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a b s t r a c t 

This paper extends the Camanho and Dyson (2006) one-period Malmquist-type index (CDMI) and the 

recent pseudo-panel Malmquist index (PPMI) by Aparicio et al. (2017) and Aparicio and Santín (2018) to 

a context where additive efficiency measures are used. In particular, we apply the Luenberger productivity 

indicator. Unlike the CDMI, the new approach is based upon the directional distance function, allowing 

non-equiproportional changes in the input and output mix and variable returns to scale for comparing 

the efficiency and technology gaps of two or more groups of production units over time. To illustrate this 

methodology, we estimate how the productivity gaps between publicly funded private schools (PFPS) and 

public schools (PS) in eight European Union countries changed over the 2009–15 period using PISA data. 

Our results suggest that the performance of PFPS is better in Belgium, Ireland, the Netherlands and Spain 

in both waves, while PS productivity outperforms PFPS in the Czech Republic, Hungary and Slovakia. 

Both school types operate with a productivity gap close to zero in Denmark. In addition, we observe 

that despite being less efficient, PS are more productive than PFPS, thanks to their better production 

technology. Finally, we find that school autonomy is positively related to school productivity explaining 

why PFPS present higher productivity than PS in some countries. 

© 2021 Elsevier B.V. All rights reserved. 
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. Introduction 

Public education can be produced by either public schools (PS) 

r by publicly funded private schools (PFPS). In PS, school owner- 

hip is public, and schools are monitored and managed by a pub- 

ic education principal, selected in most cases by the public sector. 

FPS are owned by a non-public organization, 1 and the governing 

oard is not elected by a government agency. Furthermore, PFPS 

ave wider decision-making powers than PS concerning manage- 

ent and more flexibility for hiring and firing teachers or for de- 

iding budget priorities. In some European countries, PFPS repre- 

ent a non-negligible percentage of educational production, mean- 

ng that many families choose this option for educating their chil- 
∗ Corresponding author. 

E-mail address: lidia.ortiz@umh.es (L. Ortiz). 
1 The organizations are mostly Catholic schools or other religious schools, teach- 

rs’ cooperatives, non-for-profit organizations, trade union or simply private en- 

erprises. In this paper, we do not include fully private schools because they are 

unded mainly by student families. Webbink (2005) , Urquiola (2016) and Green 

2020) provide an excellent overview on the findings of educational research with 

egard to a public versus private school performance comparison from a theoretical 

nd empirical viewpoint. 
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ren. For this reason, an immediate question for policymakers is 

hether PFPS are more efficient at producing cognitive skills than 

heir PS counterparts having accounted for student and school re- 

ources. 

On one hand, some of the previous educational literature ar- 

ues that, according to economic theory, PFPS are likely to perform 

etter than public schools because market competitive pressure, 

ombined with school choice freedom and a more flexible man- 

gement, should lead to a more efficient use of resources ( Epple, 

omano & Zimmer, 2016 ; Hoxby, 2003 ; Rouse & Barrow, 2009 ). On

he other hand, as PFPS are private entities free to choose their lo- 

ation, some authors claim that PFPS do not cover all populations 

ecause they tend to be disproportionally placed in middle- and 

igh-income neighborhoods, where expected profitability is higher. 

his raises concerns about the coverage of minorities and the gen- 

ration of inequalities ( Frankenberg, Siegel-Hawley & Wang, 2010 ). 

One way to tackle the analysis of differences between both 

odels of educational production and how they evolve over time 

ithin a country and across different countries is through the mea- 

urement of efficiency and productivity ( Farrell, 1957 ; Levin, 1974 ). 

enchmarking schools is a good strategy to detect best practices 

nd reference units in order to measure the degree of efficiency 

https://doi.org/10.1016/j.ejor.2021.02.005
http://www.ScienceDirect.com
http://www.elsevier.com/locate/ejor
http://crossmark.crossref.org/dialog/?doi=10.1016/j.ejor.2021.02.005&domain=pdf
mailto:lidia.ortiz@umh.es
https://doi.org/10.1016/j.ejor.2021.02.005
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f inefficient units and analyze how total factor productivity varies 

mong groups of decision-making units (DMUs) over time. Previ- 

us research has analyzed and compared the efficiency of public 

nd private schools from an international perspective using schools 

s production units. For example, Agasisti and Zoido (2018) derive 

fficiency measures for about 8500 schools in 30 countries using 

ISA 2012 data concluding, after performing a second stage regres- 

ion, that private schools were more efficient than public schools. 

imilar results were found in Aparicio et al., 2018 analyzing around 

1,700 schools from 34 OECD countries using the same database. 

In this paper, we are particularly interested in studies explic- 

tly distinguishing between private independent and private gov- 

rnment dependent schools ( Dronkers & Robert, 2008 ). This dis- 

inction is relevant because PFPS receive most of their core funding 

rom the public sector and the comparison with PS allows moni- 

oring the efficiency of public spending in education. In this con- 

ext, several papers have considered the PS versus PFPS efficiency 

omparison using cross-sectional data through either paramet- 

ic stochastic frontier analysis ( Cordero, Crespo, Pedraja & Santín, 

011 ; Crespo-Cebada, Pedraja-Chaparro & Santín, 2014 ; Perelman & 

antín, 2011a , 2011b ) or non-parametric production frontiers, espe- 

ially data envelopment analysis (DEA) ( Cordero, Crespo-Cebada & 

antín, 2010 ; Kirjavainen & Loikkanen, 1998 ; Mancebón & Muñiz, 

008 ; Mancebón, Calero, Choi & Ximenez, 2012 ; Segovia-Gonzalez, 

ominguez & Contreras, 2020 ). The results of this literature are in- 

onclusive and provide mixed evidence about the superiority of ei- 

her school type ( Cherchye, De Witte, Ooghe & Nicaise, 2010 ; De 

itte & López-Torres, 2017 ; Sutherland, Price & Gonand, 2009 ). 

Despite the importance of this issue for monitoring the ef- 

ciency of schools for evidence-based educational policy deci- 

ion making, there are only a small number of papers examin- 

ng total factor productivity (TFP) changes of schools over time 

 Aparicio, Lopez-Torres & Santín, 2018 ; Bradley, Johnes & Little, 

010 ; Brennan, Haelermans & Ruggiero, 2014 ; Essid, Oullette & 

igeant, 2014 ; Johnson & Ruggiero, 2014 ; Maragos & Despotis, 

004 ; Portela, Camanho & Keshvari, 2013 ). The main explanation 

or this dearth of research is perhaps the lack of national account- 

bility systems for gathering school data to perform longitudinal 

tudies on a panel of schools. While measuring TFP analysis within 

 country or region is challenging, it is even more complicated to 

enchmark education systems internationally. Recent international 

atabases like TIMSS (Trends in International Mathematics and Sci- 

nce Study), PISA (Programme for International Student Assess- 

ent) or PIRLS (Progress in International Reading Literacy Study) 

ight be a way to overcome the shortage of data ( Cordero, Cristo- 

al & Santín, 2018a ). Nevertheless, their use has the added prob- 

em of dealing with pseudo-panel data, i.e. the analysis of random 

epresentative samples of cross-sectional international data, where 

articipant schools and students differ from one wave to another. 

Recently, in an effort to overcome this problem, Aparicio, 

respo-Cebada, Pedraja-Chaparro and Santín (2017) extended the 

ell-known Camanho and Dyson (2006) group performance index 

CDMI) for analyzing productivity gaps among two or more groups 

f production units over time using a pseudo-panel Malmquist in- 

ex (PPMI). The PPMI can deal with both panel data and pseudo- 

anel data. Additionally, Aparicio and Santín (2018) enhanced both 

f the above proposals by introducing a new index that assumes a 

aseline group as reference technology. In this manner, the new 

ase-group CDMI and the base-group base-period PPMI indexes 

an satisfy the circular relation property directly. 2 All these pre- 
2 Circularity ( Frisch, 1936 ) implies that, in frameworks where it is relevant to 

ompare the average performance of more than two groups, the direct compari- 

on between two groups is equivalent to their indirect comparison through a third 

roup, whatever the third group selected for the assessment is. 

c

b

s

i

e

652 
ious efforts are based on a Malmquist index that can be decom- 

osed into technology and efficiency gaps. However, the underly- 

ng technology of both indexes assumes constant returns to scale 

CRS), which rules out a more flexible variable returns to scale 

VRS) assumption. Additionally, it is based on the very rigid Shep- 

ard distance function ( Shephard, 1953 ), which imposes equipro- 

ortional input or output changes for reaching the production fron- 

ier. 

In this paper, we propose a new approach, based on the Lu- 

nberger productivity indicator, for comparing the performance of 

wo or more groups of production units over time using panel 

ata or pseudo-panel data. This new index inherits some inter- 

sting features from previous indexes, especially the property of 

ircularity, the use of a baseline group as the reference technol- 

gy, and the decomposition of the productivity gap into technol- 

gy and efficiency gaps. Additionally, it provides two new advan- 

ages. First, in contrast to the Shephard distance functions used by 

he Malmquist index, the Luenberger indicator is based upon the 

irectional distance function (DDF), a graph measure that permits 

on-equiproportional changes in the input and output mix. Sec- 

nd, unlike the Malmquist index, the assumption of CRS can be re- 

axed when the Luenberger indicator is computed. In our context, 

his implies that it is possible to compare the best-practice tech- 

ologies of two or more assessed groups of units under VRS, the 

ost usual assumption when DEA is applied in practice. Addition- 

lly, the new methodology allows undesirable outputs to be incor- 

orated directly, a problem whose solution is not so obvious in the 

ase of using Malmquist indexes (see, for example, Färe, Grosskopf 

 Margaritis, 2008 ). 

To illustrate the potential of our index, this paper includes an 

mpirical application to address the following questions. First, we 

easure productivity gaps between PS and PFPS across eight Eu- 

opean countries between two time periods (from 2009 to 2015) 

sing PISA data. Second, we decompose these productivity gaps in 

rder to analyze whether differences within and between school 

wnerships and countries are explained by efficiency gaps or by 

echnical gaps. Third, as this period coincides with the beginning 

nd the end of the financial crisis, we analyze how the initial gaps 

volved over time. And finally, we provide a robustness check for 

xploring how different would the results be if another reference 

ould have been chosen. In short, our study offers a basis for de- 

eloping a new tool for monitoring and evaluating the efficiency 

nd the equality of educational opportunities in education systems 

unded by the public sector. 

To avoid any confusion, we only measure the productivity gaps 

y school type and how they evolve over time, but we do not 

ry to prove a straight causal relationship for pointing out that 

he school ownership is the final cause of the productivity dif- 

erences found. School ownership is not exogenously distributed 

mong the population and parents choose their favorite school 

ased on factors such as their location, religion, size, ideology or 

xpectations and these factors might also vary across countries. 

ublic administrations can also modulate the percentage of pub- 

ic schools with respect to the total, through the legal framework. 

owever, an additional appealing factor of this methodology is that 

nitial productivity differences could be used in future applications 

s a baseline to build up a difference-in-differences analysis, us- 

ng efficiency of productivity scores as dependent variables ( Agrell, 

attsson & Månsson, 2020 ; Bravo-Ureta, González-Flores, Greene 

 Solís, 2020 ). Therefore, in the case of natural experiments or 

hanges in the legal framework affecting some groups of schools 

ut not others, this monitoring system might be used to mea- 

ure the impact of such changes on total factor productivity. For 

llustrating the potential use of this methodology, we estimate the 

ffect of school autonomy on differences in productivity and its 
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omponents, within the context of different countries and types of 

chools over the two PISA waves. 

