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ABSTRACT
This work is focussed on computing the Lipschitz upper
semicontinuity modulus of the argmin mapping for canoni-
cally perturbed linear programs. The immediate antecedent
can be traced out from Camacho J et al. [2022. From calm-
ness to Hoffman constants for linear semi-infinite inequality
systems. Available from: https://arxiv.org/pdf/2107.10000v2.
pdf], devoted to the feasible setmapping. The aimedmodulus
is expressed in terms of a finite amount of calmness moduli,
previously studied in the literature. Despite the parallelism in
the results, themethodology followed in the current paper dif-
fers notably from Camacho J et al. [2022] as far as the graph
of the argmin mapping is not convex; specifically, a new tech-
nique based on a certain type of local directional convexity is
developed.
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1. Introduction andmotivation

Themain goal of the present paper is to compute the upper semicontinuity mod-
ulus of the optimal set (argmin) mapping associated with the parameterized
linear programming (LP, in brief) problem given by

π : minimize c′x
subject to a′

tx ≤ bt , t ∈ T := {1, 2, . . . ,m} , (1)

where x ∈ Rn is the decision variable, regarded as a column-vector, the prime
stands for transposition, at ∈ Rn is fixed for each t ∈ T, and the pair (c, b) ∈
Rn × Rm, with b = (bt)t∈T ∈ Rm, is the parameter to be perturbed around a
nominal one (c, b) ∈ Rn × Rm. In this way we are dealing with the so-called
canonical perturbations (tilt perturbations of the objective function together with
the right-hand side – RHS – of the constraints). We consider the feasible set and
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the optimal set mappings F : Rm ⇒ Rn and Fop : Rn × Rm ⇒ Rn defined as

F (b) := {
x ∈ Rn : a′

tx ≤ bt for all t ∈ T
}
, (2)

Fop (π) := argmin
{
c′x : x ∈ F (b)

}
. (3)

From now on we identify each problem π with the corresponding parameter
(c, b); accordingly, π ≡ (c, b) denotes the nominal problem. The space of vari-
ables, Rn, is endowed with an arbitrary norm ‖ · ‖, whose dual norm is denoted
by ‖ · ‖∗, i.e. ‖u‖∗ = max‖x‖≤1 |u′x|. The parameter space Rn × Rm is endowed
with the norm ‖(c, b)‖ := max{‖c‖∗, ‖b‖∞}(since c is identified with the linear
functional x 	→ c′x), where ‖b‖∞ := maxt∈T |bt|.

The current paper is mainly oriented to the computation of the Lipschitz
upper semicontinuity modulus of Fop at the nominal parameter π , denoted
by LipuscFop(π) following [1]; see Section 2 for the formal definitions. At
this moment let us comment that LipuscFop(π) provides a semi-local mea-
sure of the stability (in fact, a rate of deviation) of the optimal set around the
nominal problem π . The term ‘semi-local’ refers to the fact that only param-
eters π around π are considered, while all elements of Fop(π) are taken into
account. A point-based formula (only depending on the nominal data (c, b)) for
the aimed LipuscFop(π) is provided in Theorem 4.2 (see also Theorem 4.1) in
terms of a finite amount of calmness moduli (of a local nature) of certain fea-
sible set mappings coming from adding new constraints to the system in (1).
These calmness moduli can be computed through the point-based formula given
in [2, Theorem 4] and recalled in [3, Theorem 3]. The reader is referred to
monographs on variational analysis as [4–7] for details about calmness and
other Lipschitz-type properties and to [8] for other stability criteria in linear
optimization.

The theory of parametric linear optimization goes back to the early 1950s (see,
e.g. [9, 10]). Some years later a systematic development of stability theory in
LPwith canonical perturbations emerged.One direction of researchwas the anal-
ysis of semicontinuity and Lipschitz continuity properties based on approaches
from variational analysis like Berge’s theory or Hoffman’s error bounds. In the
current parametric context both F and Fop are polyhedral multifunctions; i.e.
their graphs, gphF and gphFop, are finite unions of convex polyhedra. In fact
gphF is a convex polyhedral cone, while the union of polyhedra constituting
gphFop comes from considering the different choices of subsets of active indices
involved in the Karush–Kuhn–Tucker (KKT) optimality conditions. Hence, as a
consequence of a classical result by Robinson [11], bothF andFop are Lipschitz
upper semicontinuous (see Section 2.2 for the formal definition) at any b and π ,
respectively, provided that F(b) and Fop(π) are nonempty. The current paper
borrows the terminology from [5] or [1], although the Lipschitz upper semi-
continuity property, introduced in [11] as upper Lipschitz continuity, has been
also popularized under the name outer Lipschitz continuity (see the reference
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book [4]). In the context of RHS perturbations (where only b is perturbed, c
remains fixed) a well-known result establishes that both F and Fop are Lips-
chitz continuous relative to their domains (see, e.g. [[12, p. 232],[13, Chapter IX
(Sec. 7)],[4, Chapter 3C]]). At thismomentwe point out that the case of ‘fully per-
turbed’ problems, when all data (c, at and bt , t ∈ T) are perturbed, entails notable
differences regarding the Lipschitz upper semicontinuity as it is emphasized in
Remark 2.3.

The immediate antecedent to this work can be found in [3, Theorems 4 and
6], where the Lipschitz upper semicontinuity modulus of F at b, LipuscF(b), is
analysed.

