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ABSTRACT

This work is focussed on computing the Lipschitz upper
semicontinuity modulus of the argmin mapping for canoni-
cally perturbed linear programs. The immediate antecedent
can be traced out from Camacho J et al. [2022. From calm-
ness to Hoffman constants for linear semi-infinite inequality
systems. Available from: https://arxiv.org/pdf/2107.10000v2.
pdf], devoted to the feasible set mapping. The aimed modulus
is expressed in terms of a finite amount of calmness moduli,
previously studied in the literature. Despite the parallelism in
the results, the methodology followed in the current paper dif-
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fers notably from Camacho J et al. [2022] as far as the graph
of the argmin mapping is not convex; specifically, a new tech-
nique based on a certain type of local directional convexity is
developed.

90C05

1. Introduction and motivation

The main goal of the present paper is to compute the upper semicontinuity mod-
ulus of the optimal set (argmin) mapping associated with the parameterized
linear programming (LP, in brief) problem given by

7 : minimize 'x
subjectto ajx < by,

teT:={1,2,...,m}, (1)

where x € R” is the decision variable, regarded as a column-vector, the prime
stands for transposition, a; € R" is fixed for each t € T, and the pair (¢, b) €
R" x R™, with b = (by)er € R™, is the parameter to be perturbed around a
nominal one (c,b) € R" x R™. In this way we are dealing with the so-called
canonical perturbations (tilt perturbations of the objective function together with
the right-hand side - RHS - of the constraints). We consider the feasible set and
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the optimal set mappings F : R™ = R” and F : R” x R™ = R" defined as

F ) = {xeR”:a;betforallte T}, (2)
F () := argmin {x : x € F (b)}. (3)

From now on we identify each problem 7 with the corresponding parameter
(¢, b); accordingly, ™ = (, b) denotes the nominal problem. The space of vari-
ables, R", is endowed with an arbitrary norm || - ||, whose dual norm is denoted
by || - Il i.e. |ullx = maxy|<1 |t'x|. The parameter space R” x R™ is endowed
with the norm ||(c, b) || := max{]|c||«, ||b]lco }(since c is identified with the linear
functional x > ¢'x), where ||b||oo := max;cr |bs].

The current paper is mainly oriented to the computation of the Lipschitz
upper semicontinuity modulus of F° at the nominal parameter 7, denoted
by Lipusc 7P (7) following [1]; see Section 2 for the formal definitions. At
this moment let us comment that Lipusc F°(7) provides a semi-local mea-
sure of the stability (in fact, a rate of deviation) of the optimal set around the
nominal problem 7. The term ‘semi-local’ refers to the fact that only param-
eters = around 7 are considered, while all elements of F°P(7r) are taken into
account. A point-based formula (only depending on the nominal data (c, b)) for
the aimed Lipusc F°P(7) is provided in Theorem 4.2 (see also Theorem 4.1) in
terms of a finite amount of calmness moduli (of a local nature) of certain fea-
sible set mappings coming from adding new constraints to the system in (1).
These calmness moduli can be computed through the point-based formula given
in [2, Theorem 4] and recalled in [3, Theorem 3]. The reader is referred to
monographs on variational analysis as [4-7] for details about calmness and
other Lipschitz-type properties and to [8] for other stability criteria in linear
optimization.

The theory of parametric linear optimization goes back to the early 1950s (see,
e.g. [9, 10]). Some years later a systematic development of stability theory in
LP with canonical perturbations emerged. One direction of research was the anal-
ysis of semicontinuity and Lipschitz continuity properties based on approaches
from variational analysis like Berge’s theory or Hoffman’s error bounds. In the
current parametric context both F and F° are polyhedral multifunctions; i.e.
their graphs, gph F and gph F?, are finite unions of convex polyhedra. In fact
gph F is a convex polyhedral cone, while the union of polyhedra constituting
gph F°P comes from considering the different choices of subsets of active indices
involved in the Karush-Kuhn-Tucker (KKT) optimality conditions. Hence, as a
consequence of a classical result by Robinson [11], both F and F° are Lipschitz
upper semicontinuous (see Section 2.2 for the formal definition) at any b and 7,
respectively, provided that F(b) and F°P () are nonempty. The current paper
borrows the terminology from [5] or [1], although the Lipschitz upper semi-
continuity property, introduced in [11] as upper Lipschitz continuity, has been
also popularized under the name outer Lipschitz continuity (see the reference
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book [4]). In the context of RHS perturbations (where only b is perturbed, ¢
remains fixed) a well-known result establishes that both F and F° are Lips-
chitz continuous relative to their domains (see, e.g. [[12, p. 232],[13, Chapter IX
(Sec.7)],[4, Chapter 3C]]). At this moment we point out that the case of ‘fully per-
turbed’ problems, when all data (c, a; and by, t € T) are perturbed, entails notable
differences regarding the Lipschitz upper semicontinuity as it is emphasized in
Remark 2.3.

