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Abstract

This paper presents a novel approach to variable selection in small area estimation,
focusing on the Fay—Herriot model. Traditional methods, such as those based on
Akaike and Kullback symmetric divergence information criteria, often rely on step-
wise selection and focus on the complete model, without individually examining the
influence of auxiliary variables. The Shapley value of cooperative game theory is pro-
posed to measure the average importance of auxiliary variables. The Shapley value
evaluates all possible combinations of auxiliary variables, ensuring an efficient aver-
age influence of the selected combination. We study its properties mathematically
and investigate its performance through simulation experiments, showing consistent
identification of the true generating variables even under challenging conditions. An
application to the 2022 Spanish Living Conditions Survey illustrates the method’s
usefulness in selecting the model on which to base predictors of poverty proportions
in Spanish provinces by sex.

Keywords Fay-Herriot models - Information criteria - Shapley value - Influence
measure - Small area estimation - Living condition surveys

Mathematics Subject Classification 62E30 - 62J12 - 91A80

1 Introduction

Small area estimation (SAE) is crucial for producing reliable statistics for domains with
limited sample sizes, such as geographic regions or demographic subgroups. Model-
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based approaches, particularly the area-level Fay-Herriot (FH) model, are widely
employed to improve precision by incorporating complex variance structures and aux-
iliary information. The monograph Rao and Molina (2015) provides the theoretical
foundation and a comprehensive treatment of the methods and applications of SAE.
A central aspect of constructing effective SAE models lies in model selection, as the
choice of auxiliary variables significantly affects estimation accuracy, interpretability
and robustness. Choosing the correct explanatory variables helps balance between
capturing the underlying structure of the data and avoiding over-fitting. While numer-
ous studies have addressed model selection in SAE, the specific problem of assigning
importance to individual variables has not yet been explored.

Traditional model selection techniques in SAE typically rely on information crite-
ria: Akaike’s Information Criterion (AIC), Kullback’s Information Criterion (KIC) and
Bayesian Information Criterion (BIC), among others, are the most popular. Notable
contributions include the use of bias-corrected AIC by Hurvich and Tsai (1989),
bootstrap-corrected variants by Shang and Cavanaugh (2008) and Marhuenda et al.
(2014), and extensions to spatio-temporal and semi-parametric models by Kubokawa
(2011) and Lombardia et al. (2018; 2021). Additionally, the work by Lahiri and Sun-
tornchost (2015) studies penalized likelihood methods for model selection in linear
mixed models (LMM), including the FH model. These approaches aim to identify opti-
mal subsets of variables by minimizing loss functions over a set of candidate models.
However, rather than quantifying the marginal influence of auxiliary variables, these
criteria provide a pointwise evaluation of the overall model fit.

This gap in the literature highlights the need for new methodologies that evaluate
the marginal contributions of each variable, which could lead to robust and effective
SAE models. We address this problem by introducing and analysing empirically an
influence measure based on the Shapley value for cooperative games (Shapley 1953),
which quantifies the average contribution of each auxiliary variable by considering
all possible subsets of them. The connection between cooperative game theory, and in
particular the Shapley value, and some areas of statistical science is well established.
The Shapley value is widely applied in machine learning (Rozemberczki et al. 2022),
feature selection, explainability, multi-agent reinforcement learning, set pruning and
data valuation. Furthermore, the Shapley value has previously been applied in linear
fixed-effects models to study the relative importance of auxiliary variables in the
presence of multicollinearity and their contributions to the R-squared coefficient, as
analysed by Lipovetsky and Conklin (2001); Israeli (2007), and Mishra (2016), among
others. However, the connection between game theory and SAE has not yet been
studied.

The strength of SAE models lies not only in their ability to generate accurate pre-
dictions of small area parameters, but also in their ability to identify socioeconomic
patterns relevant to policymaking. These models allow the behaviour of a target vari-
able to be explained by auxiliary variables, and the marginal contribution of each
explanatory variable can shed additional light on the interrelationships in the data. We
illustrate these ideas with an application to SAE estimation of poverty proportions,
using data from the 2022 Spanish Living Conditions Survey (SLCS).

The estimation of poverty indicators in small areas has received considerable atten-
tion from researchers in recent years. Without wishing to be exhaustive, we cite some
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relevant contributions with applications to the European surveys of income and liv-
ing conditions. From the perspective of unit-level models, we can cite the empirical
best predictors based on LMMs introduced by Molina and Rao (2010); Marhuenda
et al. (2017) and Guadarrama et al. (2021). Robust estimation procedures have been
addressed by Tzavidis et al. (2008; 2015), Marchetti et al. (2012) and Marchetti and
Secondi (2016). In the case of area-level models, Esteban et al. (2012); Marhuenda et al.
(2013), Morales et al. (2015) introduced predictors based on LMMs. However, Bou-
beta et al. (2016; 2017), Lépez-Vizcaino et al. (2013; 2015) or Chandra et al. (2017)
employed generalized LMMs , with Poisson or multinomial distributions. Specifi-
cally, the volumes by Pratesi (2016) and Betti and Lemmi (2013) focus on small-area
estimation of poverty indicators.

In the context of SAE and LMMs, the use of the Shapley value remains unexplored.
The novelty of our approach lies in four key aspects: (1) to propose an influence mea-
sure based on the Shapley value tailored to model selection criteria in the FH model, (2)
to introduce a model selection algorithm, (3) to characterize axiomatically the influ-
ence measure and (4) to validate the approach through both simulation experiments
and a real-world application using the SLCS 2022 data to estimate sex-disaggregated
poverty proportions in Spanish provinces.

The paper is organized as follows. Section 2 describes the Fay—Herriot model and
the AIC and KIC families of information criteria. Section 3 describes a measure of
variable influence based on the Shapley value. Additionally, an axiomatic charac-
terization is included. Section 4 presents simulation experiments to investigate the
behaviour of the Shapley value to detect the model generating auxiliary variables and
the proposed Shapley’s algorithm for model selection. Section 5 applies the proposed
methodology to data from the SLCS of the last quarter of 2022 in Spanish provinces.
Section 6 summarizes the main conclusions of this work.

The paper includes five appendices. Appendix A describes the procedure to simulate
the synthetic data used in Examples 1, 2 and 3. Appendix B provides the proof of the
theorem establishing the desired properties of the influence measure based on the
Shapley value. Appendix C presents two propositions regarding the properties of the
Shapley value estimator. Appendix D describes the parametric bootstrap approach to
estimate the mean squared errors of the model-based predictors. Appendix E contains
the results of Simulation 1 for the Shapley value estimator.

2 Fay-Herriot model and information criteria
2.1 Fay-Herriot model

The FH model is the basic area-level model in SAE, especially useful when indi-
viduallevel auxiliary information and information on the dependent variable are not
accessible, but area-level aggregates of the auxiliary variables can be obtained from
administrative sources. It represents a special case of an LMM featuring a domain-
specific random intercept. Its principal strength lies in the capacity to integrate direct
survey estimates with auxiliary information available at the domain level, thereby bor-
rowing strength among areas. The model improves the precision of direct estimates by
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smoothing the target variable towards a synthetic value, which results from a weighted
combination of survey data and auxiliary variables.

Let us consider a finite population U partitioned into D domains Uy, ..., Up, i.e.
U = UleUd, Ugyy NUy, = B, d1,dr = 1,...,D,d1 # da. Let yg be the direct
estimate of the unknown domain quantity us,d = 1,...,D.Let P = {1, ..., |P|}

be the set of subscripts of |P| potential domain-level explanatory variables, where
| - | denotes the cardinality of a set. Let x4;, i € P, be the value that the explanatory
variable x; takes in the domain Uy,d =1, ..., D.Forasubset S = {i, ..., s/} € P,
of explanatory variables, the FH model My is defined in two stages. The sampling
model is

Ya = Mg +eq, d=1,...,D, 2.1

where e1, ..., ep are independent and normally distributed, with e; ~ N (0, aezd),
where aezd > 0 is known. In applied settings, when unit-level data is available, these
variances can be estimated from the survey. For example, using the direct estimator
of the variance (see Morales et al. (2021), chap. 2, p. 24) and the sampling weights
under the sampling design. This link from design-based to model-based is standard in
official statistics, allowing the FH model to exploit unit-level information indirectly
while maintaining an area-level formulation.
The linking model assumes that

Ma = XsaBg+usq, d=1,...,D, 2.2)

where x g4 is arow vector containing the aggregated (population) values of | S| explana-
tory variables for area d, B¢ is the column vector of regression coefficients and
usi, ..., usp are independent and identically distributed as N (0, aszu), with variance
agu > 0 unknown, and independent of the sampling errors e;’s. The unknown param-
eter vector of model My is 05 = (,B’S, agu)/ . We assume that there existsan S = T,
with T C P, for which the FH model M7t is ‘true’; that is, the M7 model generates
ya,d = 1,...,D.For S # T, the equation (2.2) does not hold and, therefore, the
model Mg is not correct.

