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Abstract

This paper introduces an area-level Dirichlet mixed model for predicting compositional
indicators of small areas. Direct estimators of the domain category proportions of a
classification variable are the target variables of the new model. Once the model has been
selected and fitted to the data, predictors of proportions, totals and rates of small areas
are obtained and their mean square errors are estimated by parametric bootstrap. Several
simulation experiments, designed to analyse the behaviour of the fitting algorithm, the
small area predictors and the bootstrap procedure, are carried out. An application to real
data from the Spanish Labour Force Survey, in the last quarter of 2022, is given. The target
is the estimation of proportions of employed, unemployed and inactive people and
unemployment rates by province, sex and age group.

Keywords Labour force survey, small area estimation, Dirichlet mixed models, area-level models, compositional data,
bootstrap
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1 Introduction

The National Statistical Institutes (NSI) estimate proportions and rates in subsets (domains) of a popu-
lation using survey data. Sampling designs are designed to obtain accurate estimators in their planned
domains. However, the demand for statistics is increasing, and NSIs must also provide estimates for
unplanned domains (small areas), where sample sizes are too small to obtain accurate direct esti-
mates. Small area estimation (SAE) provides solutions to these problems using statistical models to
incorporate additional information into the inferential process. The monographs by Rao and Molina
(2015), Pratesi (2016), and Morales et al. (2021) are introductory textbooks on SAE.

We are interested in area-level models for direct estimators of domain proportions, totals and rates.
With this goal in mind, we have reviewed some statistical literature relevant to the estimation of pro-
portions and totals of small areas. Count prediction in cross-classification contingency tables was
studied by Zhang and Chambers (2004) and Berg and Fuller (2014). Area-level mixed models were
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used by Esteban et al. (2012), Marhuenda et al. (2013, 2014), and Morales et al. (2015) to predict pro-
portions. Robust and semiparametric estimation of counts were addressed by Tzavidis et al. (2015),
Chambers et al. (2014), Dreassi et al. (2014), Chambers et al. (2016), and Chandra et al. (2017).
Mixed models for binomial or Poissson variables were used by Erciulescu and Fuller (2013), Hobza
and Morales (2016), Hobza et al. (2018), Boubeta et al. (2016, 2017), Ranalli et al. (2018), Marino
et al. (2019), Berg (2023), and Diz-Rosales et al. (2024) to predict proportions counts and totals, includ-
ing poverty indicators. Generalized linear mixed models (GLMM) were applied by Burgard et al. (2021),
Krause et al. (2022a, 2022b), and Morales et al. (2022) to estimate regional prevalences. Based on
nested error regression models, Molina and Rao (2010), Marhuenda et al. (2017), and Guadarrama
et al. (2021) introduced empirical best predictors (EBPs) of head count ratios. Concerning the
Bayesian methodology for small area estimation of proportions, we quote the contributions of
Farrell (2000), Larsen (2003), S. Chen and Labhiri (2012), Liu and Lahiri (2017), X. Chen and Nandram
(2022), and De Nicolo et al. (2024). These approaches apply univariate models that do not consider
the possibility of jointly estimating the counts or proportions of two or more categories.

In Labour Force statistics, some indicators of interest are functions of the totals, the proportions or
the percentages of the categories of a classification variable. That is, it is common to find indicators
based on compositions. Compositional data are proportions or percentages of disjoint categories with
a constant sum, usually 1 or 100. This simple constant sum constraint conditions the type of multivari-
ate regression model that can be used for these data or for functions of them. The statistical literature
presents solutions to these problems based on multinomial or Dirichlet regression models, or through
multivariate normal models applied to log-ratio transformations of the compositions. Next, we cite
some contributions on the prediction of labour indicators based on multinomial, multivariate normal
or multivariate beta models. Molina et al. (2007), Saei and Taylor (2012), Lépez-Vizcaino et al. (2013,
2015), and Bugallo et al. (2024) derived predictors of labour indicators under multinomial mixed mod-
els. Souza and Moura (2016) and Fabrizi et al. (2016) applied multivariate beta regression models to
SAE. Ferrante and Trivisano (2010) used multivariate models on count data to estimate totals of firms’
recruits. Sun et al. (2024) proposed a multivariate mixed-effects model for mixed-type response var-
iables subject to item nonresponse. Wang et al. (2018) assumes that proper transformations of the dir-
ect estimators of small area proportions follows a beta mixed model. Esteban et al. (2020), Krause
et al. (2022a, 2022b), Esteban et al. (2023), and Cabello et al. (2024, 2025) proposed to fit multivariate
linear mixed models to log-ratio transformations of compositions.

Dirichlet and Dirichlet-multinomial regression models are good alternatives for the analysis of com-
positional data. Without wishing to be exhaustive, we cite the following contributions. Pefia and Yohai
(2006) introduces a random coefficient Dirichlet regression model for quality indicators. Hijazi and
Jernigan (2009) models the composition of 39 sediments taken from an Arctic lake by using a
fixed-effect Dirichlet regression model. Tsagris and Stewart (2018) and Tang and Chen (2019) deal
with Dirichlet regression model for compositional data with zeros. Under Dirichlet-multinomial mod-
els, Maples (2019) and Slud et al. (2024) gives small area estimates of totals and proportions.
Martinez-Minaya et al. (2023) introduces a Laplace approximation to Bayesian inference in Dirichlet
regression models. However, none of the aforementioned papers addresses the problem of obtaining
predictors of small area compositional indicators based on Dirichlet mixed models.

This paper introduces an area-level Dirichlet mixed model (ADMM) to obtain predictors of propor-
tions of employed, unemployed and inactive people, and of unemployment rates, by province, sex
and age group in Spain. Given that the likelihood of the model is a multiple integral, a Laplace
approximation-maximization algorithm is proposed to calculate the maximum likelihood estimators
of the model parameters. Based on the fitted model, empirical best predictors and plug-in predictors
of category proportions and rates are proposed. The mean squared errors (MSE) are estimated by
parametric bootstrap, following the methodology of Gonzalez-Manteiga et al. (2008, 2010). In addition
an empirical research is carried out by means of simulation experiments and an application to Spanish
Labour Force Survey (SLFS) data is given. This paper presents a statistical methodology that is new in
three main aspects: (1) The introduction and implementation of a new model for small area estimation
of labour market indicators, (2) The use of the introduced ADMM to derive predictors of domain pro-
portions and counts, (3) The parametric bootstrap estimation of MSEs.
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The remainder of the paper is organized as follows. Section 2 gives an introduction to the Labour
Force data and to the SAE problem of interest. Section 3 describes the new ADMM and the
ML-Laplace fitting algorithm. Section 4 develops the proposed predictors and the corresponding
MSE estimation procedures. Section 5 presents three simulation experiments. The target of
Simulation 1 is to check the behaviour of the ML-Laplace fitting algorithm. Simulation 2 investigates
the performance of the predictors of the category proportions and rates. Simulation 3 analyses the
parametric bootstrap estimator of the MSEs. Section 6 applies the proposed methodology to data
from the SLFS of the last quarter of 2022 in Spanish provinces. Section 7 gives some conclusions.
The paper contains three online supplementary material, appendices. Online supplementary
material, Appendix A presents the derivatives needed to implement the ML-Laplace algorithm and pro-
vides an alternative fitting algorithm to the new model. Online supplementary material, Appendix B
enumerates the steps of the three simulation experiments and shows additional tables and figures.
This appendix contains two additional simulation experiments. The first is based on a sampling design
distribution. The second is based on the model fitted to real data. Online supplementary material,
Appendix C compares the predictors based on the ADMM with the predictors based on the multivariate
Fay-Herriot and the area-level multinomial mixed model. Online supplementary material, Appendix D
provides additional maps and tables to complete the application to the SLFS data.

2 Data and labour indicators

This paper presents and applies a new SAE methodology, based on an ADMM, to estimate labour in-
dicators by Spanish province, sex and age group. To do so, we use data from the SLFS, which is pub-
lished quarterly by the Spanish Statistical Office (Instituto Nacional de Estadistica—INE). Specifically,
the SLFS collects data about the labour market, including employment status, types of work, and oth-
er labour-related factors, as well as on the population outside the labour market.

The SLFS sample design is two-stage with stratification of first-stage units. The first-stage units are
the census tracts. For their selection, they are grouped into strata according to the province and type
of municipality (based on demographic importance) to which they belong. Within each stratum, the
tracts are selected with probability proportional to the number of primary residences, according to
data from the latest census or administrative register. The second-stage units are the primary family
dwellings and fixed accommodations. Within each tract selected in the first stage, a fixed number of
dwellings is selected using systematic sampling with a random start. Within the second-stage units, no
subsampling is performed, and information is collected from all persons who normally reside there.
Regarding the unemployment measurement, only persons aged 16 or older are of interest.

