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A B S T R A C T   

This paper contributes by developing new models for assessing dynamic inefficiency that incorporate machine 
learning techniques. In particular, the new approaches apply decision trees models for the estimation of dynamic 
production technologies that account for investment adjustment costs. Methodologically, the new models build 
on the recently developed techniques of Efficiency Analysis Trees (EAT) and Convexified Efficiency Analysis 
Trees (CEAT) and extend them even further to a dynamic framework comprising dynamic EAT and CEAT models. 
The study compares dynamic inefficiency scores estimated assuming the new models against the traditional 
dynamic free disposal hull (FDH) and dynamic data envelopment analysis (DEA). Our empirical application 
focuses on dairy manufacturing firms in the main dairy processing countries in the European Union for the years 
2014 and 2018. The results show that inefficiency related to the dynamic CEAT or EAT is higher than their 
corresponding values calculated through the dynamic DEA or FDH. The discriminating power of dynamic DEA 
(dynamic FDH) drastically improves when switching to dynamic CEAT (dynamic EAT). Finally, the differences 
between countries are observed regarding the development of dynamic inefficiency in the period associated with 
milk quota abolition.   

1. Introduction 

Production (in)efficiency assessment using data envelopment tech
niques, including Free Disposal Hull (FDH) (Deprins et al., 1984) and 
Data Envelopment Analysis (DEA) (Banker et al., 1984; Charnes et al., 
1978), continues to attract considerable attention in the literature. This 
analysis allows to answer the question on how well the unit transforms 
its inputs into outputs relative to the benchmark of best practice com
panies, and as a result to measure firms’ performance. Within this 
literature, the recent line of research concerns the assessment of dy
namic (in)efficiency. In differentiation to a static approach, the idea of 
dynamic measures of (in)efficiency is to account for interdependence 
between time periods. In particular, the measurement of dynamic (in) 
efficiency recognizes the effects of transition elements between subse
quent observations (e.g., the degree to which input consumption in a 
specific period affects output levels over consecutive periods) and/or 
assume that firms cannot adjust instantaneously (Fallah-Fini et al., 2014; 
Mariz et al., 2018). These conceptualizations allowed the development 
of two types of dynamic models. The first category of models, initially 

proposed by Färe and Grosskopf (1996), is known as a dynamic network 
DEA approach in which outputs and/or investments in some stages of 
production are used as inputs to other stages, assuming multiple periods 
of time (see e.g., Nemoto and Goto, 2003; Tone and Tsutsui, 2010, 2014; 
Fukuyama and Weber, 2017). The second group of models is rooted in 
the theory of adjustment costs (Eisner and Strotz, 1963; Treadway, 
1970; Epstein, 1981) which is based on the idea that incorporating new 
processes and installations (i.e., changing firms’ quasi-fixed factors) can 
bring about adjustment costs such as learning costs. This line of research 
was developed more fully in the efficiency context by Silva and Stefanou 
(2003; 2007)1. The present study contributes to this second line of dy
namic efficiency analysis research. 

The literature devoted to dynamic inefficiency analysis grounded on 
the idea of adjustment costs is restricted to descriptive analysis with the 
sample of data at hand without attempts to estimate the actual pro
duction function from which the data was generated. In particular, the 
models feature an overfitting problem, in that they underestimate firms’ 
inefficiency by generating the frontier that is always located, by defi
nition, below the theoretical frontier. This problem is inherited from the 
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1 Recent research on the measurement of dynamic efficiency also proposes a model that is both explicitly costly and endogenously determined (Tsionas et al., 
2020). It is operationalized using a modified version of a Bayesian Exponentially Tilted Empirical Likelihood. 
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use of standard DEA and FDH approaches, which suffer from overfitting, 
(see, for example, Valero-Carreras et al., 2021). Some contributions 
have already tried to estimate technical efficiency at a theoretical 
frontier level in the nonparametric setting (see, for instance, boot
strapping with Simar and Wilson, 1998; Simar and Wilson, 2000a; and 
Simar and Wilson, 2000b). Furthermore, some studies have incorpo
rated Machine Learning (ML) techniques into the assessment of the ef
ficiency with the aim of the estimation of the actual production function 
(see, for example, Kuosmanen and Johnson, 2010, 2017; Parmeter and 
Racine, 2013; Daouia et al., 2016; Esteve et al., 2020; Valero-Carreras 
et al., 2021; Guerrero et al., 2022; Olesen and Ruggiero, 2018, 2022; 
Esteve et al., 2023; Thaker et al., 2022; Tsolas et al., 2020). However, 
none of these attempts have dealt with the dynamic model. 

With regard to the adaptation of machine learning techniques into 
the estimation of production frontiers, very recently, the literature has 
witnessed the introduction of a new method called Efficiency Analysis 
Trees (EAT) developed by Esteve et al. (2020) that links frontier analysis 
with machine learning techniques and attempts to estimate the true 
theoretical frontier that generated the observations under study. EAT 
applies decision tree models; in particular it adapts Classification and 
Regression Trees (CART) (Breiman et al., 1984) to estimate production 
frontiers. The EAT algorithm generates a step function, satisfying free 
disposability and making it similar to the FDH approach. However, 
through cross-validation and pruning (Breiman et al., 1984), it is free of 
the overfitting problem and outperforms FDH in terms of bias and mean 
squared error, as shown by Esteve et al. (2020) through a simulation 
study. In Esteve et al. (2020), the EAT approach was implemented as the 
output-oriented radial model. Nevertheless, it was further extended in 
the study by Aparicio et al. (2021) to deal with the directional distance 
function (Chambers et al., 1998) and the assumption of convexity, giv
ing rise to the Convexified Efficiency Analysis Trees (CEAT). While EAT 
competes against FDH, CEAT presents similarities with standard DEA. 
The studies of EAT and CEAT, however, so far have not considered the 
dynamics of firms’ production decisions, since they were conceived in 
the standard static production framework. 

The considerations made so far have led us to identify certain gap in 
the literature: usual dynamic inefficiency models are based on standard 
FDH and DEA techniques that suffer from overfitting problems when 
estimating the level of technical inefficiency is the concern. This prob
lem should be overcome to get accurate estimations of technical in
efficiency under the dynamic approach. Otherwise, managerial 
decisions based on these estimates made by policy makers and managers 
could be systematically mistaken. Moreover, recently developed tech
niques for estimating production frontiers based on Machine Learning 
(ML), such as EAT, do not account for dynamics of firm’s production 
decisions. Hence, it seems necessary to extend the ML-based models to 
deal with the dynamic approach. In this paper, we aim to fill in this gap 
in the literature and propose to augment dynamic inefficiency mea
surement through frontier machine learning techniques: EAT and CEAT. 
The new techniques developed are denominated dynamic EAT and dy
namic CEAT and have three main advantages: (1) they allow to account 
for the dynamic nature of firms’ productivity decisions associated with 
adjustment costs, (2) they avoid the overfitting problem, and (3) they 
can also be considered as an extension for the application fields of EAT 
and CEAT as recently proposed machine learning techniques. These 
advantages are demonstrated through an empirical application that 
compares dynamic EAT and dynamic CEAT with traditional dynamic 
FDH and dynamic DEA. The empirical illustration focuses on a recent 
dataset of dairy firms that are representative of the most significant 
dairy processors in the European Union (EU): Spain, Poland, France, 
Italy, and Germany. We analyze two years of data (2014 and 2018) for 
the purpose of taking a glance at a year before dairy quota removal, 
which regulated milk production in the EU until 2015, and a year with a 
quota-free market in the dairy sector. 

It is worth noting that, from a computational point of view, the new 
approach is linked to a very intensive computational procedure. This 

feature contrasts sharply with the simplicity of the standard FDH tech
nique, which is based on Mixed Integer Linear Programming, or the 
standard DEA technique, which is grounded on Linear Programming. 
Nevertheless, this weakness of the new approach is counterbalanced by 
the results that it may provide, as we will show by an empirical illus
tration. For example, we will demonstrate that the discriminating power 
among efficient DMUs of dynamic FDH and dynamic DEA drastically 
improves when switching to the application of the new models, which 
are based on machine learning. 