Combining (2.1) and (2.2), the FH model M can be expressed as a single model
in the form

Ya =XsaBs +usa+es, d=1,...,D, (2.3)
or in matrix formas y = XgB g + us + e, where

= col , X¢= col (xs4), us = col (usy), e= col (ey).
y 1§d§D(yd) s 1§d§D( Sd), Us 15dSD( sd) 1§d§D( d)

Then, Vg, = var(us) = GSZMID, V., = var(e) = diag(aezl, e, JezD), Vs =var(y) =

Vsu+Ve= diag(oszu + 031, e 052u + afD), and cov(y, ug) = Vg,.
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If agu is known, the BLUP of g is fisq = xsdﬁs + it g4, where
P 1 1 1 033 %
Bs=Xs'Vi' Xs) ' Xs'Vi'y and iisq = " (va — xsaBs), d=1,...,D,

Osu Ocd

are the best linear unbiased estimator (BLUE) and predictor (BLUP) of B¢ and us,.
In matrix form, the BLUP of the vector ug is given by

iis =Vs.Vs'(y - XsBs).

Thus, the BLUP of 4 can be written as

fisa = *saBs +iisa = XsaBs + —5—"— (va — XsaBs)

OSu T %%d

u e
2 2

o o ~
S d
= 2 “ 2 Yd + 2 £ 2 deﬂS' (24)
sy + Opd sy + Opd

The empirical BLUE (EBLUE) of ¢ and the empirical BLUP (EBLUP) of ug are
obtained by substituting an estimator &Szu of abgu, ie.

N A —1 _ A —1 A A1 A
Bs= X5V Xs) 'XsVsy, ais=VaVy (y— XsBs), 2.5)

where Vg, = &fulD andVg=Vg +V, = diag (&gu + aezd). Under the model
1<d<D
(2.3), the EBLUP of u4 is similarly obtained from the BLUP (2.4), i.e.

62 o2
A~ S d A
fisd = 5" Yd + 55 XsdBs- (2.6)
Osu Oed Osu Oed

The model parameters are estimated using maximum likelihood (ML). This choice
is consistent with the use of AIC and KIC information criteria, which are defined
in terms of the maximized log-likelihood and therefore require ML-based fitting. A
description of the fitting algorithm and the asymptotic distributions of the estimators
under ML can be found in Morales et al. (2021) (chap. 16, pp. 432-434). The p-values
for the regression coefficients are obtained from a Wald test based on the ML fit,
using the inverse Fisher information matrix. The FH model is fitted using the function
eblupFH from the sae package in R, see Molina and Marhuenda (2015). Throughout
the manuscript, and with a slight abuse of notation, we use § indistinctly to refer
either to the subset of explanatory variables of the model Mg, or to the subindex set
corresponding to those variables. The family of all possible FH models (2.3), for any
subset S € P of explanatory variables is given by M = {Mg : S € P(P)\?@}, where
P(P) denotes the power set of set P. There are 2!”! — 1 possible model candidates
which can be fitted to the data.
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2.2 Information criteria

In practice, an information criterion (IC) is used to find the model Mg, S C P, that
minimizes an estimate of the criterion. For a model Mg, the ICs are generally of the
form g(§) = Q(és) + a(ds), where ) s is the vector of estimated model parameters,
Q is the loss function and « is the penalty function that takes into account the model
complexity dg. For candidate models Mg and Mg, such that R € § C P, the loss
function satisfies Q(é s) < Q(é r). Among the ICs most used in LMMs, we find the
expected Kullback’s divergence (AIC family) and the expected Kullback’s symmetric
divergence (KIC family). Given xpy, d = 1, ..., D, these ICs are functions from
P(P) to R.

2.2.1 AIC family

Let us assume that the data-generating model (true model) fulfils equation (2.3) for
T C P.Onmitting the subscript T, we denote the true parameter vector as @ = (S, auz),
where ouz > 0and B; # Oforalli € T. We refer to f(y|@) as the p.d.f. of the
true generating model and f(y|@s) as the approximating p.d.f. associated with some
S C P. The Kullback—Leibler divergence between f(y|@) and f(y|fs) with respect

to f(y16),

100, 65) = Ey |:10g f(y16) ]

f(yl0s)

reflects the separation between the true p.d.f. f(y|#) and the approximating p.d.f.
f(y|0s). Let 0AS be the maximum likelihood estimator (MLE) of 6 ¢ under model
Mg. The most common estimator of the expected Kullback-Leibler divergence
Eo[1(8, 65)] is the AIC statistic

AIC = —2log f(y|0s) + 2(|S| + 1).

As AIC is not an unbiased estimator of Eg[I (0, 0AS)], Hurvich and Tsai (1989) intro-
duced the bias-corrected AIC for small sample sizes,

21812 +2|S
AICc = AIC + M,
D—|S -1

and Marhuenda et al. (2014) proposed the bias-corrected bootstrap variants

~x(b)

A 0
AIC,| = —2logf(ylfs) + — Z —2log f(*y(]'ﬂs *(,2) :
Bia flys10s )
B *(b)
5 2 Fos )
AlCpy = —2log f(yl0s) + - )  —2log=—=———,
B ,; Fy10s)

@ Springer



Variable selection for Fay-Herriot... 291

~x(b) *(b) .
where {fg ",b=1,...,B}and {yg ',b = 1,..., B} are sets of B bootstrap repli-
cates of 6 sand y, respectlvely.

2.2.2 KIC family

This section considers the Kullback symmetric divergence criterion between f(y|0)
and f(yl0s),

f(y|0)} [ f(YIOS)}
J(@@,05) = Eg |l E lo
@05 "[Ogﬂyws) TR )

that reflects the separation between the true p.d.f. f(y|#) and the approximating p.d.f.
f(¥|05s). The most common estimator of the expected Kullback symmetric divergence,
Eg[J(0,05)], is the KIC statistic

KIC = —2log £ (y|0s) + 3(|S| + 1).

Marhuenda et al. (2014) introduced the bias-corrected bootstrap variants

KICc = AICc + Ba,(f5. 0%), KICy = AICy + By, (s, 05),
KICpy = AICh + Bax (8, é;),

where

D 1 B (b) (b)
A ~ Ak ’\2 2 ~ Ak Ak
Bau(Bs. 05) = 3 log(63, +0p) + 5 D Balfs. b5 ) — — Z Bu.(Bs. 05 ),

d=1 b=1

D A2 b ~*(b) ~
S A o oed (xsa(Bs  — Bs)?
B3, (0s,05) = Z + ~ 5 :

d=1 USu + Oed Osu + Oed

D #(b) *(b)
AN Ak b (ysg —XsaB
BuBs.05) = {log(65:? + 02 + —54 0 5 :

d=1 +0'

*(b) . b

and 05( ) 2*(h) ﬁz( ) ;g’), d =1, ,D,b =1,..., B, are the bootstrap

replicates of the MLEs of 05, O’Su and /3 s, and of the target variable y;,d =1, ..., D,
respectively.

3 The cooperative game for variable selection

This section introduces an influence measure for the FH model, which quantifies the
average marginal contribution of each auxiliary variable to overall model performance.
This measure enables a ranking of variables and provides a robust approach for model
selection. First, let us define an influence measure in this context.
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Table 1 Regression pararpeters Variable EBLUE-ML SE p-value

and p-values for the maximal

model X, 0.803 0.231 0.000
X7 0.953 0.194 0.000
X3 0.190 0.210 0.364

Definition 1 A measure of influence for a model Mg, with § C P, is a rule I8 that
assigns a vector 18(Ms) = (I§ (M), ..., Iﬁq‘(MS)) € RIS providing an evaluation
of the influence that each auxiliary variable of S has on the target variable and given
anIC g.

Among the possible tools for introducing influence measures, this section considers the
Shapley value from cooperative game theory. To reinforce the theoretical foundation
of this measure, we will present it axiomatically by identifying a set of desirable
properties and proving the existence of a unique measure that satisfies them. As will
be demonstrated below, only two properties are sufficient to fully characterize our
measure. We begin by introducing some fundamental concepts from game theory. A
cooperative game, or just a game, is a pair (P, v) where P is a non-empty finite set,
and v is a function from P(P) to R with v(#) = 0. We say that P is the player set of
the game and v is the characteristic function, and we usually identify (P, v) with its
characteristic function v. Definition 2 associates with the FH model (2.3) a cooperative
game, for a given IC g.

Definition 2 Given the maximal FH model M p (including all potential auxiliary vari-
ables P) and an IC g, the (Mp, g) cooperative game is the pair (P, vé,w” ), where
e’ (S) = g(S) forall S € P.

In the (Mp, g) game, the value of the IC g is calculated for every subset S € P
of explanatory variables on the corresponding submodel M. Consider the following
example to illustrate this.