For the last quarter of 2022 (SLFS2022.4), the anonymized unit-level SLFS data file can be down-
loaded free of charge from the INE website and includes nearly 53,000 dwellings, equivalent to
128,000 people. However, our population of interest, U, consists of the working-age population
aged 16 to 64 with permanent residence in Spain. For this reason, individuals under 16 or over 64 years
of age are excluded, as they do not belong to the working-age population established in Spain, being
either not above the legally minimum Spanish working age or already retired. Consequently, the size
of the survey data file is reduced to n=103,000 working-age respondents, approximately.
Respondents were classified in domains defined by the variables province of residence, sex (1:
male, 2: female) and age group. The variable age group has two categories, agel and age2, which
are defined by grouping individuals according to their age within the ranges [16, 34] and [35, 64], re-
spectively. The first age group (16-34) represents the first stage of working life, typically associated
with the transition from education to employment, greater job instability, and greater vulnerability
to labour market exclusion. The second group (35-64) represents older individuals of working age,
who are generally associated with greater job stability, work experience, and consolidated career
paths.

As regards territorial division, Spain has 52 provinces, including the autonomous cities of Ceuta and
Melilla. There are D=52 -2 - 2 =208 domains, Uy C U, defined by the crosses of province, sex and age
group, respectively. The total number of people in the domain Uy is Ny, which only contains individuals
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Table 1. Deciles of domain sample sizes and sampling fractions (in %)

Po Poi po2 pos DPo4 pPos pos po.7 pos poo D1

ng 54 97 136 189 242 280 364 434 555 794 1,969
fy 0.081 0.175 0.209 0.245 0.290 0361 0.420 0486 0.547 0.715 1.338

aged between 16 and 64. The sizes Ny are taken from the population projections published by the INE,
and are the official sizes of the domains.

For n working-age respondents, it is expected an average of n/D = 495 respondents per domain.
Regarding the sizes ny of the samples s; C Uy, we define the estimated sampling fractions

f,=100—22 d” Nd‘f_de,, =1,...,D, (2.1)
d

JE€sa

where NZ” is the estimated domain size and wy; is the elevation factor of the jth individual of sg.
Table 1 presents the deciles of ny and fy, d=1, ..., D. We observe that 10% (20 domains), or
30% (62 domains), of the sample sizes are lower than 97, or 189, and the average sample size 495
is between po 7 =434 and pg g = 555, which says that the sample size distribution is positively skewed.
Furthermore, sampling fractions allow us to know the percentage of individuals from domains that
actually belong to the sample. As they are all lower than 1.338 (in %), the representativeness of the
samples is low. Since sample sizes are small in many domains, mapping labour force indicators using
direct estimators is not sufficiently accurate. This motivates the incorporation of model-based predic-
tors using SAE methods.

The domain labour indicators of interest are the proportions of employed (k = 1), unemployed
(k=2) and inactive (k = 3) people and the corresponding unemployment rates, i.e.

- Yar
de— Ydjks Rdzf, k=l,2,3, d=l,...,D, (2.2)
,GXU‘; ’ Yar + Va2

where y4y = 1if the individual j of the domain d belongs to category k and y,u = 0 if the individual does
not belong to category k.

The quantities (2.2) can be estimated using direct estimators, that is, relying only on the data from
sample units in the domain of interest. Two direct estimators widely used in the literature are the
Horvitz and Thompson (1952) estimator and the Hajek (1971) estimator. Although it is difficult to es-
tablish general conditions under which one of them is better than the other, Sdrndal et al. (1992) pre-
sent some evidence in favour of the Hajek estimator. This has motivated its choice on our part, which is
why, from now on, the Hajek estimator is called the direct estimator. The direct estimators of ¥y and
Ry are

dir
?"’LM Rdir _ Yio k=123 d=1 b 2.3
dk — Z Wi ’ d Zdir  Zdir? =4 49, =1, ..., D. .
jesa Yoo +Va

The design-based covariance cov,,(de R Yg'krz) ki, k, =1, 2, 3, can be estimated by

Zdir  Edir Zdir Zdir
coVa(Var,» Yar,) = Nd” ) Z Waj(Waj — 1) Vi, = e, Ve = Y, )» (2.4)
JESd

where the case k; = k, = k denotes estimated variance, i.e. varﬂ(de) = cov,,(de, YZZ) The last formu-

las are obtained from Sarndal et al. (1992), pp. 43, 185 and 391, with the simplifications wg = 1/74x,
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Table 2. Deciles of the estimated design-based CVs for each labour force category, in %

po po Do2 Po3 po4 Dos Pos po.7 pos pPoo p1

k=1 1 2 3 3 4 5 7 8 9 11 22
k=2 7 12 14 17 18 20 22 26 30 36 60
k=3 5 7 8 9 9 10 11 13 14 16 26

Tak,dk = ok and 7g; gy = 74i7g;, | # j, in the second order inclusion probabilities. Morales et al. (2021),
Chapter 2, presents Formula (2.4) as well as the R code for its calculation. On the other hand, Herrador
et al. (2008) empirically investigate its behaviour in the SLFS2003 and verify its good performance with
respect to two design-based resampling techniques: naive two-stage bootstrap and delete-one-cluster
jackknife.

The design-based coefficients of variation (CVs), in %, of the direct estimators of each labour force
category proportion are estimated by

— 2dirn1/2
—~ i var;(Y
cv,,(vjb:mo%, k=1,2,3.

dk

Table 2 reports the estimated design-based CVs for each labour force category, rounded to zero deci-
mal places. Notably, 50% of the domains present CVs greater than 20% for the unemployed category,
which highlights the high relative uncertainty associated with direct estimates of unemployment pro-
portions at the domain level. These results reinforce the need to use model-based predictors that pro-
vide estimates with a lower degree of uncertainty.

Since ygq = VZ'lr,J/dz = Vzlzr and yg3 = VZ‘; add up to one, we may assume that y; = (yq1, ¥a2) follows a
Dirichlet distribution with mean parameters u, = (Ug1, Uap)'> Mgy > 05 Mgy > 0, iy + Mgy < 1 and con-
centration parameter ¢, > 0. Section 3 introduces this distribution, in which the expectations, varian-
ces and covariances are

) —HaiMdr
Elya] = iy > O, K “Had yp) = Hake o g 2 (25
[Var] = o var(yqx) 6+ 1) cov(Yar1, Ya2) 6y +1) (2.5)
From (2.5) we have
Mol = p)
—Hadt “Had 1 1o
Pa var(ydx)

and in SAE problems we can estimate ¢, with

s Lyl —ya)

%= 24~ Varg(ya) L (28]

Let us note that this value will be treated as known in the proposed model. It should be noted that,
under the Dirichlet distribution, the precision parameter ¢, is unique and common to all categories.
However, the estimates &dk derived from each category k generally differ. To obtain a single robust
estimate for the model, we calculate &Sd as the average of these component-wise estimates.
Additionally, if the direct estimates of the design-based variances are very small, we recommend ap-
plying the generalized variance function method (see Morales et al., 2021, p.427).

Figure 1 shows the boxplots of the design-based covariances of pairs {(ygx,, Yax,) :d =1, ..., D} for
the categories ki, k, = 1, 2, 3. We observe that the within-domain covariances are negative. Therefore,
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Design—-based Covariances
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Figure 1. Boxplots of the design-based covariances of the target variables.

the data aligns with the Dirichlet model, which assumes negative correlation within-domain among
the target variables due to the unit simplex constraint.

Drawing on auxiliary data to improve the direct estimators of the proportion of employed, un-
employed and inactive people, and to obtain model-based predictors of unemployment rates by do-
mains, Section 3 introduces an area-level Dirichlet mixed model.

3 Area-level Dirichlet mixed-effects model

This section introduces an area-level Dirichlet mixed model for a prefixed number g of categories,
where the target vectors takes values in the simplex embedded in RY

ST ={, - Yg) ERTY1>0, .., yg>0, y1+-+yg=1}.
As a sample space Sg‘l is equivalent to the (g — 1)-dimensional simplex defined by
ST ={, oo Yg-1) ERTTY1>0, o, Yq1 >0, yi+ o+ ygr <1}
The vectors y € 8971 are called (g — 1)-part compositions. For the definition of the new model, we use
the parameterization D(¢, u) of the Dirichlet distribution, proposed by Ferrari and Cribari-Neto (2004)

for the beta distribution, where u = (i, ..., uq_l) € 8771 is the vector of means and ¢ > 0 is the con-
centration parameter. The probability density function (p.d.f.) of this distribution is

W 8= gy A T )™ e
andp, =1—p; — - — U, ;. Inthe population structure of a SAE problem, we have area-level random
vectors Vg = Va1, ---, ydq_l)’ € 897! with components y measured in domain d and category (group)
k,d=1,...,D,k=1, ..., q— 1. To explain the behaviour of y4, k=1, ..., g — 1, we consider known
row vectors Xgx = (Xdk1, - - -, Xdkp,) CONtaining p, explanatory variables and unknown column vectors
Bi=(Bis ---» Bip,) containing regression parameters, with p=p;+---+p,1. Let o=
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(o1, ..., aq_l)’ be a column vector of standard deviation parameters, where oy >0, k=1, ..., g -1,
and let uge ~ N(0,1),d=1, ...,D, k=1, ..., q— 1, be independent random effects. The vectors of
domain random effects are ug = (ug1, ..., udq_l)/ ~ N(0, Ig—1),d=1, ..., D, where I, is the mx m is
the identity matrix. In matrix notation, we write u = IS&ID (ug) ~ N(O, Ipg-1)). The p.d.f. of u is