The immediate antecedent to this work can be found in [3, Theorems 4 and
6], where the Lipschitz upper semicontinuity modulus of F at b, Lipusc F(b), is
analysed.

Remark 1.1: There exists a striking resemblance between the formula of
Lipusc F (b) obtained from [3, Theorems 4 and 6] and the new one, established
in Theorem 4.2, of Lipusc F°P (). Just to show the similar appearance, here we
gather both formulae:

Lipusc F (Ta) = max cmF (E, x),
xe& (E)
Lipusc F? (7) = max cm F? (7,x),

x€EP ()
where clm F (b, x) denotes the calmness modulus (see again Section 2 for the
definition) of F at (b, x) € gph F and clm F°P (7, x) the corresponding calmness
modulus of F at (7,x) € gph F, and & (b) and EP(T) are two nonempty
finite subsets of extreme points of certain subsets of F (b) and F°P(7) introduced
in (11) and (16), respectively. Despite these formal similarities between the two
results, let us emphasize that they both follow different methodologies, mainly
due to the fact that gph F is convex (hence the last part of Theorem 2.1 below
applies), while gph 7P is not, even when fixing ¢ and allowing only for RHS
perturbations. Indeed, as commented above, gph F is a finite union of convex
polyhedra.

To overcome the drawback coming from the lack of convexity of gph F, the
paper appeals to a weaker form of this property. Specifically, Theorem 3.1 shows
that a certain local directional convexity property of the graph of 7 is preserved;
indeed, when parameter ¢ remains fixed (c = ¢) and b is perturbed in the way
b + pud for a fixed direction d € R” and a small u > 0. In order to illustrate this
idea, let us consider the following example, where conv X stands for the convex
hull of X C R".

Example 1.1: Let us consider the problem in R?

minimize c¢1x] + cx2
subjectto x; < by, x3 < by, x1 +x < b3, —%x1 + %xz < by,

(4)

with
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0
(2/3) F°P (¢,b+ pud) C R?

SN

I
.

=70 ,LLI% p=2

Figure 1. Local directional convexity in Example 1.1.
- -1 / /
c=c= ) and b=(0,0,0,1) +u(1,1,1,-1)", u € R;
in other words, we are perturbing b= (0,0,0, 1) in the directions +=d with d =

(1,1,1,—1).
It can be easily checked that (see Figure 1)

(O

conv ,u’ ifOSMS%,

FP(c,b+pd) = | s
( > conv (g),( b+ 2“)] if2<p<2,
m )
fu>2.
1G2)]

— —1 - 1
In particular ((E, b—4d), ( 1)) and <(E,b +d), (())) belong to gph F,

— 0
while the middle point ((E, b), ( 1/2)> does not.

Now we summarize the structure of the paper. Section 2 contains some
notation and preliminary results used later on. Section 3 formalizes the
announced local directional convexity of gph F°P. The main result of this section,
Theorem 3.1, is applied in Section 4 to establish Lemma 4.1, which constitutes
a key step in the process of computing Lipusc F% (), leading to Theorem 4.2.
Finally, Section 5 includes some conclusions and perspectives. In particular, the
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so-called Hoffman stability modulus is recalled, which is known to coincide with
the Lipschitz upper semicontinuity modulus under the convexity of the graph.
This is the case of 7, but no longer of 7 (see Example 5.1). The reader is referred
to [3, 14-18] for extra details about Hoffman constants from a global (instead of
semi-local) approach.