The rest of the paper is organized as follows. Section 2 reviews the 
relevant literature. Section 3 introduces FDH and DEA, dynamic FDH 
and dynamic DEA as well as static EAT and CEAT. Section 4 develops 
new dynamic approaches based on linking dynamic DEA with CEAT and 
dynamic FDH with EAT. Section 5 presents an empirical application of 
the methods developed to recent data on the dairy manufacturing sector 
in the EU. Section 6 offers concluding comments and suggests lines of 
future research. 

2. Literature review 

This section reviews the most relevant literature on the measurement 
of dynamic efficiency, as well as linking the assessment of efficiency 
with machine learning techniques, all in the non-parametric setting. 

The dynamic DEA research grounded on the idea of cost adjustment 
was initiated by the studies of Silva and Stefanou (2003; 2007). Since 
then, this line of research has flourished. The primal and dual dynamic 
directional distance function models were developed by Silva et al. 
(2015), while extensions of these models were proposed by Kapelko 
et al. (2014). Dynamic input-specific inefficiency measurement was 
proposed in Kapelko et al. (2017), while models contemplating full 
input–output-investment space were proposed by Aparicio and Kapelko 
(2019) and Ang and Lansink (2018). Extensions also include the mea
surement of dynamic environmental inefficiency through the dynamic 
by-production model (Dakpo and Lansink, 2019) and inclusion of 
corporate social responsibility in the dynamic framework (Engida et al., 
2020) with consideration of input indivisibilities and non-convexities 
through the FDH approach (Kapelko et al., 2021). Furthermore, a 
novel measurement of opportunity costs in providing an environmental 
good was proposed within the dynamic framework (Ang et al., 2018). 
Subsequently, other approaches have been published: Luenberger-based 
approaches to measure dynamic productivity change (Lansink et al., 
2015; Kapelko, 2019), input-specific dynamic-productivity change 
(Kapelko et al., 2017) and dynamic biased technical change (Baležentis 
and Oude Lansink, 2020) as well as many empirical applications (e.g., 
Setiawan, 2019; Kapelko, 2017; Baležentis, 2016; Martínez-Victoria 
et al., 2019)2. None of the aforementioned dynamic efficiency studies 
were developed with the purpose of the estimation of the actual pro
duction function that is behind the generation of the observations. 

Additionally, the increasing interest in the literature to link effi
ciency analysis with machine learning techniques should be highlighted. 
Most of the previous studies that connected efficiency analysis and 
machine learning techniques did not aim to relate these two concepts in 
the estimation of the frontier itself, but they used machine learning 
techniques in conjunction with conventional measures of efficiency, 
usually in a two-step procedure (that is, first, a standard efficiency 
method is applied and, secondly, the efficiency scores are used as the 
response variables of a certain machine learning model). To name some 
studies within this line of research: Hong et al. (1999) introduced the 
hybrid methodology utilizing DEA along with machine learning tech
nique of decision trees to generate classification rules in the context of 

2 In addition to DEA and FDH, the measurement of dynamic efficiency within 
adjustment cost framework also involves the stochastic frontier analysis (SFA) 
approach, for example in the studies by Rungsuriyawiboon and Stefanou (2007) 
or Minviel and Sipiläinen (2021). 

J. Aparicio et al.                                                                                                                                                                                                                                



Expert Systems With Applications 228 (2023) 120417

3

system integration projects. Sohn and Moon (2004) defined a decision 
tree-based model using DEA results for the effective technology 
commercialization. Emrouznejad and Anouze (2010) proposed to use 
the classification and regression tree to estimate the factors associated 
with DEA-based efficiency scores for the banking sector. Yeh et al. 
(2010) used the DEA efficiency as predictive variable of business failure, 
integrating rough set theory with support vector machines technique to 
increase the accuracy of this prediction. Azadeh et al. (2011) proposed 
to combine DEA, artificial neural network, and rough set theory to 
evaluate the impact of personnel efficiency attributes on total efficiency. 
In Kubler et al. (2016), a state-of the-art survey about fuzzy analytic 
hierarchy process applications was carried out. Rebai et al. (2020) 
applied DEA in the first stage to assess school efficiency and then in the 
second stage this study used regression trees and random forests to 
identify the variables associated with school efficiency. Özcan and 
Kayıkçıoğlu (2021) evaluated the efficiency of a speaker recognition 
systems through DEA and classification methods such as artificial neural 
networks. Finally, Gholizadeh et al. (2022) proposed a model to opti
mize an electrical discharge machine’s parameters through DEA in a 
fuzzy context and an artificial neural network. 

Only a few papers took on the challenge of the development of 
methods for the measurement of efficiency where machine learning 
techniques are integrated into the formal production framework. With 
this regard, Kuosmanen and Johnson (2010, 2017) reinterpreted DEA as 
a non-parametric least-squares regression subject to shape constraints 
on the production frontier and sign constraints on residuals, introducing 
the Corrected Concave Non-parametric Least Squares (CCNLS). Par
meter and Racine (2013) proposed non-parametric kernel-based frontier 
estimators that deliver a smooth production frontier consistent with 
basic production axioms. Daouia et al. (2016) developed a novel method 
based on quadratic and cubic splines with shape constraints (monotone 
and/or concave frontier smoothing) that can be used for the production 
function estimation. Esteve et al. (2020) adapted the machine learning 
technique of CART for the estimation of efficient frontiers. The devel
oped method estimates efficient frontiers through step functions, 
competing against the standard FDH approach. This method was further 
extended in Aparicio et al. (2021) through the introduction of the con
vexity assumption, which competes against the standard DEA. Valero- 
Carreras et al. (2021) introduced the method known as Support Vector 
Frontiers, which is based on the adaptation of the machine learning 
technique of Support Vector Machines with the purpose of estimating 
production functions fulfilling the usual microeconomic postulates. This 
method was further broadened to a multiple input–output setting in the 
study by Valero-Carreras et al. (2022). Tsionas (2022) proposed the 
smooth monotone concave probabilistic regression trees for the esti
mation of efficiency and productivity. Guerrero et al. (2022) introduced 
a technique called DEA-based Machines which is a machine learning- 
type extension of DEA method, which allows estimating polyhedral 
technologies following the Structural Risk Minimization principle. Ole
sen and Ruggiero (2018, 2022) introduced the use of hinging hyper
planes as a flexible non-parametric representation of a production 
function. Finally, Esteve et al. (2023) adapted the machine learning 
technique of Random Forest to determine super-efficiency in the context 
of the FDH method. All the aforementioned studies were conceived in 
the static framework of production and did not consider the dynamics of 
firms’ production decisions. 

The literature review undertaken in this section leads us to conclude 
that none of the previous studies attempted to link the estimation of the 
dynamic efficient frontier with machine learning techniques. And this is 
a gap in the literature that we aim to fill in with the current study 
through the introduction of a new method linking dynamic efficiency 
measurement with machine learning technique that allows estimating 
the actual production frontier. The new approach is built on the recently 
developed methods of Efficiency Analysis Trees (Esteve et al., 2020) and 
Convexified Efficiency Analysis Trees (Aparicio et al., 2021), mixing 
dynamic efficiency measurement with machine learning techniques. 

3. Background 

This section provides an overview of FDH, DEA, Dynamic DEA, EAT 
and CEAT. 

3.1. FDH and DEA 

Let us consider n Decision-Making Units (DMUs) that utilize m inputs 
to generate s outputs. They can be denoted as: (xi, yi), i = 1, ..., n. We also 
assume that xi = (x1i, ...,xmi) ∈ Rm

+, i = 1, ...,n, and yi = (y1i, ...,ysi) ∈ Rs
+,

i = 1,...,n. The relative efficiency of each DMU0 in the sample is assessed 
with reference to the production technology, which is defined as: ψ =
{
(x, y) ∈ Rm+s

+ : x can produce y
}
. FDH and DEA are the most common 

non-parametric techniques when it comes to measuring the efficiency of 
the production units. The technology estimators generated by these two 
methods satisfy certain classical assumptions, such as free disposability 
of inputs and outputs, convexity and minimal extrapolation in the case 
of DEA and only free disposability and minimal extrapolation in the case 
of FDH (see Banker et al., 1984). 