D D q-1 D( W 1
f flug) = a- —=u'ut.
(u)= 1_[ (ug) 1_[ flug) = exp{ 2u u}
d=1 =1 k=1
The area-level Dirichlet mixed model, with independent domain-category random effects, assumes

that the distribution of the target vector y4, conditioned to the random vector uy, is Dirichlet. More
concretely, it assumes that

ydlud ND(¢d’Md)’ d=l, ~-~1D1 (31)

where ¢, > 0 is known, g = gy, - .-, Hag-1) € S and Mgg=1- Zi;iudk, d=1, ...,D, are un-
known, and that the logit link function holds, i.e.

ndkzlog%zxdkﬁk+akudk, d=1,...,D, k=1, ...,qg—1

dq
Ford=1, ..., D, the components of the mean vectors are
exp {xakBy + ok} 1
Mo = — , k=1, ...,9-1; Hdq =

1+ Y007 exp XaeB, + oelaed 1+ Y007 exp XaeBy + oelae}

The vector of model parameters is 6= (8, ¢’), where = (8, ...,ﬁ;fl)’. The target vector is
y= 1c(?lD (vq). Ford=1, ..., D, the conditioned probability of y,, given u, is
<d<

q g=1
folyalu) = folyalug) = & Yol ya €S and yag=1-Y ya
l—Ik_ ¢dludk) k=1 k=1
Finally, we assume that y1, ..., ¥y are independent, conditioned to u. The model likelihood is
D
R = [ b0 de, o010 =[] u). 2)
Rp(@-1 d=1

The ML estimator 8 maximizes the log-likelihood function £(6; y) = log fs(y). To perform the maximiza-
tion, Section 3.1 applies the Laplace approximation of the integral in (3.2). In addition to the Laplace
approximation approach, we propose an alternative fitting algorithm that approximates the multivari-
ate integral in the model log-likelihood (arising from integrating out the domain-level random effects)
via Gaussian quadrature. The maximization of the Gaussian quadrature algorithm and the R functions
used are described in online supplementary material, Appendix A.1

3.1 ML-Laplace approximation algorithm

Let h:R™ +— R be a twice continuously differentiable function with a global maximum at the column
vector xo. This is to say, let us assume that the vector of first partial derivatives is h(xo) = g—’x’ |x=x, = 0 @nd

the matrix of second partial derivatives, h(x,) = axz |X_X0, is negative definite. A Taylor series expansion
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of h(x) around x, yields to

hix) = h(xo) + ' (xo) (X = xo) +%(X — x0) hXo) (x = x0) + o(IIx = xo11%)

~ i)+ (= x0) o) o = x0).

As the p.d.f of x ~ Ny (u, X) is

1 1 e
f(X) ZWQXP{—E(X—’L{) Z l(X—,L{)},

the multivariate Laplace approximation is

/Rm e dx ~ /Rm ehtxo) exp{ —%(X —x0)' (= hixo)) (x — xo)} dx 53

= 7)™ = hixo)| Vel

Let us now approximate the likelihood (3.2). As the target vectors yi, ..., yp are unconditionally inde-
pendent and ug ~ N(0, /4-1), the marginal distribution of yg is

F(¢d Paktag—
) = [ Folyaluallus) du = Y2 ug) dug
Ra-1 ro [T j=1 I'( ¢dludj l_[ g
) (3.4)
[(py
= W/w-l exp {hg(uqg)} dug,
where
q 1 q-1
ha(ug; Yo, 6) = hglug) =) { $atg — 1) logya; — log F(¢dlldj)} —3 ug- (3.5)
Jj=1 Jj=1

To apply the Laplace approximation to the integral in (3.4), we have to maximize hq(ug; yq, 6) in ug,
given y,4 and 6. For simplicity, we use the notation hy(uy). The maximization can be done by applying
an R-function of optimization. Alternatively, it is possible to implement a Newton-Raphson algorithm
after calculating the first and second partial derivatives of hy with respecttouy, d =1, ..., D, given y,
and 6. Online supplementary material, Appendix A.2 gives the first and second derivatives of the com-
ponents of 1, with respect to the components of uy. The first derivatives of hy, with respect to ugy, are

ohy( g
d Z l g)/d/ ¢dzl/)¢d:udj _udk: k=lx-~-aq_1’

audk :1

where §(z) = % logI'(2) = FFT(ZZ)) is the digamma function. The second derivatives of hy, with respect to ug

and uyy , are

2
O K

0*h J
olua) =¢q Z az? logyd, o Z 1 (Patte) ( Md/) —Pq Z¢ ¢d#d, #d -1,

where 9, (z) = %z,b(z) is the trigamma function. The second derivatives of hg, with respect to uq, and
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Udk,, K1, k2 =1, ..., q—1, ki # ky, are

azhd(ud a:ud/ Iudj 62#

I d\d) _ [ _ y——d
audkl audk2 d Z au au O8Ydi ~ ¢d Z ¢1 ¢d'udj au dky au ¢d Z l/) ¢d'udj audkl audkz

Let us define the score vector

oh oh !
Su(ug, 6) = ( d(Ud)’ - d(Ud)>
audl aqu—l
and the Jacobian matrix
0%hq(uq) 0%hq(uq)
ou?; 7 OUg10Ugg—1
Hg(ug, 6) = : . :
0”hq(uq) 0%hqa(uq)
OUgq-10Ug1 ou? -1

For 0= (8,c’) fixed, the function hg(ug), defined in (3.5), can be maximized by using the
Newton-Raphson algorithm. The updating equation is

uft =W — WY, 0)sy, 0, d=1, ...,D. (3.6)

Let us denote by g the argument of maxima of hg(ug). Thus, it holds A(ueg) = 0 and A(ugg) is negative
definite. The model loglikelihood is £=£(6;y) = Zd_ log folyq) = ZZ=1 £q4. By applying (3.3) in
Ug = Upg to (3.4), we get the Laplace approximation £o4 of the term ¢4, where

1
tod = £d(6; ¥, Uod) = 0g T(¢) + ha(uoa) — 5 log | = Ha(uod, ©)]
q (3.7
= logI'(¢g) + Z { Patod; — 1) log yaj — log T(Pgitoq) } Z Upgj — logl — Ha(uog, O)I,
J=1

and

exp {x4B; + gjlog} 1

Mogj = - » J=1 00,01 Hogg = = .
714+ 2000 exp {xaeB, + Uoge} 1+ Y00 exp xaeBy + ode}

The following step is to maximize £o(6) £ ZZ=1 £4(6;y, Ugg), 6€©. Let us define
M =dim(®) = p + g — 1. Let £, and £, denote the M x 1 vector and the M x M matrix of first and second
order partial derivatives of £,(6), respectively. The Newton-Raphson updating equation is

6+ = 6" — i (61)éo (1) (3.8)

Alternatively, we can apply the derivative-free optimization algorithm NB, included in the R function
nloptr, and calculate

6" = argmaxgeolo(6), ©={(f,d") € RP* 7 :01 >0, ..., 001 > O} (3.9

The final ML-Laplace approximation algorithm combines the two described maximization algorithms
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and has the following steps:

1. Set the initial values r=0, 89, 8™ =09 4 1,.. 1, 0 =045, UV =151, d=1, ..., D.
2. Until 16 — 8", <ey, 08 — ¥V, <&, d=1, ..., D, do
(a) Apply algorithm (3.6) with seeds uf,”, d=1, ..., D, convergence tolerance e, and 6 = 0" fixed.

Output: ug“), d=1, ...,D.
(b) Apply algorithm (3.8) (or maximization (3.9)) with seed o, convergence tolerance ¢, and
ug=u'* fixed,d=1, ..., D. Output: 6"+,
(€) r<r+1.
3. Output: 8=06", 0y = ug), d=1,...,D.

Note that the ML-Laplace approximation algorithm provides estimates of the model parameters and
modal predictors of the random effects at convergence.

3.2 Confidence intervals
Given any model parameter », an asymptotic 100(1-)% confidence interval (Cl) is
Cliam) =H~- Zl—oc/z&;: N+ Z1-/263), (3.10)

where z;_q; is the 1 — a/2 quantile of the standard normal distribution and 6}; is the bootstrap esti-

mator (cf. Section 4.3) of the standard deviation of 7. Alternatively, we propose the basic bootstrap
confidence interval

" . Xiap X;/z)
Cl =\(n- ,N——= 3.11

l—a(n) <7} x/E 77 \/E ( )
where B is the number of bootstrap replicates and x;, ,, x{_, , are the quantiles &/2 and 1 — /2 of the
bootstrap distribution of the statistic R* = +/B(i* — 7).

4 Predictors

Under the assumption that y,;, d=1, ..., D, follows the area-level Dirichlet mixed model defined
around (3.1), this section derives predictors of area-level proportions and indicators. This section as-
sumes that ¢, > 0isknown,d =1, ..., D.n practice, ¢, is substituted by ¢, given in (2.6). To highlight
the dependence of 1, on ug and 6, we write uy, (6, uq).