2. Preliminaries

This section introduces some necessary notation and results which are used later
on. Given X C R?, p € N, we use the standard notation coneX and spanX for
the conical convex hull and linear hull of X respectively, with the convention
cone ¥ = span ) = {0,} (the zero vector of R?). Provided that X is convex, extrX
stands for the set of extreme points of X.

Consider a generic multifunction M : Y = X between metric spaces Y and
X (with both distances denoted by d). Recall that the graph and the domain of
M are respectively given by (y,x) € gph M & x € M(y) and y € dom M &
M(y) # . Mapping M is said to be calm at (y,X) € gph M if there exist a
constant k > 0 and neighbourhoods V of y and U of X such that

d(x, M(»)) <« d( ,)7) forally e Vandallx e M(y) N U, (5)

where d(x, Q) := inf{d(x, w) : @ € Q}, provided that x € X and Q C X, with
the usual convention inf ¢ := 400 and d(x, ) = +00. Since we are concerned
with nonnegative constants, we understand that sup ¢ := 0. It is well-known
(see, e.g. [4, Theorem 3H.3 and Exercise 3H.4]) that neighbourhood V appear-
ing in the definition of calmness is redundant; formally, the calmness of M at
(¥, x) € gph M is equivalent to the existence of a constant ¥k > 0 and a (possibly
smaller) neighbourhood U of X such that

d(x, M(»)) <«kd (7,/\/1_1(96)) forallx € U. (6)

The latter property is known as the metric subregularity of M~! at (%,7)
(recall that y € M~1(x) & x € M(y)). The calmness modulus of M at (7, %) €
gph M, denoted by clm M(y, %), is the infimum of constants « such that (5)
(equivalently (6)) holds for some associated neighbourhoods; this modulus can
be written as:

d(x, M(y d(e, M(y
clm M (}, J_C) = limsup w = lim sup M, (7)
)= (7:%) d ()’> }/) xx d ()’; M (x))
xeM(y)
where g := 0 and lim sup is understood as the supremum (maximum, indeed) of

all possible sequential upper limits (i.e. with (y, x) being replaced with elements
of sequences {(yr, xr) }ren converging to (¥,x) as r — 00).
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2.1. Lipschitz upper semicontinuity of multifunctions

The current work is focussed on a semi-local Lipschitz-type property: A
multifunction M is said to be Lipschitz upper semicontinuous (see, e.g. [[1,
Definition 2.1(iii)],[3, Section 3]]) at y € dom M if there exist a constant k > 0
and a neighbourhood V of y such that

dx, M(»)) <« d( ,)7) forally € Vandallx € M(y). (8)

The associated Lipschitz upper semicontinuity modulus at y € dom M, denoted
by Lipusc M (¥), is defined as the infimum of constants « satisfying (8) for some
associated V. Clearly V is not redundant here. The following result provides a
limiting expression for Lipusc M ().

Proposition 2.1 ([3, Proposition 2(i)]): Let M :Y = X be a multifunction
between metric spaces and let y € dom M, then

Lipusc M(y) = limsup | sup d(x,—/\/l_(y)) .
-7 \eemon 4 (1Y)

The following result establishes the relationship between calmness and Lip-
schitz upper semicontinuity for generic multifunctions. See Section 5 for addi-
tional comments including the so-called Hoffman stability, defined in (22).

Theorem 2.1 ([3, Corollary 2 and Theorem 4]): Let M : Y =2 X be a multi-
function between metric spaces and let y € dom M. We have

Lipusc M (y) = sup clm M (,x). 9)
xeM()

Moreover, equality holds in (9) if Y is a normed space, X is a reflexive Banach space,
gph M is a nonempty convex set, and M(y) is closed.

Remark 2.1: (i) Observe that the previous theorem relates local and semi-local
Lipschitz-type measures for multifunctions.

(ii) The convexity assumption in the previous theorem is not superfluous for
establishing equality in (9), as it was shown in [3, Example 2].