Example 1 We aim to model a linear relationship between a response variable Y and
three explanatory variables X1, X» and X3! using the FH model (2.3). First, a maximal
model is fitted, including all the auxiliary variables to assess their significance. Table
1 displays the results of the linear regression coefficients (EBLUE-ML), the standard
errors (SE) and the p-values. The EBLUE-ML estimators, following Equation (2.5),
are obtained using the ML estimator 51%14 of G%u' In addition, Table 2 presents the
KIC computed for each subset S € P = {1, 2, 3}, that is, the game (P, vlﬁé’fc). The
auxiliary variables, X1 and X», which were identified in Table 1 as significant of the
maximal model, form the model with the lowest KIC (game value) in Table 2.

Returning to game theory, the main goal in a cooperative game is to allocate the value
v(P) = vé,wp (P) of the grand coalition among all players in a fair way. A well-known

! Data and its description can be found in the following GitHub repository: https://github.com/small-area-
estimation/Variable- Selection- for- Fay- Herriot-Models- A- Cooperative- Game- Theory- Approach#.
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Table 2 KIC for each subset of

explanatory variables Model S UIA;I IP c®
X1 {1} 216.24
X; {2} 206.01
X3 {3} 227.16
X1+ X2 {1, 2} 191.84
X1+ X3 {1, 3} 211.47
X+ X3 {2, 3} 202.28
X1+ X2+ X3 {1,2,3} 194.98

The lowest KIC is shown in bold

allocation rule is the Shapley value. The Shapley value is a map @ that associates with
every cooperative game (P, v) a vector @ (v) € R” that satisfies Ziep ®;(v) =v(P)
and provides a fair allocation of v(P) to players in P. The explicit formula of the
Shapley value for every cooperative game (P, v) and every i € P is

Pl —1S|=D!|S!
D;(v) = Z (Pl ||1|D|! ) l(v(SUi)—v(S)), 3.1

(kR

where “!”” denotes the factorial function, defined for non-negative integers.

Since its introduction by Shapley (1953), the Shapley value has proven to be one of
the most important allocation rules in cooperative game theory and has applications in
many practical problems (see, for instance, Algaba et al. (2019)). In our context, given
an FH model (2.3) and its corresponding cooperative game, we define the following
influence measure.

Definition 3 Given the maximal FH model M p, we define an influence measure based
on the Shapley value and a given IC g as I®¢ (Mp) = @(vg/[”) e RP.

Note that the i-th component of the Shapley value for the cooperative game
(P, vé,w P) quantifies the contribution of explanatory variable i € P to the associ-
ated IC g. Criteria such as AIC and KIC families measure information loss; therefore,
a lower Shapley value for an explanatory variable indicates that, on average, its inclu-
sion in the model leads to a greater reduction in information loss. To illustrate this, we
return to Example 1 and compute the proposed influence measure.

Example 2 'We compute the Shapley influence measure for the explanatory variables
X1, X7 and X3 introduced in Example 1, obtaining the following values, respectively:
64.37, 54.66 and 75.95, which add up to 194.98. These results indicate that including
X1 and X» in the model leads to a lower average information loss compared to X3. In
particular, X» yields the smallest value, suggesting it is the most influential variable
with respect to the KIC criterion.

Let us now define the properties of interest for an influence measure. The first
property we require for an influence measure is that it be efficient, that is, that it
distributes the total influence g(P), given by an IC g evaluated in the FH model Mp,
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among all the explanatory variables of the set P. Given a FH model Mp and a IC g,
an influence measure is (g, P)-Efficiency iff

D I (Mp)=g(P). (3:2)

1<i<|P|

The second property is a fairness property that treats all the explanatory variables in the
same way. If one of two variables is disregarded, the resulting impact on the influence
of the other is equivalent to the impact of disregarding the latter on the former. Note
that the marginal loss or gain of influence caused by the inclusion or exclusion of one
variable on another is a result of the existing dependence between the two. Given a
FH model Mp and an IC g, an influence measure satisfies Balanced Influence iff for
each explanatory variables i, j € P, with i # j, it holds that

If (Mp) — If (Mpy\(jy) = 15 (Mp) — 1§ (Mpy() - (3.3)

Theorem 1 states that the Shapley value is the unique influence measure that satisfies
the above two properties. The proof is included in the Appendix B.

Theorem 1 There exists a unique influence measure for the FH model Mp satisfy-
ing equations (3.2) and (3.3), i.e, the properties of (g, P)-Efficiency and Balanced
Influence. This measure is given by 1®:8 (Mp).

Using the Shapley measure of influence, a ranking of the most influential variables
in the model is obtained. This ranking can be used to construct an algorithm for model
selection. Given a maximal FH model Mp and an IC g, Algorithm 1 selects a subset
of auxiliary variables. Example 3 applies Algorithm 1 to select the auxiliary variables
of Examples 1 and 2.

Algorithm 1 Shapley algorithm for FH model selection.

1: Calculate (P, v[i,wP) and 1% (Mp). > Initialization.
. . . b, @,
2: Sort the vector 1?8 (M p) in ascending order, i.e, 198 Mp)sors = (I[l]g(Mp), ey I[P]g(Mp)),

where [i] denotes the index of the i-th smallest element in the original vector / 2.8(M p), corresponding
to the i-th auxiliary variable in the sorted order.

3: fori € P

4: Calculate the IC g({[1], ..., [{]}) for the nested model M [y}, ... i)}

5: end for

6: Select the model My, (i1} such that all explanatory variables are significant at « level and with the

lowest g({[11, ..., [i]}). > Finalisation.

Example 3 We rank the variables in ascending order according to the Shapley influence
measure based on the KIC criterion. Moreover, we compute the KIC value for the
nested models, i.e., by sequentially adding the auxiliary variables with lower influence
values to the model. Table 3 presents the nested models, the corresponding KIC values,
and the p-values of the explanatory variables from Examples 1 and 2. As we can see
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Table 3 KIC-values and

p-values for nested models Model Kic p-values
ordered by Shapley influence X, 216.25 0.000
measure
X+ X4 191.89 0.000, 0.000
X0+ X1+ X3 194.08 0.000, 0.000, 0.364

in Table 3, the selected model would be the one formed by the explanatory variables
X 1 and X 2.

The calculation of the Shapley influence measure requires evaluating the IC of
any possible submodel Mg, S € P. At first glance, one might argue that if we can
calculate the IC for all possible submodels, then we could simply select the best one
directly, making the ranking of variable influences seemingly unnecessary. However,
it is important to note that both tasks, although related, address different objectives.
While model selection seeks the best combination of variables, influence measurement
quantifies the individual contribution of each variable to the model’s performance.

Moreover, evaluating all submodels is computationally infeasible when the number
of explanatory variables is large, because of the exponential growth in the number of
possible models. To address this, and inspired by Castro et al. (2009), we propose a
sampling-based algorithm that allows us to efficiently estimate the influence measure
in polynomial time, without exhaustively evaluating every submodel. Algorithm 2
outlines the details of this procedure.

Importantly, by ranking variables according to their estimated influence, we also
obtain a practical approach to model selection, providing a natural path to identify high-
performing submodels without full enumeration. The algorithm consists of selecting
m samples uniformly at random from all possible permutations of the set of variables,
IT1(P). For each sample, the marginal contribution of each variable with respect to
the variables preceding it is computed. The resulting estimator, 1?8, is defined as the
mean of the marginal contributions across the m samples. It is important to note that the
proposed estimator is unbiased and consistent (see Propositions 1 and 2, Appendix C).
These properties are essential to ensure the accuracy and reliability of the estimator.
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Algorithm 2 Estimation 1?8 (Mp).

1: Determine m. Fix cont = 0 and 18 (Mp) =0. > Initialization.
2: while cont < m do

3:  Take o € Il (P) with probability ﬁ

4: forieP

5: Calculate L:.p’g(a) =g({c),...,0k)}U{i}) —g({o(),...,0(k)}), where o (k + 1) =i.
6: Caleulate 1% (Mp) = iP5 (Mp) + L% (0).

7:  end for

8:  cont = cont + 1.

9: end while

10: i¢’g(Mp) = %idj'g(Mp). > Finalisation.

While Examples 1, 2, and 3 illustrate that Shapley’s algorithm for model selection
and the KIC criterion can lead to the same model choice in controlled settings, such
alignment cannot be expected in real-data applications. We point out two main facets
that must be taken into account in the analysis of real data. First, the variables most
highly ranked by the Shapley value are those with the highest average contribution
across all model configurations; it does not necessarily follow that they will constitute
the best model for a given IC. Second, ICs such as AIC and KIC are typically carried
out by heuristic or stepwise procedures, which are either model or search strategy-
dependent and might not necessarily locate the global optimum. These observations
highlight the importance of not overrating AIC and KIC estimators, which may be
subject to high sampling variability, and considering an alternative approach that,
while not a model selection tool itself, provides a robust perspective on the role of
explanatory variables in model selection.