Numerous measures for determining technical efficiency for DMUs 
within a full input–output space within a DEA and FDH context have 
been proposed in the literature. Moreover, the directional distance 
function (DDF) (Chambers et al., 1998) stands out for its properties 
(duality, units invariance, translation invariance, and flexibility). The 
interpretation of DDF is easier, since the fixed directional vector g rep
resents how many g’s are necessary to reach the frontier of the tech
nology. A non-negative value indicates that the assessed unit lies inside 
the reference technology, whereas a negative value indicates that the 
evaluated unit is located above the reference frontier. Regarding its 
flexibility, DDF measures technical efficiency following any direction to 
the frontier, as long as inputs are reduced, and outputs are increased. 
The directional distance function, given a directional vector g0 =

(
gx

0,

gy
0
)
∈ Rm+s

+ for an evaluated point (x0, y0), is defined as follows: 

D→
(
x0, y0; gx

0, g
y
0
)
= max

{
β0 ∈ R :

(
x0 − β0gx

0, y0 + β0gy
0
)
∈ ψ

}
(1) 

The optimization model of the FDH technique for estimating the 
value of the directional distance function is defined as follows: 

D→
FDH (

x0, y0; gx
0, g

y
0
)
= max β0

s.t.
∑n

i=1
λixji⩽xj0 − β0gx

j0, j = 1, ...,m
∑n

i=1
λiyri⩾yr0 + β0gy

r0, r = 1, ..., s
∑n

i=1
λi = 1,

λi ∈ {0, 1}, i = 1, ..., n
(2) 

In the DEA case, the optimization model is as follows: 

D→
DEA(

x0, y0; gx
0, g

y
0
)
= max β0

s.t.
∑n

i=1
λixji⩽xj0 − β0gx

j0, j = 1, ...,m
∑n

i=1
λiyri⩾yr0 + β0gy

r0, r = 1, ..., s
∑n

i=1
λi = 1,

λi⩾0, i = 1, ..., n
(3) 

Notice that the difference between the above two models consists of 
the nature of the lambda decision variables. While in the case of the FDH 
model, these variables are binary, in the case of the DEA model, the 
lambdas are continuous. Additionality, Simar and Zelenyuk (2011) 
introduced stochastic versions of previous FDH and DEA models. 
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3.2. Dynamic FDH and DEA 

Capital investments are not considered in the previous models as 
they are based on a conventional static approach. The directional dis
tance function of FDH and static DEA do not outperform the dynamic 
directional distance function and, moreover, the dynamic technology 
represents a production technology with adjustment costs (Kapelko 
et al., 2014; Silva et al., 2015; Silva et al., 2021). More notation is 
necessary in this section to present the dynamic model. 

We assume that each (xi, yi), i = 1, ..., n, consumes m variable inputs3 

xi = (x1i, ...,xmi), and also uses a vector of f gross investments in quasi- 
fixed inputs Ii = (I1i,...,Ifi), and a vector of f quasi-fixed inputs ki = (k1i,

...,kfi), for producing s outputs yi = (y1i, ..., ysi). The dynamic production 
technology transforms variable inputs and gross investments into out
puts at a given level of quasi-fixed inputs. 

The dynamic directional function in the input–output space in FDH 
can be defined as follows (Kapelko et al., 2021):   

In the case of DEA, the dynamic directional distance function in the 
input–output-investment space is defined as follows (Silva et al., 2021; 
Aparicio and Kapelko, 2019; and Ang and Lansink, 2018):  

where δh represents depreciation rates that will be specific for each type 
of investment, and gx

0 represents a directional vector of the variable 
inputs, gy

0 represents a directional vector for outputs and gI
0 represents 

the directional vector for gross investments. We can define the dynamic 
distance function by contracting variable inputs, while expanding out
puts and gross investments at the same time. β0 measures the degree of 
dynamic technical inefficiency in the entire input–output space of 
DMU0. 

Fig. 1 illustrates the gap identified in the literature on dynamic 

inefficiency measurement. In the figure, FDH and DEA frontiers are 
drawn for a particular data cloud in a scenario under the dynamic 
approach. Each observation (firm) is identified by a blue point. Addi
tionally, the true frontier associated with the data generating process 
that is behind the generation of the observations is represented by a red 
line. FDH and DEA frontiers are as close to the data as possible because 
of the minimal extrapolation principle (see Banker et al., 1984). This 
principle is mainly the cause of the overfitting problem suffered by FDH 
and DEA. As can be seen from the figure, there is a gap between the true 
frontier and the estimated frontiers. In the case of the directional dis
tance function, regardless of the selected direction (and we show three 
different alternatives in the figure), the gap yields imprecise estimates of 
technical inefficiency, that is, overly optimistic inefficiency scores, when 
FDH or DEA are used. This problem encourages the search for an ac
curate estimate of the efficient frontier under the dynamic approach. In 
the next section, we will introduce a possible solution to this weakness 
based on machine learning. 

3.3. EAT and CEAT 

EAT is based on CART (Breiman et al., 1984) for regression. It is a 
new machine learning-based technique capable of satisfying microeco
nomic principles, such as free disposability. EAT shares similarities with 

FDH, although EAT overcomes the overfitting problem associated with 
FDH, due to applying a process grounded on cross-validation and 
pruning of the tree structure generated by the regression tree approach. 
Fig. 2 is a graphical representation of these two techniques, where a 
single output is generated from a single input. Both approaches yield a 
non-decreasing step-function as the estimate of the technology. How
ever, while FDH is as close to the data cloud as possible, the EAT tech
nique can be located from above the FDH estimate in an attempt to 
approximate the actual production frontier. 

We will now introduce the main steps of the EAT algorithm that will 
allow a tree structure to be built. Let us consider a node t to be split into 
two new nodes: tL and tR (the first node of the tree will always contain 
the data). Moreover, this node houses a subset of the original sample ℵ =

D→
FDH (

x0, I0, y0, k0; gx
0, gy

0, gI
0

)
= Max β0

s.t.
∑n

i=1
λixji⩽xj0 − β0gx

j0, j = 1, ...,m
∑n

i=1
λiyri⩾yr0 + β0gy

r0, r = 1, ..., s
∑n

i=1
λi(Ihi − δhkhi)⩾(Ih0 − δhkh0) + β0gI

h0, h = 1, ..., f
∑n

i=1
λi = 1,

λi ∈ {0, 1}, j = 1, ..., n

(4)   

D→
DEA(

x0, I0, y0, k0; gx
0, gy

0, gI
0

)
= Max β0

s.t.
∑n

i=1
λixji⩽xj0 − β0gx

j0, j = 1, ...,m
∑n

i=1
λiyri⩾yr0 + β0gy

r0, r = 1, ..., s
∑n

i=1
λi(Ihi − δhkhi)⩾(Ih0 − δhkh0) + β0gI

h0, h = 1, ..., f
∑n

i=1
λi = 1,

λi⩾0, j = 1, ..., n

(5)   

3 Dynamic models distinguish between variable and quasi-fixed inputs. 
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{(
xi, yi

) }

i=1,...,n. We then have that an input variable j, j = 1, ...,m and a 
threshold sj ∈ Sj, where Sj is the set of possible thresholds for variable j, 
will be selected so that the sum of the Mean Squared Error (MSE) 
calculated for the data associated with the left child node tL and right 
child node tR, i.e., the data that meet the condition xj < sj and xj⩾sj, 
respectively, is minimized. Additionally, in the EAT algorithm, the set Sj 

is defined from the observed values of the input j in the data sample. 
Formally, the idea behind the splitting process consists of selecting the 
(
xj* , sj*

)
combination that minimizes R(tL)+R(tR) =

1
n
∑

(xi ,yi)∈tL
∑s

r=1
(
yri − yr(tL)

)2
+ 1

n
∑

(xi ,yi)∈tR
∑s

r=1
(
yri − yr(tR)

)2, where 

yr(t) denotes the estimation of the r-th output of node t. Moreover, a 
node is terminal in the EAT algorithm when a certain stopping rule is 
satisfied, such as n(t)⩽nmin = 5. The deep tree built is denoted as Tmax(ℵ). 
The key is how to define yr(t) in each node, during the growing process 
of the tree structure, for satisfying free disposability and for the output 
estimation to envelop the data from above. In this sense, an important 
notion that was introduced by Esteve et al. (2020) is the (input) Pareto- 
dominance between nodes, which is a way of transferring the concept of 

Pareto-dominance between input vectors in the standard efficiency 
literature to decision trees (see Fig. 2). After executing the split, a region 
in the input space is determined by the conditions 

{
xj < sj

}
or 

{
xj⩾sj

}
. 