2.2. Lipschitz upper semicontinuity of the feasible set mapping
This subsection deals with the feasible set mapping F : R™ = R" introduced
in (2), which has a closed convex graph and, so, Theorem 2.1 allows us to write
Lipusc F(b) = sup clmF <E, x) . (10)
xeF(b)

Going further, the next theorem provides a more computable expression for
Lipusc F(b) as far as it involves a finite amount of calmness moduli. It appeals
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to the following set of extreme points:
E (b) := extr (.7-"(19) Nspan{a;, t € T}) , bedomlF. (11)

For details about this construction the reader is addressed to [19, p. 142]. In addi-
tion to the following theorem, set £(b) is also a key tool in [20] to provide a
point-based formula for the calmness modulus of the optimal value function in
linear optimization. This set is known to be always nonempty and finite.

Theorem 2.2 ([3, See Theorems 4 and 6]): Let b € dom F. Then

Lipusc F(b) = ImF (b,x) . (12)
1pusc xIEI;a()E()CIn ( x)

In the sequel, for any (b, x) € gph F, Tj(x) represents the set of active indices
at x, defined as

Tp(x):={t € T: ax=b}.

In particular, it is appealed to in the definition of the following family of sets
appearing in the next remark: given (b, x) € gph F, Dy, (x) is formed by all subsets
D C Tp(x) such that system

ad=1, teD,
aid <1, teTy(x)\D

is consistent (in the variable d € R"); in other words, {a;, t € D} lives in some
hyperplane which leaves the remaining coefficient vectors as, t € Tp(x) \ D and
the origin, 0,, in one of its two associated open half-spaces.

Remark 2.2: It is worth mentioning that any calmness modulus, clm 7 (b, x),
at any x € £(b) appearing in (12) can be computed through the point-based
formula given in [2, Theorem 4] (see also [3, Theorem 3], as stated in the
introduction), which is recalled here for completeness:

clm]-'(E,a_c) = max d, (0,, conv {a;, t € D})_l, (Ta,%) € gphF, (13)

DeDy()

where d, represents the distance associated with the dual norm || - || .

Remark 2.3: The fact of considering RHS perturbations is crucial in our analy-
sis. Observe that in the case when the a;’s are also perturbed the corresponding
feasible set mapping is no longer Lipschitz upper semicontinuous in general.
Just consider the example in R? with only one constraint: F (a,b) = {x e R? |
aix1 + axx; < b),a = (a1, a2) € R% b € R. Then, foreachr = 1,2, ..., we have

d(x, 7((1,0),0)) . d((%), F ((1,0),0))

1 k=00 r—1

- >

sup
<eF((1-1)9)

which entails Lipusc F ((1,0)’,0) = 4-00. Roughly speaking, the previous situa-
tion arises from the semi-local nature of this property (i.e. the fact that it involves
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the whole feasible sets associated with perturbed parameters). Indeed, other vari-
ational properties of local character (dealing with parameters and points near the
nominal ones) do not change so drastically. For instance, this is the case of the
calmness property (see, [2, Theorem 5]).

3. Local directional convexity of 7°P

This is an instrumental section oriented to tackle our problem of computing
Lipusc FP (7). As gph F is not convex, we are not allowed to apply the last
part of Theorem 2.1, and this fact entails notable differences with respect to the
methodology followed in [3]. Specifically, this section is devoted to establish a
certain directional-type convexity of the graph of 7% around b with a fixed ¢,
where only local directional RHS perturbations of the constraints are considered;
see Figure 1 for a geometrical motivation. Formally, associated with our nominal
problem 7 = (g, b), any scalar ¢ > 0, and any direction d € R with ||d||cc = 1,
we consider the local directional optimal set mapping F;p g ¢ [0,6] = R given
by

TT,d,

FP (w) = FP (E,E n ud) . peloel. (14)

The following lemmas constitute key tools for establishing Theorem 3.1. To
start with, we introduce some extra notation: given 7 = (¢, b) € dom F%, M
denotes the so-called minimal KKT subsets of indices at 7, defined as

15
D is minimal for the inclusion order (15)

My = {D C Ty (%)

—c € cone{ay, t € D} }

provided that x is any optimal point of . For convenience, sometimes M is
alternatively denoted by M, for 7 = (¢, b) € dom F. Let us observe that M,
is correctly defined since the expression in (15) indeed does not depend on x as it
was commented in [20, Remark 2]. Finally, we introduce the counterpart of £(b)
when dealing with optimization problems,

EP () = extr (FP () Nspan{as, t € T}), 7 € dom F. (16)

The reader is referred to [20, Section 2.2] for additional details about this set
of extreme points. Standard arguments of linear optimization yield £%(7) =
FPr)yNED) form = (¢, b) € dom F°P.