4 Simulation experiments

This section examines the performance of the Shapley influence measure for variable
selection in the FH model. As ICs, we take the AIC and the KIC, along with their bias-
corrected variants, AICc, AICy, AICy;, KICc, KICy;, and KICy,, described in Section
2.2. The target variable is generated from an FH model M7 with |T| = 5 auxiliary
variables serving as the true data-generating auxiliary variables. Alternative models
M s are considered under two conditions: underfitted models, where 1 < |S| < 5, and
overfitted models, where 5 < | S| < 10.

We pursue two main objectives. The first objective is to evaluate the ability of
the Shapley influence measure to correctly identify the true data-generating auxiliary
variables. Specifically, we assess whether the most relevant auxiliary variables in the
true model Mt consistently rank among the top five most influential variables accord-
ing to the influence measure. The second objective is to examine the performance of
Shapley’s algorithm introduced in Section 3 under usual statistical significance levels
(¢ =0.05,0.1).

Following a simulation experiment inspired by Marhuenda et al. (2014), we
analyse four different scenarios where the importance of the true explanatory vari-
ables is systematically decreased. The true model parameters are denoted as B €
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{Bro: Br1, Bra, Bra}, where Brg = (1, 1, 1, 1, 1), Bpy = (1, 1, 1, 1,0.25), Brp =
(1,1, 1,0.25,0.25), Br3 = (1, 1,0.25,0.25, 0.25)’.

The auxiliary variables are simulated as x4; ~ U(0,5),d = 1,...,D, j =
1,...,|P|, where U denotes uniform distribution and |P| = 10. As the range of
values of the x-variables is (0, 5), the beta parameters play the role of weights in the
model linear equation. The set of subindexes of the generating auxiliary variables is

T=1{1,...,5} Cc P=1{1,...,10}. The variance of the random effects is a%u =1.
The sampling error variances are aezd = Ao+ %, withig =0.8andA; = 1.2
foreachd =1, ..., D. In the case of the estimator of the Shapley influence measure,

m denotes the sample size.
The simulation experiment is conducted with K = 2000 Monte Carlo iterations
and with the following steps.

1. Repeat K times (k =1, ..., K)
I.1. Ford = 1,..., D, generate x5} = (x{, ..., x{), with x'¥ ~ 0(0, 5),

i=1,... 10
k k
1.2 Fokr d = l,k Dk generate, L,:() ~ iV(O oTu)k e() ~ N(O, aed) y() =
( )ﬂT + u(T; + e; ), where x(TU), = (x,f“), .. xg(ls))

1.3. For alSCc pP={1,...,10}, calculate
1.3.1 the ML estimates é(s (ﬂ s Az(k)) and
1.3.2 the characteristic function v, My’ (S) = g®(S), where g®©(S) denotes the
value of the information criterion g applied to model M & ), i.e, g evaluated

at the ML estimate 9?).
1.4. Apply Shapley’s algorithm for model selection.
1.4.1. Calculate I®8® = ¥ g(M<k))
1.4.2. Sort the vector I%-¢® in ascending order, i.e,

®.g.(k) @, m® q) M(l)
Isorét’ = (I[l]g(vg r Yoeees [10 (Ug ))’

where [i] is the index of the i-th auxiliary variable in the sorted vector

120

1.4.3. Fori =1, ..., 10, calculate the IC g(k)({[l], ..., [i]}) for the nested model
M. tiny-

1.4.4. For o = 0.05, 0.10, select the model M [1] ____ [ such that all explanatory

variables are significant at « level and have the lowest gPdm, ... u.

2. Fori =1, ..., 10, calculate the proportion of Monte Carlo iterations that the i-th

variable is classified among the top five variables according to the Shapley influence
measure, i.e.

1 & u®
ai == 2 1(1¢ Wiy < 1 W),
k=1
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where 1(-) is the indicator function.
3. Fora = 0.05,0.1,i =1, ..., 10, calculate the proportion of Monte Carlo iterations

that the model M {([k 1)] il is selected as the best model, according to Step 1.4.4.

4.1 Simulation 1. Variable Importance

To assess the ability of the Shapley influence measure to identify influential auxiliary
variables, this section calculates the set of variables that rank among the top five based
on their influence, for D = 50 domains, four regression parameter vectors, and eight
ICs. Tables 4 and 5 report the proportion of times each auxiliary variable appears in
this top-five ranking across K = 2000 Monte Carlo iterations. These proportions indi-
cate how consistently a variable is identified as influential, averaged over all possible
models. The bias-corrected bootstrap variants have been calculated with B = 200
replicates and D = 50 domains. In the ideal scenario 7, the Shapley influence mea-
sure successfully identifies all five generating variables with 100% accuracy across all
criteria. As we move to more challenging scenarios 81, 87, and B3, the detection
proportion decreases, particularly for the variables with lower coefficients. However,
Tables 4 and 5 show that, even in the worst scenarios, the percentage detection of the
less relevant generating auxiliary variables, x3, x4 and x5, varies between 50% and
70%. This suggests that selection based on the Shapley influence measure is effective,
even when the influence of the auxiliary variable is weak.

Tables 4 and 5 show that the marginal Shapley influence measure associated with
the least influential variables tends to increase as the overall number of low-impact
variables in the model grows. This behaviour occurs because, by incorporating more
low-weight variables, the mean marginal contributions of each auxiliary variable to
the target variable become more detectable, increasing the capacity of the influence
measure to identify the true data-generating explanatory variables. Simulation 1 empir-
ically demonstrates that our proposed influence measure remains constant regardless
of the IC selected.

Note that the regression parameter estimates are consistent under the FH model
(2.3). Therefore, increasing the number of domains D (typically, D = 100, 150 inreal-
world applications) results in better model fit and better performance of the influence
measures. Thus, to test the ability of the Shapley influence measure to detect strongly
predictive explanatory variables, we have decided to present simulation results for
D = 50 domains.

Table 12 of Appendix E presents the results of the same simulation experiment, but
using the estimator of the Shapley influence measure described in Algorithm 2 with
m = 300 samples. Since the Shapley estimator is computed via Monte Carlo sampling
of random permutations (equivalently, of the induced coalitions), using approximately
30% of the total, it is expected that the corresponding proportions of iterations in which
each auxiliary variable is ranked among the top five are slightly lower. However,
the results of the different scenarios are similar to those obtained using the Shapley
influence measure.
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Table 4 Proportion of iterations in which the i-th auxiliary variable is ranked among the top five according
to the Shapley influence measure, in the scenarios 87 (top), B (bottom), D = 50

Bro
i AIC KIC AlCc AICy AlICpo KICc KICp KICp;
1 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
2 0.999 0.999 1.000 1.000 1.000 1.000 1.000 1.000
3 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
4 0.999 0.999 0.999 0.999 0.999 0.999 0.999 0.999
5 0.999 0.999 0.999 0.999 0.999 0.999 0.999 0.999
6 0.002 0.002 0.001 0.001 0.001 0.001 0.001 0.001
7 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000
8 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000
9 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000
10 0.001 0.001 0.001 0.001 0.001 0.001 0.001 0.001
Bri

i AIC KIC AICc AlCp AICy, KICc KICp KICy
1 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
2 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
3 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
4 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
5 0.512 0.512 0.519 0.520 0.525 0.515 0.514 0.517
6 0.090 0.090 0.084 0.084 0.087 0.087 0.089 0.087
7 0.097 0.097 0.098 0.099 0.098 0.099 0.099 0.101
8 0.103 0.103 0.098 0.100 0.095 0.098 0.101 0.098
9 0.099 0.099 0.100 0.099 0.097 0.103 0.100 0.101
10 0.099 0.099 0.101 0.098 0.098 0.098 0.097 0.096

4.2 Simulation 2. Shapley algorithm for model selection

Beyond quantifying variable importance, the Shapley influence measure can be lever-
aged to construct a model selection procedure, described in Section 3. Tables 6 and
7 summarize the outcomes of the full model selection procedure based on the Shap-
ley algorithm described in Section 3. For each Monte Carlo iteration k = 1, ..., K,
the ranking of variables determined by the Shapley influence measure varies. Conse-
quently, the nested models evaluated in each iteration differ in structure, even under
the same IC. This situation introduces two important limitations: substantial compu-
tational costs and the impossibility of establishing a global ranking of models over the
K iterations.