Remark 1.1: There exists a striking resemblance between the formula of
LipuscF(b) obtained from [3, Theorems 4 and 6] and the new one, established
in Theorem 4.2, of LipuscFop(π). Just to show the similar appearance, here we
gather both formulae:

LipuscF
(
b
)

= max
x∈E

(
b
) clmF

(
b, x
)
,

LipuscFop (π) = max
x∈Eop(π)

clmFop (π , x) ,

where clmF(b, x) denotes the calmness modulus (see again Section 2 for the
definition) ofF at (b, x) ∈ gphF and clmFop(π , x) the corresponding calmness
modulus of Fop at (π , x) ∈ gphFop, and E(b) and Eop(π) are two nonempty
finite subsets of extreme points of certain subsets ofF(b) andFop(π) introduced
in (11) and (16), respectively. Despite these formal similarities between the two
results, let us emphasize that they both follow different methodologies, mainly
due to the fact that gphF is convex (hence the last part of Theorem 2.1 below
applies), while gphFop is not, even when fixing c and allowing only for RHS
perturbations. Indeed, as commented above, gphFop is a finite union of convex
polyhedra.

To overcome the drawback coming from the lack of convexity of gphFop, the
paper appeals to a weaker form of this property. Specifically, Theorem 3.1 shows
that a certain local directional convexity property of the graph ofFop is preserved;
indeed, when parameter c remains fixed (c = c) and b is perturbed in the way
b + μd for a fixed direction d ∈ Rn and a small μ ≥ 0. In order to illustrate this
idea, let us consider the following example, where convX stands for the convex
hull of X ⊂ Rn.

Example 1.1: Let us consider the problem in R2

minimize c1x1 + c2x2
subject to x1 ≤ b1, x2 ≤ b2, x1 + x2 ≤ b3, −1

2x1 + 1
2x2 ≤ b4,

(4)

with
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Figure 1. Local directional convexity in Example 1.1.

c = c =
(−1

−1

)
and b = (0, 0, 0, 1)′ + μ (1, 1, 1,−1)′ , μ ∈ R;

in other words, we are perturbing b = (0, 0, 0, 1)′ in the directions ±d with d =
(1, 1, 1,−1)′.

It can be easily checked that (see Figure 1)

Fop
(
c, b + μd

)
=

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

{(
μ

μ

)}
if μ ≤ 0,

conv
{(

μ

0

)
,
(
0
μ

)}
if 0 ≤ μ ≤ 2

3 ,

conv

{(
μ

0

)
,
(−1 + 3

2μ

1 − 1
2μ

)}
if 2

3 ≤ μ ≤ 2,{(
μ

2 − μ

)}
if μ ≥ 2.

In particular
(

(c, b − d),
(−1

−1

))
and

(
(c, b + d),

(
1
0

))
belong to gphFop,

while the middle point
(

(c, b),
(

0
−1/2

))
does not.

Now we summarize the structure of the paper. Section 2 contains some
notation and preliminary results used later on. Section 3 formalizes the
announced local directional convexity of gphFop. Themain result of this section,
Theorem 3.1, is applied in Section 4 to establish Lemma 4.1, which constitutes
a key step in the process of computing LipuscFop(π), leading to Theorem 4.2.
Finally, Section 5 includes some conclusions and perspectives. In particular, the
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so-called Hoffman stability modulus is recalled, which is known to coincide with
the Lipschitz upper semicontinuity modulus under the convexity of the graph.
This is the case ofF , but no longer ofFop (see Example 5.1). The reader is referred
to [3, 14–18] for extra details about Hoffman constants from a global (instead of
semi-local) approach.

2. Preliminaries

This section introduces some necessary notation and results which are used later
on. Given X ⊂ Rp, p ∈ N, we use the standard notation coneX and spanX for
the conical convex hull and linear hull of X respectively, with the convention
cone ∅ = span∅ = {0p} (the zero vector of Rp). Provided that X is convex, extrX
stands for the set of extreme points of X.

Consider a generic multifunction M : Y ⇒ X between metric spaces Y and
X (with both distances denoted by d). Recall that the graph and the domain of
M are respectively given by (y, x) ∈ gphM ⇔ x ∈ M(y) and y ∈ domM ⇔
M(y) �= ∅. Mapping M is said to be calm at (y, x) ∈ gphM if there exist a
constant κ ≥ 0 and neighbourhoods V of y and U of x such that

d(x,M(y)) ≤ κ d
(
y, y
)

for all y ∈ V and all x ∈ M(y) ∩ U, (5)

where d(x,�) := inf{d(x,ω) : ω ∈ �}, provided that x ∈ X and � ⊂ X, with
the usual convention inf ∅ := +∞ and d(x, ∅) = +∞. Since we are concerned
with nonnegative constants, we understand that sup ∅ := 0. It is well-known
(see, e.g. [4, Theorem 3H.3 and Exercise 3H.4]) that neighbourhood V appear-
ing in the definition of calmness is redundant; formally, the calmness of M at
(y, x) ∈ gphM is equivalent to the existence of a constant κ ≥ 0 and a (possibly
smaller) neighbourhood U of x such that

d(x,M(y)) ≤ κ d
(
y,M−1(x)

)
for all x ∈ U. (6)

The latter property is known as the metric subregularity of M−1 at (x, y)
(recall that y ∈ M−1(x) ⇔ x ∈ M(y)). The calmness modulus ofM at (y, x) ∈
gphM, denoted by clmM(y, x), is the infimum of constants κ such that (5)
(equivalently (6)) holds for some associated neighbourhoods; this modulus can
be written as:

clmM (
y, x
) = lim sup

(y,x)→(y,x)
x∈M(y)

d(x,M(y))
d
(
y, y
) = lim sup

x→x

d(x,M(y))
d
(
y,M−1(x)