4.1 Predictors of proportions

This section derives a predictor fty, of g = tg (6, ug) with minimum MSE in the class of unbiased pre-
dictors for known 6. The predictor that satisfies this property is the best predictor (BP), i.e.
ﬂZ’i(O) = Eglugilyl. It holds that Egluyly] = Eglugylyq] and

exp {xakBy + ok}
- — f(valug)f(ug) dug
Eslitoslyal = Jre 1+ 971 exp {xgeB, + oeuige} _ Aalya, 6)
ooV Jos Fvalug)flug) dug Dalya, 6)’
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where Az = Adgk(v4, 6) and Dy = D4(yyq, 6) are

A _f exp {Xakfy + oxUax}
dk =
Ro-1

- q-1
1+ ) exp {Xaf, + octiar}
(=1
q (4.1)
exp) [ utey 6, ) ~ 1) 108y~ 108 T (Butty 6, ua)) | Flu) du,
j=1

q
Dy = /RH exp{z [ Batq;(6, Ug) — 1) logyg — log F(qbd,udj(e, ud))] }f(ud) duy.

J=1

The empirical best predictor (EBP) of ug is obtained by replacing 6 with its estimate 0, ie.

ﬂ;‘;" _ﬁ‘;;’(e) and can be approximated using the Monte Carlo method as follows.

1. Estimate 8= (8, &)
2. Fors=1, , S, generate u ) iid. N(O, I4-1) and set us+5) u(j)
3. Calculate /ftf,zp Aa/Dg, d=1, ..., D, where

n 1 & exp {xdkﬁ’k + &kusk)}
Adk =<

254 ot o
1+ Z exp {xqeBy + Seuy,}
=1

q A
: exp{z [(@ut25®, uS)) 1) ogyty — 0B T (Bupey @, uS) } (42)

1

j:

) izs - @, logyg — logT o, u¥

0 =5s Z{¢d:“dj uf) = 1) log v — log (¢t (6, uy ))] .
s=1 ]:1

If ng =0, the BP of ug is f14(6) = Eslug], which is also called synthetic BP (sBP). The synthetic EBP
(sEBP) can be approximated as the EBP when ng4 > 0, but by running Step 3:

3. Calculate

Asebp 1 ZZ exp {XdkBk + a’ku,(jsll}

dk =53 —1
2541+ 297 exp IxaeB, + U[Ud(}

The main property of the derived BP is their minimal MSE in the class of unbiased predictors.
Unfortunately, this does not hold for the EBPs, which are obtained by replacing the true parameters
with their estimated values and are therefore not unbiased. Assuming that the model parameter es-
timates are consistent, the EBPs are asymptotically unbiased as D — oo, but the number of domains
may not be large enough in SAE problems.

Even when 8 is known, we must approximate the integrals using Monte Carlo or other numerical
methods. These approximations have a high computational cost and introduce another source of error
that can increase the variance of the final predictor. Therefore, it makes sense to also consider less
computationally demanding plug-in predictors. The plug-in predictor of ug is

N exp (XaBy + Grllan}
R = 1 Pt odad (4.3)
1+ ) 725 expixaefy + Gelige}
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where {4y is a predictor (EBP or likelihood mode) of udk, d=1,...,D,k=1, ...,q— 1. The EBP of ug
is udk = E3[uglyq] and can be approximated by & udk = u,dk/de, where

q
Au i = 2SZUdk eXP{Z{ (@akq;(6, ud — 1) logyy — log T'(¢kt (6, “S)))}}

j=1

and Dy is given in (4.2). The likelihood modes of ug can be taken from the output of the ML-Laplace
approximation algorithm given on page 3.2.

4.2 Predictors of unemployment rates

This section assumes that g =3 and ug;, 44, and uy; are the proportions of employed, unemployed
and inactive people in the domain d, d =1, ..., D. The unemployment rates are

M (0, Ug)
//‘d1(e; Ug) +:ud2(9; ud)’

Rg = R4(6, ug) = d=1, ...,D.

The best predictor (BP) of Ry is fef;"(e) = Eg[R4ly]. In this case, it holds that Eg[R4ly] = Es[R4ly4] and

Jra-1 Ra(6, ug)f(valug)f(ug) dug _ Aralyo, 6)
Jras FValug)f(ug) dug — — Dalys, 6)

Eo[Ralyql =

where Arg = Arg(vd, 6) and Dy = Dy(yq, 6) are

q

Ard = [R . Ra(6, ug) exp { > {(%/xd,-(e, Ug) = 1) log yg; — log T (¢pgkty;(6, ua)) ] }f(ud) dug,

=1

q
Dy = /,;q-l eXP{Z { ¢d:ud/ (6, ug) = 1) lOngj —log r(¢d:ud/(6: Ud))] }f(ud) dug.

j=1
The EBP of Ry is RS = R”(8) and can be approximated as follows.

1. Estimate = (8, &)
2. Fors=1, ..., S, generate ud i.i.d. N(0, I4—1) and set u(5+5) ufj).

3. Calculate Rff’p = Apq/Dy, where

A g .
Apg = EZ R4(6, exp{z { (batte (6, uf) — 1) logyq — log T (¢bakty (6, us)))} },

j=1

2S q
Dy= ZSZexp{Z{cpdud,eud — 1) logyg — log T'(#444(6, uS’))}}.

Jj=1
If ng = 0, the sBP of 11, is f14.(6) = Eglug]. The SEBP of Ry can be approximated as the EBP when ng > 0,
but by running Step 3:

3. Calculate

. 1 & exp Xaof, + 62U’
ReetP = — P a2ff; + Gatl} d=1, ...,D.

25 exp {xa1 By + 618} + exp {xaf, + 6,u'}
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The plug-in and the plug-in-EBP predictors of R, are

~in ) ~ebp
Ry Z—Mdzwn L R = BR o d=1,.,D. (44
fgy + Mgy + Mg

4.3 Bootstrap estimation of the MSE of a predictor of 1,

The following procedure, based on Gonzalez-Manteiga et al. (2008, 2010), calculates a parametric
bootstrap estimator of MSE(i1,,), where {14, is a predictor (EBP or plug-in) of .

1. Fit the model to the sample and calculate 8 = (8, &)
2. Repeat Btimes (b=1, ..., B):

(a) Bootstrap sample: Generate a set of random effects {uf,(b’ :d=1, ..., D}iid. N0, I4_;). For
d=1, ..., D, generate the elements of the bootstrap sample
b b b) b -
i ~ Dl i), wi? =, ) e S
where
#(b) _ exp {Xdkﬁk + UkUdLb)}
Wy = k=1, ...,9-1.

— b )
1+ Zj’:i exp {Xd[ﬁ( + O'[U:;(l 1

(b) Bootstrap model: Fit an area-level Dirichlet mixed model to the bootstrap sample

;(m;xd)} Xd = (Xdl; '~-’Xd(q—l))} d= l’ e D.
Calculate the parameter estimator &0 = (B*(b)’, & and the random effects predictors
ﬁzkb), d=1, ...,D,k=1, ..., q— 1. Calculate the predictor ,udk ) of the bootstrap population
quantity /,LdL) For example the plug-in predictor of/xd
A ~x(b) (b
i) _ exp{xdkﬁ’Z( +6;! )”Zk)}
K1 Y exp B + 67O 0y

3. Output: mse* (L) =é25=1 (ﬂzg{b) _#Zg{b))z.

5 Simulations

This section presents some simulation experiments for area-level Dirichlet mixed models with g =3
categories. The target of Simulation 1 is to check and compare the behaviour of the Laplace approxi-
mation algorithm and the Gaussian quadrature. The ML-Laplace approximation results are provided in
the main manuscript, whereas the Gaussian quadrature results are given in online supplementary
material, Appendix B.1 Simulation 2 is designed to analyse the biases and the root mean squared er-
rors of the predictors of proportions and rates. Simulation 3 investigates the parametric bootstrap es-
timators of the MSEs and gives recommendations on the number B of bootstrap samples to be
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generated. In addition, online supplementary material, Appendices B.4 and B.5 present two
online supplementary material, supplementary simulations. In the first, we conduct a design-
based simulation by drawing samples from a synthetic census that mimics the target population
in our real-data application. In the second, we simulate the data from the model fitted to
real data, but varying the parameter values to analyse their effect on the accuracy of the
predictors.