The remainder of this paper is organized as follows. Section 

 reviews the previous background introducing the CDMI, the 

ase-group CDMI, the base-group base-period PPMI and the tradi- 

ional Luenberger productivity indicator. Section 3 introduces the 

deas of the new indexes and their properties, based on the pre- 

ious research. Section 4 briefly describes the database, the vari- 

bles included in the analysis, and discusses the issue of the ref- 

rence choice. Section 5 provides the empirical results and the 

ain findings together with a robustness check of the results. Fi- 

ally, Section 6 discusses the main conclusions and implications 

f this research for educational policymakers and future research 

ines. 

. Background 

In this section, we give a brief description of the Malmquist in- 

ex that measures the change in productivity, as well as the adap- 

ation of this index proposed by Camanho and Dyson (2006) to 

ompare the relative performance of two groups in a single pe- 

iod of time. We also provide the adaptation by Aparicio and San- 

ín (2018) to measure this same relative performance between two 

r more groups over more than one period of time. All these def- 

nitions will be useful in order to introduce the new approach in 

ection 3. 

We consider n DMUs that use m inputs to produce q out- 

uts at period t . Let us define an input vector as X t ∈ R m + 
nd an output vector as Y t ∈ R 

q 
+ , which come from a ref- 

rence technology T t = { ( X t , Y t ) ∈ R m + × R 
q 
+ : X t produces Y 

t } . 
articularly, in this paper, T t is estimated using DEA as- 

uming VRS ( Banker, Charnes & Cooper, 1984 ) as T t 
V 

= 

 ( X t , Y t ) ∈ R m + × R 
q 
+ : 

∑ n 
j=1 λ j X 

t 
j 
≤ X t , 

∑ n 
j=1 λ j Y 

t 
j 

≥ Y t , 
∑ n 

j=1 λ j = 1 , 

λ j ≥ 0 } and under CRS as T t 
C 

= { ( X t , Y t ) ∈ R m + × R 
q 
+ : 

∑ n 
j=1 λ j X 

t 
j 

X t , 
∑ n 

j=1 λ j Y 
t 
j 

≥ Y t , λ j ≥ 0 } following Charnes, Cooper and 

hodes (1978) . 

When market prices are not available, the most popular ap- 

roach for evaluating productivity change in a set of DMUs 

ver time is the Malmquist productivity index ( Caves, Chris- 

ensen & Diewert, 1982 ; Färe, Grosskopf, Lindgren & Roos, 1994 ). 

he Malmquist index is a ratio-based index that uses Shephard 

1953) distance functions to represent the technology. 

The output-oriented Malmquist productivity index for two pe- 

iods of time t and t + 1 under CRS technology is defined as: 

 

0 
t ,t +1 = 

[ 

D 

t 
C 

(
X 

t+1 
0 

, Y t+1 
0 

)
D 

t 
C 

(
X 

t 
0 
, Y t 

0 

) ·
D 

t+1 
C 

(
X 

t+1 
0 

, Y t+1 
0 

)
D 

t+1 
C 

(
X 

t 
0 
, Y t 

0 

)
] 

1 

/ 2 

, (1) 

here D 

s 
C 
( X h 

0 
, Y h 

0 
) = inf { θ : ( X h 

0 
, 

Y h 
0 
θ

) ∈ T s 
C 
} is the Shephard out- 

ut distance function calculated from the period h observation 

 X h 
0 
, Y h 

0 
) , h = t, t + 1 , to the frontier of the technology at time s ,

 = t, t + 1 , and under CRS. In order to calculate Eq. (1) it is nec-

ssary to estimate its four constituent Shephard output distance 

unctions. This can be achieved using DEA where, for example, the 

alue of D 

t 
C 
( X t 

j 
, Y t 

j 
) ≤ 1 obtained is the radial technical efficiency 

core of DMU j with data and technology referred to period t . From

 value of D 

t 
C 
( X t 

j 
, Y t 

j 
) = 0 . 85 it turns out that in period t the DMU

 is able to expand the production of all its outputs by 15% with-

ut altering its inputs. This interpretation only holds when data 

nd technology belong to the same period, otherwise the Shephard 

utput distance functions could have efficiency values greater than 
653 
ne. The Malmquist index values in Eq. (1) are interpreted as total 

actor productivity changes. Values of the Malmquist index greater 

han one signal productivity improvements whilst values less than 

ne point out productivity losses. For example, a Malmquist index 

alue of 1.10 (0.95) means that productivity improved (declined) 

0% (5%) between t and t + 1 . 

Except in trivial cases, the assumption of CRS or VRS when cal- 

ulating distance functions leads to different results. However, sev- 

ral voices have been raised in recent years calling attention to the 

act that the Malmquist index expression does not adapt to the 

ype of returns to scale that best fits the technology estimated by 

he data. Grifell-Tatjé and Lovell (1995) give a two-dimensional ex- 

mple to demonstrate that, in the presence of VRS, the Malmquist 

roductivity index does not adequately measure productive change. 

n this same vein, Ray and Desli (1997) state that “the Malmquist 

roductivity index is correctly measured by the ratio of CRS dis- 

ance functions even when the technology exhibits variable re- 

urns to scale”. In Balk (2001) , on the other hand, the final re- 

ult of constructing a productivity index based on the definition 

f its components separately is the Malmquist productivity index 

ased on CRS distance functions, regardless of the type of returns 

o scale that the true technology exhibits in periods t and t + 1. 

ovell (2003) also emphasizes and supports this same idea. There- 

ore, we will assume CRS in the definition of (1). 

.1. The Camanho-Dyson Malmquist index 

In 2006, Camanho and Dyson proposed an adaptation of the 

almquist index in order to compare the relative performance of 

wo groups of DMUs, group A and group B, in a given period of 

ime. The index described by Camanho and Dyson (2006) is an ex- 

ension of the Malmquist-type indices used by Berg, Førsund and 

ansen (1992 , 1993 ) and Pastor, Perez and Quesada (1997) for com- 

aring the performance of financial institutions in different coun- 

ries. Ana Camanho and Robert Dyson developed a measure that 

an be used to compare the relative performance of two groups of 

MUs operating under different technologies. Camanho and Dyson 

2006, p.36) claim that the main advantage of their approach is 

o avoid mixing technologies, whereas other alternatives are based 

n pooling all units together to form a common merged frontier or 

eta-frontier. 

The index introduced by Camanho and Dyson (2006) is an 

daptation of the Malmquist index in such a way that the in- 

ex does not evaluates the productivity change between two pe- 

iods of time, but the transversal comparison of the relative av- 

rage performance of groups of DMUs operating under different 

onditions or circumstances in a given period of time. Specifically, 

hey assumed the observation of two groups of DMUs, group A and 

roup B. In group A, n t,A DMUs produce q outputs, Y t,A ∈ R 
q 
+ , in 

eriod t through m inputs, X t,A ∈ R m + , and, in B, n t,B DMUs pro- 

uce q outputs, Y t,B ∈ R 
q 
+ , in period t through m inputs, X t,B ∈ 

 

m + . The DMUs operating in group A in period t are represented 

y their input-output vector as (X t,A 
j 

, Y t,A 
j 

) , j = 1 , . . . , n t,A . In the

ame way, (X t,B 
k 

, Y t,B 
k 

) denotes the input-output vector of DMU k 

 = 1 , . . . , n t,B , belonging to group B in period t. D 

t,A 
C 

( X t,B 
k 

, Y t,B 
k 

) =
nf { θ : ( X t,B 

k 
, 

Y t,B 
k 
θ

) ∈ T t,A 
C 

} is the Shephard output distance func- 

ion calculated from observation ( X t,B 
k 

, Y t,B 
k 

) in group B in period 

to the frontier of the technology of group A in period t , T t,A 
C 

.

 similar notation is used for the distance for a unit in group 

 with respect to the technology of group B, and for the dis- 

ance from a unit that belongs to the same group as the ref- 

rence technology. Resorting to the Shephard distance function, 
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amanho and Dyson (2006) defined the CDMI as follows: 

DMI AB 
t = 

⎡ 

⎢ ⎢ ⎢ ⎢ ⎢ ⎣ 

( 

n t,A ∏ 

j=1 

D 

t,A 
C 

(
X t,A 

j 
, Y t,A 

j 

)) 1 / n t,A 

(
n t,B ∏ 

k =1 

D 

t,A 
C 

(
X t,B 

k 
, Y t,B 

k 

))1 / n t,B 
·

( 

n t,A ∏ 

j=1 

D 

t,B 
C 

(
X t,A 

j 
, Y t,A 

j 

)) 1 / n t,A 

(
n t,B ∏ 

k =1 

D 

t,B 
C 

(
X t,B 

k 
, Y t,B 

k 

))1 / n t,B 

⎤ 

⎥ ⎥ ⎥ ⎥ ⎥ ⎦ 

1 
/ 2 

. (2) 

In terms of the interpretation of the CDMI AB 
t , a value greater 

less) than unity indicates better productivity in group A (B) than 

n group B (A) while a value equal to one indicates that there is no

roductivity gap between both groups. For example, a CDMI AB 
t value 

f 1.05 (0.92) means that, on average, DMUs belonging to group A 

re 5% (8%) more (less) productive than DMUs in group B. 

The CDMI can be decomposed into the following two terms: 

DMI AB 
t = 

(
n t,A ∏ 

j=1 

D 

t,A 
C 

(
X 

t,A 
j 

, Y t,A 
j 

))1 / n t,A 

(
n t,B ∏ 

k =1 

D 

t,B 
C 

(
X 

t,B 
k 

, Y t,B 
k 

))1 / n t,B 

︸ ︷︷ ︸ 
EG AB 

t 

·

⎡ 

⎢ ⎢ ⎢ ⎣ 

(
n t,A ∏ 

j=1 

D 

t,B 
C 

(
X 

t,A 
j 

, Y t,A 
j 

))1 / n t,A 

(
n t,A ∏ 

j=1 

D 

t,A 
C 

(
X 

t,A 
j 

, Y t,A 
j 

))1 / n t,A 
·

(
n t,B ∏ 

k =1 

D 

t,B 
C 

(
X 

t,B 
k 

, Y t,B 
k 

))1 / n t,B 

(
n t,B ∏ 

k =1 

D 

t,A 
C 

(
X 

t,B 
k 

, Y t,B 
k 

))1 / n t,B 

⎤ 

⎥ ⎥ ⎥ ⎦ 

1 

/ 2 

︸ ︷︷ ︸ 
T G AB 

t 

. (3) 

The term EG 

AB 
t measures the efficiency gap between both 

roups, whereas the term T G 

AB 
t evaluates the technology gap be- 

ween the frontiers of the two analyzed groups, A and B, assuming 

hat both frontiers have been estimated under constant returns to 

cale. The interpretation of the index values for EG 

AB 
t and T G 

AB 
t fol- 

ows the same pattern as for the CDMI AB 
t ; values greater (less) than 

ne mean that group A is more (less) productive than group B in 

erms of efficiency or technology, respectively. 