) , (7)

where 0
0 := 0 and lim sup is understood as the supremum (maximum, indeed) of

all possible sequential upper limits (i.e. with (y, x) being replaced with elements
of sequences {(yr, xr)}r∈N converging to (y, x) as r → ∞).
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2.1. Lipschitz upper semicontinuity ofmultifunctions

The current work is focussed on a semi-local Lipschitz-type property: A
multifunction M is said to be Lipschitz upper semicontinuous (see, e.g. [[1,
Definition 2.1(iii)],[3, Section 3]]) at y ∈ domM if there exist a constant κ ≥ 0
and a neighbourhood V of y such that

d(x,M(y)) ≤ κ d
(
y, y
)

for all y ∈ V and all x ∈ M(y). (8)

The associated Lipschitz upper semicontinuity modulus at y ∈ domM, denoted
by LipuscM(y), is defined as the infimum of constants κ satisfying (8) for some
associated V. Clearly V is not redundant here. The following result provides a
limiting expression for LipuscM(y).

Proposition 2.1 ([3, Proposition 2(i)]): Let M : Y ⇒ X be a multifunction
between metric spaces and let y ∈ domM, then

LipuscM(y) = lim sup
y→y

(
sup

x∈M(y)

d(x,M(y))
d
(
y, y
) )

.

The following result establishes the relationship between calmness and Lip-
schitz upper semicontinuity for generic multifunctions. See Section 5 for addi-
tional comments including the so-called Hoffman stability, defined in (22).

Theorem 2.1 ([3, Corollary 2 and Theorem 4]): Let M : Y ⇒ X be a multi-
function between metric spaces and let y ∈ domM. We have

LipuscM (
y
) ≥ sup

x∈M(y)
clmM (

y, x
)
. (9)

Moreover, equality holds in (9) if Y is a normed space, X is a reflexive Banach space,
gphM is a nonempty convex set, andM(y) is closed.

Remark 2.1: (i) Observe that the previous theorem relates local and semi-local
Lipschitz-type measures for multifunctions.

(ii) The convexity assumption in the previous theorem is not superfluous for
establishing equality in (9), as it was shown in [3, Example 2].

2.2. Lipschitz upper semicontinuity of the feasible setmapping

This subsection deals with the feasible set mapping F : Rm ⇒ Rn introduced
in (2), which has a closed convex graph and, so, Theorem 2.1 allows us to write

LipuscF(b) = sup
x∈F(b)

clmF
(
b, x
)
. (10)

Going further, the next theorem provides a more computable expression for
LipuscF(b) as far as it involves a finite amount of calmness moduli. It appeals
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to the following set of extreme points:

E (b) := extr
(F(b) ∩ span {at , t ∈ T}) , b ∈ domF . (11)

For details about this construction the reader is addressed to [19, p. 142]. In addi-
tion to the following theorem, set E(b) is also a key tool in [20] to provide a
point-based formula for the calmness modulus of the optimal value function in
linear optimization. This set is known to be always nonempty and finite.

Theorem 2.2 ([3, See Theorems 4 and 6]): Let b ∈ domF . Then

LipuscF(b) = max
x∈E

(
b
) clmF

(
b, x
)
. (12)

In the sequel, for any (b, x) ∈ gphF , Tb(x) represents the set of active indices
at x, defined as

Tb (x) := {
t ∈ T : a′

tx = bt
}
.

In particular, it is appealed to in the definition of the following family of sets
appearing in the next remark: given (b, x) ∈ gphF ,Db(x) is formed by all subsets
D ⊂ Tb(x) such that system{

a′
td = 1, t ∈ D,
a′
td < 1, t ∈ Tb(x) \ D

}
is consistent (in the variable d ∈ Rn); in other words, {at , t ∈ D} lives in some
hyperplane which leaves the remaining coefficient vectors at , t ∈ Tb(x) \ D and
the origin, 0n, in one of its two associated open half-spaces.

Remark 2.2: It is worth mentioning that any calmness modulus, clmF(b, x),
at any x ∈ E(b) appearing in (12) can be computed through the point-based
formula given in [2, Theorem 4] (see also [3, Theorem 3], as stated in the
introduction), which is recalled here for completeness:

clmF(b, x) = max
D∈Db(x)

d∗ (0n, conv {at , t ∈ D})−1 ,
(
b, x
)

∈ gphF , (13)

where d∗ represents the distance associated with the dual norm ‖ · ‖∗.

Remark 2.3: The fact of considering RHS perturbations is crucial in our analy-
sis. Observe that in the case when the at ’s are also perturbed the corresponding
feasible set mapping is no longer Lipschitz upper semicontinuous in general.
Just consider the example in R2 with only one constraint: F̃(a, b) = {x ∈ R2 |
a1x1 + a2x2 ≤ b}, a = (a1, a2)′ ∈ R2, b ∈ R. Then, for each r = 1, 2, . . ., we have

sup
x∈F̃((1,− 1

r
)
,0
) d(x, F̃((1, 0)′ , 0))

r−1 ≥ lim
k→∞

d(
( k
rk
)
, F̃ ((1, 0)′, 0))

r−1 = +∞,

which entails Lipusc F̃((1, 0)′, 0) = +∞. Roughly speaking, the previous situa-
tion arises from the semi-local nature of this property (i.e. the fact that it involves
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the whole feasible sets associated with perturbed parameters). Indeed, other vari-
ational properties of local character (dealing with parameters and points near the
nominal ones) do not change so drastically. For instance, this is the case of the
calmness property (see, [2, Theorem 5]).