It is worth recalling that, in this part of the simulation, the true set 7 = {1, 2, 3, 4, 5}
has cardinality |7'| = 5. Specifically, the variables x4;, j = 1, ..., 5, are the true data-
generating auxiliary variables. To provide a comprehensive summary, the columns 1,
2,3, 4 and 5 of Tables 6 and 7 report the proportion of iterations in which the selected
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Table 5 Proportion of iterations in which the i-th auxiliary variable is ranked among the top five according
to the Shapley influence measure, in the scenarios 87, (top), B3 (bottom), D = 50

B2
i AIC KIC AlCc AICp AlICpo KICc KICp KICpo
1 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
2 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
3 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
4 0.633 0.633 0.646 0.649 0.646 0.649 0.651 0.644
5 0.624 0.624 0.633 0.631 0.633 0.622 0.624 0.629
6 0.131 0.131 0.128 0.130 0.128 0.128 0.130 0.129
7 0.141 0.141 0.140 0.141 0.138 0.141 0.142 0.139
8 0.162 0.162 0.152 0.152 0.153 0.153 0.153 0.151
9 0.140 0.140 0.135 0.134 0.136 0.137 0.136 0.139
10 0.169 0.169 0.166 0.163 0.166 0.170 0.164 0.169
B3
i AIC KIC AlCc AICy AlCy, KICc KICp KICpo
1 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
2 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
3 0.694 0.694 0.694 0.689 0.696 0.690 0.686 0.688
4 0.707 0.707 0.714 0.714 0.710 0.712 0.709 0.708
5 0.701 0.701 0.702 0.700 0.706 0.700 0.697 0.705
6 0.166 0.166 0.167 0.167 0.167 0.167 0.168 0.170
7 0.184 0.184 0.178 0.183 0.180 0.181 0.183 0.181
8 0.186 0.186 0.185 0.188 0.187 0.185 0.189 0.186
9 0.177 0.177 0.177 0.175 0.174 0.179 0.181 0.179
10 0.185 0.185 0.183 0.184 0.180 0.186 0.187 0.183

model My is such that S C T with |S| = j with j = 1,...,5. This is to say, Mg
contains exclusively true data-generating auxiliary variables, from one to five. The
column O reports the proportion of iterations in which the selected model My is such
that § & T'. This is to say, M includes at least one non-generating auxiliary variable.
When the first five columns are added up, that is, the true model M7 with |[T| = 5,
or the underfitted “quasi-correct” models Mg with S C T and |S| = 1, 2, 3, 4, across
all ICs and simulation scenarios, the results indicate that the algorithm effectively
identifies models containing the true explanatory variables in approximately 65% to
90% of the iterations.

Under the scenario B, for ¢ = 0.05 or « = 0.1, the algorithm performs con-
sistently well across all ICs. Specifically, the proportion of times the selected model
contains all five true variables exceeds 82% under the KIC-based criteria and remains
above 78% for AIC-based variants. The intermediate scenarios f; and 1, tend to
decrease the rate of success identifying the true model M7 with |T| = 5, or the under-
fitted “quasi-correct” models. Despite this, the percentages of correct identification
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Table 6 Proportions of times that Algorithm 1 selects FH models Mg such that S C T and |S| = J,
j=1,...,5 The column 0 is for S & T'. The type I error probability is « = 0.05

Bro Bri
a = 0.05 1 2 3 4 5 0 1 2 3 4 5 0
AIC 000 0.00 000 000 087 013 000 000 000 050 035 0.15
AlCc 000 0.00 000 000 087 013 000 000 000 050 034 0.15

AICp 0.00 000 000 0.00 087 013 000 000 000 050 034 0.15
AlCyp 0.00 000 000 0.00 087 013 0.00 000 000 050 035 0.16
KIC 0.00 000 000 0.00 087 013 000 000 000 050 035 0.15
KICc 0.00 000 000 0.00 090 0.10 000 000 000 054 032 0.13
KICp1 0.00 000 000 0.00 090 0.10 0.00 000 000 054 032 0.14
KICpo 0.00 000 0.00 0.00 090 0.10 0.00 000 000 054 032 0.13

) Br3
a = 0.05 1 2 3 4 5 0 1 2 3 4 5 0
AIC 0.00 0.00 021 043 0.14 0.21 0.00 005 032 033 006 0.25
AICc 000 0.00 022 044 0.14 020 0.00 005 033 032 006 0.24

AICy 000 000 022 043 0.14 021 000 004 033 032 006 025
AlICpn 000 000 021 043 0.14 022 0.00 004 032 033 006 025

KIC 000 000 021 043 0.14 021 000 005 032 033 006 025
KICc 000 000 025 044 013 018 000 005 036 031 005 023
KICp 000 000 026 043 0.3 018 0.00 005 037 030 005 0.23

KICp, 000 000 024 044 0.2 019 000 005 035 032 005 023

by the true model vary between 14% and 35%. The sum of proportions in columns
1-5 gives percentages greater than 70% of identifying models that do not make the
mistake of including non-generating explanatory variables.

On the other hand, notable differences are observed between the AIC and KIC-based
estimators, particularly as the type I error probability « increases. The proportion of
correct model selections differs by approximately 5 to 10 percentage points, with KIC-
based criteria exhibiting superior performance. This highlights the greater sensitivity
of the AIC family to the choice of significance level and its comparatively lower
robustness in detecting the true data-generating variables. Finally, the scenario 153
(only two of the five auxiliary variables have high weights) presents relatively low
percentages of detection of the correct model with |[T| = 5 generating auxiliary
variables, which vary between 5% and 7% in all criteria. However, the underfitted
“quasi-correct” models with |S| = 3, 4 auxiliary variables are chosen more than 50%
of the time. This behaviour indicates a tendency towards parsimonious models.

In contrast to the simulation results reported by Marhuenda et al. (2014), it is
important to highlight a key methodological difference in our framework. The model
selection algorithm proposed here does not assume prior knowledge of the true
data-generating process; rather, it builds models sequentially based on variable impor-
tance derived from the Shapley influence measure. As such, the lower selection rates
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Table 7 Proportions of times that Algorithm 1 selects FH models Mg such that S C T and |S| = J,
j=1,2,3,4,5. The column 0 is for § & T'. The type I error probability is o = 0.1

Bro Bri
a=0.1 1 2 3 4 5 0 1 2 3 4 5 0
AIC 0.00 0.00 0.00 0.00 078 022 000 000 000 040 0.35 0.25

AlCc 0.00 0.00 000 000 081 019 000 0.00 0.00 043 034 023
AICp 0.00 0.00 000 000 081 019 000 0.00 0.00 044 033 023
AlCpp 0.00 0.00 000 000 081 019 000 0.00 0.00 043 034 023
KIC 0.00 0.00 000 000 082 018 000 0.00 0.00 043 035 023
KICc 0.00 0.00 000 0.00 08 015 000 0.00 000 051 032 0.17
KICp 0.00 0.00 000 000 087 013 000 0.00 0.00 050 033 0.17
KICpo 0.00 0.00 000 000 086 014 000 000 0.00 052 032 0.16

Bra Br3
a=0.1 1 2 3 4 5 0 1 2 3 4 5 0
AIC 0.00 0.00 0.17 037 0.17 028 0.00 0.03 0.21 0.34 0.07 0.35

AlCc 0.00 0.00 0.19 039 0.17 026 000 003 024 032 006 034
AICy 0.00 0.00 0.19 039 0.17 025 000 0.03 024 033 0.07 033
AlICyo 0.00 0.00 019 039 0.17 026 000 003 023 033 007 034
KIC 0.00 0.00 020 038 0.16 025 000 0.03 024 034 0.06 033
KICc 0.00 0.00 024 041 014 020 000 005 028 032 005 029
KICp 0.00 0.00 025 041 013 021 000 005 029 032 005 030
KICp, 0.00 0.00 023 043 014 020 000 005 028 032 005 030

observed for the full generating model with |T'| = 5 variables, particularly in scenar-
ios with lower weights, are to be expected. This finding reflects the inherent difficulty
of identifying low-impact variables without structural assumptions and illustrates the
strength of the Shapley-based approach in uncovering influential auxiliary variables
in a data-driven setting, or, at the very least, in providing reliable underestimates that
remain close to the true generating model.

The results obtained by the simulation experiment for Shapley’s algorithm for model
selection suggest that the KIC family of estimators is particularly well-suited, with
the KICy, estimator producing better performance using at least B = 200 bootstrap
iterations. Furthermore, we propose a moderate type I error (¢ < 0.1) to prevent both
selecting models involving non-significant explanatory variables and too stringent
thresholds. The balance between statistical significance and efficiency supports the
use of KICy; in practice, particularly where interpretability of models and explanatory
variable importance are most relevant.

5 Application to SLCS 2022

This section applies the proposed new methodology to establish a classification of
the best explanatory variables and models for predicting poverty proportions in Span-
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ish provinces. We take data from the SLCS 2022. The dependent variable in the
Fay—Herriot model is the direct estimator of the province—sex poverty proportion,
calculated from the SLCS 2022 unit-level data under the sampling design. The pri-
mary aim of the SLCS is to systematically produce statistical information regarding
income, living conditions, poverty levels, and social exclusion. This annual survey is
designed to provide detailed statistical analyses and classifications at the autonomous
community level. However, due to smaller sample sizes at the cross province-sex, direct
estimators are challenged to provide reliable estimates at this level. Consequently, the
use of model-based predictors ensures a better approach to overcome these limitations
by allowing the inclusion of auxiliary variables, correlation structures and information
from other domains.