The CDMI has two features that require improvement. The first 

ne is that the CDMI does not satisfy the property of circularity 

or more than two groups. This means that, for a fixed period of 

ime s and three groups of DMUs, -A, B and C-, C DMI AC 
s � = C DMI AB 

s ·
DMI BC 

s . The second one is that the index is only applicable to a 

ingle period of time. 

Regarding these two issues, Aparicio et al. (2017) and Aparicio 

nd Santín (2018) recently extended the CDMI. In particular, 

paricio and Santín (2018) introduced a base reference group tech- 

ology ( R ) in a base period of time h to compare the relative per-

ormance between two or more groups of DMUs over time. This 

eference group solves the two disadvantages of the CDMI. We 

how this extension below. 

Let us assume that we have observed n s,A DMUs in group A in 

eriod s , s = t, t + 1 , which produce output Y s,A ∈ R 
q 
+ from input

 

s,A ∈ R m + and that we have also observed n s,B DMUs in group B 

n period s , s = t, t + 1 , which produce output Y s,B ∈ R 
q 
+ from input

 

s,B ∈ R m + . The DMUs operating in group A in period s are repre-

ented by their input-output vector as (X s,A 
j 

, Y s,A 
j 

) , j = 1 , . . . , n s,A . In

he same way, (X s,B 
k 

, Y s,B 
k 

) denotes the input-output vector of DMU k ,

 = 1 , . . . , n s,B , belonging to group B in period s. 

With the aim of evaluating the relative performance between A 

nd B over a period of time s , the base-group CDMI is defined with
654 
 base reference group ( R ) in the base time period h, as follows: 

DMI AB 
s ( R 

h ) = 

(
n s,A ∏ 

j=1 

D 

h,R 
C 

(
X 

s,A 
j 

, Y s,A 
j 

))1 / n s,A 

(
n s,B ∏ 

k =1 

D 

h,R 
C 

(
X 

s,B 
k 

, Y s,B 
k 

))1 / n s,B 
. (4) 

The base-group CDMI AB 
s ( R h ) measures the productivity gap be- 

ween A and B where both groups are measured with respect to 

n arbitrary fixed base-group reference technology. Therefore, this 

ase-group index in Eq. (4) is a ratio of the average technical effi- 

iency measures of DMUs belonging to groups A (numerator) and 

 (denominator) with respect to the base-group technology. The 

alues of this index are interpreted as in Eq. (2) , however, the re- 

ults do not depend on the production frontiers of groups A and B 

ut rather on the base reference group technology R . 

Likewise, CDMI AB 
s ( R h ) can be decomposed into the following 

wo terms: 

DMI AB 
s ( R 

h ) = 

(
n s,A ∏ 

j=1 

D 

s,A 
C 

(
X 

s,A 
j 

, Y s,A 
j 

))1 / n s,A 

(
n s,B ∏ 

k =1 

D 

s,B 
C 

(
X 

s,B 
k 

, Y s,B 
k 

))1 / n s,B 

︸ ︷︷ ︸ 
EG AB 

s 

·

⎡ 

⎢ ⎢ ⎢ ⎣ 

(
n s,A ∏ 

j=1 

D 

h,R 
C 

(
X 

s,A 
j 

, Y s,A 
j 

))1 / n s,A 

(
n s,A ∏ 

j=1 

D 

s,A 
C 

(
X 

s,A 
j 

, Y s,A 
j 

))1 / n s,B 
·

(
n s,B ∏ 

k =1 

D 

s,B 
C 

(
X 

s,B 
k 

, Y s,B 
k 

))1 / n s,B 

(
n s,B ∏ 

k =1 

D 

h,R 
C 

(
X 

s,B 
k 

, Y s,B 
k 

))1 / n s,B 

⎤ 

⎥ ⎥ ⎥ ⎦ 

︸ ︷︷ ︸ 
T G AB 

s ( R h ) 

. (5) 

The ratio EG 

AB 
s compares within-group efficiency spreads, mea- 

uring the technical efficiency gap between both groups, while the 

atio T G 

AB 
s ( R h ) evaluates the technical gap between the frontiers of 

he two analyzed groups, A and B, measured on the base reference 

echnology ( R ) in the base time period h . We note that the EG 

AB 
s in

q. (5) coincides with the same term in Eq. (3) . The difference 

etween both indexes evolves from the technical gap. While in 

q. (3) the technical gap is built directly by comparing technolo- 

ies of groups A and B, this comparison is performed through the 

eference group in Eq. (5) . 

.2. The base-group base-period pseudo-panel Malmquist index 

Aparicio et al. (2017) extended the CDMI through the pseudo- 

anel Malmquist index (PPMI) for determining group performance 

volution in panel or pseudo-panel databases. The PPMI had two 

mportant drawbacks. First, in general, the PPMI could not be in- 

erpreted as the ratio of aggregated productivity changes of two 

roups of DMUs over time. Second, the PPMI is the ratio of two 

almquist-type indices inheriting the non-circularity of the origi- 

al CDMI. 

Regarding the analysis of the evolution of the gap of rela- 

ive performance between two groups over several periods of 

ime and in order to overcome both problems, Aparicio and 

antín (2018) proposed the base-group base-period pseudo-panel 

almquist index PPMI(R): 

 P M I AB 
t ,t +1 ( R 

h ) = 

CDM I AB 
t+1 ( R 

h ) 

CDM I AB 
t ( R 

h ) 
. (6) 

They showed that the P P MI AB 
t ,t +1 

( R h ) matches the ratio between 

he change in aggregate productivity growth of the units of group 

 from t to t + 1 , and the change in aggregate productivity growth 
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3 Luenberger (1992a) introduced the concept of benefit function as a represen- 

tation of the amount that an individual is willing to trade, in terms of a specific 

reference commodity bundle g , for the opportunity to move from a consumption 

bundle to a utility threshold. Luenberger also defined a so-called shortage function 

(1992a, p. 242, Definition 4.1), which basically measures the amount by which a 

specific plan is short of reaching the frontier of the technology. Later, Chambers et 

al., 1996a , 1998 ) redefined the benefit function and the shortage function as the 

directional distance function. 
f the units of group B from t to t + 1 , measured on the technology

f the reference group R observed in the period of time h . 

 P MI AB 
t ,t +1 ( R 

h ) = 

⎡ 

⎢ ⎢ ⎢ ⎣ 

(
n t+1 ,A ∏ 

j=1 

D 

h,R 
C 

(
X 

t+1 ,A 
j 

, Y t+1 ,A 
j 

))1 / n t+1 ,A 

(
n t,A ∏ 

j=1 

D 

h,R 
C 

(
X 

t,A 
j 

, Y t,A 
j 

))1 / n t,A 

⎤ 

⎥ ⎥ ⎥ ⎦ 

/⎡ 

⎢ ⎢ ⎢ ⎣ 

(
n t+1 ,B ∏ 

k =1 

D 

h,R 
C 

(
X 

t+1 ,B 
k 

, Y t+1 ,B 
k 

))1 / n t+1 ,B 

(
n t,B ∏ 

k =1 

D 

h,R 
C 

(
X 

t,B 
k 

, Y t,B 
k 

))1 / n t,B 

⎤ 

⎥ ⎥ ⎥ ⎦ 

. (7) 

Following Aparicio et al. (2017) , in order to interpret 

 P MI AB 
t ,t +1 

( R h ) in a suitable way, it is also necessary to analyze the

 DMI AB 
t ( R h ) and the C DMI AB 

t+1 
( R h ) values in four possible settings: 

Setting 1: CDMI AB 
t ( R h ) < 1 , CDMI AB 

t+1 
( R h ) < 1 . This means that, on

average, group B had a better relative performance than 

group A both in t and t + 1. As a result, if P P MI AB 
t ,t +1 ( R 

h ) < 1

the relative performance gap was opened up by B over A. 

In fact, 100 × (1 − P P MI AB 
t ,t +1 

( R h )) indicates the percentage 

in which the relative performance of A compared to B has 

worsened. If P P MI AB 
t ,t +1 

( R h ) > 1 then group A is catching up

on group B. In this case, 100 × (P P MI AB 
t ,t +1 

( R h ) − 1) indicates

the percentage in which the relative performance of A com- 

pared to B has improved. 

Setting 2: CDMI AB 
t ( R h ) > 1 , CDMI AB 

t+1 
( R h ) > 1 . This means that

group A had a better relative performance than group B 

both in t and t + 1. As a result, when P P MI AB 
t ,t +1 ( R 

h ) < 1

then group A is catching up on group B. In fact, 100 ×
(1 − P P MI AB 

t ,t +1 
( R h )) indicates the percentage in which the 

relative performance of A compared to B has decreased. 

If P P MI AB 
t ,t +1 ( R 

h ) > 1 the group A has opened up its per-

formance gap with respect to the group B. In this case, 

100 × (P P MI AB 
t ,t +1 

( R h ) − 1) indicates the percentage in which 

the relative performance of A compared to B has increased. 

Setting 3: CDMI AB 
t ( R h ) > 1 and CDMI AB 

t+1 
( R h ) < 1 . Under this sce-

nario, group A had a better relative performance than group 

B in period t but the reverse happened in the second pe- 

riod, t + 1 . In this case, P P MI AB 
t ,t +1 

( R h ) < 1 indicates that the

performance of group A worsened drastically from period t 

to period t + 1 . The value of 100 × (1 − P P MI AB 
t ,t +1 ( R 

h )) % mea-

sures how much the relative performance gap between the 

two analyzed groups of units reduced over time. 

Setting 4: CDMI AB 
t ( R h ) < 1 and CDMI AB 

t+1 
( R h ) > 1 . In this case, B

had a better relative performance than A in period t but the 

relation between both groups changed drastically in period 

t + 1 , where A had a better relative performance than B. In

this case P P MI AB 
t ,t +1 ( R 

h ) > 1 always, meaning that the status

of group A improved from period t to period t + 1 and the 

value of 100 × (P P MI AB 
t ,t +1 

( R h ) − 1) % signals how much the

relative performance gap between the two analyzed groups 

of units increased over time. 

For the sake of simplicity, we did not interpret settings where 

he indices are equal to one. However, its interpretation is straight- 

orward. When CDMI AB 
t ( R h ) = 1 no group stands out over the other

n the considered period. A P P MI AB 
t ,t +1 

( R h ) = 1 would imply that the

nitial productivity gap in t holds in t + 1 . 