3. Local directional convexity ofFop

This is an instrumental section oriented to tackle our problem of computing
LipuscFop(π). As gphFop is not convex, we are not allowed to apply the last
part of Theorem 2.1, and this fact entails notable differences with respect to the
methodology followed in [3]. Specifically, this section is devoted to establish a
certain directional-type convexity of the graph of Fop around b with a fixed c,
where only local directional RHS perturbations of the constraints are considered;
see Figure 1 for a geometrical motivation. Formally, associated with our nominal
problem π = (c, b), any scalar ε > 0, and any direction d ∈ Rm with ‖d‖∞ = 1,
we consider the local directional optimal set mapping Fop

π ,d,ε : [0, ε] ⇒ Rn given
by

Fop
π ,d,ε (μ) = Fop

(
c, b + μd

)
, μ ∈ [0, ε]. (14)

The following lemmas constitute key tools for establishing Theorem 3.1. To
start with, we introduce some extra notation: given π = (c, b) ∈ domFop, Mπ

denotes the so-calledminimal KKT subsets of indices at π , defined as

Mπ :=
{
D ⊂ Tb (x)

∣∣∣∣ −c ∈ cone {at , t ∈ D}
D is minimal for the inclusion order

}
, (15)

provided that x is any optimal point of π . For convenience, sometimes Mπ is
alternatively denoted byMc,b for π = (c, b) ∈ domFop. Let us observe thatMπ

is correctly defined since the expression in (15) indeed does not depend on x as it
was commented in [20, Remark 2]. Finally, we introduce the counterpart of E(b)
when dealing with optimization problems,

Eop (π) := extr
(Fop(π) ∩ span {at , t ∈ T}) , π ∈ domFop. (16)

The reader is referred to [20, Section 2.2] for additional details about this set
of extreme points. Standard arguments of linear optimization yield Eop(π) =
Fop(π) ∩ E(b) for π = (c, b) ∈ domFop.

Lemma 3.1 ([20, Lemma 2]): Let {π r}r∈N ⊂ domFop converge to π . Then

∅ �= Limsupr Eop (π r) ⊂ Eop (π) ,

where Limsupr stands for the Painlevé–Kuratowski upper/outer limit as r → ∞
(see, e.g. [6, 7]).
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Lemma 3.2: Let (c, b) ∈ domFop. Then there exists ε > 0 such that for every b ∈
domF with ‖b − b‖∞ ≤ ε we haveMc,b ⊂ Mc,b.

Proof: Reasoning by contradiction, suppose that there exists a sequence {br}r∈N

such that domF � br → b and Dr ∈ Mc,br \ Mc,b for all r ∈ N. Since Dr ⊂ T
(finite) for all r, we may assume (by taking a subsequence if necessary) that
{Dr}r∈N is constant, say Dr = D for all r.

Applying Lemma 3.1, let x ∈ Limsupr Eop(c, br) and, without loss of gener-
ality (for an appropriate subsequence, without relabelling), write x = limr xr,
for some xr ∈ Eop(c, br), r = 1, 2, . . . For each r, D ∈ Mc,br entails D ⊂ Tbr(xr),
which yieldsD ⊂ Tb(x). Moreover, −c ∈ cone{at , t ∈ D} andD is minimal with
respect to this property since it is for any r (recall Dr = D). Hence, we attain the
contradiction D ∈ Mc,b. �

Theorem 3.1: Let π = (c, b) ∈ domFop and ε > 0 be as in Lemma 3.2. Then
gphFop

π ,d,ε is convex for all d ∈ Rm with ‖d‖∞ = 1.

Proof: Let (μ0, x0), (μ1, x1) ∈ gphFop
π ,d,ε with 0 ≤ μ0 ≤ μ1 ≤ ε. Let us see that

(μλ, xλ) := (1 − λ)(μ0, x0) + λ(μ1, x1) ∈ gphFop
π ,d,ε for λ ∈]0, 1[. If μ0 = μ1,

then x0 and x1 belong to the same convex set Fop(c, b + μ0d), and hence clearly
xλ ∈ Fop(c, b + μ0d) = Fop

π ,d,ε(μλ)for all λ ∈]0, 1[.
From now on, let us assumeμ0 < μ1. First observe that xλ ∈ F(b + μλd) for

all λ ∈]0, 1[ because of the convexity of gphF . We distinguish two cases:
Case 1 μ0 = 0. Fix any λ ∈]0, 1[. Observe that in this case μλ = λμ1. Let us

prove that xλ ∈ Fop
π ,d,ε(μλ). TakeD1 ∈ Mc,b+μ1d ⊂ Mc,b (because of Lemma 3.2

and the choice of ε). In particular, D1 ⊂ Tb+μ1d(x
1) ∩ Tb(x

0). Therefore D1 ⊂
Tb+λμ1d(x

λ) since, for any t ∈ D1,

a′
tx

λ = (1 − λ) a′
tx

0 + λa′
tx

1 = (1 − λ) bt + λ
(
bt + μ1dt

)
= bt + λμ1dt .

Hence, as we are not perturbing c, KKT optimality conditions ensure xλ ∈
Fop(c, b + λμ1d) = Fop

π ,d,ε(μλ).
Case 2 μ0 > 0. Fix again any λ ∈]0, 1[ and let us see that xλ ∈ Fop

π ,d,ε(μλ).
Start by choosing an arbitrary x ∈ Fop

π ,d,ε(0) = Fop(c, b) and define

x̃1 :=
(
1 − μ0

μ1

)
x + μ0

μ1
x1.