This region is denoted as the “support” of the corresponding node t and, 

formally is defined as: supp(t) =
{

x ∈ Rm
+ : at

j⩽xj < bt
j , j = 1, ...,m

}
, 

where the parameters at
j and bt

j are generated from those thresholds 
selected during the splitting process. Furthermore, on the premise of 
node support, (input) Pareto-dominance between nodes can be defined. 

Before showing this definition, we first need to introduce some no
tation. In this respect, let Q be the total number of splits executed, Tq(ℵ)

be the tree built following the q-th split, and T̃q(ℵ) be the set of leaf 
nodes in Tq(ℵ), q = 1, ...,Q. Then, the (input) Pareto-dominant nodes of 
node t can be defined as ITq(ℵ)(t) =
{

t′ ∈ T̃q(ℵ)\{t} : ∃x ∈ supp(t),∃x′

∈ supp(t′ ) such that x′ ⩽x
}

. In 

words, an element in ITq (t) is a node containing at least one input vector 
in its corresponding support, so that at least one input vector belonging 

Fig. 1. A simple graphic illustration of some gaps of the standard literature.  

Fig. 2. Graphical example of the frontier estimates provided by EAT and FDH.  
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to the support of node t can be Pareto dominated. Also, let t* ∈ T̃q(ℵ) be 
the node to be split at the step q in the algorithm and let T(q|t*→tL, tR) be 
the tree structure associated with this specific split. So, the way to es
timate yr(t) satisfying the free disposability property for each node t* ∈

T̃q(ℵ) and in such a way that the data cloud is enveloped from above, for 
the right child node case, the estimation of its corresponding parent 
node, i.e., yr(tR) = yr(t*), r = 1, ..., s, while, for the left child node case: 

yr(tL) = max
{

max{yri : (xi, yi) ∈ tL }, yr
(
IT(q|t*→tL ,tR)(tL)

) }
, r = 1, ..., s, (6)  

where yr
(
IT(q|t*→tL ,tR)(tL)

)
=max

{
yr(t

′

) : t′ ∈ IT(q|t*→tL ,tR)(tL)
}

and yr(t
′

) is 
the estimation of the output yr at node t′ ∈ T̃(q|t*→tL, tR), r = 1, ..., s. 

Finalizing the splitting process, the algorithm yields a deep tree 
Tmax(ℵ) that suffers from the overfitting problem like FDH. To overcome 
this problem, Esteve et al. (2020) proposed to prune the tree following 
the error-complexity measure Rα(T(ℵ) ) of Breiman et al. (1984). This 
measure depends on the accuracy of the tree, i.e., the sum of the MSE at 
each leaf node, the number of leaf nodes and the parameter α, which 
compensates the values of these errors. Formally it is defined as 

Rα(T(ℵ) ) = R(T(ℵ) ) + α
⃒
⃒
⃒T̃(ℵ)

⃒
⃒
⃒. Rα(T(ℵ) ) is minimized by the pruning 

process based on cross validation. Concluding the pruning process of 
Tmax(ℵ), we obtain the tree T*(ℵ) that does not suffer from the overfitting 
problem. 

Finally, dT*(ℵ)(x) denotes the multidimensional estimator derived 
from T*(ℵ), i.e., drT*(ℵ)(x) =

∑

t∈T̃*
(ℵ)

yr(t)I(x ∈ t), for all r = 1,...,s, while 

I(⋅) is the indication function. From this estimator, the technology 
derived from the EAT is defined as ψ̂ T*(ℵ) =

{
(x, y) ∈ Rm+s

+ : y⩽dT*(ℵ)(x)
}
. 

Esteve et al. (2020) proved that the set ψ̂ T*(ℵ) can be equivalently written 
as follows: 

ψ̂ T*(ℵ) =

⎧
⎨

⎩
(x, y) ∈ Rm+s

+ : x⩾
∑

t∈T̃*
(ℵ)

λtat, y⩽
∑

t∈T̃*
(ℵ)

λtdT* (at),
∑

t∈T̃*
(ℵ)

λt= 1, λt

∈ {0, 1},∀t

⎫
⎬

⎭
.

(7) 

The above estimator of the technology only assumes free dispos
ability. Due to this, the EAT technique competes against the FDH 
method. Nevertheless, an estimator can also be built for competing 
against the DEA approach by convexificating ψ̂ T*(ℵ). This is called the 
Convexificated Eficiency Analysis Trees (CEAT) estimator of the un
derlying technology: 

conv
(

ψ̂ T*(ℵ)

)
=

⎧
⎨

⎩
(x, y) ∈ Rm+s

+ : x⩾
∑

t∈T̃*
(ℵ)

λtat, y⩽
∑

t∈T̃*
(ℵ)

λtdT* (at),
∑

t∈T̃*
(ℵ)

λt

= 1, λt⩾0, ∀t

⎫
⎬

⎭
.

(8) 

In the same way, as in FDH and DEA, it is possible to define the 
estimation of the DDF based on the EAT algorithm, by substituting ψ by 

ψ̂ T*(ℵ) in: D→
EAT

(x0,y0;gx
0,g

y
0) =max

{
β0 ∈R :

(
x0 − β0gx,y0 +β0gy

)
∈ ψ̂ T*(ℵ)

}
. 

Additionally, in line with Aparicio et al. (2021, Proposition 3), we know 

that D→
EAT

(x0,y0;gx
0,g

y
0) can be calculated through the following Mixed- 

Integer Linear Program (MILP)4. 

D→
EAT (

x0,y0;gx
0,g

y
0
)
= max β0

s.t.
∑

t∈T̃*
(ℵ)

λtat
j⩽xj0 − β0gx

j0, j=1,...,m
∑

t∈T̃*
(ℵ)

λtdrT* (at)⩾yr0+β0gy
r0, r=1,...,s

∑

t∈T̃*
(ℵ)

λt =1,

λt ∈{0,1}, t∈ T̃
*
(ℵ)

(9) 

In contrast to (2), which works with the observed data, model (9) 
uses the non-observed database ℵ̂ = {(at ,dT* (at))}t∈T̃* , which comes from 
building an optimal tree structure T*(ℵ) through the EAT algorithm. 

Finally, let us show the model that should be solved by applying the 
CEAT technique. 

D→
CEAT (

x0,y0;gx
0,g

y
0
)
= max β0

s.t.
∑

t∈T̃*
(ℵ)

λtat
j⩽xj0 − β0gx

j0, j=1,...,m
∑

t∈T̃*
(ℵ)

λtdrT* (at)⩾yr0+β0gy
r0, r=1,...,s

∑

t∈T̃*
(ℵ)

λt =1,

λt⩾0, t∈ T̃
*
(ℵ)

(10) 

Finally, we would like to highlight a limitation related to the 
approach based on EAT, which is associated with its intrinsic 
complexity. The EAT approach is linked to a very intensive computa
tional procedure, which is related to the algorithm that must be previ
ously executed before solving the corresponding Mixed Integer Linear 
Programming model. This feature contrasts sharply with the simplicity 
of the standard Free Disposal Hull technique, which is entirely based on 
Mixed Integer Linear Programming. Something similar can be said 
regarding the comparison between CEAT and DEA. From a computa
tional point of view, DEA, which is only based upon Linear Program
ming, is clearly simpler than CEAT. Additionally, and regarding the 
sample size required to properly build the EAT model, it is worth 
mentioning that the typical stopping rule pointed out by Breiman et al. 
(1984) is usually applied, that is, the sample size of each terminal node 
in the tree must be five or more. However, this is the standard condition 
when the objective of the regression tree is estimating the mean of the 
response variable. In the case of being interested in quantiles, it seems 
that this number should be bigger (Breiman et al., 1984, Hastie et al. 
2009), probably ten or more. Hence, given a certain number of terminal 
nodes, EAT, which tries to predict extreme behaviours of the response 
variable (the output), could need at least twice the sample size than the 
standard CART for regression. Nevertheless, a computational study 
should confirm this conclusion, which is beyond the scope of this paper. 

4. Dynamic EAT and CEAT 

In this section, we introduce a new technique based on the adapta
tion of the dynamic model to the EAT and CEAT contexts. 

Previous models did not take capital investments into account and 
were based on the static approach. However, the dynamic approach as 
opposed to the static approach takes on relevance when dynamic factors, 
such as investment, need to be considered in data analysis. It has to be 
said that since the dynamic directional distance function is flexible and 
displays good properties, it has come to the forefront as the ideal 
approach for measuring dynamic technical efficiency. 