The P P MI AB 
t ,t +1 ( R 

h ) can also be decomposed into efficiency gap 

hange (EGC) and technology gap change (TGC) as follows: 

 P MI AB 
t ,t +1 ( R 

h ) = EGC AB 
t ,t +1 · T GC AB 

t ,t +1 ( R 

h ) , (8) 
655 
here 

GC AB 
t ,t +1 = 

EG 

AB 
t+1 

EG 

AB 
t 

= 

⎡ 

⎢ ⎢ ⎣ 

( 

n t+1 ,A ∏ 

j=1 

D t+1 ,A 
C 

(
X t+1 ,A 

j 
,Y t+1 ,A 

j 

)) 1 / n t+1 ,A 

(
n t,A ∏ 

j=1 

D t,A 
C 

(
X t,A 

j 
,Y t,A 

j 

))1 / n t,A 

⎤ 

⎥ ⎥ ⎦ 

/⎡ 

⎢ ⎢ ⎣ 

( 

n t+1 ,B ∏ 

k =1 

D t+1 ,B 
C ( X t+1 ,B 

k 
,Y t+1 ,B 

k ) 

) 1 / n t+1 ,B 

(
n t,B ∏ 

k =1 

D t,B 
C ( X 

t,B 
k 

,Y t,B 
k ) 

)1 / n t,B 

⎤ 

⎥ ⎥ ⎦ 

(9) 

T GC AB 
t ,t +1 ( R 

h ) = 

T G 

AB 
t+1 ( R 

h ) 

T G 

AB 
t ( R h ) 

= 

⎡ 

⎢ ⎢ ⎣ 

( 
n t+1 ,A ∏ 

j=1 

D h,R 
C 

(
X t+1 ,A 

j 
,Y t+1 ,A 

j 

)) 1 / n t+1 ,A 

(
n t+1 ,A ∏ 

j=1 

D t+1 ,A 
C 

(
X t+1 ,A 

j 
,Y t+1 ,A 

j 

))1 / n t+1 ,A ·

( 
n t+1 ,B ∏ 

k =1 

D t+1 ,B 
C ( X t+1 ,B 

k 
,Y t+1 ,B 

k ) 

) 1 / n t+1 ,B 

(
n t+1 ,B ∏ 

k =1 

D h,R 
C ( X 

t+1 ,B 
k 

,Y t+1 ,B 
k ) 

)1 / n t+1 ,B 

⎤ 

⎥ ⎥ ⎦ 

⎡ 

⎢ ⎢ ⎣ 

( 
n t,A ∏ 

j=1 

D h,R 
C 

(
X t,A 

j 
,Y t,A 

j 

)) 1 / n t,A 
(

n t,A ∏ 

j=1 

D t,A 
C 

(
X t,A 

j 
,Y t,A 

j 

))1 / n t,A 
·

( 
n t,B ∏ 

k =1 

D t,B 
C ( X 

t,B 
k 

,Y t,B 
k ) 

) 1 / n t,B 
(

n t,B ∏ 

k =1 

D h,R 
C ( X 

t,B 
k 

,Y t,B 
k ) 

)1 / n t,B 

⎤ 

⎥ ⎥ ⎦ 

= 

= 

[ (
n t+1 ,A ∏ 

j=1 

D h,R 
C 

(
X t+1 ,A 

j 
,Y t+1 ,A 

j 

)
D t+1 ,A 

C 

(
X t+1 ,A 

j 
,Y t+1 ,A 

j 

)
)1 / n t+1 ,A 

·
(

n t,A ∏ 

j=1 

D t,A 
C 

(
X t,A 

j 
,Y t,A 

j 

)
D h,R 

C 

(
X t,A 

j 
,Y t,A 

j 

)
)1 / n t,A 

] 

[ (
n t+1 ,B ∏ 

k =1 

D h,R 
C ( X 

t+1 ,B 
k 

,Y t+1 ,B 
k ) 

D t+1 ,B 
C ( X t+1 ,B 

k 
,Y t+1 ,B 

k ) 

)1 / n t+1 ,B 

·
(

n t,B ∏ 

k =1 

D t,B 
C ( X 

t,B 
k 

,Y t,B 
k ) 

D h,R 
C ( X 

t,B 
k 

,Y t,B 
k ) 

)1 / n t,B 
] (10) 

For interpreting EGC AB 
t ,t +1 

and T GC AB 
t ,t +1 

( R h ) we proceed by fol- 

owing the same logic as above for the P P MI AB 
t ,t +1 

( R h ) mea-

ure. Likewise, Aparicio and Santín (2018) demonstrated that the 

 P MI AB 
t ,t +1 

( R h ) and their components meet the property of circular- 

ty when more than two groups are evaluated, that is, 

 P MI AB 
t ,t +1 ( R 

h ) · P P MI BC 
t ,t +1 ( R 

h ) = P P MI AC 
t ,t +1 ( R 

h ) . (11)

.3. The Luenberger productivity indicator 

One of the objectives in this paper is to define a new type of CD

ndex based on the Luenberger indicator. Therefore, we will briefly 

ntroduce the concepts of the directional distance function (DDF) 

nd the Luenberger productivity indicator below. 

Chambers, Färe and Grosskopf (1996b) and Chambers and Pope 

1996) defined the Luenberger productivity indicator as an alterna- 

ive to the standard Malmquist productivity index. The Luenberger 

roductivity indicator is a difference-based measure of directional 

istance functions (DDFs) (see Chambers, Chung & Färe, 1996a , 

998 ) and, therefore, is additive. The DDF is in fact, closely related 

o the shortage function introduced by Luenberger (1992a) using a 

etput formulation. 3 
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The DDF for time t can be implemented in DEA under VRS as 4 : 

→ 

 

t 

V (X t 0 , Y 
t 
0 ; g) = max βt 

s.t. ∑ n 
j=1 λ j X 

t 
i j 

≤ X t 
i 0 

− βt g I 
i 
, i = 1 , . . . , m 

−∑ n 
j=1 λ j Y 

t 
r j 

≤ −Y t r0 − βt g O r , r = 1 , . . . , q ∑ n 
j=1 λ j = 1 , 

λ j ≥ 0 , j = 1 , . . . , n 

(12) 

here g = ( g I , g O ) ∈ R m + × R 
q 
+ is a directional vector for inputs and

utputs, respectively, and βt measures the degree of technical inef- 

ciency. 5 Directional distance function projects any input and out- 

ut vector onto the technology frontier in a pre-assigned direction 

iven by the directional vector. 

One of the advantages of using DDF over the Shephard dis- 

ance function is that DDF is an unoriented (graph) measure. It is, 

herefore, a more flexible function since inputs can be reduced and 

utputs increased, simultaneously ( Chambers, Chung & Färe, 1998 ). 

herefore, contrary to Shephard distance functions, an unnecessary 

quiproportional output or input change does not have to be im- 

osed. 

Another advantage of using DDF and its Luenberger indicator 

pplication over the Malmquist index is that it can assume VRS 

n the calculation of distances ( Barros, Peypoch & Solonandrasana, 

0 09 ; Briec & Kerstens, 20 09a ; Juo, Fu, Yu & Lin, 2015 ; Nakano

 Managi, 2008 ). This is discouraged on theoretical and practical 

rounds when the Malmquist index is used ( Grifell-Tatjé & Lovell, 

995 ; Ray & Desli;, 1997 ). This will be a very important point in

ur approach, since we will be able to compare the technologies 

nd performances of two groups, A and B, assuming VRS instead 

f CRS on a mandatory basis, as is the case if the Malmquist in-

ex and the definition of the original CDMI are used. This means 

hat we can compare the best-practice frontier of two technologies 

inked to VRS instead of contrasting the conical frontiers associated 

ith CRS. 6 

Following Luenberger (1992a) , the DDF subtracts βt g I 
i 
units from 

he observed inputs and adds βt g O r units to the observed outputs 

f the evaluated unit in order to reach the frontier technology. If 

he DMU is fully efficient, then the value of the DDF will be zero, 

therwise it would be positive. 
4 A similar optimization model is used for determining 
−→ 

D 
s 

V (X t 0 , Y 
t 
0 ; g) when s � = t . 

owever, in that case, the input-output vectors that appear on the left-hand side 

f the constraints are observed in period s , while the assessed input-output vec- 

or is observed in a different period, t . It is recognized in the literature that ‘mixed 

eriod’ directional distance functions can yield infeasible and unbounded results 

see Briec and Kerstens 20 09a , 20 09b ). Indeed, Briec and Kerstens, 20 09a , 20 09b ) 

howed that this weakness can also occur even in single period (contemporane- 

us) calculations when the output directional vector is nonzero and the number 

f inputs is larger than or equal to two, or the directional input vector is non-full 

imensional whenever the output direction is null. In addition, Briec and Kerstens 

2009a ) noticed that the computation of mixed-period DDF can lead to projections 

ith a negative output, which in general have little meaning in standard economic 

roduction applications. In order to avoid these problems, one needs to add an ad- 

itional constraint into program (12): Y t r0 + βt g O r ≥ 0 , r = 1 , . . . , q . In the empirical 

tudy carried out in this paper, we did not find any of the aforementioned prob- 

ems, but researchers must always pay attention to these drawbacks of the DDF in 

ractice. 
5 D ( X 0 , Y 0 ) denotes the Shephard distance function calculated for the point 

 X 0 , Y 0 ) , while 
−→ 

D ( X 0 , Y 0 ; g ) denotes the directional distance function calculated for 

he point ( X 0 , Y 0 ) when the directional vector g is used. Note that we use the sym- 

ol D for denoting both distances, although, as usual, the directional distance func- 

ion also includes an arrow symbol. We will use this notation throughout the paper. 
6 As a reviewer pointed out, when the direction is preassigned, the DDF is ho- 

ogenous of degree one in the case of assuming CRS. It could be problematic under 

he CRS assumption. Fortunately, in this paper, VRS models are always considered. 

owever, even in such a case, the efficiency and productivity scores might be af- 

ected. The in-depth study of these effects is beyond the scope of this paper. 
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Based on the DDF, it is possible to define a measure of produc- 

ivity change over time through the Luenberger productivity indi- 

ator as follows ( Chambers et al., 1996b , and Chambers & Pope, 

996 ): 

 

0 
t ,t +1 = 

1 

2 

[ (
�
 D 

t+1 
V 

(
X 

t 
0 , Y 

t 
0 ; g 

)
− �

 D 

t+1 
V 

(
X 

t+1 
0 , Y t+1 

0 ; g 
))

+ 

(
�
 D 

t 
V 

(
X 

t 
0 , Y 

t 
0 ; g 

)
− �

 D 

t 
V 

(
X 

t+1 
0 , Y t+1 

0 ; g 
))] 

(13) 

Additionally, the traditional Luenberger indicator is decomposed 

nto efficiency change (ECH) and frontier shift (TCH) as follows: 

CH = 

�
 D 

t 
V 

(
X 

t 
0 , Y 

t 
0 ; g 

)
− �

 D 

t+1 
V 

(
X 

t+1 
0 , Y t+1 

0 ; g 
)
, T CH 

= 

1 

2 

[ (
�
 D 

t+1 
V 

(
X 

t+1 
0 , Y t+1 

0 ; g 
)

− �
 D 

t 
V 

(
X 

t+1 
0 , Y t+1 

0 ; g 
))

+ 

(
�
 D 

t+1 
V 

(
X 

t 
0 , Y 

t 
0 ; g 

)
− �

 D 

t 
V 

(
X 

t 
0 , Y 

t 
0 ; g 

))] 
(14) 

. New Camanho-Dyson and pseudo-panel Luenberger 

ndicators 

In this section, we present a new CD-type index based on the 

uenberger indicator (CDLI) and the DDF to compare the relative 

erformance between two or more groups of DMUs. 