The target population is made up of people aged 16 and over, with permanent
residence in Spain. For this reason, respondents under 16 are excluded, as they fall
below the legal minimum working age. Consequently, the size of the survey data file
is reduced to n = 50,000 working-age respondents, approximately. Then, respondents
were classified into domains defined by the variables province of residence and sex
(1: male, 2: female). As regards territorial division, Spain has 52 provinces, including
the autonomous cities of Ceuta and Melilla. There are D = 52 - 2 = 104 domains,
defined by the crosses of province and sex, respectively.

The auxiliary variables are taken from the Spanish Labour Force survey (SLES)
of 2022. The SLFS adopts a quarterly survey format with a rotating panel design.
Sample selection uses a two-stage design with stratification involving census sections
in the first stage and main family dwellings, i.e., those used as a permanent or habitual
residence throughout or for most of the year, in the second stage. Each quarterly SLFS
sample size exceeds that of the annual SLCS sample. For the FH model selection, the
auxiliary variables are the domain-level proportions, calculated using the formula of
the Héjek direct estimator for domain means (Morales et al. 2021, see][p.23), of the
categories of the unit-level variables listed below. The formula is applied to the data
of the four 2022 SLFS samples together, which represents a sample size much larger
than the 2022 SLCS sample size. The domain-level auxiliary variables are

Age group, categorized into five groups (agel-ageS5): (0, 15], [16, 24], [25, 49],
[50, 64], and [65, c0), respectively.

Citizenship, divided into (nacl-nac?2): Spanish (nacl) and non-Spanish (nac2).
Education, split into four levels (edu0-edu3): edu0 for less than primary educa-
tion, edul for primary education, edu?2 for secondary education, and edu3 for
including short-cycle tertiary education, bachelor’s degrees, master’s degrees and
doctoral degrees.

Labour status, grouped into four levels (Iab0 — lab3): lab0 (< 15 years), labl
(employed), lab2 (unemployed), and lab3 (inactive).

The explanatory variables in our study have measurement errors that are smaller
than the sampling errors. This is because the SLFS sample sizes used to calculate the
domain-level auxiliary variables are much larger than the corresponding SLCS sample
sizes used to calculate the target variables. Extending our research to incorporate
methodologies proposed by Ybarra and Lohr (2008) and Burgard et al. (2020) within
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Table 8 Top five models with lowest IC in terms of the AIC and KIC variants

Model  AIC KIC AlCc AIC,, AIC,, KICc KICy; KIC),
Mg, 35260  -346.60  -353.39  -353.85  -352.32  -342.66 -343.12  -341.59
Mg 35013 -345.13  -348.76  -350.59  -349.61  -339.58  -34140  -340.42
Mg, 35140  -344.40  -35234  -354.03  -351.79  -339.31  -341.00  -338.76
Mg 351.09  -344.09  -351.79  -352.89  -35046  -338.39  -33949  -337.06
Mgs 35070 -343.70  -348.95  -351.56  -348.18  -338.22  -340.83  -337.44

The lowest ICs are shown in bold

the context of the FH model (2.3) would require extensive efforts beyond the scope of
our current research objectives.

Since the domain proportions of the categories of each unit variable sum to 1 and
agel=lab0, we exclude agel, nac2, edu0, lab0 and lab3 from the final set P of
possible auxiliary variables. Finally, the | P| = 10 auxiliary variables in P are age2,
age3,aged, ageS, nacl, edul, edu?2, edu3, labl, lab2.

First, we conduct a model selection analysis utilizing the ICs described in Section
2.2. Using the classic AIC and KIC measures for selecting an FH model, we obtain
the five best subsets S C P of auxiliary variables. They are

S1 = {age3, aged, edul, edu3, lab},

S2 = {age3, aged, edu3, lab2},

S3 = {age3,aged, edul, edu2, edul, lab?},
S4 = {age3, aged, nacl, edul, edu3, lab2},
S5 = {age3, aged, edul, edu3, labl, lab2}.

Table 8 displays the best five models, M1 — M5, and their AIC and KIC bootstrap-
corrected variants, calculated with B = 200 iterations. This table identifies the models
that minimize information measures. The model My, incorporating the explanatory
variables age3, age4, edul, edu3, lab2, achieves the best performance in 7 out of the
8 information measures proposed, and it is considered the reference model.

Table 9 classifies the ten explanatory variables according to the contributions,
assigned by the Shapley influence measure, to the ICs on the maximal model M p. The
columns of Table 9 contains the vectors 1?8 (Mp) = (I](p’g(Mp), e I]%’g(Mp)),
cf. Definition 3, for all the considered ICs g. The labels of the columns identify the
IC. As discussed in Section 3, our interest is focused on minimizing some IC. There-
fore, those variables with lower values are those with higher mean contribution. The
three most important variables are lab2 (proportion of unemployed people), edu3
(proportion of people with high levels of education) and edu2 (proportion of people
with a secondary level of education). In line with the results of the simulation exper-
iment, the ranking remains stable across the different measures, which consolidates
the robustness of the proposed methodology.

Note that the most important variables, as classified by our influence measure, are
based on the average contribution to information loss for a given IC. As a result,
they may not always appear in models with the lowest value of a given IC or neces-
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Table 9 Classification of the ten auxiliary variables based on the Shapley influence measure for the ICs
AIC, KIC, and their bootstrap-corrected variants

Variable AIC KIC AlCc AICy AlICpo KICc KICp KICpp

lab2 —62.46 —61.36 —62.50 —58.95 —62.33 —60.26 —56.72 —60.10
edu3 —43.26 —42.16 —42.88 —43.73 —42.94 —40.63 —41.48 —40.70
edu2 —37.34 —36.24 —37.05 —38.78 —37.06 —34.73 —36.54 —34.74
age3 —37.14 —36.04 —36.94 —36.87 —36.80 —34.69 —34.56 —34.56
age4 —33.30 —32.20 —33.05 —34.75 —33.11 —30.93 —32.62 —30.99
age2 —-32.29 -31.19 —32.24 —33.75 —32.00 —30.01 —-31.52 —29.78
nacl —30.61 —29.51 —29.90 —30.64 —30.18 —27.61 —28.34 —27.88
labl —26.96 —25.86 —27.03 —27.56 —26.89 —24.90 —25.43 —24.76
age5 —23.28 —22.17 —23.02 —23.68 —22.97 —20.81 —21.47 —20.76
edul —20.48 —19.38 —20.41 —21.40 —20.27 —18.26 —19.25 —18.12

sarily lead to the model minimizing the IC. However, the Shapley influence measure
remains useful for identifying high-quality auxiliary variables and understanding their
contribution to the chosen IC.

We apply the Shapley Algorithm 1 for FH model selection, with the IC KICy;,
to set P of explanatory variables. The algorithm successively evaluates 10 models,
starting with the maximal model M10 = Mp containing the available |P| = 10
explanatory variables. The remaining models are denoted by M 1, ..., M9 since they
depend on 1, ..., 9 explanatory variables. On the other hand, we calculate KICy, for
all the 2'9 — 1 = 1023 possible models. and we order them, according to the value of
KICp;, from lowest (rank 1) to highest (rank 1023). The lowest value is reached in the
model Mg with a value KIC,y = —341.59, as shown by Table 8. For every model
M, the relative inefficiency (in %) is RI (M) = 100 (1 — KICbg(M)/KICbz(MSI)).
Table 10 presents the ten nested models, M 1-M 10, evaluated by Algorithm 1, and
the corresponding ranks and relative inefficiencies. With an absolute difference of just
3.55% or less between the relative inefficiencies, the models M4, M5 and M6 have the
lowest relative inefficiencies. This highlights the strong identifiability of the Shapley
influence measure within the FH models and the IC KIC,.