In the same context as in Section 3.2., the dynamic directional dis
tance function in the full input–output space based on the EAT technique 
can be determined through the following optimization model:  4 See Lam (2010) and Orkcu et al. (2015), where other MILP models have 

been implemented in the context of DEA. 

J. Aparicio et al.                                                                                                                                                                                                                                



Expert Systems With Applications 228 (2023) 120417

7

Next, let us explain how the above model was derived. When using 
the EAT technique is the objective, then, before applying the corre
sponding algorithm that yields the tree structure T*(ℵ), it is very 
important to identify which variables work as response variables for the 
regression technique and which do not. These particular variables will 
be estimated from the predictor variables (in our context, the inputs of 
the model) through several steps by splitting the nodes of a tree ac
cording to the EAT algorithm, as was explained in Section 3.3. To un
derstand the derivation of model (11), first, take a look at model (4) in 
Section 3.2, which corresponds to the dynamic directional distance 
function under FDH. In that mathematical programming model, the 
third type of constraint, linked to gross investments in quasi-fixed in
puts, and that characterizes the dynamic model in comparison with the 
static model, has an inequality sign associated with an output-type re
striction: “⩾”. Accordingly, when the EAT is applied, the input data is 
utilized for estimating both outputs and the composite variables zh :=

(Ih − δhkh), h = 1, ..., f , which are combinations between the gross in
vestments, the quasi-fixed inputs and the depreciation rates. Due to that, 
the original EAT algorithm must be modified to provide estimations of 
these two types of variables in each node that is split. Additionally, as 
happens with the original algorithm, the technique must guarantee that 
free disposability is satisfied and, at the same time, the estimate takes 
values greater or equal than the observations in the target variables (yr, 

r = 1, ..., s, and zh, h = 1, ..., f). This is achieved by using the same 
estimation formula for the outputs and a similar adaptation for the 
variables zh, as follows. For the right child node that would appear by 
splitting a parent node t*, we have zh(tR) = zh(t*), h = 1, ..., f . Put in 
words, we must use the same estimation given for the parent node. For 
the left child node case, we must use: 

zh(tL) = max
{

max{zhi : (xi, yi, zi) ∈ tL }, zh
(
IT(q|t*→tL ,tR)(tL)

) }
(12)  

where zh
(
IT(q|t*→tL ,tR)(tL)

)
=max

{
zh(t

′

) : t′ ∈ IT(q|t*→tL ,tR)(tL)
}

and zh(t
′

) is 
the estimation of the variable zh at node t′ ∈ T̃(q|t*→tL, tR), h = 1, ..., f . 
Notice that the last formula utilizes the notion of (input) Pareto domi
nance between nodes that was explained in Section 3.3. 

After applying the splitting process of nodes, we get a tree structure 
that suffers, in general, from overfitting and must be pruned by resorting 
to cross-validation (Breiman et al., 1984). The optimal tree derived from 
this process is denoted as T*(ℵ). Finally, the way of estimating the 
outputs is as drT*(ℵ)(x) =

∑

t∈T̃*
(ℵ)

yr(t)I(x ∈ t), for all r = 1, ...,s, with I(⋅)

being the indication function, that is, we must use the same formula 
utilized for this type of variables in the original EAT algorithm. In the 
case of the variables zh, h = 1, ..., f , we must use the corresponding 
adaptation of the previous formula, i.e., whT*(ℵ)(x) =
∑

t∈T̃*
(ℵ)

zh(t)I(x ∈ t), h = 1, ..., f . 

The optimal tree structure T*(ℵ) is also associated with a disjoint 
partition of the input space. Each leaf node t of that tree is linked to a 
region in the input space, called the support of the node and charac
terized by two corner points: at and bt . In Fig. 3, we showed an example 
of partition of the input space where the corner points for each support 
are also highlighted. In particular, the corner points at are key for the 
characterization of the technology that can be derived from the EAT 
algorithm (see expression (7)) and are used for modelling any technical 
efficiency measure, such as the directional distance function. 

Finally, by analogy with model (9) in Section 3.3, the model to be 
used for computing the dynamic directional distance function through 
the adaptation of the EAT would be model (11). In this model, δh in
dicates the depreciation rate, and gx

0 is a directional vector for variable 
inputs, gy

0 is a directional vector for outputs and gI
0 is a directional vector 

for gross investments. In addition, β0 is the degree of dynamic technical 
inefficiency in the full input–output-investment space of DMU0. 

Finally, a convex estimator of the technology can be obtained from 
model (11) by relaxing the binary nature of the decision variables λt. In 
this way, the dynamic directional distance function estimated by CEAT 
is based on the model defined as follows:  

Fig. 3. Example of Pareto-dominance.  

D→
EAT (

x0, I0, y0, k0; gx
0, g

y
0, g

I
0

)
= Max β0

s.t.
∑

t∈T̃*
(ℵ)

λtat
j⩽xj0 − β0gx

j0, j = 1, ...,m
∑

t∈T̃*
(ℵ)

λtdrT* (at)⩾yr0 + β0gy
r0, r = 1, ..., s

∑

t∈T̃*
(ℵ)

λtwhT* (at)⩾(Ih0 − δhkh0) + β0gI
h0, h = 1, ..., f

∑

t∈T̃*
(ℵ)

λt = 1,

λt ∈ {0, 1}, t ∈ T̃
*
(ℵ)

(11)   
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5. Empirical application 

5.1. Dataset 

Our data set comprises annual observations of dairy firms taken in 
five EU countries for the years 2014 and 2018. The choice of these two 
years for the analysis stems from the fact that in April 2015 dairy quotas 
that imposed constraints on milk production in the dairy sector were 
abolished. Obviously, the quota imposition and removal affected not 
only dairy farms, but also dairy processors (Hirsch et al., 2020). 
Therefore, by choosing 2014 and 2018, we were able to analyze the year 
with full quotas and the year of the quota-free system, hence we were 
able to assess the impact of quota removal on the inefficiency at the firm 
level (under the assumption of ceteris paribus, i.e., supposing that the 
remaining factors that could affect the dairy market kept constant). We 
focused the analysis on the main dairy producers in the EU by region: 
Italy and Spain for Southern Europe, France and Germany for Western 
Europe, and Poland for Eastern Europe5. ORBIS dataset (Bureau van 
Dijk) was the source of our data6. 

The following variable specification for inefficiency estimation was 
used: two variable inputs, one quasi-fixed input, one gross investment, 
and one output, which were all assessed using accounting data. The two 
variable inputs were material and labor costs (denoted further as ma
terials and labor), which were depreciated by the producer price index 
for non-durable consumer goods and labor cost index in industry, 
respectively. The quasi-fixed input (capital) measure was taken as the 
value of fixed assets in year τ and was depreciated using the producer 
price index for capital goods. Gross investments in fixed assets in year τ 

were gauged as the value of fixed assets in year τ + 1, minus the value of 
fixed assets in year τ, plus the value of depreciation in year τ + 1, and 
were depreciated using the producer price index for capital goods. 
Output was quantified by revenue, which was depreciated using the 
producer price index for food manufacturing. All aforementioned price 
indices were country-specific and were downloaded from Eurostat 
(2021b) database. All variables were extracted from the ORBIS database 
in local currencies (which were Euros except for Poland, for which the 
currency was Zloty). The variables were adjusted using the purchasing 
power parity (PPP) of the local currency to the US dollar for the unbiased 
comparison of the variables between countries7. 

The final dataset was obtained by removing missing and outlier ob
servations. Simar (2003) approach was applied to detect outliers. Our 
final sample consisted of a balanced panel of 1,465 dairy-manufacturing 
firms in five EU countries observed in 2014 and 2018. Table 1 reports 
descriptive statistics for the inputs, investments, and output by country 
for the data amalgamated for these two years and for each year sepa
rately. The data in Table 1 shows that the German dairy-manufacturing 
sample exceeded all other countries with regard to average output in 
both 2014 and 2018, whereas the smallest value of output was produced 
by an average firm in Spain for both 2014 and 2018. Furthermore, the 
data indicates the increase in average values of all variables across all 
countries between 2014 and 2018. The statistics in Table 1 also show a 
significantly large variation in the sample, as evidenced by the large 
values of standard deviations, compared to their respective averages. 