Let � D 

s,A 
V 

( X h,B 
k 

, Y h,B 
k 

; g ) represent the DDF calculated for the point 

 X h,B 
k 

, Y h,B 
k 

) , h = t, t + 1 , to the frontier of the technology of group

 in period s , s = t, t + 1 , under VRS, where g = ( g I , g O ) ∈ R m + × R 
q 
+ 

s a directional vector ( Chambers et al., 1996a ). 

Following Aparicio et al. (2017) and Aparicio and Santín (2018) ; 

amanho and Dyson (2006) and based on the Luenberger indica- 

or shown in Section 2 , we define the CDLI AB 
s ( R h ) as a joint mea-

ure for the relative comparison of the performance between two 

roups of production units, A and B, with a base reference group R 

xed in a base period of time h as follows: 

DLI AB 
s 

(
R h 

)
= 

1 

n s,B 

n s,B ∑ 

k =1 

�
 D 

h,R 
V 

(
X s,B 

k 
, Y s,B 

k 
; g 

)
− 1 

n s,A 

n s,A ∑ 

j=1 

�
 D 

h,R 
V 

(
X s,A 

j 
, Y s,A 

j 
; g 

)
. 

(15) 

A positive indicator value points out that group A performed 

elatively better on average than group B, and a negative value in- 

icates a better relative performance on average for group B over 

roup A. According to Färe et al. (2008) , the choice of the direction

ector is an empirical issue. These authors argue that some po- 

ential specifications for the directional vector g = ( g I , g O ) include 

 self-direction based on the observed data g = ( g I , g O ) = ( X, Y ) ;

r alternatively either an output direction g = ( g I , g O ) = ( 0 , Y ) or

n input direction g = ( g I , g O ) = ( X, 0 ) based on the observed data;

ean values of all inputs and outputs data g = ( g I , g O ) = ( ̄X , ̄Y ) or

n optimal direction to minimize the distance to the production 

rontier. 

For benchmarking groups of DMUs through the CDLI AB 
s ( R h ) , we 

uggest choosing a constant common direction vector g for evalu- 

ting all observations over time. This choice has three distinct ad- 

antages. First, assuming the same direction for all DMUs is akin to 

n “egalitarian” evaluation ( Färe et al., 2008 ). Second, the constant 

irection vector facilitates aggregation for obtaining a meaning- 

ul average measure for comparing groups of DMUs ( Luenberger, 

992b ). Third, in this case the CDLI AB 
s ( R h ) can be interpreted in

erms of the physical reduction (increase) of units of inputs (out- 

uts) of one of the groups, say A, to reach the average performance 

f the other group, say B, and both in comparison with the refer- 

nce technology R h . We will go on to discuss this interpretation in 

he empirical application. 
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It is easily derived that CDLI AB 
s ( R h ) can, like the CDMI in (3),

e decomposed into two subcomponents EG 

AB 
s and T G 

AB 
s ( R h ) as fol- 

ows: 

(16) 

The term EG 

AB 
s measures the efficiency gap between both 

roups in the time period s , whereas the term T G 

AB 
s ( R h ) evalu-

tes the productivity gap between the frontiers of the two ana- 

yzed groups, A and B, in the time period s, measured on the base

eference technology ( R ) in the base time period h and assuming 

hat both frontiers have been estimated under variable returns to 

cale. 

To determine the proposed index, CDLI AB 
s ( R h ) , we must calcu- 

ate a series of DDFs, such as �
 D 

s,A 
V 

( X s,A 
j 

, Y s,A 
j 

; g ) , �
 D 

s,B 
V 

( X s,B 
k 

, Y s,B 
k 

; g ) , 

�
 

 

h,R 
V 

( X s,A 
j 

, Y s,A 
j 

; g ) and 

�
 D 

h,R 
V 

( X s,B 
k 

, Y s,B 
k 

; g ) , for all j = 1 , ..., n A , k =
 , ..., n B . Note that, unlike the CDMI index, they are all calculated 

ssuming VRS. 

By analogy with the PPMI shown in Section 2 , we suggest that, 

o evaluate the performance of two or more groups over time us- 

ng pseudo-panels, this new base-group base-period PPLI should 

e used to measure the relative performance gap change between 

roups A and B from t to t + 1 if a non-equiproportional graph ef- 

ciency measure has to be used: 

 P LI AB 
t ,t +1 ( R 

h ) = CDLI AB 
t ( R 

h ) − CDLI AB 
t+1 ( R 

h ) . (17)

The straightforward interpretation is that a negative value of 

 P LI AB 
t ,t +1 ( R 

h ) means that the performance of group A has improved

ith respect to group B from t to t + 1, while a positive value

eans the opposite. To further interpret the value of P P LI AB 
t ,t +1 

( R h )

n order to find out if the productivity gap between the two groups 

s opening or closing, we have to adapt the case-based reasoning 

efined by Aparicio et al. (2017) to the case of our index. There- 

ore, we have to analyze the value of C DLI AB 
t ( R h ) and C DLI AB 

t+1 ( R 
h )

n the following cases: 

Setting 1: C DLI AB 
t ( R h ) , C DLI AB 

t+1 
( R h ) > 0 . On average group A had

a better relative performance than group B in both periods 

from t to t + 1. Regarding the value of PPLI, there are two 

possibilities: 

1a) P P LI AB 
t ,t +1 

( R h ) > 0 , which means that the relative perfor-

mance gap has narrowed, and group B has improved with 

respect to group A from t to t + 1 . 

1b) P P LI AB 
t ,t +1 

( R h ) < 0 , which means that the relative perfor-

mance gap has narrowed, and group B has worsened with 

respect to group A from t to t + 1 . 

Setting 2: C DLI AB 
t ( R h ) , C DLI AB 

t+1 
( R h ) < 0 . On average, relative per-

formance was better for group B than for group A in both 

periods from t to t + 1 . Regarding the value of PPLI, there 

are two possibilities: 

2a) P P LI AB 
t ,t +1 

( R h ) > 0 , which means that the relative perfor-

mance gap has widened, and group A has worsened with 

respect to group B from t to t + 1 . 

2b) P P LI AB 
t ,t +1 

( R h ) < 0 , which means that the relative perfor-

mance gap has narrowed, and, therefore, group A has im- 

proved with respect to group B from t to t + 1 . 
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Setting 3: CDLI AB 
t ( R h ) > 0 and CDLI AB 

t+1 
( R h ) < 0 . In this scenario,

relative performance was better for group A than for group 

B in period t but better for group B than for group A in pe-

riod t + 1. For the value of PPLI, we have only one possibil- 

ity: P P LI AB 
t ,t +1 ( R 

h ) > 0 . In this case, the performance of group

A dropped with respect to group B from t to t + 1. 

Setting 4: CDLI AB 
t ( R h ) < 0 and CDLI AB 

t+1 
( R h ) > 0 . In this scenario,

relative performance was better for group B than group A 

in period t, but better for group A than group B in period 

t + 1. For the value of PPLI, we have only one possibility: 

P P LI AB 
t ,t +1 

( R h ) < 0 . In this case, group A improved with re-

spect to group B from t to t + 1 . 

As for the components of P P LI AB 
t ,t +1 

( R h ) , this index can be de-

omposed into EGC and TGC, as shown in (18): 

 P LI AB 
t ,t +1 ( R 

h ) = CDLI AB 
t ( R 

h ) − CDLI AB 
t+1 ( R 

h ) 

= 

(
EG 

AB 
t + T G 

AB 
t ( R 

h ) 
)

−
(
EG 

AB 
t+1 + T G 

AB 
t+1 ( R 

h ) 
)

= EGC AB 
t ,t +1 + T GC AB 

t ,t +1 ( R 

h ) (18) 

GC AB 
t ,t +1 

= E G AB 
t − E G AB 

t+1 

= 

( 

1 

n t,B 

n t,B ∑ 

k =1 

�
 D 

t,B 
V 

(
X t,B 

k 
, Y t,B 

k 
; g 

)
− 1 

n t+1 ,B 

n t+1 ,B ∑ 

k =1 

�
 D 

t+1 ,B 
V 

(
X t+1 ,B 

k 
, Y t+1 ,B 

k 
; g 

)) 

−
( 

1 

n t,A 

n t,A ∑ 

j=1 

�
 D 

t,A 
V 

(
X t,A 

j 
, Y t,A 

j 
; g 

)
− 1 

n t+1 ,A 

n t+1 ,A ∑ 

j=1 

�
 D 

t+1 ,A 
V 

(
X t+1 ,A 

j 
, Y t+1 ,A 

j 
; g 

)) 

(19) 

As for T GC AB 
t ,t +1 ( R 

h ) , we have that: 

 GC AB 
t ,t +1 ( R 

h ) = T G AB 
t ( R h ) − T G AB 

t+1 ( R 
h ) 

= 

[ 

1 

n t,B 

n t,B ∑ 

k =1 

�
 D 

h,R 
V 

(
X t,B 

k 
, Y t,B 

k 
; g 

)
− 1 

n t,B 

n t,B ∑ 

k =1 

�
 D 

t,B 
V 

(
X t,B 

k 
, Y t,B 

k 
; g 

)

+ 

1 

n t,A 

n t,A ∑ 

j=1 

�
 D 

t,A 
V 

(
X t,A 

j 
, Y t,A 

j 
; g 

)
− 1 

n t,A 

n t,A ∑ 

j=1 

�
 D 

t,R 
V 

(
X t,A 

j 
, Y t,A 

j 
; g 

)] 

−
[ 

1 

n t+1 ,B 

n t+1 ,B ∑ 

k =1 

�
 D 

h,R 
V 

(
X t+1 ,B 

k 
, Y t+1 ,B 

k 
; g 

)
− 1 

n t+1 ,B 

n t+1 ,B ∑ 

k =1 

�
 D 

t+1 ,B 
V 

(
X t+1 ,B 

k 
, Y t+1 ,B 

k 
; g 

)

+ 

1 

n t+1 ,A 

n t+1 ,A ∑ 

j=1 

�
 D 

t+1 ,A 
V 

(
X t+1 ,A 

j 
, Y t+1 ,A 

j 
; g 

)
− 1 

n t+1 ,A 

n t+1 ,A ∑ 

j=1 

�
 D 

h,R 
V 

(
X t+1 ,A 

j 
, Y t+1 ,A 

j 
; g 

)]

= 

[ 

1 

n t,B 

n t,B ∑ 

k =1 

(
�
 D 

h,R 
V 

(
X t,B 

k 
, Y t,B 

k 
; g 

)
− �

 D 

t,B 
V 

(
X t,B 

k 
, Y t,B 

k 
; g 

))

+ 

1 

n t+1 ,B 

n t+1 ,B ∑ 

k =1 

(
�
 D 

t+1 ,B 
V 

(
X t+1 ,B 

k 
, Y t+1 ,B 

k 
; g 

)
− �

 D 

h,R 
V 

(
X t+1 ,B 

k 
, Y t+1 ,B 

k 
; g 

))] 

−
[ 

1 

n t,A 

n t,A ∑ 

j=1 

(
�
 D 

h,R 
V 

(
X t,A 

j 
, Y t,A 

j 
; g 

)
− �

 D 

t,A 
V 

(
X t,A 

j 
, Y t,A 

j 
; g 

))

+ 

1 

n t+1 ,A 

n t+1 ,A ∑ 

j=1 

(
�
 D 

t+1 ,A 
V 

(
X t+1 ,A 

j 
, Y t+1 ,A 

j 
; g 

)
− �

 D 

h,R 
V 

(
X t+1 ,A 

j 
, Y t+1 ,A 

j 
; g 

))] 

(20)

Next, we show that CDLI with a base reference group R in a 

ase period of time h fulfills the property of additive circularity 

hen comparing more than two groups, namely, group A, group B 

nd group C: 

DLI AB 
s ( R 

s ) + CDLI BC 
s ( R 

s ) 

= 

1 

n 

s,B 

n s,B ∑ 

k =1 

�
 D 

s,R 
V 

(
X 

s,B 
k 

, Y s,B 
k 

; g 
)

− 1 

n 

s,A 

n s,A ∑ 

j=1 

�
 D 

s,R 
V 

(
X 

s,A 
j 

, Y s,A 
j 

; g 
)
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Table 1 

School sample and percentage of fully private schools, PFPS and PS. 