Lemma 3.1 ([20, Lemma 2]): Let {n"},en C dom FP converge to 7w. Then
¢ # Limsup, E? (n7) C £? (),

where Limsup, stands for the Painlevé-Kuratowski upper/outer limit as r — 00
(see, e.g. [6, 7]).
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Lemma 3.2: Let (¢, b) € dom FP. Then there exists ¢ > 0 such that forevery b €
dom F with ||b — bllco < & we have Mg, C M 3

Proof: Reasoning by contradiction, suppose that there exists a sequence {b"},en
such that dom F 5 b" — band D, € Mepr \ M3 forall r € N. Since D, C T
(finite) for all r, we may assume (by taking a subsequence if necessary) that
{D;},en is constant, say D, = D for all .

Applying Lemma 3.1, let X € Limsup, £ (¢, b") and, without loss of gener-
ality (for an appropriate subsequence, without relabelling), write x = lim, x,
for some x" € EP(c,b"), r =1,2,... For each r, D € Mgyr entails D C Ty (x"),
which yields D C T(x). Moreover, —c € cone{ay, t € D} and D is minimal with
respect to this property since it is for any r (recall D, = D). Hence, we attain the
contradiction D € M. 3. |

Theorem 3.1: Let 7 = (¢,b) € dom F% and ¢ > 0 be as in Lemma 3.2. Then
gph f;‘f’dﬁ is convex for all d € R™ with ||d||oc = 1.

Proof: Let (10> x°), (1, xY) € gph]-';pdg with 0 < o < u1 < e. Let us see that

(2 6*) 1= (1 = M) (0, x%) + A(u1,x") € gph 2, for & €]0, 1. If ju0 = pu1,
then x° and x! belong to the same convex set F° (¢, b 4+ pod), and hence clearly
x* € FP(C,b+ pod) = (w;)for all & €]0,1].

From now on, let us assume o < ;. First observe that x* € F(b + u,d) for
all 1 €]0, 1[ because of the convexity of gph F. We distinguish two cases:

Case 1 ug = 0. Fix any A €]0, 1[. Observe that in this case u; = Au;. Let us
(). Take Dy € MCb-HL 4 C Mcb (because of Lemma 3.2
xHN T (xO). Therefore D; C

nds

A
prove thatx” € 7~ d .

and the choice of ¢). In particular, D; C Tj,

Tb—i-MM

+u1d
d(x ) since, for any t € Dy,

A = (1— 1) alx® + ralx! —(1—/\)Et+/\(5t+mdt) — By + Apydy.

A

Hence, as we are not perturbing ¢, KKT optimality conditions ensure x* €

FP@C b+ hprd) = ,,dg(m)
Case 2 j1o > 0. Fix again any A €]0, 1[ and let us see that x* € fﬂpdg(ux).
Start by choosing an arbitrary X € .7-%) 1e(0) = F (¢, b) and define

%= (1 — @>9_c+ @xl.
M“1 H“1

Reasoning as in the previous case, with x and » playing the role of %% and A,
respectively, we deduce

~ Ho
ier?, <Zm> = F2,, (o).
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Appealing to the convexity of the previous optimal set, define
i=1Q-a)x"+ail € f;{’d’s (ng) VYo e]0,1].

A routine computation yields the existence of scalars o € [0,1] and 8 > 1 such
that

X —x=p(x —%).
Indeed, they are unique and their explicit expressions are

o= At A=A o+ A
(1 —A) o + Apr’ Mo '

Since 5c“~e ]—";p de (o), there exists D, € ME,E tp0d © ME,E’ in particular, D, C
Ty, o 4(X%) N Ty(x). Hence, for any t € Dy, taking into account the fact that
Bito = [y, one has

ax* = ax + Ba, (x** = %)

=b+p (Et + pod; — Et) = by + Buiods = by + wids.

In this way, Dy C Tj, ., ;(x*) and again the KKT optimality conditions yield
x* € FP(¢, b+ p;.d). In other words, (i, x*) € gph]-'oP [ ]

T,d,e’
The following example illustrates the previous results.