5.2. Results 

The values of the directional vectors used in computations were: 

gx
j0 = xj0 − min

i=1,...,n;τ=2014,2018

{
xτ

ji

}
, j = 1, ...,m, for variable inputs, gy

r0 =

max
i=1,...,n;τ=2014,2018

{
yτ

ri
}
− yr0, r = 1, ..., s, for outputs, and gI

h0 = 0.2⋅ 

max
i=1,...,n;τ=2014,2018

{
kτ

hi
}
− 0.2⋅kh0, h = 1, ..., f , for investments; where the 

superscript τ for inputs, outputs and investments denotes the year of the 
corresponding observation. Additionally, the directional vector for in
vestments contains 20 percent of the size of the capital stock, which 
approximates the size of investments in firms. Previous literature on the 
dynamic efficiency relied also on the 20 percent of the capital stock as a 
directional vector for investments due to the high heterogeneity in the 
investment variable (see, for example, Kapelko et al., 2014; Dakpo and 
Lansink, 2019). Following Portela et al. (2004), this makes the 

D→
CEAT (

x0, I0, y0, k0; gx
0, g

y
0, gI

0

)
= Max β0

s.t.
∑

t∈T̃(ℵ)
λtat

j⩽xj0 − β0gx
j0, j = 1, ...,m

∑

t∈T̃(ℵ)
λtdrT* (at)⩾yr0 + β0gy

r0, r = 1, ..., s
∑

t∈T̃(ℵ)
λtwhT* (at)⩾(Ih0 − δhkh0) + β0gI

h0, h = 1, ..., f
∑

t∈T̃(ℵ)
λt = 1,

λt⩾0, t ∈ T̃(ℵ)

(13)   

5 Looking at turnover and production of the dairy manufacturing sector of 
each country, in a relative way, with respect to the total EU dairy turnover and 
production, the leaders of this sector are: France, Germany, Italy, Netherlands, 
Spain, the UK and Poland (Eurostat 2021a). The remaining EU countries 
represent the negligible contributions to the total EU turnover and production. 
Because of data availability (the lack of data for some input–output variables), 
we were not able to include the Netherlands and the UK in our sample. In 
addition, nowadays, UK is outside EU, which gives another argument for not 
including this country in our sample of EU countries. 

6 We are aware that the use of a dataset from the dairy manufacturing in
dustry alone cannot justify the effectiveness of the method. However, in Esteve 
et al. (2020), a complete simulation study was carried out to compare the 
performance of the EAT technique with respect to the standard non-parametric 
frontier estimates. Esteve et al. (2020) concluded that EAT clearly outperforms 
standard non-parametric methods when the estimation of technical efficiency is 
the concern, overcoming the overfitting problems identified with techniques as 
FDH and DEA. In particular, it was shown that the technique based on machine 
learning can reduce the mean squared error by between 13% and 70% and the 
bias by between 10% and 49%. In this regard, we believe that this simulation 
study justifies the effectiveness of the new methodology, which is applied for 
the first time in a real dataset under the dynamic approach. 

7 Given that, in this paper, each country is studied in a separate way, and we 
use a model that is units invariant, there might be no need to convert the local 
currencies using PPP. Nevertheless, since we also aim to eventually compare the 
inefficiencies between models and countries, the application of PPP is necessary 
for the meaningful comparison in line with the standard literature on interna
tional comparisons (see, for example, Jorgenson and Yip, 2001; Jorgenson, 
2018). Only the PPP of the local currencies to US dollar was available in the 
database. 

J. Aparicio et al.                                                                                                                                                                                                                                



Expert Systems With Applications 228 (2023) 120417

9

directional vector translation invariant, hence also the directional dis
tance function (Aparicio et al, 2016). Consequently, we were able to deal 
with the variables that reach zero or negative values (Pastor and Apar
icio, 2015). In our case, we can keep the firms with negative values of 
investments in the sample. Additionally, due to the definition of our 
directional vector, the distance between any unit and the corresponding 
frontier is determined by projecting the DMU towards a common (ideal) 
point for all observations and years. The calculations were conducted for 
two traditional dynamic models, one assuming convexity (DEA) and the 
second one not assuming convexity (FDH), and for the two new models 
proposed in this study, that is, dynamic CEAT and dynamic EAT. These 
were carried out for each year (2014 and 2018) and each country 

separately. Then we also computed the changes in inefficiencies be
tween 2014 and 2018 for each of the four models to provide some in
sights into the possible effects of dairy quota removal. 

We start with the comparison of inefficiencies for the estimated 
models. Table 2 summarizes the averages for the calculated in
efficiencies per time period and country. Looking firstly at results for 
convex models (that is the second and third column of Table 2), we can 
conclude that average values for dynamic inefficiency using CEAT were 
larger than DEA counterparts, regardless of the year and country under 
analysis. This stems from the fact that DEA suffers from overfitting, 
while CEAT aims at estimating the real dynamic frontier which gener
ated the data. Overall, for 2014–2018, the largest differences between 

Table 1 
Descriptive statistics (averages and standard deviations) of input–output variables per country, for 2014, 2018 and 2014–2018 (thousands of PPP, as of 2011).  

Year / Country No of firms Output Materials Labor Capital Investments 

2014       
France 205 18,348.15 (62,727.36) 12,318.09 (41,981.00) 2,210.97 (9,088.49) 3,812.37 (13,983.80) 572.96 (2,044.39) 
Germany 35 323,661.04 (917,051.37) 264,625.97 

(734,400.02) 
19,659.09 
(61,209.09) 

34,798.34 
(105,548.30) 

13,178.38 
(42,691.63) 

Italy 752 7,552.02 (11,665.78) 55.99 (86.87) 735.09 (1,145.91) 1,661.63 (3,342.40) 325.70 (1,230.63) 
Poland 107 90,256.10 (231,036.13) 71,881.81 (189,992.76) 4,779.93 (10,074.07) 53,819.76 

(299,959.08) 
1,947.29 (12,777.49) 

Spain 366 6,089.77 (25,821.38) 4,175.09 (18,807.81) 779.24 (2,682.05) 1,617.61 (5,301.24) 247.39 (1,189.14) 
2018       
France 205 24,342.26 (69,653.01) 15,951.07 (45,592.28) 2,567.54 (8,835.05) 4,771.34 (17,033.80) 1,014.59 (3,838.41) 
Germany 35 449,244.47 

(1228446.39) 
362,067.85 
(988,981.25) 

26,079.77 
(75,058.10) 

55,485.05 
(165,593.60) 

14,315.09 
(35,503.12) 

Italy 752 10,068.48 (15,563.63) 7,298.48 (11,287.32) 939.93 (1,473.91) 1,990.06 (3,693.43) 445.19 (1,081.93) 
Poland 107 125,635.52 (341,701.44) 100,747.28 

(284,559.28) 
5,345.35 (12,731.53) 64,798.75 

(288,364.92) 
4,614.65 (15,257.75) 

Spain 366 7,966.24 (28,469.58) 5,231.02 (20,255.65) 964.26 (2,511.94) 1,882.80 (5,177.61) 550.21 (4,313.89) 
Average for 2014 and 2018       
France 410 21,345.20 (66,267.60) 14,134.58 

(43,808.01) 
2,389.25 
(8,953.48) 

4,291.85 
(15,571.94) 

793.77 
(3,079.32) 

Germany 70 386,452.76 
(1,077,962.13) 

313,346.91 
(866,098.10) 

22,869.43 
(68,063.34) 

45,141.70 
(138,238.72) 

13,746.73 
(38,980.90) 

Italy 1,504 8,810.25 
(13,806.40) 

3,677.23 
(8,762.73) 

837.51 
(1,323.67) 

1,825.84 
(3,524.95) 

385.44 
(1,159.82) 

Poland 214 107,945.81 
(291,519.80) 

86,314.54 
(241,805.88) 

5,062.64 
(11,456.48) 

59,309.25 
(293,579.21) 

3,280.97 
(14,102.80) 

Spain 732 7,028.01 (27,175.38) 4,703.05 (19,538.91) 871.753 (2,598.26) 1,750.20 (5,237.89) 398.80 (3,165.62) 

Standard deviations are in parentheses. 

Table 2 
Average values for inefficiencies in dynamic DEA, dynamic CEAT, dynamic FDH 
and dynamic EAT, for 2014, 2018 and 2014–2018.  