Reasoning as in the previous case, with x and μ0
μ1

playing the role of x0 and λ,
respectively, we deduce

x̃1 ∈ Fop
π ,d,ε

(
μ0

μ1
μ1

)
= Fop

π ,d,ε (μ0) .
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Appealing to the convexity of the previous optimal set, define

x̃α := (1 − α) x0 + αx̃1 ∈ Fop
π ,d,ε (μ0) ∀ α ∈ [0, 1].

A routine computation yields the existence of scalars α ∈ [0, 1] and β ≥ 1 such
that

xλ − x = β
(
x̃α − x

)
.

Indeed, they are unique and their explicit expressions are

α = λμ1

(1 − λ)μ0 + λμ1
, β = (1 − λ)μ0 + λμ1

μ0
.

Since x̃α ∈ Fop
π ,d,ε(μ0), there exists Dα ∈ Mc,b+μ0d ⊂ Mc,b, in particular, Dα ⊂

Tb+μ0d(x̃
α) ∩ Tb(x). Hence, for any t ∈ Dα , taking into account the fact that

βμ0 = μλ, one has

a′
tx

λ = a′
tx + βa′

t
(
x̃α − x

)
= bt + β

(
bt + μ0dt − bt

)
= bt + βμ0dt = bt + μλdt .

In this way, Dα ⊂ Tb+μλd(x
λ) and again the KKT optimality conditions yield

xλ ∈ Fop(c, b + μλd). In other words, (μλ, xλ) ∈ gphFop
π ,d,ε. �

The following example illustrates the previous results.

Example 3.1 (Example 1.1 revisited): Let us consider the parameterized prob-
lem (4) in R2 with T = {1, 2, 3, 4} and let us see that the statement of Lemma 3.2
fulfils by taking 0 < ε < 2

5 . First observe that

‖b − b‖∞ < 2
5

x ∈ Fop(c, b)

}
=⇒ Tb (x) ⊂ {1, 2, 3}. (17)

Reasoning by contradiction, assume that there exists (b, x) ∈ R4 × R2 such that
x ∈ Fop(c, b), ‖b − b‖∞ < 2

5 and 4 ∈ Tb(x). It is clear that {4} � Tb(x) accord-
ing to KKT conditions (−c /∈ cone{a4}). Then, by distinguishing cases we attain
a contradiction: assume that 1 ∈ Tb(x), then x1 = b1 and −1

2x1 + 1
2x2 = b4,

which yields x2 = b1 + 2b4 > −2
5 + 2(1 − 2

5) = 4
5 which contradicts x2 ≤ b2 <

2
5 . Hence 1 /∈ Tb(x). Then, necessarily 3 ∈ Tb(x) (since −c /∈ cone{a2, a4}), but
again x1 + x2 = b3 and −1

2x1 + 1
2x2 = b4 yield the contradiction 2

5 > x2 =
1
2b3 + b4 > −1

5 + 3
5 = 2

5 .
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From (17) one easily derives

Mc,b ⊂ Mc,b = {{1, 2}, {3}}, whenever ‖b − b‖∞ <
2
5
. (18)

Indeed, given any ‖b − b‖∞ < 2
5 one can check

Mc,b =
⎧⎨⎩

{{1, 2}, {3}}, if b1 + b2 = b3,
{{1, 2}}, if b1 + b2 < b3,
{{3}}, if b1 + b2 > b3.

Therefore, for any d ∈ R4, with ‖d‖∞ = 1, and μ ∈ [0, 25 [, we have

Fop
(
c, b + μd

)
=

⎧⎪⎪⎨⎪⎪⎩
{
μ

(
d1
d2

)}
, if d1 + d2 ≤ d3,

μ conv
{(

d1
d3 − d1

)
,
(
d3 − d2

d2

)}
, if d1 + d2 > d3,

(19)
which clearly entails the convexity of gphFop

π ,d,ε for each d ∈ R4 with ‖d‖∞ = 1
and each 0 < ε < 2

5 .
Finally, observe that (17) is no longer true for ε = 2

5 since

Tb+ 2
5 (−1,1,−1,−1)′

((
−4
5
,
2
5

)′)
= {2, 3, 4}.

However, (18) still holds by replacing 2
5 with 1

2 , since the only way to preclude
Mc,b ⊂ Mc,b is having {1, 4} ∈ Mc,b, which implies ‖b − b‖∞ ≥ 1

2 ; although
the description of Fop(c, b + μd) would be different from that of (19) when
μ > 2

5 .

4. Lipschitz upper semicontinuity of the optimal set mapping

This section tackles the final goal of the current paper: the computation of the
Lipschitz upper semicontinuity modulus for the optimal set mapping Fop intro-
duced in (3). First, let us see that perturbations of c are redundant when looking
for the aimed modulus. Formally, we consider Fop

c : Rm ⇒ Rn given by

Fop
c (b) = Fop (c, b) , b ∈ Rm.

Proposition 4.1 ([20, Lemma 4]): There exists ε > 0 such that

Fop (π) ⊂ Fop (c, b) ,

whenever π ≡ (c, b),π ≡ (c, b) ∈ domFop satisfy ‖π − π‖ < ε.



2102 J. CAMACHO ET AL.

Corollary 4.1: Let π ≡ (c, b) ∈ domFop. We have

LipuscFop (π) = LipuscFop
c

(
b
)

= lim sup
b→b

⎛⎝ sup
x∈Fop(c,b)

d
(
x,Fop (π)

)
d
(
b, b
)

⎞⎠ .

