg(x)}  ds (04 9g ()

where in the third step we have appealed to the fact that

g =g" %) = (ux) —¢" (u) & uecdgx).

(ii) It follows from [29, Lemma 2(ii)]. Observe that for x € Swe apply the con-
vention g := 0, whereas for x ¢ S the existence of a Slater point entails that
points of Ps(x) are not minimizers of g (since Ps(x) C g~1(b)), and then

(04, 9g(Ps(x))) > 0. [ |

Remark 5.3: If x € R"\ S, item (ii) in the previous lemma entails dg(x) <
[g(x) — b]+/58(b), with § being the function defined by

b— 6 (b) = d* (01’1’ 8g (g_l (b))) ;

here dg(g~1(b)) = Ug(y):b dg(y). For instance, if g(x1, x2) := e 4 *2, with the
Euclidean norm in R?, then §(b) = b/+/2 for b> 0.

The bounds provided by Proposition 5.2 may be difficult to compute, as they
involve subgradients. By appealing to this proposition and bounding (from above
and below) the norm of such subgradients we derive the next corollary.

Corollary 5.4: Let beR™ \ ®. and assume that S; := {x € R" | gi(x) < b} #
@,i=1,...,m. Then, the following statements hold:

(i) Let? # C C R" bea closed convex set such that, foreachi € {1,...,m}, there
exists an upper bound u; > d.(0,,dgi(x)) for all x € C. Then,

m m
dy (. ®c)” < inf Zl (w) d5, () = inf [Zl (ui) dg, (x) + I <x)} ,

1 1 (20)
where Ic is the indicator function of C; i.e. Ic(x) =0 if x € C and Ic(x) =
+ooifx € R"\ C.

(ii) Assume that for each i € {1,...,m} there exists a lower bound 0 < I; <
dx(0,, 0gi(Ps,(x))) for all x € R™ \ S;. Then,

m
— N\
dy (5.0.) legﬂgn;(ll) & (x). (21)
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Proof: (i) comes straightforwardly from Propositions 5.1 and 5.2 (i), tak-
ing into account t}le obvious fact that infyiern D i [gi(x) — 19,-]1?F <
infrec 31, [gi(x) — bilf,.

(i) follows immediately from Propositions 5.1 and 5.2 (ii).

[ |

The following simple example is intended to illustrate the computation of the
upper and lower bounds for the distance to feasibility provided in the previous
corollary, as well as the role played by set C.

Example 5.5: Let us consider the convex system, in R? with the Euclidean norm

(p=2),
(1 +1)? —x <=1, (0 — 1)* +x3 < —1];

ie withb = (—1, —1),g1(x) = (x1 + 1)? — x and g (x) = (x1 — 1)®> + x5. The
reader can easily check that the infimum in Proposition 5.1 is attained at (0, 0),
hence the distance to feasibility equals 24/2. With this information, we can take
C = {(0,0)} in order to get u; = V5,i=1, 2, whereas [; = 1, i = 1, 2, inde-
pendently of C. Nevertheless, a more natural choice for C without this a priori
information would be [—1, 1] x R, in which case we can take u; = /17, i = 1,
2;in any case, in this example, the first coordinate must be bounded on C in order
to get finite u;’s.

On the one hand, taking /; = 1,i = 1, 2, condition (ii) in the previous corollary
yields

_ 2 1
@ (5.0.) = inf [d, )+ df, (9] = 2d(51,52°,

where we have applied Theorem 4.3 (iv) with o} = a; = % On the other hand,
if we take C := [—1,1] x Rand u; = /17, i = 1, 2, then Corollary 5.4 (i) yields

PN 2 . 2 2 17 2 2
Edz <b, @C) < 17;22 [dsl (x) +dg, (x)] = xlenﬂgz [d51 (x) +dg, (x)] ,

where the last equality is obtained by taking into account that an easy argument
based on convexity of the objective function and the symmetry with respect to
the origin shows that the infimum over R? is attained at the origin. Consequently,
we obtain the bounds

_ 2
d(S1,8)* < d (b, ®c) <17d (51, 8,)° .