Year/Country Convex Non-convex 

Dynamic 
DEA 

Dynamic 
CEAT 

Dynamic 
FDH 

Dynamic 
EAT 

2014      

France  0.1658  0.3979 0.0136  0.0672  
Germany  0.0438  0.3007 0*  0.0613  
Italy  0.2165  0.3055 0.0271  0.0851  
Poland  0.1562  0.4802 0.0096  0.1238  
Spain  0.4684  0.5865 0.0532  0.1088 

2018      
France  0.1548  0.3607 0.0063  0.0607  
Germany  0.0347  0.4718 0.0007  0.0542  
Italy  0.2028  0.3488 0.0254  0.0654  
Poland  0.4724  0.5795 0.1666  0.3108  
Spain  0.2385  0.4951 0.0229  0.1014 

Average for 
2014 and 
2018      

France  0.1603  0.3793 0.0100  0.0640  
Germany  0.0393  0.3863 0.0004  0.0578  
Italy  0.2097  0.3272 0.0263  0.0753  
Poland  0.3143  0.5299 0.0881  0.2173  
Spain  0.3535  0.5408 0.0381  0.1051 

*Average result equal to zero due to rounding. 

Table 3 
Number of efficient firms for dynamic DEA, dynamic CEAT, dynamic FDH and 
dynamic EAT, for 2014 and 2018.  

Year/Country Efficient - Convex Efficient - Non-convex 

Dynamic 
DEA 

Dynamic 
CEAT 

Dynamic 
FDH 

Dynamic 
EAT 

2014      

France 17 (8.29%) 6 (2.93%) 166 
(80.98%) 

82 (40.00%)  

Germany 8 (22.86%) 4 (11.43%) 27 (77.14%) 23 (65.71%)  
Italy 19 (2.53%) 6 (0.80%) 433 

(57.58%) 
179 
(23.80%)  

Poland 13 (12.15%) 3 (2.80%) 88 (82.24%) 36 (33.64%)  
Spain 6 (1.64%) 2 (0.55%) 218 

(59.56%) 
90 (24.59%) 

2018      
France 15 (7.32%) 2 (0.98%) 185 

(90.24%) 
89 (43.41%)  

Germany 9 (25.71%) 4 (11.43%) 23 (65.71%) 21 (60.00%)  
Italy 24 (3.19%) 6 (0.80%) 453 

(60.24%) 
210 
(27.93%)  

Poland 13 (12.15%) 4 (3.74%) 64 (59.81%) 28 (26.17%)  
Spain 11 (3.01%) 5 (1.37%) 257 

(70.22%) 
115 
(31.42%) 

The percentage of all observations in a given country and year is presented in 
parentheses. 
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models were found for Germany and France, on average. Furthermore, 
on average across 2014 and 2018, the largest inefficiency was observed 
for dairy companies in Spain while assuming both dynamic DEA and 
CEAT, and the lowest for firms in Germany when assuming dynamic 
DEA and for Italian firms when assuming dynamic CEAT. It seems, 
therefore, that German firms that were the largest with respect to their 

input–output-investment profiles (see Table 2) obtained the best effi
ciency outcomes. For example, 0.3535 of inefficiency reported for 
Spanish firms using the dynamic DEA model indicates that this was the 
distance between the level of inputs, outputs and investment at the 
actual point and its target ideal point, given the dynamic production 
frontier calculated by DEA and the directional vector defined as the 

Fig. 4. Kernel density plots for different dynamic models in 2014, by country.  

Fig. 5. Kernel density plots for different dynamic models in 2018, by country.  
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range of possible improvement of unit under analysis (Portela et al., 
2004). Assuming the model of dynamic CEAT and being restricted by the 
theoretical dynamic frontier from which the observations were gener
ated, Spanish firms’ distance to the ideal point had a magnitude of 
0.5408. Hence, dairy firms in Spain reached the ideal point at 65% and 
46%, assuming the dynamic DEA frontier and dynamic theoretical 
frontier, respectively and given the directional vector. Conversely, firms 
in Germany on average for 2014 and 2018 reached an inefficiency level 
of only 0.0393 when solving the DEA model; hence they achieved the 
ideal point at 96%, given the directional vector. When assuming the 
CEAT frontier, Italian firms achieved the best performance, with an in
efficiency level of 0.3272 which indicates that the path to the ideal point 
was accomplished at 67% of the value of the directional vector. How
ever, further research is necessary to assess the exact magnitude and 
sources of the differences in inefficiencies between countries. 

As regards non-convex models (that is the fourth and fifth column of 
Table 2), not surprisingly we came across smaller inefficiencies in 
comparison to convex models observed for all periods and countries. 
Moreover, the average inefficiencies of the EAT model were systemati
cally larger than their FDH counterparts across all periods and countries. 
Similar to the DEA model, FDH suffers from overfitting, while EAT aims 
at estimating the dynamic theoretical frontier, which might explain 
these findings. In an attempt to assess the differences between countries, 
our findings indicate that, on average, across 2014 and 2018 the dis
tance to the ideal point was larger for Polish dairy firms, while German 
firms were at the opposite end of the spectrum, assuming both non- 
convex models. Specifically, on average, Polish firms reached the ideal 
point at 91% and 78% for dynamic FDH and EAT models, respectively, 
while for German firms these numbers were 99% and 94%, given the 
directional vector. Hence, negligible improvements were required for 
German firms with regard to inputs, outputs and investments in order to 
reach both FDH and theoretical frontier. Nevertheless, the value of the 
directional vector should be taken into account in order to assess the 
exact magnitude of the changes required. 

Overall, the findings on the differences in dynamic inefficiencies 
obtained using different models are consistent with Proposition 2 (iii) in 
Aparicio et al. (2021) formulated in the static context of production that 
states that EAT (or CEAT) technology envelops FDH (or DEA) technol
ogy. Hence, also using dynamic measures we should expect inefficiency 
indicators in EAT and CEAT to be either equal or larger than their FDH 
and DEA counterparts, respectively. Accordingly, these findings are in 
line with empirical results in Aparicio et al. (2021), however again these 
were obtained using static measures of efficiency, hence they cannot be 
directly compared with our dynamic models. 

We now turn our attention to the results on the number of efficient 
firms across all models, which is summarized in Table 3. Comparing 
dynamic DEA with dynamic CEAT, and dynamic FDH with dynamic 
EAT, we should notice that the number of efficient dairy companies was 
substantially smaller under the new dynamic models based on machine 
learning techniques than those corresponding to the traditional dynamic 
models; this was true for all time periods and countries. Hence, it can be 
concluded that dynamic EAT and CEAT allowed for a better discrimi
nation among observations than their traditional counterparts, that is, 
DEA- and FDH- based dynamic models. This is especially evident with 
the findings for French dairy manufacturing companies, which were in 

overwhelming majority efficient under the FDH approach (80.98% of 
the sample in 2014 and 90.24% in 2018). On the contrary, under the 
EAT approach, these numbers were substantially lower: 40.00% in 2014 
and 43.41% in 2018. Likewise, comparing convex and non-convex dy
namic models, the number of efficient dairy firms under DEA and CEAT 
was substantially smaller than in non-convex models (FDH and EAT). 
Therefore, the discriminating power improved when moving from non- 
convex to convex models. Overall, these findings suggest the advantage 
of the new models within each group of dynamic methods (convex 
versus non-convex) as well as the superiority of CEAT among all four 
models in terms of discriminating power. This obviously has important 
implications in practice, for example in terms of appropriate ranking of 
firms. 

Let us now have a closer look at whole distributions of inefficiency 
scores for the models analyzed. Figs. 4 and 5 depict the kernel distri
butions by country for the pairs of models: dynamic DEA-dynamic CEAT 
and dynamic FDH-dynamic EAT, for 2014 and 2018, respectively. When 
plotting these distributions, we followed the procedure proposed by 
Simar and Zelenyuk (2006). What immediately can be observed is that 
DEA and CEAT distributions were different for all countries and years. It 
is also clear that DEA distributions tended to be concentrated at the 
lower values of inefficiency as compared to the CEAT counterparts. The 
differences between FDH and EAT were not so clear in figures. The most 
visible results were for Italy and Spain in 2014 and Italy, Poland and 
Spain in 2018. It is apparent in these cases that FDH scores were 
concentrated more around 0 than EAT scores. Hence, most of firms 
operated on the dynamic frontier of best practices. For the rest of the 
cases the differences cannot be visually assessed since FDH scores were 
for majority of firms equal to zero, which distorted the scale in the 
graphs and, as a result, graphs could not differentiate between distri
butions. The results obtained by kernel densities were further confirmed 
by the statistical test proposed by Simar and Zelenyuk (2006), which is 
based on the Li (1996) test. In particular, different pairs of distributions 
(within-model perspective, that is, dynamic CEAT vs. dynamic DEA, and 
dynamic EAT vs. dynamic FDH, and between-model point of view, that 
is, convex models versus non-convex models) were proved to be 
different in all countries and years. 