(20)

Proof: Inequality LipuscFop(π) ≥ LipuscFop
c (b) follows directly from the def-

initions. Appealing to Propositions 2.1 and 4.1 we have

LipuscFop (π) = lim sup
π→π

(
sup

x∈Fop(π)

d
(
x,Fop (π)

)
d (π ,π)

)

≤ lim sup
π→π

(
sup

x∈Fop(c,b)

d
(
x,Fop (π)

)
d (π ,π)

)

≤ lim sup
b→b

⎛⎝ sup
x∈Fop(c,b)

d
(
x,Fop (π)

)
d
(
b, b
)

⎞⎠
= LipuscFop

c

(
b
)
. �

From now on, appealing to the local directional convexity of the graph of
Fop under RHS perturbations, we adapt some arguments used in [3] to the cur-
rent setting. The following technical lemma uses Theorem 3.1 to provide an
upper bound on the variation rate of optimal solutions with respect to RHS
perturbations.

Lemma 4.1: Let π = (c, b) ∈ domFop. Let ε > 0 be as in Lemma 3.2, take
((c, b), x) ∈ gphFop with ‖b − b‖∞ ≤ ε and let p(x) be a projection (a best
approximation) of x in Fop(π). Then

d
(
x,Fop (π)

)
d
(
b, b
) ≤ clmFop (π , p (x)

)
.

Proof: The case b = b is trivial from 0/0 := 0. Assume b �= b and let d :=
b−b

‖b−b‖∞
. With the notation (14), p(x) ∈ Fop

π ,d,ε(0) and x ∈ Fop
π ,d,ε(‖b − b‖∞),

which entails, for each λ ∈ [0, 1], by applying Theorem 3.1,

xλ := (1 − λ)p (x) + λx ∈ Fop
π ,d,ε

(
λ‖b − b‖∞

)
= Fop

(
c, (1 − λ) b + λb

)
.

Moreover, from [3, Lemma 1] we have that p(x) is also a best approximation of
xλ in Fop(π); i.e. ‖xλ − p(x)‖ = d(xλ,Fop(π)), λ ∈ [0, 1]. Consequently,

d
(
xλ,Fop (π)

)
‖λ
(
b − b

)
‖∞

= λ‖x − p (x) ‖
λ‖b − b‖∞

= d
(
x,Fop (π)

)
d
(
b, b
) , whenever λ ∈ ]0, 1] .
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Hence, letting λ → 0 we obtain the aimed inequality. �

Proposition 4.2: Let π = (c, b) ∈ domFop, then

LipuscFop (π) = sup
z∈Fop(π)

clmFop (π , z) .

Proof: Inequality ‘≥’ comes from Theorem 2.1. Let us prove the nontrivial
inequality ≤. Take an ε > 0 as in Lemma 3.2 (and Theorem 3.1). We can write
(recall Corollary 4.1)

LipuscFop
(
c, b
)

= lim sup
b→b

⎛⎝ sup
x∈Fop

c (b)

d
(
x,Fop (π)

)
d
(
b, b
)

⎞⎠
≤ lim sup

b→b
‖b−b‖≤ε

⎛⎝ sup
x∈Fop

c (b)
clmFop (π , p (x)

)⎞⎠ ,

where we have applied Lemma 4.1 and, as in that lemma, for each x ∈ Fop
c (b),

with ‖b − b‖ ≤ ε, p(x) ∈ Fop(π) is a projection of x in Fop(π).
Consequently,

LipuscFop (π) ≤ sup
z∈Fop(π)

clmFop (π , z) .

�

Next we show that the supremum in the previous proposition may be reduced
to a finite subset of points, indeed to points in Eop(c, b). To do that we appeal to
the following theorem.

Theorem 4.1 ([21, Corollary 4.1]): Let (π , x) ∈ gphFop with π = (c, b). Then

clmFop
((

c, b
)
, x
)

= max
D∈Mπ

clmLD

((
b,−bD

)
, x
)
, (21)

where, for each D ∈ Mπ , LD : Rm × RD ⇒ Rn is defined by

LD (b, d) := {
x ∈ Rn : a′

tx ≤ bt , t = 1, . . . ,m; −a′
tx ≤ dt , t ∈ D

}
,

and bD := (bt)t∈D.

Remark 4.1: Observe that each LD is nothing else but a feasible set mapping
of the same type as F but associated with an enlarged system. Consequently,
Remark 2.2 also applies here for computing each clmLD((b,−bD), x), and there-
fore clmFop((c, b), x).
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Finally, by gathering the previous results of this section, we can establish our
main goal in the following theorem. We point out that this theorem provides an
implementable procedure for computing the aimed LipuscFop(π) as far as it is
written in terms of a finite amount of calmness moduli of feasible set mappings
(as the previous theorem says) and these calmness moduli can be computed via
formula (13).

Theorem 4.2: Let π ∈ domFop, then

LipuscFop (π) = max
x∈Eop(π)

clmFop (π , x) .

Proof: Starting from the equalities of Proposition 4.2 and Theorem 4.1, we can
write

LipuscFop (π) = sup
x∈Fop(π)

clmFop (π , x)

= sup
x∈Fop(π)

max
D∈Mπ

clmLD

((
b,−bD

)
, x
)

= max
D∈Mπ

sup
x∈LD

(
b,−bD

) clmLD

((
b,−bD

)
, x
)

= max
D∈Mπ

max
x∈Eop(π)

clmLD

((
b,−bD

)
, x
)

= max
x∈Eop(π)

clmFop
((

c, b
)
, x
)
.