Country PISA wave N N valid Fully Private ∗ PFPS PS 

Belgium 2009 278 257 0.78% 64.59% 34.63% 

2015 288 87 0.00% 54.02% 45.98% 

Czech 

Republic 

2009 261 247 0.00% 5.26% 94.74% 

2015 344 334 0.60% 8.08% 91.32% 

Denmark 2009 285 274 1.82% 13.87% 84.31% 

2015 333 255 1.96% 15.29% 82.75% 

Hungary 2009 187 184 0.54% 10.87% 88.59% 

2015 245 230 1.74% 15.65% 82.61% 

Ireland 2009 144 128 7.03% 48.44% 44.53% 

2015 167 157 2.55% 50.32% 47.13% 

Netherlands 2009 186 173 0.00% 60.12% 39.88% 

2015 187 109 0.92% 55.96% 43.12% 

Slovakia 2009 189 189 0.00% 8.99% 91.01% 

2015 290 289 0.00% 11.76% 88.24% 

Spain 2009 889 836 3.59% 35.17% 61.24% 

2015 201 194 5.67% 27.84% 66.49% 

N: Number of schools in PISA; N valid: Number of schools with information about their ownership. PFPS: Publicly Funded Private Schools. PS: Public Schools. 
∗ In some countries there are also fully private schools, which receive the total or almost the total of their core funding from student fees. In this paper, we focus our 

attention on the PFPS. 

p

P

g

c

g  

t

C

m  

t

w

t

C

+

︸

h

P

t

o  

t

P  

p

P  

 

t

t  

a

4

‘

n

a

t

4

l

p

l

+ 

1 

n 

s,C 

n s,C ∑ 

l=1 

�
 D 

s,R 
V 

(
X 

s,C 
l 

, Y s,C 
l 

; g 
)

− 1 

n 

s,B 

n s,B ∑ 
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(
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n s,A ∑ 
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�
 D 
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(
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s,A 
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, Y s,A 
j 

; g 
)

= CDLI AC 
s ( R 

s ) (21) 

Consequently, base-group base-period PPLI also fulfills the 

roperty of additive circularity: 

 P LI AB 
t ,t +1 ( R 

h ) + P P LI BC 
t ,t +1 ( R 

h ) = 

= 

(
CDLI AB 

t ( R 

h ) − CDLI AB 
t+1 ( R 

h ) 
)

+ 

(
CDLI BC 

t ( R 

h ) − CDLI BC 
t+1 ( R 

h ) 
)

= 

(
CDLI AB 

t ( R 

h ) + CDLI BC 
t ( R 

h ) 
)

−
(
CDLI AB 

t+1 ( R 

h ) + CDLI BC 
t+1 ( R 

h ) 
)

= CDLI AC 
t ( R 

h ) − CDLI AC 
t+1 ( R 

h ) = P P LI AC 
t ,t +1 ( R 

h ) (22) 

The same procedure can be used to prove that the efficiency 

ap term and the technology gap change component also satisfy 

ircularity. 

On the other hand, the change in productivity of the same 

roup can be assessed for two periods of time, t and t + 1 ,

hrough: 

DLI A t ,t +1 ( R 

h ) = 

1 

n 

t+1 ,A 

n t+1 ,A ∑ 

k =1 

�
 D 

h,R 
V 

(
X 

t+1 ,A 
k 

, Y t+1 ,A 
k 

; g 
)

− 1 

n 

t,A 

n t,A ∑ 

j=1 

�
 D 

h,R 
V 

(
X 

t,A 
j 

, Y t,A 
j 

; g 
)
. (23) 

A positive indicator value points out that the relative perfor- 

ance for group A was better on average in period t than in period

 + 1 , and a negative value indicates that the relative performance 

as better on average in period t + 1 than in period t . 
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In the same vein, the above expression can be decomposed into 

wo subcomponents: 

DLI A t ,t +1 ( R 
h ) = 

1 

n t+1 ,A 

n t+1 ,A ∑ 

k =1 

�
 D 

t+1 ,A 
V 

(
X t+1 ,A 

k 
, Y t+1 ,A 

k 
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)
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�
 D 

t,A 
V 

(
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j 
, Y t,A 

j 
; g 

)
︸ ︷︷ ︸ 
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 ︷︷ ︸ 
TG A 

t ,t +1 
( R h ) 

(24) 

Note, that the CDLI A t ,t +1 ( R 
h ) (one group and two periods) is 

alfway between the CDLI (two groups and one period) and the 

PLI that needs to deal with four sets of units (two groups and 

wo periods). However, regarding the self-changes in productivities 

f two groups over two periods, say CDLI A 
t ,t +1 

( R h ) and CDLI B 
t ,t +1 

( R h ) ,

here is an interesting equivalence between these changes and the 

 P LI AB 
t ,t +1 

( R h ) defined in Eqs. (17) and ( 18 ), thanks to the circularity

roperty that can be expressed as follows: 

 P LI AB 
t ,t +1 ( R 

h ) = CDLI A t ,t +1 ( R 
h ) − CDLI B t ,t +1 ( R 

h ) = CDLI AB 
t ( R h ) − CDLI AB 

t+1 ( R 
h ) .

(25) 

This means that another way of looking at P P LI AB 
t ,t +1 ( R 

h ) is to in-

erpret the index as the difference of the productivity changes of 

wo groups, A and B, over two periods, t and t + 1 , with respect to

 reference technology. 

. Empirical application. sample, data description and the 

reference’ choice 

This section includes an empirical illustration of the use of the 

ew methodology proposed in this paper. The CDLI and PPLI are 

pplied to a set of European Union countries in the education sec- 

or in order to compare the performance of PS and PFPS over time. 

.1. Data and variables 

To compare the productivity gap between PS and PFPS, we se- 

ected information from eight European Union countries partici- 

ating in the PISA 2009 and 2015 waves: Belgium, Czech Repub- 

ic, Denmark, Hungary, Ireland, Netherlands, Slovakia and Spain. On 
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8 The four response categories are weighted differently in order to build the in- 

dex: ‘not at all’ – 1, ‘very little’ – 0.75, ‘to some extent’ – 0.5, and ‘a lot’ – 0.25. Sim- 

ilar questions were asked in both waves, but PISA 2009 asks about thirteen items 

(Question 11 in the school questionnaire) and PISA 2015 about eight (Question 17 

in the school questionnaire). For the purposes of comparison, we have normalized 

the index to PISA 2009. Therefore, the maximum value is eight as in PISA 2015. 
9 
ne hand, we selected PISA because it contains information about 

chool ownership, student background, school resources and aca- 

emic achievement. We use student data from the 2009 and 2015 

aves aggregated at school level. On the other hand, we only in- 

lude countries in which there is at least a representative five per- 

ent of PFPS in both waves. 7 Table 1 shows the proportion of high 

chools by declared ownership in PISA 2009 and 2015 in the eight 

ountries. 

Table 1 shows how PFPS represent more than fifty percent of 

ublicly funded schools in Belgium, the Netherlands and, more re- 

ently, Ireland, followed by Spain where this percentage is around 

hirty percent. The sample of schools in every PISA wave is a rep- 

esentative snapshot of the educational situation in each country, 

lthough the schools that compose the sample are not the same in 

ach wave. Therefore, a pseudo-panel has to be used to compare 

nd benchmark the countries. 

Regarding the output side, PISA focuses on measuring the ex- 

ent to which students are able to apply their knowledge and skills 

o fulfill future real-life challenges rather than evaluating how well 

hey have mastered a specific school curriculum. The evaluation 

ddresses three knowledge areas: reading, mathematics and sci- 

nce. Fair comparisons of the groups of schools over time are pos- 

ible because PISA uses a common scale for the purpose of trends 

 OECD 2014 , p. 159). 

To select the input and output variables to be considered in the 

roduction of education, we follow the standard selection made in 

he literature (for a review, see De Witte & López-Torres, 2017 ). 

n the input side, we include the classical economics of education 

nputs required to carry out the learning process, including fam- 

ly background and school resources ( Levin, 1974 ). Although PISA 

rovides some indexes for measuring these dimensions, for exam- 

le, economic, social and cultural status (ESCS) or quality of the 

chool educational resources (SCMATEDU), they are composite in- 

exes built by categorical principal component analysis and cen- 

ered at zero in each wave. This means that these numbers cannot 

e directly introduced in the analysis and compared to measure 

ow productivity gaps evolve over time from one wave to another. 

herefore, the selected inputs must be comparable over time. 

For student resources, we use two variables, which, averaged 

ver students, represent student family background at school level, 

hat is, the raw material for producing education ( Bradley, Johnes & 

illington, 2001 , p.554). PARED is the index of the highest level of 

arental education, measured by the number of years of schooling 

ccording to the International Standard Classification of Education 

ISCED; OECD, 1999 ). HISEI is the index of the highest parental oc- 

upational status according to International Socio-Economic Index 

f Occupational Status (ISEI; Ganzeboom, De Graaf, Treiman & De 

eeuw, 1992 ). 

For school resources, we use three inputs. First, we approximate 

he labor factor using the teacher/student ratio (TEACHSTUD) de- 

ned as the number of teachers per hundred students. The ratio 

s built as the total number of teachers weighted by their work- 

ng hours (part-time teachers contribute 0.5 and full-time teachers 

) to the total number of pupils and multiplied by a hundred. Fur- 

hermore, like Aparicio et al. (2017) and Aparicio and Santín (2018) , 

antín and Sicilia (2015) , we use school principal responses in the 

wo PISA weights to build two indexes related with the quality 

f school resources for their use as inputs. Therefore, the second 

nput ‘MATERIAL’ is derived from principal perceptions of poten- 

ial factors, like shortages of educational materials, infrastructure 
7 While the proportion of PFPS in France (Sweden) was greater than five percent 

n 2015 (2009), no information for identifying school ownership was provided in 

009 (2015). Other countries like Austria, Germany, Italy or Portugal do not exceed 

he minimum five percent threshold in either wave. 

i

a

T

P

t

l
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r teaching staff, hindering the provision of instruction at school. 8 

he third school input ‘CLIMATE’ captures school principal percep- 

ions of the school climate related to teacher and student behav- 

or that might influence the provision of instruction at school. This 

ncludes factors like students skipping classes, students bullying 

ther students, teacher absenteeism or teachers being too strict 

ith students. 9 Table 2 summarizes all the variables used in the 

nalysis. 