Table 11 shows the regression coefficients and the corresponding p-values for the
auxiliary variables of the models Mg, M6, M5 and M4, respectively. Model Mg has
all significant auxiliary variables, but the signs of the coefficients of edul (negative)
and age4 (positive) are not coherent with the socio-economic theory. From a socio-
economic perspective, a higher proportion of people with low levels of education is
typically associated with a greater risk of poverty, i.e a positive association with poverty
levels is expected for edul. Similarly, the elderly population are comparatively well
protected by consolidated career trajectories, higher earning capacity, and accumulated
assets, which jointly reduce their poverty risk. Therefore, a negative sign would be
expected for aged or age5. On the other hand, while models M5 and M6 exhibit
the lowest relative inefficiency (1.56% and 2.35%, respectively), both contain a non-
significant variable (p-value > 0.49). As a result, we do not consider them to be
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Table 10 Classification of the models evaluated by the Shapley Algorithm 1 with the KICj; IC and their
relative inefficiency in %

Model Auxiliary variables Rank RI(M)
M1 lab2 724 17.81
M2 lab2, edu3 729 17.87
M3 lab2, edu3, edu? 169 4.98
M4 lab2, edu3, edu?, age3 72 3.55
M5 lab2, edu3, edu2, age3, age4 10 1.56
M6 lab2, edu3, edu?, age3, age4, age?2 21 2.35
M7 lab2, edu3, edu?, age3, age4, age2, nacl 111 4.12
M8 lab2, edu3, edu?, age3, age4, age2, nacl, labl 151 4.79
M9 lab2, edu3, edu2, age3, age4, age, nacl, labl, ageS 198 5.47
M10 lab2, edu3, edu?, age3, age4, age2, nacl, labl, ageS, edul 166 4.94

Table 11 Regression coefficients and p-values for the auxiliary variables of models Mg, M6, M5 and M4

Model Coeff./p-value lab2 edu3 edu? age3 aged age2 edul
Mg Bi 1.43 —0.60 0.52 1.04 —0.28
p-value 0.000 0.000 0.000 0.000 0.035
M6 i 1.41 —0.56 0.06 0.58 0.73 —0.11
p-value 0.000 0.000 0.518 0.005 0.000 0.784
M5 i 1.39 —0.55 0.07 0.54 0.73
p-value 0.000 0.000 0.494 0.000 0.000
M4 Bi 171 —0.33 0.28 0.51
p-value 0.000 0.000 0.000 0.000

suitable models. As previously pointed out, this is not necessarily a contradiction,
as the Shapley value evaluates the average marginal contribution across all possible
submodels, which may lead to including some non-significant variables.

Therefore, among the models presented in Table 11, Model M4 is the most appro-
priate, since it achieves good performance in terms of relative inefficiency (3.55%),
all its variables are statistically significant, and its coefficients are coherent with the
socio-economic theory.

5.1 Model validation

We validate the selected model by combining residual diagnostics with an assessment
of the shrinkage factors of the M4 model. First, we examine standardized area-level
residuals to check the normality assumption. Second, we study the magnitude and
dispersion of the model’s weights, i.e., the shrinkage factors or associated regression
weights in M4. For this model, we have S = {lab2, edu3, edu?2, age3}. To simplify
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Fig.1 Normal Q-Q plot of the sresiduals under the M4 model (left) and scatter plot of the shrinkage factors
of M4 versus the sample sizes (right)

notation in what follows, we drop the subscript S on all estimators and write f?, 6 uz’ iy
and [, for the corresponding estimators/predictors under M4.

The raw residuals and standardized area-level residuals (sresiduals) of the basic FH
model are

~ A /\t A~
éq =Ya — fla, &) =éq/0eq, d=1,...,D.

Additionally, following Equation (2.6), the shrinkage factors are given by

Note that large values in oezd (small ng) imply values close to zero. This is to say,

more weight on the synthetic estimator x4 ﬁ . Conversely, small values in aezd (large
ng) imply values close to one; this is to say, more weight on the direct estimator yg .

Figure 1 (left) shows the normal Q-Q plot of the sresiduals under the M4 model.
Since the residuals lie close to the reference line in the Q—Q plot, we find no evidence
against normality. On the other hand, Figure 1 (right) presents the scatter plot of the
shrinkage factors of M4 versus the sample sizes. We can observe that as we increase
the sample size, the shrinkage factors converge to one. This graphic confirms that the
FH M4 model assigns higher weights to the direct estimator y; when the sample size
is large and higher weights to the synthetic estimator xdf} when the sample size is
very small.

5.2 Prediction and error measures

This section presents maps of the predicted poverty proportions by sex across Spanish
provinces, using model M4, to enhance spatial understanding of poverty distribution in
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Fig.2 MSE bootstrap estimates of the direct estimators and the EBLUPs of the province poverty proportions
for men (left) and women (right), sorted by sample size

Spain. As measures of prediction error, the mean square errors (MSEs) are computed by
the parametric bootstrap approach described in Appendix D with B = 500 iterations.

Figure 2 plots the MSE bootstrap estimates of the direct estimators, mse*(y;), and
the EBLUPs, mse*(f14), of the province poverty proportions for men (left) and women
(right), sorted by sample size. The largest differences between the MSE bootstrap
estimates of the direct estimators and the EBLUPs are found in domains with very
small sample sizes - Soria (n} = 42, n}/ = 47); Zamora ()l = 54, n}} = 56);
Avila () = 95, n)/ = 101); and Teruel (0} = 99, n}/ = 109) - where n¥/
and nfiv denote the sample sizes in province d for men and women, respectively. A
small difference between the MSE bootstrap estimates of the direct estimators and the
EBLUPs can occur even with a small sample when the direct estimate is already close
to the regression fit (e.g., because the observed poverty proportion lies near the overall
synthetic prediction, or its design-based variance is unusually small). This is observed
in the province of Teruel for men (Figure 2 left, 4th observation), which presents a
shrinkage factor close to 0.6 (Figure 1 right, 6th observation). In fact, for this province,
the design-based variance is comparatively small despite its limited sample size; up
to 22 provinces have a smaller design-based variance. Therefore, EBLUP inherits a
substantial portion of the sample variability of the direct estimator, leading to estimates
close to the MSE.

Figure 3 plots the EBLUPs of poverty proportions for men (left) and women (right).
Provinces in the southern and central zones of the peninsula exhibit higher poverty
proportions than those in the northern zone. Moreover, although the spatial distribution
of poverty proportions is broadly similar for men and women across Spanish provinces,
the female population generally exhibits higher values. Figure 4 maps the estimated
CVs of the EBLUPs under the FH model for men (left) and women (right). The
predictions of the FH model are more accurate for women than men since the sample
sizes for women are generally larger than for men. Only three provinces are above
the threshold of 30% (Guipizcoa, Burgos and Navarra for men) while the rest remain
below it. This corresponds to suitable predictions under the model-based approach.
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6 Conclusions

This paper introduces a new methodology for variable selection in the FH model,
based on the Shapley value from cooperative game theory. The proposed influence
measure allows for a principled ranking of auxiliary variables by quantifying their
average marginal contribution to a chosen IC. Unlike the traditional models selection
procedures based only on the ICs (AIC or KIC variants), the Shapley influence measure
provides a more robust evaluation by averaging all possible auxiliary variable subsets.

A key component of our contribution is a Shapley-based model selection algo-
rithm that sequentially constructs nested models according to variable rankings and
evaluates them using ICs and type I error probability levels in regression parameter
significance tests. The algorithm is evaluated through a simulation study, which also
examines the ability of the Shapley influence measure to identify influential explana-
tory variables for the response variable. Unlike previous studies that assess model
performance assuming knowledge of the true data-generating structure, our procedure
builds models sequentially based on the data, without relying on prior information.
Consequently, the selection proportions of the full generating model (|7| = 5) tend
to be slightly lower, particularly in scenarios where some true variables have low
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coefficients. However, the algorithm tends to recover informative underfitted models
(S C T,|S| = 3,4) most of the time, even under challenging conditions. The compar-
ative analysis also shows that the KIC family of criteria, particularly KIC;,, performs
best when at least B = 200 bootstrap iterations are used. We recommend using mod-
erate type I error probabilities (o < 0.1) to mitigate the risk of selecting models that
include non-significant variables, rather than imposing overly strict thresholds. More-
over, the results from the simulation experiment confirm that the Shapley influence
measure successfully identifies the most influential variables, with stable performance
across multiple ICs. The classification frequency of true explanatory variables remains
high even under unfavourable scenarios.

The real data application to the SLCS 2022 further validates the utility of the pro-
posed approach. The Shapley-based ranking provides meaningful insights into variable
importance, supporting model choices that agree with the established theory and real-
world evidence. Compared to classical selection techniques, the models identified
by Shapley’s algorithm tend to be more parsimonious while still capturing the key
explanatory variables in the data.

In sum, our study underscores the advantages of combining traditional ICs with
Shapley-based variable classification to improve model interpretability and accuracy in
SAE applications. This hybrid approach allows for a robust and parsimonious selection
of auxiliary variables. An interesting direction for future research is the extension of
the proposed methodology to multivariate small area estimation models.

Appendices
A Synthetic Data Setup

This appendix provides the data-generating process of the synthetic data used in Exam-
ples 1, 2 and 3. The process mimics the simulation experiments from Section 4.

The true model parameters are B = (1, 1,0.25). The auxiliary variables are
simulated as x4; ~ U(0,3),d = 1,...,D,j = 1,...,|P|, where U denotes
uniform distribution, D = 50 and |P| = 3. The variance of the random effects is
ouz = 1. The sampling error variances are aezd = Ao + %, with Ap = 0.8
and Ay = 1.2 for each d = 1,..., D. We construct the auxiliary variable vec-
tors x4 = (xq1, X42, Xg3) and the target vectors as y; = x48 + ug + eq, where
ug ~ N(0,02) and eq ~ N (0, 02)).