Finally, to conclude our analysis and provide some empirical insights 
into dairy industry dynamics and the possible effect of dairy quota 
removal, we focused on the dynamic inefficiency change between 2014 
and 2018. Table 4 presents the average change in dynamic inefficiencies 
for all four models and for all five countries, computed as the value of the 
final year minus the value in the initial year. The results are conclusive 
across all models for dairy firms in France, Poland and Spain, showing 
that dynamic inefficiency decreased in France and Spain between 2014 
and 2018, but increased for Poland. We confirmed the statistical sig
nificance of these differences by running the Simar and Zelenyuk (2006) 
test. Therefore, on average dairy firms in France and Spain significantly 
improved their performance from 2014 to 2018, while the opposite was 
observed for companies in Poland. The change in performance of firms 
from 2014 till 2018 can be due to quota abolishment, among many other 
factors that could contribute to this change. The literature is not 
conclusive on the relationship between quotas and efficiency. From the 
theoretical point of view, quotas were believed to create economic in
efficiency in contrast to a free market system (Fulginiti and Perrin, 
1993), but increase in efficiency was also predicted, especially when 
markets are subject to tradable quotas (Boots et al., 1997; Alston, 1981; 
Colman, 2000; and Areal et al., 2012a). Empirical studies of specific 
countries did not report conclusive results as well (Alvarez et al. 2006; 
Sauer, 2010; Areal et al., 2012a; Areal et al., 2012b; Garcia-Covarrubias 
et al., 2020; and Hansen et al., 2021). Our results on the improvement in 
efficiency in the quota-free period in France and Spain are consistent 
with the studies by Garcia-Covarrubias et al. (2020), which for Ireland 
observed an increase in efficiency in post-quota period, Alvarez et al. 
(2006) that for Spain found that quotas were not allocated to efficient 
farms and, therefore, they did not contribute to increasing efficiency of 

Table 4 
Change in inefficiencies (dynamic DEA, dynamic CEAT, dynamic FDH and dy
namic EAT) between 2014 and 2018, average values reported.  

Country Dynamic DEA Dynamic CEAT Dynamic FDH Dynamic EAT 

France  − 0.0110  − 0.0372  − 0.0073  − 0.0065 
Germany  − 0.0091  0.1711  0.0007  − 0.0070 
Italy  − 0.0138  0.0432  − 0.0017  − 0.0196 
Poland  0.3162  0.0993  0.1570  0.1870 
Spain  − 0.2300  − 0.0914  − 0.0302  − 0.0074  
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the sector, and Sauer (2010), which for Denmark suggested that aboli
tion of the milk quota system has positive effects on milk farms’ pro
ductivity. The negative effect on efficiency in a quota-free period found 
for Poland is in line with findings by Areal et al. (2012a), Areal et al. 
(2012b) that for the UK concluded that participation in a quota system 
was linked to being efficient as well as by Hansen et al. (2021) that 
reported a positive effect of quota filling on the revenue efficiency in 
Norway. Our results could be explained by the recent findings by Hirsch 
et al. (2020), who analyzed the flexibility of EU dairy processors to 
adjust production to fluctuating economic conditions, including the 
abolition of the quota system. This study found that the flexibility is the 
highest in Poland and low flexibility characterizes firms in France and 
Spain, while a significant negative relationship is found between flexi
bility and efficiency given the trade-off that exists between these two 
characteristics. Therefore, high flexibility in Poland and low flexibility 
in France and Spain could explain efficiency worsening in the quota-free 
system in Poland and its improvement in France and Spain. Our results 
for Italy and Germany were not consistent across models, hence we 
cannot formulate precise conclusions regarding the effects of quota 
removal in the dairy sector of these countries. 

6. Conclusions and future work 

This paper proposed to incorporate machine learning techniques into 
the measurement of dynamic inefficiency of firms. This allowed to 
advance the research on dynamic efficiency measurement from a 
descriptive analysis of the sample data to the estimation of the actual 
production frontier which enabled to avoid the common problem of 
traditional dynamic models related with an overestimation of efficiency 
scores. Bridging the gap between dynamic inefficiency and machine 
learning was based on the recently developed EAT and CEAT models 
(Esteve et al., 2021; Aparicio et al., 2021). EAT and CEAT, through the 
application of classification and regression trees with pruning and cross- 
validation, allowed to build frontier models that avoid the overfitting 
problem and as a result approximated the theoretical frontier. Linking 
CEAT and EAT with dynamic inefficiency measurement resulted in the 
development of two models that were coined dynamic EAT and dynamic 
CEAT. Their characteristics and comparison with standard dynamic FDH 
and dynamic DEA were further shown through an empirical application 
to the recent dataset of the main dairy producing firms in EU countries. 

The main empirical results of this study indicated that inefficiency in 
the dynamic CEAT or EAT was higher than their corresponding values 
calculated through the dynamic DEA or FDH. Not surprisingly, we also 
found that dynamic EAT and dynamic FDH yielded lower inefficiency 
scores than their convex versions of dynamic CEAT and dynamic DEA. 
Furthermore, we noticed that the discriminating power of dynamic DEA 
drastically improved when switching to dynamic CEAT; likewise, dy
namic EAT allowed for a better discrimination than that of dynamic 
FDH. This result has important practical implications, since using 
models with lower discriminating power such as dynamic DEA and 
dynamic FDH does not always allow to appropriately rank units, 
therefore limiting the managerial insights or their ability to be com
plemented with other techniques such as second stage regression anal
ysis. Switching to new models of dynamic CEAT and dynamic EAT 
increases the discriminating power allowing for better ranking of units, 
therefore it is important for firms’ managers supporting their decision- 
making process. In particular, the usage of the new models can help 
managers for a better comparison with competitors and finding appro
priate benchmarks for learning about the best practices. In turn, the 
managers are better informed for making important production de
cisions. Finally, in the paper we also provided some insights into the 
development of inefficiency in the period before and after dairy quota 
removal (2014 vs 2018), concluding that firms in France and Spain 
improved their performance in the quota-free period in contrast to the 
quota-regulated period, while the opposite was observed for firms in 
Poland. Dairy quota removal impacted dairy processors only indirectly 

as opposed to dairy farms. Nevertheless, the results obtained might 
imply that managers of firms in France and Spain were restricted by 
quotas when quotas’ restrictions were in place, and therefore took a 
benefit from the quota-free trade, while the opposite was true for the 
firms in Poland. 

There are several challenges involved in the proposed research that 
provide rich opportunities for future research. From an empirical point 
of view, we assumed that the change in inefficiencies between 2014 and 
2018 was due to the removal of quotas. But obviously there could be 
many other variables that impacted this change. Therefore, a future 
study could be conducted to analyze the factors responsible for the 
observed changes in inefficiencies. Moreover, we restricted our analysis 
to only two years since we aimed to illustrate the functioning and 
characteristics of the new methods and their comparison with tradi
tional models. Obviously, more years of analysis would be required to 
reach more detailed empirical conclusions, which is also an interesting 
avenue for future research. From a methodological point of view, future 
research study could further extend the new methods of dynamic EAT 
and CEAT to allow for an appropriate comparison of the differences in 
inefficiencies between countries, for example through the application of 
metafrontier techniques (Battese et al., 2004; O’Donnell et al., 2008) or 
the adaptation of the so-called Camanho-Dyson index (Camanho and 
Dyson, 2006). A limitation of the new methodology is its computational 
complexity in comparison with FDH and DEA. Future research should 
further analyse these issues by providing improvements of the original 
algorithms with respect to the execution time of the models. Further
more, to test the discriminating power of new methods more thoroughly, 
ranking methods could be applied and developed in this context. Finally, 
the promising methodological extensions could involve the estimation 
of productivity change over time as well as economic efficiency based on 
new dynamic models. 
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