To generate the explanatory variables, we take u,; =u,, =1, 0,1 =1 and oy, =3/2. For k=1, 2,

d=1, ..., D, generate xq1 = (Xg11, Xd12), Xa2 = (Xe21, Xd22), Xe11 = Xa21 = 1,
ind
X2 = + Oi1Uat,  Xaza =ty + OppoUs,  Uae ~ U(0, 1) (5.1)
The regression parameters are B; = (811, B1,) = (—1/2, 1), B, = (Bo1, By) = (1, —1/3)". The variance
parameters are o;=1/3, o0,=1/2. The concentratlon parameters are ¢,=exp{2+ 1/d},
d=1,...,D.Ford=1, ..., D, we simulate the vector of random effects uy ~ N,(0, /), we generate

the components of the mean vectors

exp (xafy + okUax} k=12 p,= 1
’ — 4 4 d3 — ’
1+ 30, exp {Xaefy + oear} 1+ 3 7, exp {xaefy + oelar}

Mak =

and we simulate the vectors of target variables yql,, ~ D(@y, Ug), Mg = (Uqg1> Ha2)-

Let 7 denote a generic scalar target, which may be either a model parameter component or a model-
based predictor iy, Ry, d=1, ..., D, k=1, 2, 3. Let {H" , be the corresponding estimate/prediction
at ith Monte Carlo replicate. The absolute and relative performance measures are

, 12
RMSE(f) = (%Z(f)"')—n)z> . BIAS(H) = Z(n

i=1
RMSE(5)
7l

BIAS(f))

RRMSE(#) = 100
7 7]

,  RBIAS() = 100

5.1 Simulation 1

Simulation 1 investigates the performance of the Laplace approximation and the Gaussian quadrature
algorithms for fitting the area-level Dirichlet mixed model (3.1). To this end, Simulation 1 empirically
calculates the root-MSE RMSE(#), the bias BIAS( ) the relative root-MSE RRMSE(7) and the relative bias
RBIAS(f) of the ML estimators 7 € {B,,, B1» Bar» Baz» 01, G2} Online supplementary material, Appendix
B.1 describes the Monte Carlo simulation steps. The Simulation 1 is carried out with /=1,000
iterations.

Tables 3-4 present the empirical absolute and relative performance measures BIAS(7)), RBIAS(%),
RRMSE(#) and RBIAS(7). The column labelled by 7 contains the values of the true model parameters.
Online supplementary material, Tables B.1-B.4 present the absolute and relative performance meas-
ures under the Gaussian quadrature algorithm.

Simulation 1 shows that the ML-Laplace fitting algorithm works properly because the relative biases
are always below 10% in absolute value and the relative root-MSEs decrease as D increases.

Regarding the regression parameters (8,;, 85, B,; and f3,,), the bias fluctuates around zero with
negligible values, reflecting Monte Carlo variability rather than systematic bias. In contrast, the vari-
ance components (o; and g,) show a consistent decreasing trend in bias as D increases.

The negative relative biases of o; and o, from Table 3 are somehow expected: the ML variance-
component estimators are known to be negatively biased, because ML does not adjust for the estima-
tion of fixed effects. REML typically reduces the variance bias, however, this is an available option for
LMMs. The ADMM is a GLMM and, unfortunately, the authors are not aware of any solutions to the
variance-component bias for GLMMs in the literature.
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Table 3. BIAS() (left) and RBIAS(#) (right). The column n shows the model parameters

D D
7 50 75 100 150 200 50 75 100 150 200
B,y -1/2 -0.014 -0.008 -0.048 -0.027 -0.016 -2.79 -1.74 -9.66 —538 —3.19
Bz 1 0.013 0.008 0.030 0.020 0.013 1.30 0.85 3.00 2.07 1.34
B 1 -0.000 0.010 -0.007 -0.011 -0.001 —0.00 1.01 -0.68 -1.15 -0.17

B,, -1/3 -0.008 -0.016 -0.008 —-0.003 -0.009 -2.38 -5.03 -2.64 -1.11 -2.86
o1 1/3 -0.036 -0.030 -0.026 —0.027 -0.022 -10.85 -9.11 -7.92 -8.28 -6.61
op3 1/2 -0.048 -0.041 -0.039 -0.035 -0.030 —-9.63 -8.27 -7.83 -7.01 -6.10

Table 4. RMSE(H) (left) and RRMSE(#) (right). The column 7 shows the model parameters

D D

7 50 75 100 150 200 50 75 100 150 200
B -—1/2 0480 0371 0.321 0255 0.224 96.10 7428 64.16 51.02 44.83
Bz 1 0304 0238 0.206 0.162 0.142 3046 23.85 2061 16.21 14.19
Bar 1 03% 0313 0.268 0.228 0.199 3956 31.27 26.85 2279 19.97
B, —-1/3 0235 0.183 0.157 0.135 0.121 70.63 55.08 47.03 40.54 36.50
o1 1/3 0.075 0.063 0.056 0.049 0.043 22,61 19.04 17.01 1486 12.85
op3 1/2 0.116 0.094 0.084 0.073 0.061 23.17 18.78 16.80 1456 1231

Table 5. Average per-run computational times (in seconds) of the Laplace approximation and the
Gaussian quadrature algorithms

D
Fitting algorithm 50 75 100 150 200
Laplace 1.670 2.268 2.633 3.830 5.254
Gauss-Hermite 42.636 60.819 99.039 119.719 131.843

For the Gauss-Hermite quadrature fit, we used a 25 x 25 product grid (625 points). Table 5 presents
the average per-run computational times (in seconds) of the ML-Laplace approximation and the
Gaussian quadrature algorithms for D =50, 75, 100, 150, 200. The Laplace approximation algorithm
demonstrates substantially lower average computational time per run compared with Gaussian quad-
rature. The Simulation was run on a MacBook Pro (Apple M3, 8-core CPU) with 16 GB RAM, using the
latest stable release of R available at the time of analysis (4.4.1 version).

On the other hand, comparing the results for RRMSE(#), the Laplace approximation markedly out-
performs Gaussian quadrature algorithm. This outcome is expected since Laplace is a second-order
accurate method that adapts to the local mode and curvature of the integrand, yielding stable and
reliable estimates. By contrast, the Gaussian quadrature algorithm approximates the bivariate integral
by a weighted sum in a grid of points and weigths, therefore it is a free-derivative algorithm. In our
setting, even with a 25 x 25 grid, the quadrature does not achieve good precision in the integration
of the log-likelihood, inflating error and thus the RRMSE(7) Achieving comparable accuracy would typ-
ically require substantially denser and/or adaptive grids (e.g. sparse-grid rules, or higher points per
dimension), but these options increase computational cost rapidly. Finally, one crucial point of the
Gauss-Hermite method is that it allows us to calculate the ML estimators but does not provide
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Table 6. RAB (left) and RRE (right) of model-based predictors

D D

50 75 100 150 200 50 75 100 150 200
/:15‘;" 0.510 0.578 0.508 0.575 0591 17.49 17.50 17.33 1741 17.33
an 0.728 0922 0.858 0.939 1.005 17.88 17.79 1755 17.57 17.45
foy 1134 1243 1143 1117 1129 29.82 2977 29.66 29.60  29.41
;1;,"% 1.785 1.940 1.924 1954 2.009 3041 3020 30.00 29.84 29.58
/3¢§3” 0.813 0.655 0.731 0.680 0.595 23,70 23.11 2276 2251 22.41
an 0.901 0.693 0.798 0.753 0.684 2395 2329 2288 2258  22.47

RZ P 0.984 1.111 1.019 1.012 1.059 28.44 28.39 28.33 28.21 28.05
Rg‘ebp 0.955 1.068 0.965 0.959 0.999 28.45 28.39 28.33 28.21 28.04
RZ’ 1.487 1.713 1.681 1.712 1.788 29.08 28.85 28.69 28.47 28.24

RBy RREq

25

Maégéﬁgggé-g BB* HHH

EB [

20

15

Asbp  ain aebp  ain aebp  ain AEbP ﬁi"-Ebp Ain Aebp AiN Aebp AN aebp  ain Aebp ﬁm,ebp Ain
Mgr M1 Moo Moo Mgz Mgz Ng Ny q Mgr Mg1 Hgp  Hgp Mgz Mgz Ng Ny q

Figure 2. Boxplots of RBy (left) and RRE4 (right) for D = 100.

predictions of the random effects, which is clearly unfavourable in SAE. Thus, for all these reasons we
recommend the Laplace approximation as the most suitable fitting algorithm for the ADMM.

5.2 Simulation 2

The target of Simulation 2 is to calculate biases and root-MSEs of predictors of proportions of em-
ployed, unemployed and inactive people, and of unemployment rates. Simulation 2 empirically calcu-
lates the average across domains of root-MSEs RE and of absolute biases AB of EBPs and plug-in
predictors. It also calculates the empirical relative root-MSEs RRE and absolute biases RAB. Online
supplementary material, Appendix B.2 describes the Monte Carlo simulation steps. The number of iter-
ations of Simulation 2 is / = 1,000. Online supplementary material, Table B.5 of Appendix B.2 presents
the absolute performance measures RE and AB.