In the third equality we have used the fact that Fop(c, b) = LD(b,−bD) for all
D ∈ Mπ (see [21, Proposition 4.1]), while the fourth comes from Theorems 2.1
and 2.2 by taking Remark 4.1 into account, together with the fact that the role
played by E(b) in Theorem 2.2 is now played by

extr
(
LD

(
b,−bD

)
∩ span {at , t ∈ T}

)
= Eop (π) , for all D ∈ Mπ .

The last equality comes again from Theorem 4.1. �

5. Conclusions and perspectives

At this moment we recall the parallelism between both formulae of LipuscF(b)
and LipuscFop(π), for π = (c, b) ∈ domFop, pointed out in Remark 1.1. The
first one was established in [3] by strongly appealing to the convexity of gphF ,
while a local directional convexity property of gphFop has been used here to
develop the second one. Indeed, [3] analyses another Lipschitz-type property,
called there Hoffman stability, which is commented in the next subsection.
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5.1. On the Hoffman stability of the optimal set

We say thatM : Y ⇒ X, with Y and X being metric spaces, is Hoffman stable at
y if there exists κ ≥ 0 such that d(x,M(y)) ≤ κ d(y, y) for all y ∈ domM and
all x ∈ M(y), or, equivalently, if

d(x,M(y)) ≤ κ d
(
y,M−1(x)

)
for all x ∈ X. (22)

The associated Hoffman modulus at y ∈ domM, Hof M(y), is the infimum of
constants κ satisfying (22) and may be expressed as

Hof M(y) = sup
(y,x)∈gphM

d(x,M(y))
d
(
y, y
) = sup

x∈X
d(x,M(y))

d
(
y,M−1(x)

) .
Theorem 4 in [3], again appealing to the convexity of gphF , establishes the
equality

LipuscF
(
b
)

= Hof F
(
b
)
,

which is no longer true for our optimal set mapping Fop, neither for Fop
c (recall

that gphFop and gphFop
c are not convex), as the following example shows.

Example 5.1: Consider the parameterized problem of Example 1.1 with R2

being endowed with the Euclidean norm, and consider the following nominal
parameters:

c =
(−1

−1

)
and b = (−1,−1,−1, 1)′ .

The reader can easily check that∥∥∥(c, b) −
(
c, b
)∥∥∥ <

1
3

⇒ Fop (c, b) =
{(

b1
b2

)}
.

Thus, an ad hoc routine calculation gives

LipuscFop
(
c, b
)

= √
2.

Of course Theorem 4.2 can be alternatively used for this computation.
Now, let us perturb b by considering bμ := b + μ(−1, 0, 0,−1)′ for μ ≥ 2/3.

Then it is easy to check that
(−1 − μ

1 − 3μ

)
∈ Fop(c, bμ) for all μ ≥ 2/3 and,

accordingly,

Hof Fop
(
c, b
)

≥ Hof Fop
c

(
b
)

≥ lim
μ→+∞

∥∥∥∥(−1 − μ

1 − 3μ

)
−
(−1

−1

)∥∥∥∥∥∥∥bμ − b
∥∥∥∞

= lim
μ→+∞

√
μ2 + (3μ − 2)2

μ
= √

10.
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The computation of Hof Fop(c, b) and Hof Fop
c (b) remains as an open prob-

lem for further research.

5.2. Some repercussions on the stability of the optimal value

Let us finish the paper with some comments about perspectives on the behaviour
of the optimal value function ϑ : Rn × Rm → [−∞,+∞], given by

ϑ (π) := inf{c′x : x ∈ F (b)}, π = (c, b) ∈ Rn × Rm,

(with the convention ϑ(π) := +∞ when F(b) = ∅); in our context of finite LP
problemsϑ(π) is finite if and only ifπ ∈ domFop.Moreover, awell-known result
in the literature establishes the continuity of ϑ restricted to its domain (see, e.g.
[22, Theorem 4.5.2] for a proof based on the Berge’s theory); i.e. the continuity of
ϑR := ϑ |domFop . Going further and regarding the subject of the current paper,
the calmness modulus of ϑR provides a quantitative measure of the stability of
the optimal value (indeed, a rate of variation with respect to perturbations of the
data). Specifically, for π ∈ domFop this calmness modulus is given by

clmϑR(π) = lim sup
π→π

π∈domFop

|ϑ (π) − ϑ (π) |
‖π − π‖ .

This calmness modulus is analysed in [20], where point-based formulae for this
quantity are provided in two stages: firstly, under RHS perturbations and, in a
second stage, under canonical perturbations. That paper is focussed on a dual
approach and formulae obtained there involve the maximum and minimum
norms of dual optimal solutions (vectors of KKTmultipliers) associated with the
minimal KKT subsets of indices,Mπ .

At this moment we point out the fact that appealing to LipuscFop(π) we may
follow a primal approach to the estimation of clmϑR(π). The situation is particu-
larly easy in the case of RHS perturbations as commented in the next lines: given
(c, b), (c, b) ∈ domFop we have

|ϑ (c, b) − ϑ
(
c, b
)

| = |c′x − c′p (x) | ≤ ‖c‖∗ d
(
x,Fop (π)

)
, (23)

where x ∈ Rn is any optimal solution of (c, b) and p(x) ∈ Rn is any projection of
x on Fop(π). From (23), we obtain

lim sup
b→b

(c,b)∈domFop

|ϑ (c, b) − ϑ (π) |
‖π − π‖ ≤ ‖c‖∗ LipuscFop (π) .