Continuing with the research, we selected the performance of 

innish public schools in PISA 2009 as the base-group base-period 

eference technology (R) defined in Eqs. (15) –( 17 ) for the analy- 

is. It is widely recognized in the economics of education litera- 

ure that the public Finnish education system is one of the best 

erformers in cross-country secondary education evaluations in- 

ide the European Union and around the world (see Afonso & St. 

ubyn, 2005 , 2006 ; Bogetoft, Heinesen & Tranæs, 2015 ; Cordero, 

antín & Simancas, 2017 ; De Jorge & Santín, 2010 for a discussion 

f this result). The final number of schools included in the analy- 

is together with descriptive statistics for each country by school 

ypes for outputs and inputs are provided in Tables 3 and 4 , re-

pectively. 

Table 3 shows that in all countries and in both periods, outputs 

re higher in PFPS than in PS except in the Netherlands. Table 4 

oints out the same pattern with respect to parents’ background 

PARED and HISEI) and the school climate (CLIMATE) where PFPS 

ominate PS, the Netherlands being the exception. Regarding the 

umber of teachers per hundred students (TEACHSTUD), we ob- 

erve that PS use more human resources than PFPS in Belgium, 

enmark, Spain and Belgium while the reverse happens in the 

zech Republic, Hungary and Slovakia. The Netherlands is the only 

ountry in which this figure was slightly higher in PS than in PFPS 

n 2009, although the contrary was observed in 2015. Finally, the 

ariable related with school resources available for education (MA- 

ERIAL) is always better in PFPS than in PS except in Ireland. 

.2. The ‘reference’ choice 

As discussed in Aparicio and Santín (2018) , there are two main 

trategies available in the literature that can be followed to en- 

ure that circularity holds when comparing the performance of 

ore than two groups of DMUs over time using productivity in- 

exes. The first one is to build a common reference technology. 

his approach has been at the forefront of empirical applications 

n education since the beginning of DEA analysis and was origi- 

ally proposed by Charnes, Cooper and Rhodes (1981) . The idea 

as to distinguish between management efficiency and program 

fficiency, which were two groups of public schools applying and 

ot applying ‘Program Follow Through’ in various parts of the 

nited States. The idea behind this approach is to combine the 

est performers of each group included in the analysis to somehow 

raw the well-known meta-frontier 10 (see, for example, Battese & 

ao, 2002 , Battese, Rao & O’Donnell, 2004 and Johnes & Virmani, 
The principal responses for ‘CLIMATE’ are weighted as described for ‘MATERIAL’ 

n such a way that more input reflects better school climate. While PISA 2009 asks 

bout thirteen items (Question 17), PISA 2015 asks about ten items (Question 61). 

herefore, we normalize the index in PISA 2009 to ten, the maximum value as in 

ISA 2015. 
10 Originally, Charnes et al. (1981) dubbed for the combination of production fron- 

iers as ‘inter-envelope’, although meta-frontier is the term normally used in the 

iterature. 
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Table 2 

Inputs and outputs included in the analysis. Student average at school level. 

Variable Description 

Outputs 

MATHS Test score in mathematics 

READING Test score in reading 

SCIENCE Test score in science 

Inputs 

PARED Students’ highest parental education level expressed as years of schooling 

HISEI Index of the highest parental occupational status 

TEACHSTUD Number of teachers per hundred students 

MATERIAL Index of principal perception of having good school resources for education. It includes staff, infrastructure and educational material 

CLIMATE Index of principal perception of having a good school climate related to student and teacher behavior. 

Ownership 

PS Public Schools. Owned and governed by the public sector. 

PFPS Publicly funded private schools. Privately owned schools owned that receive more than 50% of funds from the public sector. 

Table 3 

School sample and average PISA student scores in mathematics, reading and science. 

Sample size Mathematics Reading Science 

Country & Ownership PISA 2009 PISA 2015 PISA 2009 PISA 2015 PISA 2009 PISA 2015 PISA 2009 PISA 2015 

Belgium PS 80 36 482 468 473 459 474 462 

Belgium PFPS 141 41 538 517 527 512 529 514 

Czech. Rep PS 182 217 512 500 495 495 517 501 

Czech. Rep PFPS 8 19 550 510 548 505 571 507 

Denmark PS 193 183 483 493 477 483 476 482 

Denmark PFPS 28 26 518 520 517 511 521 511 

Hungary PS 119 138 494 481 498 473 507 482 

Hungary PFPS 17 28 506 493 508 485 516 490 

Netherlands PS 65 40 539 522 523 513 538 517 

Netherlands PFPS 93 55 533 512 515 503 531 509 

Slovakia PS 127 164 497 482 478 459 492 466 

Slovakia PFPS 11 23 511 489 504 470 507 479 

Spain PS 449 121 483 480 476 488 485 487 

Spain PFPS 262 52 510 502 506 517 509 511 

Ireland PS 55 70 472 492 477 508 489 490 

Ireland PFPS 61 76 492 509 503 528 513 509 

Reference country 

Finland PS 148 120 539 512 534 527 551 530 

Table 4 

Average family background and school inputs in PISA by country and year. 

PARED HISEI TEACHSTUD MATERIAL CLIMATE 

Country & Ownership PISA 2009 PISA 2015 PISA 2009 PISA 2015 PISA 2009 PISA 2015 PISA 2009 PISA 2015 PISA 2009 PISA 

2015 

Belgium PS 13.82 14.53 46.13 47.01 13.42 12.40 5.84 5.28 7.44 6.40 

Belgium PFPS 14.38 15.04 51.56 55.56 11.68 10.90 6.26 5.65 8.01 7.46 

Czech. Rep PS 13.70 13.40 49.84 48.12 8.02 7.94 6.47 6.35 7.55 7.73 

Czech. Rep PFPS 14.69 13.90 58.21 54.16 9.66 9.09 6.71 6.70 7.62 8.41 

Denmark PS 13.74 15.64 48.71 52.53 8.99 8.17 6.62 6.45 7.74 7.59 

Denmark PFPS 14.51 16.68 54.58 60.35 8.12 7.91 6.97 7.03 8.72 8.22 

Hungary PS 12.82 13.60 47.21 46.75 9.94 12.47 6.87 5.14 7.87 7.96 

Hungary PFPS 13.62 14.22 51.38 52.66 13.16 14.54 7.06 6.14 8.31 8.58 

Netherlands PS 14.20 14.12 52.93 55.56 6.61 5.83 6.32 6.06 6.98 6.57 

Netherlands PFPS 13.96 13.90 51.52 53.20 6.36 6.03 6.44 6.11 6.92 6.58 

Slovakia PS 13.26 14.69 45.95 48.08 7.11 7.86 6.10 6.34 7.27 7.93 

Slovakia PFPS 13.52 15.00 48.71 52.37 9.19 9.34 6.25 6.40 7.83 8.18 

Spain PS 11.86 11.70 43.28 42.39 12.18 9.64 6.32 5.05 7.35 7.38 

Spain PFPS 13.31 13.84 50.16 56.61 6.73 6.45 6.41 6.36 8.30 8.55 

Ireland PS 12.93 13.75 45.72 49.21 7.93 8.01 5.68 5.67 7.24 7.25 

Ireland PFPS 13.27 14.04 50.08 53.84 7.28 7.13 5.54 5.62 7.53 7.54 

Reference country 

Finland PS 14.92 15.07 54.18 53.65 9.15 9.58 6.12 5.86 7.35 7.36 
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020 for a recent overview of meta-frontiers applications in edu- 

ation). Many strategies can be used to define the meta-frontier. 

or example, Pastor and Lovell (2005) proposed, as one possi- 

le solution, a Malmquist productivity index based on a reference 

echnology constructed by using all observations for all the peri- 

ds, known as global Malmquist. Other approaches, like the global 

almquist-Luenberger productivity index ( Giménez, Thieme, Prior 

 Tortosa-Ausina, 2019 ), have been used to draw the meta-frontier 

n education. 
660 
All these approaches assume that the union of DMUs from dif- 

erent groups satisfies convexity. To relax the convexity assump- 

ion, Afsharian, Ahn and Harms (2019) proposed the use of a non- 

onvex meta-frontier, named meta-technology, in order to evalu- 

te the performance of different groups of DMUs in one period. 

his approach combines the production frontiers of the different 

roups without incorporating additional convex combinations of 

bservations belonging to different group technologies. The same 

dea is behind the non-convex meta-frontiers drawn by Cordero et 
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l. (2017 , 2018b ) in the context of education. They estimate the 

on-convex frontiers of every group, in their case schools within 

ifferent education systems, and the non-convex meta-frontier us- 

ng the robust order-m partial frontier analysis ( Cazals, Florens & 

imar, 2002 ) based on the nonparametric free disposal hull (FDH) 

ethodology ( Deprins, Simar & Tulkens, 1984 ), which does not as- 

ume convexity either. 

The second idea for making group comparisons relies on resort- 

ng to a fixed-group fixed-period production technology. This strat- 

gy was previously developed by Berg et al. (1992 , 1993 ) and Balk

nd Althin (1996). These papers propose new insights for calcu- 

ating the Malmquist index, where a base technology, a particular 

roduction unit, is taken as the comparison reference, or a fixed 

eriod is taken as the baseline in order to calculate multi-period 

almquist indices. 

From our point of view, the original idea of Camanho and Dyson 

2006) for evaluating and comparing the performance of differ- 

nt groups of production units is to avoid the first strategy, i.e. 

he different versions of meta-frontiers, focusing the attention on 

he second strategy. The spirit of this approach is clearly stated in 

amanho and Dyson (2006, p. 36) as follows: “In contrast with ear- 

ier methods, our method makes comparisons relative to groups- 

pecific frontiers only, without pooling the DMUs together to form 

 common frontier”. As they claim subsequently, “An advantage of 

his approach is that it does not assume convex combinations of 

roup-specific frontiers to be feasible. Specifically, even if group- 

pecific production sets satisfy convexity, there is no reason why 

he union of these sets should be convex.” Of course, one way to 

efine a more reliable meta-frontier is to relax the convexity prob- 

em, as in Cordero et al. (2017 , 2018b ) and Afsharian et al. (2019) ,

ecause it does not assume the feasibility of convex combinations 

f group frontiers. However, it does not get around the fact that 

he meta-frontier is still drawn after pooling all DMUs from differ- 

nt groups together. 