B Proof of Theorem 1
This appendix provides the proof of Theorem 1, given in Section 3. This proof estab-

lishes that the influence measure based on the Shapley value is the unique measure
satisfying the properties of (g, P)-efficiency and balanced influence.

Proof Existence. First, we prove that 18 satisfies (g, P)-efficiency. The Shapley
value, see Shapley (1953), satisfies the efficiency property, that is, for any cooperative
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game (P, v), it holds that ZjeP @ ;(v) = v(P). Applying this result, we have
Yo ITEMp) =Y ;M) = MP(P) = g(P).
JEP jes

Second, let us see that 1%-¢ satisfies balanced influence. The Shapley value satisfies
the property of balanced contributions, see Myerson (1980). This property says that
for any cooperative game (P, v), it holds that

Pi(v) = Pi(v—j) = Pj(v) — P (v-),

foranyi, j € P, where v_; is the cooperative game restricted to set of players P\{j}.
In our setting, we have

@, @, ,
I; f(Mp) — I; & (MP\{/'}) = @; (VMs) — @; (vMs\)
o, @, .
178 (Mg) = 17 (Ms\(jy) = @;0M) — & (uMs\in),
For every j € §; vMs\U} is a cooperative game with set of players S\{j}. For all
R C S\{j}, we have
vMs\UN(R) = g(R) = vM5(R).

By other way, forall R € S\{;} it holds that v™s (R) = vﬁ/I/S (R). Then, vMs\it = vf’lls

and

178 (Mg) = 178 (Ms\()) = @ 0™5) — &, 0M501) = @, (0M5) — &y 0™)
(B.1)

178 (Mg) — 178 (Msy(jy) = @; (M) — &;M5v0) = @ (Ms) — & (™)

j s j S\{/})— j(7) j( )=@;(v J_i )
(B.2)

Since Myerson (1980) proved that the Shapley value satisfies balanced contribution,
equations (B.1) and (B.2) are the same.

Uniqueness. Suppose that now there is exist another influence measure I (Mp) #
I%-¢ (Mp) that satisfies both properties. If | P| = 1 by (g, P)-efficiency,

I (Mp)=g(P)=1%¢(Mp).

Let be |P| > 2. Assume that Mp is minimal in the sense that / (Mp\{j}) =
1?8 (Mp\(j)) for any j € P. Consider i, j € P withi # j. Since I (Mp) and
198 (Mp) satisfies balanced influence, then

I (Mp) — Ii (Mp\(jy) = I; (Mp) = 1; (Mp\(iy)
178 (Mp) = 178 (Mpy(jy) = 175 (Mp) — 175 (Mpyjy)
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and by the minimality of M p
P.8 P.8
Ii(Mp) —1; (Mp) = I;"> (Mp) = I;*° (Mp)
or
(204 b8
I (Mp) =1, (Mp) = I; (Mp) = I;"° (Mp).

Since the above equation does not depend on i, it is equivalent to I; (Mp) —
Ii¢’g (Mp) = c € Rforany i € P. Therefore,

> (1 Mp) = 17 (Mp)) = Pl

ieP

and by (g, P)-efficiency, we have that ¢ = 0. This implies that I (Mp) = %8 (Mp),
and the proof is concluded. O

C Propositions

Propositions 1 and 2 are given and proved in Castro et al. (2009).

Proposition 1 The estimator f¢’g(Mp) is unbiased and its variance is var[id)’g] =

45
2 whereo? =ty S penir) (510) — 175 (M), 510) = &Moo~
g(M{a(l),.‘.,a(k)}) ando(k+1) =i.

Proposition 2 The estimator fq)’g(Mp) is consistent in probability.

D Bootstrap estimation of the MSE

Following Gonzalez-Manteiga et al. (2008; 2010), we propose a parametric
bootstrap-based procedure to estimate the MSEs of the EBLUPs [i54. The steps are
the following
1. Fit the FH model Mg to (xs4, ya),d = 1, ..., D. Calculate the REML estimators

~D p

05, and B.

2. Repeat B times (b =1, ..., B):

(a) Ford =1, ..., D, generate uS ~ N(O, O’S ) and e*(b) ~ N(O, O’ezd).
(b) Calculate the bootstrap direct estimates
ysfi)—xsdﬂs—i—u*(b)—i—e*(b). d=1,...,D. D.1)

(c) Fitthe FH model M to the bootstrap data (x 54, yS(b)) d=1,...,D,calculate

the estimators os*(b) ﬁ*( )

target parameter 1y, = xsaBs+uy and the EBLUP 15, d = 1, .

of the model parameters. Calculate the bootstrap
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Table 12 Proportion of iterations of i-th variable in the top five variables classification using the Shapley

value estimator in scenarios 87 and B, B7, and B3

Bro
i AIC KIC AlCc AlICp AlICpo KICc KICp KICp;
1 0.95 0.96 0.96 0.96 0.96 0.96 0.96 0.95
2 0.97 0.97 0.96 0.97 0.96 0.96 0.96 0.96
3 0.96 0.96 0.97 0.96 0.95 0.97 0.96 0.96
4 0.96 0.96 0.96 0.96 0.97 0.96 0.97 0.96
5 0.96 0.96 0.96 0.96 0.95 0.96 0.96 0.96
6 0.04 0.04 0.03 0.04 0.04 0.04 0.04 0.04
7 0.04 0.04 0.03 0.04 0.04 0.04 0.03 0.03
8 0.03 0.04 0.05 0.04 0.04 0.04 0.04 0.04
9 0.04 0.04 0.04 0.04 0.04 0.04 0.04 0.05
10 0.04 0.04 0.04 0.04 0.04 0.03 0.04 0.04

Bri
i AIC KIC AICc AICy AlCy), KICc KICp KICpo
1 0.99 0.99 0.99 0.99 0.99 0.99 0.99 0.99
2 0.99 0.99 0.99 0.99 0.98 0.99 0.99 0.99
3 0.99 0.99 0.99 0.99 0.99 0.99 0.99 0.99
4 0.99 0.99 0.99 0.99 0.99 0.99 0.99 0.99
5 0.33 0.33 0.33 0.35 0.33 0.35 0.34 0.34
6 0.14 0.15 0.14 0.14 0.14 0.14 0.14 0.15
7 0.14 0.14 0.14 0.14 0.13 0.13 0.15 0.14
8 0.15 0.12 0.15 0.13 0.14 0.15 0.13 0.13
9 0.15 0.15 0.14 0.14 0.16 0.14 0.15 0.14
10 0.13 0.16 0.14 0.13 0.15 0.13 0.14 0.15

B2
i AlIC KIC AlCc AICp AICp KIC.: KICp KICpp
1 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
2 1.00 1.00 0.99 1.00 1.00 1.00 1.00 1.00
3 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
4 0.45 0.48 0.47 0.47 0.45 0.46 0.46 0.46
5 0.46 0.46 0.46 0.43 0.45 0.45 0.44 0.46
6 0.23 0.23 0.21 0.23 0.22 0.21 0.22 0.24
7 0.22 0.19 0.21 0.23 0.23 0.23 0.20 0.21
8 0.22 0.22 0.23 0.21 0.22 0.21 0.23 0.22
9 0.21 0.21 0.22 0.23 0.23 0.23 0.24 0.21
10 0.22 0.21 0.21 0.20 0.21 0.22 0.23 0.22
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Table 12 continued

Bro
i AIC KIC AICc AIC), AIC,, KICe KIC; KICy,
Brs3
i AIC KIC AICe AICy AICy KIC, KICpy KICp
1 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
2 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
3 0.54 0.55 0.53 0.55 0.55 0.54 0.54 0.56
4 0.56 0.55 0.56 0.54 0.53 0.57 0.54 0.53
5 0.55 0.54 0.56 0.55 0.56 0.55 0.56 0.54
6 0.27 0.26 0.26 0.26 0.25 0.26 0.27 0.27
7 0.26 0.28 0.28 0.29 0.28 0.27 0.28 0.28
8 0.28 0.28 0.27 0.27 0.27 0.27 0.27 0.28
9 0.27 0.26 0.26 0.27 0.28 0.26 0.27 0.26
10 0.28 0.28 0.28 0.27 0.27 0.28 0.27 0.27

3. Output: Ford =1, ..., D, calculate

B B
. 1 (b % 1 b »)?
mse*(flsqg) = ) E (szi) - M?Eﬁ) , mse*(yq) = B E ()’;((1) - “?EJ)> :
b=1 b=1

E Simulation 3. Shapley value estimator

Table 12 presents the results of Simulation 1 for the Shapley value estimator. The esti-
mator is calculated using the Algorithm 2 with m = 300 explanatory variable subsets,
which represent approximately 30% of the total possible configurations. Analogously
to the Shapley value (Tables 4 and 5), the estimator demonstrates an acceptable detec-
tion rate of the true data-generating variables across all scenarios. This rate tends
to decrease progressively in scenarios where the explanatory variables exhibit lower
levels of importance.
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