Finally, we can obtain specific lower and upper estimates for the aimed distance
to feasibility by using the estimation d(S1,S;)? = 6.71, which is obtained by a
standard computation of nonlinear programming. In this case the upper bound
is quite rough, but in other examples we could get even the exact distance to
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feasibility if we have I; = u; as for instance [x% —xy < —1, x% +x, < —1] and
taking C = {0} x R.

Provided that C, u = (4;)i=1,..m> | = (li)i=1,..,m satisfy the conditions of the
previous corollary, we consider the argmin sets coming from (20) and (21):

A (C,u) := argmin |:Z (uj)f d‘gi x)+1Ic (x)i| ,

i=1

A (l) := argmin Z h4 d‘gi x).

i=1

Then we can state another corollary of Proposition 5.2, appealing also to
Corollary 3.11. Indeed, it brings to light the advantages of appealing to A(C, u)
and A(]), instead of working directly with argmin Y 1, [gi(x) — Ei]ﬁ. The key
point is that, in the current case in which p > 2, each function d‘gi is differen-
tiable on R” (see Lemma 4.4), which allows to appeal to Corollary 3.11, while
this is not the case of [g;(-) — Ei]i.

The following corollary uses Theorem 4.5 to refine the bounds provided by
Corollary 5.4. Hereafter in this section we consider that R” is endowed with the
Euclidean norm || - ||2 and Ps(x) will denote the unique projection point of x on
a closed convex set S.

Corollary 5.6: Keeping the previous notation, assume that A(C,u) and A(l) are
nonempty. Then, we have that:

(i) ds, is constant on both A(C, u) and A(l), foreachi=1,...,m;

(ii) For each i=1,...,m, let us denote by di+ and d; the constant values
of uids,(-) and lids,(-) on A(C,u) and A(l), respectively, and let d* =
@ )iz1,..,m and d~ = (d; )i=1,..m- Then,

4 (5.0.) < |a*],-

If, in addition, foreachi = 1, ..., mthere existsX; € R" such that gi(x;) < b;,
then

4 (5.0.) = |4,

Proof: (i) Regarding . A(l), the statement coincides with the one of Theorem 4.5
(in the case when p > 2) just replacing each «; with (I;)P. With respect to
A(C, u), the statement comes from an analogous argument to the one of
that theorem, just by adding the nondifferentiable mapping Ic. For com-
pleteness, we include here a sketch of the proof. Observe that all functions
X = (ui)Pdgi (x) are convex and differentiable on R"”, and x — Ic(x) is a
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proper lower semicontinuous convex function from R” to ] — oo, +00].
Hence, the regularity condition (10) is satisfied, yielding

ACu) = {x eR" 0, € Y (u)f Vd§ (x) + dlc (x)} #0).
i=1

From Corollary 3.11, foreachi = 1, . . ., m, we have that Vdgi is constant on
A(C, u), hence dg, is also constant on A(C, u) since taking norms we have

| Vet o0 = | 0 = Pi o)
= pd*g;l (x), foreachx e A(C,u),

where P;(x) denotes the projection of x on S; (recall again Lemma 4.4).
(ii) follows immediately from (i) and Corollary 5.4. [ |

5.1. Linear systems

This subsection is devoted to the linear case, i.e. where gi(x) = (a;, x), for some
a; € R",i=1,...,m. In this particular case, obviously dg;(x) = {a;} for all x €
R" i=1,...,m. Let us consider b such that

o (E) = [(ai,x) <b,i= 1,...,m}

is inconsistent and for each i there exists X; € R” such that (a;,%;) < b; (observe
that it is always held when a; # 0, or b; > 0). According to the notation of
Corollary 5.4, we can choose:

C:Rn, liZujZ ||a,-||*,i:1,...,m.

Hence A(C, u) = A(l), and dlf" =d,; for all i. Let us denote by A : = A(C, u)
and d := (d;r)izl,_”,m.