Table 6 presents the empirical relative performance measures RRE and RAB. Figure 2 presents box-
plots of relative biases (left) and relative root-MSEs (right) of EBPs and plug-in predictors, RBy, RRE4,
d=1, ..., D. Online supplementary material, Appendix B.2 contains online supplementary material,
Figures B.2 and B.3, which plot the RRE, of RZ’ against the actual rate Ry and show that the former
decreases as the latter increases in the interval [0.25, 0.5]. Online supplementary material,
Appendix B.2.2 provides a comparative study of the performance of the plug-in predictors under
the ADMM, BFH-alr and MMM models (described in online supplementary material, Appendix C).
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Table 7. RAB (left) and RRE (right) of the bootstrap MSE estimators for D =100

B B
50 100 200 300 400 50 100 200 300 400

/:(Z’I 10.175 9.235  7.585 10.540 8.758 2534  21.43 19.21 18.77 17.97
a 10.167 9.469  8.342 10.026 10.407  27.08  23.32 20.07 20.25 20.66
ﬂ?z 10.974 10.430  9.570 12.257 9.358  31.12 26.91 24.93 23.89 23.29
RZ’ 9.667 9.025  7.932 9.786 9.286  25.25 21.32 18.40 18.21 18.10

RBq RREq
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Figure 3. Boxplots of RBy and RRE, for f?g and D = 100.

Simulation 2 shows that RAB of i, k = 1, 2, 3, remains stable as D increases for both EBPs and plug-
in predictors. On the other hand, RRE of 14, k = 1, 2, 3, decrease very slowly, which is reasonable since
as the number of domains increases, so does the number of predictors to calculate. By definition, EBPs
outperform plug-in predictors in terms of bias. Regarding the relative root-MSEs, there are no differ-
ences between the proposed predictors. Analogous results are obtained for RetP, RebP-n and Rin| re-
spectively. In view of this result and the cost of the computating EBPs, we recommend the use of
the plug-in predictor.

5.3 Simulation 3

The target of Simulation 3 is to empirically calculate the biases and root-MSEs of the parametric boot-
strap estimators of the MSE ofﬂi‘]k, k=1,2,3,and f?Z’. Simulation 3 empirically calculates the average
across domains of root-MSEs RE and of absolute biases AB of the MSE estimators. It also calculates the
empirical relative root-MSEs RRE and absolute biases RAB. Online supplementary material, Appendix
B.3 defines the performance measures and describes the Monte Carlo simulation and the bootstrap
steps. Simulation 3 is run with / =200 Monte Carlo iterations and D = 100 domains.

Table 7 presents the empirical relative performance measures RRE and RAB. This table shows a de-
crease of RRE as B increases, with some stabilization around B = 400. Online supplementary material,
Table B.8 of Appendix B.3 presents the absolute performance measures RE and AB. The mean compu-
tational time of each bootstrap iteration b =1, ..., B closely matches that of Simulation 1, at approxi-
mately 2.6 s per run. The total computational times are 7.2 h, 14.4 h, 28.8 h, 43.3h and 57.7 h for
B =50, 100, 200, 300, 400, respectively. The hardware and software used are the same as in
Simulation 1.

Figure 3 presents boxplots of relative biases (left) and relative root-MSEs (right) for the plug-in pre-
dictors of the unemployment rates, RBy, RRE;, d =1, ..., D. We observe that the relative biases are
negative with values around —10%, so we recommend some caution when using parametric bootstrap
MSE estimators. Nonetheless, a relative bias of this order is not large enough to raise major concerns
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Table 8. Empirical coverage probabilities of the 95% prediction intervals for u,, k=1, 2, 3, Ry and
D =100

Cy C;
B=50 B=100 B=200 B=300 B=400 B=50 B=100 B=200 B=300 B=400

Hgr  0.952 0.952 0.948 0.949 0.951 0.931 0.929 0.933 0.931 0.933
Hgpo  0.949 0.950 0.946 0.946 0.949 0.928  0.928 0.928 0.925 0.928
Hgs  0.949 0.952 0.950 0.952 0.952 0.925  0.928 0.931 0.935 0.926
Rs  0.951 0.949 0.948 0.948 0.949 0.931 0.930 0.931 0.930 0.932

or overturn the conclusions of the analysis. The relative root-MSEs decrease with increasing B, stabil-
izing at B =400, so we recommend applying that number of bootstrap iterations. If we averaged the
relative biases without taking absolute values, we would obtain values practically identical to those in
Table 7 but with a negative sign.

In the SAE literature we can find papers that present simulations showing that parametric bootstrap
estimators can lead to underestimations of MSEs. To mitigate this issue, Hall and Maiti (2006) and
Erciulescu and Fuller (2013, 2016) proposed double bootstrap approaches that correct the leading-
order bias of bootstrap MSE estimators. However, these solutions can be methodologically complex
and computationally demanding, and thus this objective would lie beyond the scope of the present
work.

Table 8 presents the empirical coverage probabilities of the 95% prediction intervals for the
domain category proportions g, k=1,2,3 and rates Ry. We consider two prediction intervals.
The first, denoted as Cg, Uses as standard error the empirical Monte Carlo MSE from Simulation 2,
i.e. MSEg = RE3((), k=1, 2, 3 and MSEqo = REZ(Ry). The second, Cy,, replaces this standard error
with the parametric bootstrap estimators mse}, = mse*(it,), k=1,2,3 and mse}, = mse*(Ry).
Table 8 shows the means coverage probabilities across domains, i.e.

12 18
==Y Cu, C=="c.

The C, means remain very close to 0.95, whereas the bootstrap-based C; means show a mild under-
coverage (0.925-0.933). This behaviour is consistent with the negative bias observed for the bootstrap
MSE estimators. However, the gap between C, and C; is fairly stable over B.

6 Application to SLFS data

This section illustrates the use of the new SAE methodology with an application of the area-level
Dirichlet mixed model to SLFS data from the last quarter of 2022. The target variables are the direct
estimators of the proportions of employed, unemployed and inactive people, defined in (2.3) and cal-
culated with SLFS2022.04 data.

The models based on multinomial or Dirichlet distributions are not invariant with respect to the
choice of the third (last) category. The proportions of the two first categories are those that the models
explain. Therefore, it is reasonable to choose the least interesting category as the last category, since
its proportion prediction is obtained by subtracting the predictions of the other categories from one,
and errors can accumulate. In the case of the SLFS data, we are interested in estimating unemploy-
ment rates. Therefore, we chose the inactive category as the last category.

Due to the difficulty in obtaining auxiliary variables aggregated at the province-sex-age level from
freely accessible statistical sources, we use the 19 SLFS microdata files SLFS2018.01-SLFS2022.03
(downloadable from the INE website) to build the working dataset. The auxiliary variables are direct
estimators of class proportions of unit-level classification variables, calculated by applying the
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Table 9. Quantiles of standard deviations of the direct estimators of the auxiliary and target
variables (right) and quotients Qg defined in (6.1) (right)

q90 qo0.25 q0.50 q0.75 q1 qo qo0.25 q0.50 q0.75 q1

edu3 0.0023  0.0049 0.0068 0.0082 0.0149 9.28 18.04 21.77 26.02 59.15
workl 0.0023 0.0048 0.0067 0.0084 0.0147 12.81 18.89 21.28 2525 40.48
edul 0.0011 0.0024 0.0031 0.0041 0.0092 7.221 2441 3512 57.81 162.83

st3 0.0016 0.0030 0.0037 0.0048 0.0118 5.13 1462 2336 4215 179.83
Yd1 0.0097 0.0224 0.0295 0.0425 0.0768
Ya2 0.0063 0.0139 0.0183 0.0266 0.0741

formula (2.3) on the augmented SLFS file. As a result of this process, the design-based variances of the
direct estimators of the class proportions (auxiliary variables) are much smaller than the variances of
the direct estimators of the labour force indicators (target variables). Thus, the explanatory variables
of the dataset are estimators, subject to measurement error, of the administrative census variables to
which the authors unfortunately do not have access. Extending our research to include the measure-
ment error methods proposed by Ybarra and Lohr (2008) and Burgard et al. (2020, 2022) is beyond the
scope of our current research objectives. The domain-level auxiliary variables are the proportion of
people in the categories of the classification variables:

Citizenship: nacl (Spanish citizenship) and nac2 (not Spanish citizenship).

Education level: edu0, (less than primary), edul (primary), edu2 (basic secondary education) and
edu3 (bachelor or/and university).

Professional status: employer (with or without employees) or independent worker (st1),
cooperative or family business (st2), public sector salaried employee (st3), private sector salaried
employee (st4), and others (st5).

Working hours: unemployed or inactive (work0), full-time contract (workl) and part-time contract
(work2)

After a selection process of auxiliary variables based on p-values, a model with all significant auxiliary
variables is reached. The selected area-level Dirichlet mixed model has four significant variables,
which explain the employment indicators in terms of higher levels of education (x4, = edu3) and full-
time workers (x413 = workl) for the employed, and lower levels of education (x4, = edul) and public
salaried employees (xg3 = st3) for the unemployed. To justify that the variability of the selected ex-
planatory variables is substantially smaller than that of the target variables, for k=1,2 and
r=2, 3, Table 9 (left) reports the quantiles of the set d=1, ..., D of estimates of the design-based
standard deviations of the direct estimators. For k=1,2 and r =2, 3, Table 9 (right) presents the
quantiles of the quotients

— 1/2
Qur = <‘fr”7(ydk)> , d=1,...,D. (6.1)
Varﬂ(xdkr)

We observe that the quantiles of the direct estimators of the proportions of employed and un-
employed people are markedly larger than those of the aggregated auxiliary variables, indicating
that uncertainty is concentrated in the response variables.