Example 3.1 (Example 1.1 revisited): Let us consider the parameterized prob-
lem (4) in R? with T = {1, 2, 3,4} and let us see that the statement of Lemma 3.2
fulfils by taking 0 < ¢ < % First observe that

—-b 2
”:e ﬂ;‘(’;bf } = Ty (x) C {1,2,3}. (17)

Reasoning by contradiction, assume that there exists (b, x) € R* x R? such that
x € FP@Eb), ||b—Dble < % and 4 € Tp(x). It is clear that {4} ; Ty (x) accord-
ing to KKT conditions (—¢ ¢ cone{as}). Then, by distinguishing cases we attain
a contradiction: assume that 1 € Tj(x), then x; = b; and —%xl + %xz = by,
which yields x, = by + 2by > —% +2(1 — %) = %which contradicts x; < b, <
%. Hence 1 ¢ Ty (x). Then, necessarily 3 € T}(x) (since —c ¢ cone{as, as}), but
again x; + x, = b3 and —%xl + %xz = by yield the contradiction 25 x=

5
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From (17) one easily derives

— 2
Mep C Mg ={{1,2},{3}}, whenever ||b — b|oo < c (18)

2

Indeed, given any ||b — Dlloo < £ one can check

{{1’2}){3}}’ if bl + b2 = b3,
Mep = { {{L,2}}, if by + by < b3,
{{3}}, if by + by > bs.

Therefore, for any d € R*, with ||d|lec = 1, and p € [0, %[, we have

d
{u(d1>}, if dy + dy < ds,
?(zp = 2
d <C’b+,ud) conv a ds — 2 ifdi+dy >d
W ds—dy )’ X > 1 2 3
(19)
which clearly entails the convexity of gph .7-";‘0 de for each d € R* with ||d|lec = 1

andeach0 < ¢ < %

Finally, observe that (17) is no longer true for ¢ = % since

4 2\
TE—}-%(—I,I,—I,—I), —g, g = {2, 3, 4}

However, (18) still holds by replacing % with %, since the only way to preclude
Mzp C My is having {1,4} € Mgy, which implies [|b — blloo > %; although

the description of F° (¢, b + ud) would be different from that of (19) when

2
n> z.

4. Lipschitz upper semicontinuity of the optimal set mapping

This section tackles the final goal of the current paper: the computation of the
Lipschitz upper semicontinuity modulus for the optimal set mapping F°? intro-
duced in (3). First, let us see that perturbations of ¢ are redundant when looking
for the aimed modulus. Formally, we consider f;p : R™ = R” given by

FP(b) =FP@Eb), beR™
Proposition 4.1 ([20, Lemma 4]): There exists ¢ > 0 such that
FP (m)y Cc FP (b,

whenever 1 = (¢, b), T = (¢, b) € dom FP satisfy |mr — || < e.
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Corollary 4.1: Let7 = (c, b) € dom FP. We have

= d (x, FP (T
Lipusc F (77) = Lipusc }}op (b) = lim sup sup %
b—b \x€F?@b)  d(b,b
(20)

Proof: Inequality Lipusc F°P () > Lipusc ]-"EO‘D (b) follows directly from the def-
initions. Appealing to Propositions 2.1 and 4.1 we have

d (x, FP (m
Lipusc % () = limsup [ sup (x—_(rr))
T—>T  \x€F°P(w) d(?‘[,]‘[)

, d (x, F°P (7))
< lim sup sup ———=
o7 \xerrcp 4d0T,T)
. d (x, F (7))
< lim sup sup ———————
bob  \xeF@@h)  d (b, b)

= Lipusc ]-'EOP (E) . |

From now on, appealing to the local directional convexity of the graph of
JF°P under RHS perturbations, we adapt some arguments used in [3] to the cur-
rent setting. The following technical lemma uses Theorem 3.1 to provide an
upper bound on the variation rate of optimal solutions with respect to RHS
perturbations.

Lemma 4.1: Let T = (¢, E) € dgm F. Let € >0 be as in Lemma 3.2, take
((c,b),x) € gph FP with ||b — b|loc < & and let p(x) be a projection (a best

approximation) of x in F°P (). Then
d (x, 7o (7))

a(v0)
Proof: The case b= b is trivial from 0/0 := 0. Assume b # b and let d :=
—b=b_ With the notation (14), p(x) € Fary (0) and x € For (IIb— blloo),

1b—blloo modse
which entails, for each A € [0, 1], by applying Theorem 3.1,

<dmF? (7,p ().