Adding perturbations of c and trying to reproduce inequalities of the form (23)
in the context of canonical perturbations yields a different scenario, where the
size of primal optimal solutions could play an important role, but this lies out of
the scope of the present paper.



OPTIMIZATION 2107

Acknowledgments

The authors wish to thank the anonymous referees for their valuable critical comments, which
have definitely improved the original version of the paper.

Disclosure statement

No potential conflict of interest was reported by the author(s).

Funding

This research has been partially supported byGrant PGC2018-097960-B-C21 fromMICINN ,
Spain, andERDF, ‘Away tomake Europe’, EuropeanUnion, and grant PROMETEO/2021/063
from Generalitat Valenciana, Spain.

References

[1] Uderzo A. On the quantitative solution stability of parameterized set-valued inclusions.
Set-Valued Var Anal. 2021;29(2):425–451.

[2] Cánovas MJ, López MA, Parra J, et al. Calmness of the feasible set mapping for linear
inequality systems. Set-Valued Var Anal. 2014;22(2):375–389.

[3] Camacho J, Cánovas MJ, Parra J. From calmness to Hoffman constants for linear semi-
infinite inequality systems. Available from: https://arxiv.org/pdf/2107.10000v2.pdf

[4] Dontchev AL, Rockafellar RT. Implicit functions and solution mappings: a view from
variational analysis. New York: Springer; 2009.

[5] Klatte D, Kummer B. Nonsmooth equations in optimization: regularity, calculus, meth-
ods and applications. Dordrecht: Kluwer Academic; 2002. (Nonconvex optimization and
its applications; vol. 60).

[6] Mordukhovich BS. Variational analysis and generalized differentiation, I: basic theory.
Berlin: Springer; 2006.

[7] Rockafellar RT, Wets RJ-B. Variational analysis. Berlin: Springer; 1998.
[8] Goberna MA, López MA. Linear semi-infinite optimization. Chichester: Wiley; 1998.
[9] Gass S, Saaty T. Parametric objective function (part 2)-generalization. J Oper Res Soc

Am. 1955;3:395–401.
[10] Saaty T, Gass S. Parametric objective function (part 1). J Oper Res Soc Am.

1954;2:316–319.
[11] Robinson SM. Some continuity properties of polyhedral multifunctions. Math Progr

Study. 1981;14:206–214.
[12] Klatte D. Lipschitz continuity of infima and optimal solutions in parametric optimiza-

tion: the polyhedral case. In:Guddat J, JongenHTh,KummerB, et al., editors. Parametric
optimization and related topics. Berlin: Akademie; 1987. p. 229–248.

[13] Dontchev A, Zolezzi T. Well-posed optimization problems. Berlin: Springer; 1993.
(Lecture Notes in Mathematics; vol. 1543.

[14] Azé D, Corvellec J-N. On the sensitivity analysis of Hoffman constants for systems of
linear inequalities. SIAM J Optim. 2002;12(4):913–927.

[15] Hoffman AJ. On approximate solutions of systems of linear inequalities. J Res Natl Bur
Stand. 1952;49(4):263–265.

[16] Klatte D, Thiere G. Error bounds for solutions of linear equations and inequalities. Z
Oper Res. 1995;41:191–214.

https://arxiv.org/pdf/2107.10000v2.pdf


2108 J. CAMACHO ET AL.

[17] Peña J, Vera JC, Zuluaga LF. New characterizations of Hoffman constants for systems of
linear constraints. Math Program. 2021;187(1–2):79–109.

[18] Zălinescu C. Sharp estimates for Hoffman’s constant for systems of linear inequalities
and equalities. SIAM J Optim. 2003;14(2):517–533.

[19] Li W. Sharp Lipschitz constants for basic optimal solutions and basic feasible solutions
of linear programs. SIAM J Control Optim. 1994;32(1):140–153.

[20] Gisbert MJ, Canovas MJ, Parra J, et al. Calmness of the optimal value in linear program-
ming. SIAM J Optim. 2018;28(3):2201–2221.

[21] Cánovas MJ, Henrion R, López MA, et al. Outer limit of subdifferentials and
calmness moduli in linear and nonlinear programming. J Optim Theory Appl.
2016;169(3):925–952.

[22] Bank B, Guddat J, Klatte D, et al. Non-linear parametric optimization. Berlin: Akademie;
1982 and Birkhäuser: Basel; 1983.


	1. Introduction and motivation
	2. Preliminaries
	2.1. Lipschitz upper semicontinuity of multifunctions
	2.2. Lipschitz upper semicontinuity of the feasible set mapping

	3. Local directional convexity of Fop
	4. Lipschitz upper semicontinuity of the optimal set mapping
	5. Conclusions and perspectives
	5.1. On the Hoffman stability of the optimal set
	5.2. Some repercussions on the stability of the optimal value

	Acknowledgments
	Funding
	References


<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles false
  /AutoRotatePages /PageByPage
  /Binding /Left
  /CalGrayProfile ()
  /CalRGBProfile (Adobe RGB \0501998\051)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 524288
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments false
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo false
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings false
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Remove
  /UCRandBGInfo /Remove
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.90
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.90
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Average
  /MonoImageResolution 300
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects true
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /ENU ()
  >>
>> setdistillerparams
<<
  /HWResolution [600 600]
  /PageSize [493.483 703.304]
>> setpagedevice