Table 10 presents the estimates Bk,r of the regression parameters (top) and the estimates 6y of the
standard deviation parameters (bottom), k=1,2,r=1, 2, 3. The estimates are calculated by the
ML-Laplace approximation algorithm. This table presents the asymptotic and the basic bootstrap
95% confidence intervals (L.B, U.B) and (L.B*, U.B*) described in (3.10) and (3.11) and the logical state-
ments of whether (T) or not (F) the zero belongs to the confidence interval. The standard errors 6 of

]
the asymptotic CI (L.B, U.B) and the quantiles X2 X of formulas (3.10) and (3.11), are calculated
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Table 10. Regression parameters EW (top) and standard deviation parameters &y (bottom), k=1, 2,
r=1, 2, 3, of the selected ADMM

6 L.B u.B L.B* u.B* 0Oecl

k=1 Intercept —1.2564 —1.3343 —1.1788 —1.3289 —1.1748 F
edu3 0.2331 0.1243 0.3420 0.1234 0.3398 F

workl 3.8313 3.7713 3.8914 3.7588 3.8751 F

k=2 Intercept —1.4905 —1.5406 —1.4404 —1.5331 —1.4309 F
edul 5.2992 4.7658 5.8326 4.6423 5.7834 F

st3 2.0998 1.8045 2.3952 1.7805 2.3682 F

k=1 o1 0.2108 0.1962 0.2256 0.2004 0.2285 F
k=2 o5 0.2567 0.2285 0.2849 0.2354 0.2924 F

by the parametric bootstrap procedure described in Section 4.3 with B = 500 iterations. None of the
Cls for the regression parameters or the variance components include zero, indicating statistical sig-
nificance for all the model parameters, while their narrowness reflects high accuracy in the estimation.
Concerning the sign of the regression coefficients, and assuming that the remaining ones are
fixed, we observe that a higher educational level (edu3) and a greater proportion of full-time working
hours (workl) are positively associated with employment, whereas lower educational attainment
(edul) and public sector employment (st3) are negatively associated with employment. The latter as-
sociation may reflect counter-cyclical ‘refuge’ behaviour: during periods of labour-market uncertainty,
an increasing number of workers apply for public-service positions. This can raise the observed public-
sector share while unemployment remains high due to slow recruitment and selection processes.

6.1 Model validation

To evaluate the quality of the model, we conduct a residuals analysis. Ford =1, ..., D, k=1, 2, 3, the
plug-in raw residuals and standardized residuals (sresiduals) of the model (3.1) are

Yok — Elyal i, ¢q) Yak — i,

—=— — . (6.2)
JVarlyadily, ¢l iR (1~ i5)/(Bg + 1)

eak = Yok — Elyanlily, @al,  Fak =

The distributions of the sresiduals rg are not normal. However, by construction, they are standardized
direct estimators. Since the direct estimators yq are weighted sums, the Central Limit Theorem sug-
gests that their distribution should be close to normal for sample sizes ng > 30, 50 (cf. Table 1). If, in
addition, the selected area-level Dirichlet mixed model has a good fit to the aggregate data, we can
expect the sresiduals to have a symmetric distribution around zero and a good diagnostic of normality.
In the problem at hand, sample sizes vary between 59 and 1969, so it makes sense to analyse the sym-
metry and normality of the sresiduals.

Figure 4 presents the boxplots of the marginal sresiduals by labour categories (left) and by labour
categories (E = employed, U = unemployed, | = inactive) crossed by sex (M = men, W = women) and
age group (1 = 16-34, 2 = 35-64) (right). Within the labour categories, the sresiduals are centered
around zero and lie inside the interval (-2, 2), and no remarkable deviations from normality are ob-
served. However, when analysing the residuals across occupational category, sex, and age group, the
model-based predictions of proportions tend to be lower than the direct ones for the employed and
unemployed mature working-age groups (Ey», Uy,) and for inactive young women (/). On the other
hand, the model-based predictions of proportions tend to be greater than the direct ones for young
men (Ey1, Umi, In1), unemployed young women (Uy1), and inactive older women (/).
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Figure 4. Boxplots of the sresiduals by labour category (left) and by labour category, sex and age group (right).
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Figure 5. QQ plots of the sresiduals by labour category.
Table 11. Shapiro-Wilk and Kolmogorov-Smirnov normality tests by labour category
Test S-Wilk K-Smirnov
Category Statistic p-value Statistic p-value
Employed 0.996 0.955 0.047 0.316
Unemployed 0.986 0.044 0.054 0.130
Inactive 0.991 0.305 0.054 0.141

Figure 5 presents the QQ plots of the sresiduals by labour categories with 95% confidence bands,
and shows that most of the sresiduals are located within the bands.

Table 11 gives the Shapiro-Wilk (S-Wilk) and Kolmogorov-Smirnov (K-Smirnov) normality tests by
labour categories. It contains the corresponding test-statistic values (Statistic) and the p-values.
The combined evidence from the QQ plots and the normality tests is feasible with the hypothesis
that the distribution of the residuals is close to normal.

Alternatively, online supplementary material, Appendices C.1 and C.2 present the fitting and valid-
ation of the bivariate Fay-Herriot model with additive log-ratio transformation (BFH-alr) and the area-
level multinomial mixed model (MMM). The residual diagnostics and the significance of the auxiliary
variables indicate that the ADMM provides the best fit to the SFL$2022.04 data.
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Figure 6. Plug-in predictions versus direct estimates by labour category (left) and of the unemployment rates (right).

6.2 Predictions and error measurements

This section presents the domain-level plug-in predictions for the labour-force indicators (employed,
unemployed, inactive) and the unemployment rates, together with their uncertainty measures.
Reliability is assessed via design-based coefficients of variation (CVs) and model-based mean squared
errors (MSEs) estimated by parametric bootstrap. Plug-in predictions are compared against the direct
estimators. Finally, the spatial distribution of predicted unemployment rates and CVs is displayed to
aid interpretation across provinces and sex-age groups.

Figure 6 plots the plug-in predictions versus direct estimates by labour category (left) and of the un-
employment rates (right) of young and mature working-age men and women. The similarities between
the behaviour of the direct estimates and the plug-in predictions are evident. They align closely with
the line y = x, indicating no appreciable systematic bias and confirming that the plug-in predictors
closely reproduces the behaviour of the direct estimators. Moreover, the point cloud suggests moder-
ate shrinkage and reduced dispersion under the model. However, if there are differences in unemploy-
ment rates between men and women, these cannot be easily identified from this figure. For this
reason, to capture gender-specific dynamics in labour market outcomes at the domain level,
Figure 9 provides a spatial representation of the unemployment rate predictions through domain-level
maps.

Online supplementary material, Figures D.1-D.8 of Appendix D present the plug-in predictions and
direct estimates separated by labour category, age group and sex, sorted by sample size. Here it can be
better appreciated the differences between predictions and direct estimates, although the behaviour
is similar between them.

Figures 7 and 8 plot the estimated model-based MSEs of the plug-in predictors and the estimated
design-based variances of the direct estimators of proportions of employed, unemployed and inactive
people and unemployment rates for young working-age men, with domains sorted by sample size. The
bootstrap algorithm for calculating the estimators of the model-based MSEs runs with B =500 itera-
tions. We observe that the blue line of the plug-in predictor is below the red line of the direct estimator
and that they tend to be equal as the sample size increases. Moreover, significant differences are ob-
served across all labour categories and unemployment rates. Similar results are obtained for labour
indicators of young women and mature working-age people, although the differences are smaller for
the latter, which is consistent with the larger sample size in this population stratum.

Table 12 displays the mean relative MSE reduction, i.e.

1 D mse*dir _ mse*in
RR=7 Z RRy, RRy=100——9 —_~d

*dir
pry mse;;
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Figure 7. Bootstrap estimates of model-based MSEs of plug-in predictors and design-based estimates of variances of
direct estimators of proportions of employed (left) and unemployed (right) young working-age men.
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Figure 8. Bootstrap estimates of model-based MSEs of plug-in predictors and design-based estimates of variances of
direct estimators of proportions of inactive people (left) and of unemployment rates (right) for young working-age
men.

Table 12. Mean relative reduction of model-based MSEs between the direct estimator and the
plug-in predictor by sex, age group and labour indicator.

Sex Age Group Employed Unemployed Inactive Rate

Men 16-34 38.21% 47.54% 51.27% 42.29%
Men 35-64 24.28% 34.79% 40.16% 31.58%
Women 16-34 39.11% 44.64% 50.79% 39.32%
Women 35-64 18.28% 22.18% 30.87% 18.47%

between the direct estimator and the plug-in predictor by sex, age group and labour indicator. The
bootstrap MSEs estimates of plug-in predictors (msez"") and of direct estimators (msefﬂ”) are de-
scribed in Section 4.3. We observe mean relative MSE reductions between 20% and 50%. These gains
are especially remarkable for the young male and female groups, which typically have smaller sample
sizes and thus benefit more from model-based borrowing of strength.