5= (1= p @) +Ax € FL, (1= blloo) = FP (5.1 = 1) b+ 2b).

Moreover, from [3, Lemma 1] we have that p(x) is also a best approximation of
x, in FP(); e |xn — p(x) || = d(xy, FP (7)), A € [0,1]. Consequently,

d(x, F? @) _AMx—p | _ d(xF7@)
1 (b=D) e Mo=blo a(nB)

whenever A € ]0,1].
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Hence, letting A — 0 we obtain the aimed inequality. |

Proposition 4.2: Let 7 = (¢, b) € dom F, then

Lipusc F? (7) = sup cdmF? (7,z2).
z€F°P ()

Proof: Inequality >’ comes from Theorem 2.1. Let us prove the nontrivial
inequality <. Take an & > 0 as in Lemma 3.2 (and Theorem 3.1). We can write
(recall Corollary 4.1)

Lipusc F (E, b) = limsup | sup d(L_(n))
b—b xe]—}o‘o(b) d (b) b)

<limsup [ sup dmF?(7T,p ()|,

b—b  \xeFF(b)
lb—bll<e

where we have applied Lemma 4.1 and, as in that lemma, for each x € .7-";‘0 (b),
with |b — b|| < &, p(x) € FP(m) is a projection of x in F (7).
Consequently,

Lipusc F? () < sup cmF? (7,z).
ZEFP ()

Next we show that the supremum in the previous proposition may be reduced
to a finite subset of points, indeed to points in £°(c, b). To do that we appeal to
the following theorem.

Theorem 4.1 ([21, Corollary 4.1]): Let (77,x) € gph FP withw = (c, b). Then

clm FoP ((E,I_y) ,%) = Drg/z\\/)lciclm Lo ((5, —5D> ,E) , (21)

where, for each D € M, Lp : R™ x RP = R" is defined by
Lp (b, d) := {xe]R" cax <b, t=1,...,m; —ax < dy, teD},

and ED = (Et)teD-

Remark 4.1: Observe that each Lp is nothing else but a feasible set mapping
of the same type as F but associated with an enlarged system. Consequently,
Remark 2.2 also applies here for computing each clm £ p((b, —bp), %), and there-
fore clm FP((c, b), %).
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Finally, by gathering the previous results of this section, we can establish our
main goal in the following theorem. We point out that this theorem provides an
implementable procedure for computing the aimed Lipusc 7% (7) as far as it is
written in terms of a finite amount of calmness moduli of feasible set mappings
(as the previous theorem says) and these calmness moduli can be computed via
formula (13).

Theorem 4.2: Let T € dom F°P, then

Lipusc F? (7) = max clm F% (7, x).
XeEP ()

Proof: Starting from the equalities of Proposition 4.2 and Theorem 4.1, we can
write

Lipusc F? (7) = sup cm F% (T, x)

xeFP(m)
= xe;_—ljf(ﬁ) Drg_/%/)l(f clm ['D ((l;, —ED) 5 X)
) Dr%xﬁxec; Ef—m) e <<E _ED> | x>

= max max cm/Clp ((E, —ED),x)
DeMsr xeEP (77)

= max clmF%? ((Z,E) ,x).

xE€EP (7T)
In the third equality we have used the fact that F(c, b) = Lp(b, —bp) for all
D e M5 (see [21, Proposition 4.1]), while the fourth comes from Theorems 2.1

and 2.2 by taking Remark 4.1 into account, together with the fact that the role
played by £(b) in Theorem 2.2 is now played by

extr (L’D <E, —ED) Nspan{a;, t € T}) =& (), forallD e Msx.