The following corollary follows straightforwardly from Corollary 5.6. It gives
a simple formula for the distance to feasibility in the linear case.

Corollary 5.7: Under the current assumptions, we have
b (500

where dl.+ = |laill«ds;(x) = [((E, x) — E,-]Jr,for all x € A. Moreover o (b + d) is a
consistent system nearest to o (b).

p >

The next result is devoted to provide an operative expression for determin-
ing d with the Euclidean norm in both the space of variables and the space of
parameters. For simplicity all norms are denoted by || - ||, A represents the matrix
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whose rows are ag, i=1,...,m, A’ denotes its transpose and, for any y € R™,
[y]+ denotes positive part coordinate by coordinate; i.e.

[y]+ = <[ i]+>i=1

Theorem 5.8: The following conditions are equivalent:

yeest

Q) %K) e Ax{d);

(ii) (x° h°) is a solution of the system, in the variable (x, h),

Ax—b| =h,
[ X bL h (22)
A/h - Ol’l'
(iii) (x% h°) is an optimal solution of the quadratic problem, in the variable (x, h),
min (h,h)
st. Ax<b+h, (23)
h > 0y,.

Proof: Let us see (i) = (ii). Let (x% K% € Ax{d}, ie. x° € Aand K° = d. By
Corollary 5.7, h?( df) = [al —b; il+, for all i. Moreover, the optimality con-
dition

m
e A=argmin Y |la;|* d§, (x)

i=1

is equivalent to

m
n—Znazn vdZ () —2Z||al||ds, Z[ax ] as

(24)
in other words

m
= hja; = A,
i=1

So, (x°, h°) is a solution of system (22).
(ii) = (i) Let (x°, h%) be a solution of (22); i.e. h® = [Ax® — b] and

m
= Z h?ai = A/ho.
i=1

Then, by repeating the previous argument of (24), we have

m
= llail® Vg, (°
i=1
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which means that x° € A. Then, appealing again to Corollary 5.7, we deduce
W =d.

Now, let us prove (ii) < (iii). By the Karush-Kuhn-Tucker (KKT, in brief)
conditions, (x, h°) is an optimal solution of (23) if and only if there exist A, u €

R™ such that
0, A Onxm
_ — A ,
(2h0> (_Im> * (_Im H
/

(4 -B-1) =0, — (1) n=0,
A" — b —H0 < 0, B0 > Opp.

(25)

So, A’A = 0,,, and h° = HT“ Moreover, h?,ui = 0 for all i. Let us see that u =
0. Ifh? = 0, then A; + u; = 0, which entails A; = u; = 0, while, ifh? > 0, then
i = 0. Therefore

A
==z 26
5 (26)
and, so,
A'K =o0,.

Let us see that [Ax? — E]Jr = h°. Observe that (a§x° — b — h?)ki = O0forall i If
a§x0 — b; < 0, then a;xo —b; — h? < 0, thus we have A; = 0 and

If a/x° - b; > 0, then h? > 0 and A; > 0, yielding a/x® — b; — h) = 0. Finally, i
a;xo — b; = 0, then h?ki = 0, and from (26) we have h? = 0. So,

[agxo - Ei] = h?, for all i,
+
and consequently (%%, h%) is a solution of (22).
Reciprocally, if (x%, h°) is a solution of (22) and we consider
A =2h" and w =0,

it can be easily seen that %9, K0 A and satisfy the KKT conditions (25), and then
(x°, h%) is an optimal solution for problem (23). |

6. Conclusion

We have found new properties of paramonotone operators. In view of their appli-
cations to convex feasibility problems and convex inequality systems, we have
studied operators that are both paramonotone and bimonotone, proving that they
are constant on their domains. As an application to convex feasibility problems,
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this result implies the uniqueness of the smallest translation of mutually disjoint
convex sets such that the corresponding translated sets have a nonempty intersec-
tion. We have also obtained lower and upper bounds on the smallest right-hand
side perturbations of inconsistent convex inequality systems that make them

consistent, which turn out to be the exact value in the case of linear systems.
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