Figures 9 and 10 maps the plug-in predictions and the direct estimates of unemployment rates of
young working-age men (left) and women (right) for Spanish provinces. A clear pattern of inequality
in unemployment rates is evident across Spanish provinces among the youth, with those in the south,
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Figure 9. Plug-in predictions of unemployment rates of young working-age men (left) and women (right).
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Figure 10. Direct estimates (bottom) of unemployment rates of young working-age men (left) and women (right).

southwest, and south-central regions being the most affected. We observe that, on average, women
exhibit higher unemployment rates than men. Young men in the provinces of Huelva and Cadiz, exhibit
unemployment rates above 25% (27% and 30%, respectively), placing them among the most affected
regions. However, although scarcely discernible on the map, Ceuta records the highest unemployment
rate among young men, at 35%. In comparison, as many as eleven provinces report female unemploy-
ment rates exceeding 25%: Granada (25.5%), Caceres (26%), Toledo (26%), Jaén (26.5%), Badajoz
(31%), Ciudad Real (31%), Almeria (32%), Huelva (35%), Cadiz (35%), Ceuta (39%), and Melilla
(40.0%). Online supplementary material, Figure D.15 of Appendix D plots the spatial distribution of
the unemployment rates for mature working-age men and women. Similarly, higher unemployment
rates are found in central and southern Spain, with mature working-age women being more affected
again. By contrast, unemployment rates are lower among mature working-age people.

We conduct paired t-tests to analyse the mean difference in unemployment rates between men and
women. Table 13 reports the results of the t-tests, confirming that unemployment rates in women are
significantly higher than in men (p < 0.001).

We compute the bootstrap-estimated CVs of the plug-in predictor and of the direct estimator of the
unemployment rate, for each province, as the bootstrap root-MSE divided by the plug-in predictor, i.e.

in\1/2 dir\1/2

— se*in — mse?

cv’":%, cvme%, d=1, ...,D. (6.3)
d d
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Table 13. Mean difference t-tests of unemployment rates between men and women

Age group p-value 95% CI
16-34 <0.001 (=0.057, —0.021)
35-64 <0.001 (- 0.071, —0.041)

cv" Unemployment Rate Men 16-34 years old cver Unemployment Rate Men 16-34 years old

44°N 44°N
42°N 42°N u
40°N ’ 40°N
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Figure 11. CVs estimates of plug-in predictors (left) and direct estimators (right) of unemployment rates of young
working-age men.

@i" Unemployment Rate Women 16-34 years old @d" Unemployment Rate Women 16-34 years old
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Figure 12. CVs estimates of plug-in predictors (left) and direct estimators (right) of unemployment rates of young
working-age women.

Figures 11 and 12 map the CVs estimates of the plug-in predictors (left) and the direct estimators
(right) of the unemployment rates for young working-age men and women in Spanish provinces. As

expected, due to the imprecision of the direct estimator, a/g"' are larger than a/ff for both sexes.

For CV", no province exceeds the 30% threshold; only Cuenca and Guadalajara for young men of work-
ing age fall within the 25-30% range, with values close to 25.5%. Notably, none of a/Z’ exceeds 25% for

the plug-in predictor. On the other hand, EVZ” exceeds the 30% threshold in up to 13 provinces for
young working-age men and up to 11 provinces for women. Online supplementary material,
Appendix D provides maps of the CVs estimates of the unemployment rates for mature working-age
men and women.

For selected provinces, approximately one out of every five provinces in sample size order, Table 14
presents the direct estimates, plug-in predictions and estimated CVs under the survey design (E\\IZ), of
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Table 14. Direct estimates, plug-in predictions and CVs estimates of the unemployment rates of the
young working-age people for one out of five Spanish provinces, sorted by sample size

Men 16-34 Women 16-34
Prov ng R RrCVr V¥ oV oy, R ORP QU CVE ovip
Melilla 54 0.19 0.24 36.12 33,55 2161 57 0.36 040 28.14 2492 15.39
Palencia 85 0.11 0.15 41,51 35.04 23.35 91 0.17 0.21 3391 27.62 19.78
Gipuzcoa 96 0.10 0.11 36.33 33.73 2239 109 0.18 0.19 30.27 2851 19.90
Lebn 119 0.14 0.17 3290 30.08 21.23 111 0.14 0.18 37.38 32.06 20.55
Salamanca 139 0.13 0.14 33.21 28.11 1942 116 0.14 0.20 3432 30.36 21.40
Almeria 172 0.16 0.17 25.06 2329 17.28 156 035 0.32 18.62 16.95 12.88
Toledo 196 0.14 0.15 23.04 2236 1796 192 0.27 0.26 1732 1797 15.50
Malaga 238 0.25 0.22 16.83 1501 1252 255 0.23 0.23 1569 16.86 13.75
Badajoz 282 0.20 0.19 1563 14.81 1289 264 0.33 0.31 12.02 12.12 10.09

Pontevedra 384 0.18 0.17 1551 1432 1250 351 0.20 0.20 16.90 15.29 13.14
Barcelona 500 0.17 0.16 13.19 1216 10.77 486 0.13 0.14 1550 1572 14.09

the direct estimators (alg”) and under the model (a/’d”) of the unemployment rates of the young
working-age people. CVs estimates under the model exhibit much lower values than those of the direct
estimator and under the design, especially in provinces and groups with smaller sample sizes. Online
supplementary material, Appendix D contains analogous tables for the mature working-age people.

7 Conclusions

Compositional data frequently arise in the analysis of socio-economic indicators within public statis-
tics. Compositions possess an inherent dependency structure, rendering them challenging to model
with conventional statistical techniques. This study introduces a novel statistical methodology based
on an area-level mixed Dirichlet model to estimate category proportions by taking into account the
correlations between the components of the target vector. This approach offers two main advantages
over fixed-effects Dirichlet regression: (1) capturing variability not explained by fixed effects through
the random effects, and (2) the ability to deal with directly area-level proportions rather than unit-level
data, thereby avoiding to aggregate unit-level predictions later. However, it is not possible to accom-
modate Dirichlet models for positive correlations between proportions. This is not a problem for small
values of g, since positive correlations between the proportions would be extremely unlikely. Positive
correlations may appear when q is large. In such cases, it is not recommended to use multivariate or
Dirichlet models, and multivariate Fay-Herriot models applied to log-ratio transformations of the pro-
portions should be used. This last approach does allow for modelling positive correlations. See
Esteban et al. (2020).

The new ADMM is a multivariate GLMM, therefore the likelihood function involves a multiple integral,
impeding direct maximization. Due to the lack of available software for computing maximum likeli-
hood estimators for the model parameters, we have developed and implemented a maximum likeli-
hood Laplace approximation algorithm to estimate the model parameters and derive model-based
predictors. As a complementary approach, we also implement a Gauss-Hermite quadrature method
in R. The gaussian quadrature is derivative-free and requires relatively little additional coding. The de-
tails for its implementation are provided. The Laplace approximation presents clear advantages over
Gauss-Hermite quadrature. In simulation experiments, the ML-Laplace approximation is found to sub-
stantially outperforms Gaussian quadrature in terms of computational fitting times, and to be consist-
ently more accurate. Finally, a practical limitation is that the Gaussian quadrature algorithm does not
return predictions of the random effects, which is a clear drawback for small area prediction.

Although it is theoretically possible to approximate the EBPs of the random effects using a Monte
Carlo simulation, this approach involves a level of computation that is comparable to directly
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estimating the EBP of the target proportions. In contrast, the proposed ML-Laplace algorithm provides
the calculation of the likelihood modal predictors of the random effects from the optimization process.

For these reasons, we adopt the ML-Laplace approximation in the real-data application.

Three main simulation experiments are carried out. First experiment studies and compares the be-
haviour of the fitting algorithms and the consistency of the model parameters estimates. Second ex-
periment analyses the bias and the root-MSEs of the EBPs and plug-in predictors, showing that in
terms of root-MSEs there are no differences between both predictors; therefore, we recommend the
use of the plug-in predictor due to its simplicity and computational efficiency. Third experiment exam-
ines the performance of the bootstrap estimators of the MSE of the plug-in predictors, concluding that
using at least B =400 iterations achieves a good compromise between accuracy and computational
time. Two complementary simulation experiments are provided in online supplementary material,
Appendices B.4 and B.5. The first one is a model-based, data-driven simulation where datasets are si-
mulated from the model fitted to real data and the model parameter values are varied to analyse their
effect on the accuracy of the predictors. The second one is a design-based simulation that analyses the
design-based properties of the predictors based on the ADMM.

The new methodology is applied to the Spanish Labour Force Survey for the last quarter of 2022 to
estimate the proportions of employed, unemployed and inactive men and women in the Spanish prov-
inces, as well as the unemployment rates. The model produces smoother predictions and yields lower
root-MSEs than the direct estimator. As a result of the model analysis, we conclude that the highest
unemployment rates are located in the central and southern zones of the peninsula. For both sexes
and age groups, all Spanish provinces exhibit CVs below 30%, which is a highly satisfactory outcome
in SAE problems.
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