The last equality comes again from Theorem 4.1. |

5. Conclusions and perspectives

At this moment we recall the parallelism between both formulae of Lipusc F (b)
and Lipusc FP (), for T = (c, b) € dom F°P, pointed out in Remark 1.1. The
first one was established in [3] by strongly appealing to the convexity of gph F,
while a local directional convexity property of gph F° has been used here to
develop the second one. Indeed, [3] analyses another Lipschitz-type property,
called there Hoffman stability, which is commented in the next subsection.
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5.1. On the Hoffman stability of the optimal set

We say that M : Y = X, with Y and X being metric spaces, is Hoffman stable at
y if there exists k > 0 such that d(x, M(y)) < « d(y,y) for all y € dom M and
all x € M(y), or, equivalently, if

d(x, M(»)) <«kd ()_/,./\/l_l(x)) forall x € X. (22)

The associated Hoffman modulus at y € dom M, Hof M(y), is the infimum of
constants « satisfying (22) and may be expressed as

- d(x, M) d(x, M (7))
HOf M(y) = sup — — Sup = .
(n)egphm () xex d (1 M~1(x)

Theorem 4 in [3], again appealing to the convexity of gph F, establishes the
equality

Lipusc F (E) = Hof F (E) ,
which is no longer true for our optimal set mapping F, neither for f;p (recall

that gph 7 and gph FEOP are not convex), as the following example shows.

Example 5.1: Consider the parameterized problem of Example 1.1 with R?
being endowed with the Euclidean norm, and consider the following nominal
parameters:

-1 _
E:( 1) and b= (-1,—-1,-1,1).

The reader can easily check that

H(c,b) — (z,E) “ < % — F (¢, b) = {(2)}

Thus, an ad hoc routine calculation gives
Lipusc F (E, E) = 2.
Of course Theorem 4.2 can be alternatively used for this computation.
Now, let us perturb b by considering b, := b + u(—1,0,0, —1) for u > 2/3.
—H € FP(c,by,) for all u > 2/3 and,

-1
Then it is easy to check that (1

accordingly,

G5 -C)l
Hof F°P (c b) > Hof]—"oP Z lim 1—3u —1

n—+00 H b

_9\2
V2 +(3M 2) — J10.

HOO

= lim

HU—>400
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The computation of Hof F°° (¢, b) and Hof ]:EOP (b) remains as an open prob-
lem for further research.

5.2. Some repercussions on the stability of the optimal value

Let us finish the paper with some comments about perspectives on the behaviour
of the optimal value function ¢ : R” x R” — [—00, +00], given by

¥ () :=inf{dx:x € F(b)}, 7 =(cb) € R" x R",

(with the convention @& (71) := +00 when F(b) = ¥); in our context of finite LP
problems ¥ (1) is finite ifand only if 7 € domF°. Moreover, a well-known result
in the literature establishes the continuity of ¥ restricted to its domain (see, e.g.
[22, Theorem 4.5.2] for a proof based on the Berge’s theory); i.e. the continuity of
R := 9 |gomror. Going further and regarding the subject of the current paper,
the calmness modulus of ¥R provides a quantitative measure of the stability of
the optimal value (indeed, a rate of variation with respect to perturbations of the
data). Specifically, for 7 € domF P this calmness modulus is given by

1 - (7
AdmdR(7@) = lim sup LAGY _(n)|
7T lm — 7|l
7 edomFP

This calmness modulus is analysed in [20], where point-based formulae for this
quantity are provided in two stages: firstly, under RHS perturbations and, in a
second stage, under canonical perturbations. That paper is focussed on a dual
approach and formulae obtained there involve the maximum and minimum
norms of dual optimal solutions (vectors of KKT multipliers) associated with the
minimal KKT subsets of indices, Mz.

At this moment we point out the fact that appealing to Lipusc 7P (77) we may
follow a primal approach to the estimation of clm®® (7). The situation is particu-
larly easy in the case of RHS perturbations as commented in the next lines: given
(@ b), (&, b) € domF we have

9 @b =0 (68) | =[x —Tp (| < el d(x FP @),  (@3)

where x € R” is any optimal solution of (¢, b) and p(x) € R" is any projection of
x on F°P (7). From (23), we obtain

¥ (@b —v @ _
lim sup LAGL) — @) < |I<|l Lipusc F (7).
b [
(¢,b)cdomFP

Adding perturbations of ¢ and trying to reproduce inequalities of the form (23)
in the context of canonical perturbations yields a different scenario, where the
size of primal optimal solutions could play an important role, but this lies out of
the scope of the present paper.
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