We think that both strategies, meta-frontiers and the use of 

 fixed-group fixed-period production technology, are valid, and 

oth can be applied in real-world problems after evaluating and 

ssuming the pros and cons of both approaches. The idea of our 

aper directly stems from Camanho and Dyson (2006) approach 

f avoiding pooling DMUs from different groups to evaluate the 

roups discarding to draw a meta-frontier. The reason is that we 

elieve that, in some empirical problems, for example in education, 

t makes more sense from an economic point of view to compare 

ifferent groups facing different circumstances using a real refer- 

nce that also has its own legal framework, budget constraints and 

ther clear rules and environment to be copied. To some extent the 

omparison of real groups provides a view about what is feasible. 

e also think that the “All-Star technology”11 approach is engag- 

ng from a mathematical point of view because it defines the best 

easible synthetic technology even if DMUs included in such tech- 

ology do not operate together. 

A further question is whether the reference choice changes the 

esults. It is well known in the productivity literature that the price 

or gaining circularity is paid with reference dependency (for a re- 

iew of this issue see Althin, 2001 ). This means that choosing an- 

ther reference will bring about another set of productivity differ- 

nces among the evaluated groups. At this point, we can always 

rop methodologies based on a fixed technology, such as meta- 

rontiers or base-group base-period references and pool all DMUs 
11 We regard meta-frontiers as the NBA (National Basketball Association) ‘All-Star 

ame’. It is a pleasure to watch the game between the best NBA players from the 

ifferent teams able to draw the best basketball technology every year. These dream 

eams are a reference, and, of course, the reference is somehow feasible because the 

ame takes place every year. However, in practice, real NBA teams face salary caps, 

aking the All-Star Game just an unfeasible synthetic reference. 
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c
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661 
rom all groups together to draw a common technology for each 

eriod in order to average out results by groups. However, recall 

hat resorting to the adjacent Malmquist index ( Färe et al., 1994 ) 

uarantees that results are independent of a base technology but 

ails the circularity test. 

For our empirical application in education, we know that the 

ost of our approach is that results might vary depending on the 

hosen reference. Nevertheless, for monitoring and evaluating edu- 

ation systems over time, the relevance of holding the circular test 

or policymakers is high. For example, within a Federal State re- 

ponsible for monitoring productivity differences among regions or 

tates with fully decentralized educational competencies, it makes 

ense that the productivity gap of public schools between region 

 and region B and region B and C should give the same result as

oing directly from region A to C. 

Knowing that results will depend on the reference, it is impor- 

ant to define at least two rough guidelines for choosing a ref- 

rence technology that can be used for policy purposes. On one 

and, the reference should be an education system viewed by 

he other education systems, stakeholders, or an expert system, 

y consensus or majority vote, as a key benchmark for all other 

ducation systems. On the other hand, as educational technology 

nd school management might change over time, a good practice 

ill be to predefine a number of years for holding the same refer- 

nce. Once this period has elapsed, the stakeholders should decide 

hether to keep the same reference or adopt a new one for the 

ext period. In a research paper, this choice is made by the paper 

uthors based on previous literature. To conclude, we think that, at 

he end of the day, the final choice is an empirical issue and will 

epend on the final targets of each real application. 

. Results 

To conduct the analysis, we apply the new CDLI and PPLI. To 

o this, we first need to establish the directional vector in the dif- 

erent periods of time and in the different groups. In particular, 

e fix a common vector equal to the average value of the set of 

ll the data in all the periods for those variables which have eco- 

omic sense to increase or decrease their values from an economic 

oint of view. The vector g in Eq. (12) is defined as g = (MATERIAL,

EACHSTUD, CLIMATE, PARED, HISEI, MATH, READ, SCIE) , taking the 

ollowing values g = (0, 9.29, 0, 0, 0, 500.94, 493.73, 500.58). There- 

ore, the DDF allows schools to reach the production frontier by 

ncreasing outputs but also by reducing ‘teachers per hundred stu- 

ents’ for those groups of schools that have more teachers per 

undred students than other groups. Other inputs cannot be re- 

uced, as it makes less economic sense in this sector. 

.1. The CDLI. productivity gaps between PS and PFPS across 

ountries 

The first research question of this analysis is to measure the 

roductivity gaps between PS and PFPS across countries through 

he CDLI. From the taxpayer and the policy maker viewpoints, it is 

mportant to explore which are the productivity differences across 

urope to identify the characteristics of the best performers in 

erms of the educational management of public resources. For cal- 

ulating the CDLI we use Eq. (15) . Furthermore, using Eq. (16) we 

ecompose the CDLI in an efficiency gap (EG) and a technological 

ap. Table 5 provides CDLI results and its components for the two 

ISA waves. 

In Table 5 , we compare the performance gap of PS in each 

ountry with respect to their PFPS counterparts. A positive (neg- 

tive) sign in CDLI is interpreted as a better average performance 

f PS (PFPS) with respect to PFPS (PS) inside the analyzed coun- 

ry. The higher the absolute value, the greater the gap will be. 
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Table 5 

Base-group Luenberger index in 2009 and 2015 for ownership comparisons by country and its decomposition in efficiency gap (EG) and technology gap (TG). 

2009 2015 

PS/PFPS CDLI EG TG CDLI EG TG 

Belgium −0.0507 0.0080 −0.0587 −0.0829 −0.0206 −0.0622 

Czech Republic 0.1482 −0.0506 0.1988 0.1152 −0.0417 0.1569 

Denmark 0.0023 −0.0196 0.0219 −0.0095 −0.0291 0.0197 

Hungary 0.0720 −0.0392 0.1112 0.0309 −0.0466 0.0775 

Ireland −0.0941 −0.0074 −0.0868 −0.0244 −0.0186 −0.0058 

Netherlands −0.0238 0.0150 −0.0387 −0.0640 0.0067 −0.0707 

Slovakia 0.1092 −0.0352 0.1445 0.0887 −0.0337 0.1224 

Spain −0.1465 −0.0319 −0.1146 −0.0534 −0.0248 −0.0287 
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Table 6 

Pseudo-panel Luenberger index over the period 2009–15 by ownership and country 

and its decomposition into efficiency gap change (EGC) and technology gap change 

(TGC). 

2009 – 2015 

PS/PFPS PPLI EGC TGC 

Belgium 0.0321 0.0286 0.0035 

Czech Republic 0.0331 −0.0089 0.0419 

Denmark 0.0118 0.0096 0.0022 

Hungary 0.0411 0.0074 0.0337 

Ireland −0.0697 0.0112 −0.0810 

Netherlands 0.0402 0.0082 0.0320 

Slovakia 0.0205 −0.0015 0.0220 

Spain −0.0931 −0.0071 −0.0859 
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12 During the financial crisis, the Spanish Law for the Improvement of Educational 

Quality ( Ley Orgánica 8/2013, de 9 de diciembre, para la mejora de la calidad ed- 

ucativa (LOMCE) ) introduced measures like increasing the student-teacher ratio in 

high school classrooms or suspending teacher replacements after retirement, which 

helped to reduce the performance gap with respect to PFPS. 
s our directional vector g is common and fixed in both peri- 

ds, its interpretation is straightforward. For example, the first 

alue in Table 5 is the CDLI between PS and PFPS in Belgium, 

qual to −0.0507. As this value is negative, it indicates that PS 

erform worse than PFPS in Belgium. To be more specific multi- 

lying the absolute value 0.0507 by g = (0, 9.29, 0, 0, 0, 500.94, 

93.73, 500.58) indicates that, on average, PS might reduce TEACH- 

TUD in 9 . 29 × 0 . 0507 = 0 . 4710 teachers by a hundred students

nd simultaneously increase their average results in mathematics, 

eading and science in 500 . 94 × 0 . 0507 = 25 . 40 ; 493 . 73 × 0 . 0507 =
5 . 03 ; 500 . 58 × 0 . 0507 = 25 . 38 PISA points, respectively, to reach

he PFPS average performance. 

As we can see in both CDLI columns of Table 5 , PFPS perfor-

ance is better in Belgium, Ireland, the Netherlands and Spain 

n both waves, whereas PS productivity outperforms PFPS in the 

zech Republic, Hungary and Slovakia. In Denmark, the CDLI values 

re almost zero in both years, slightly positive in 2009 and neg- 

tive in 2015, indicating very similar productivity levels for both 

chool types. 

Regarding the components that explain these gaps, first, we ob- 

erve that efficiency gaps are practically negative in all countries 

n both years. This result suggests that PFPS are, on average, more 

fficient than PS. Therefore, their distance to their own frontier 

s generally lower than for PS. The exception is the Netherlands, 

here results are the opposite for both years, indicating a bet- 

er PS efficiency. Similarly, the efficiency gap in Belgium benefit- 

ed PS in 2009, although this trend changed in 2015. Second, as 

able 5 shows, the CDLI is driven, in most of cases, by the tech- 

ology gap. Best performers account for a large variation in the 

verage productivity difference between both school types. In the 

bove countries, where PFPS (PS) outperform PS (PFPS) with re- 

pect to productivity, the technology gap is better too. Again, the 

xception is Denmark 2015, where the PS technology outperforms 

FPS technology (positive sign). Nevertheless, the CDLI is negative 

s a consequence of the negative efficiency gap. 

.2. Productivity gaps between PS and PFPS over time 

The second research question is testing whether the productiv- 

ty gaps between PFPS and PS widen or narrow over the 2009 and 

015 periods in the eight European countries. Table 6 shows the 

PLI estimated using Eq. (17) . 

To interpret Table 6 results, the first step is to remember that a 

ositive (negative) PPLI value means that the performance of PFPS 

PS) has improved with respect to PS (PFPS) from 2009 to 2015. 

n six out of the eight countries, the PPLI is positive, indicating a 

etter performance of PFPS in relation to PS, although each case 

hould be interpreted differently according to Table 5 . First, the gap 

n favor of PFPS in Belgium and the Netherlands is wider in 2015 

han in 2009. Second, as we mentioned above, the productivity gap 

etween PFPS and PS for the Czech Republic, Hungary and Slovakia 

avors PS in 2015, but PFPS have closed the gap since 2009. Finally, 

hile PS outperformed PFPS in Denmark in 2009, the situation has 
662 
eversed in 2015, and PFPS are now slightly more productive than 

S. However, the gap in both years is close to zero, and differences 

re the smallest compared with the other countries. 

Analyzing the two components, we observe that in the above 

ix countries with a positive PPLI, the TGC is positive too, indicat- 

ng that the best PFPS have improved their technology with respect 

o PS. However, we observe that the sign for EGC in the Czech Re- 

ublic and Slovakia is negative, leading to a better efficiency of PS 

ith respect to PFPS in 2015 compared to the same difference in 

009. It is interesting to note that the TGC is largest in favor of 

FPS in the Czech Republic. If only a small percentage of PFPS are 

mproving the technology, this probably leads to more inefficiency 

nside the PFPS than in PS, although the final balance is positive 

or PFPS. 

In two countries, Ireland and Spain, PS have managed to close 

he productivity gap, which still favors PFPS. In both countries, the 

est public schools have shifted up the production frontier, reduc- 

ng the technology gap with respect to PFPS. While in Ireland this 

rontier shift has worsened the efficiency gap, PS in Spain have also 

educed the efficiency gap with respect to PFPS. In the specific case 

f Spain, the severe economic crisis during the analyzed period led 

o large education budget cuts that might be behind this gain in 

roductivity. 12 Fig. 1 summarizes the main results of Tables 5 and 

 . 

In Fig. 1 , CDLI for 2009 with respect to the reference is mea- 

ured on the x-axis, whereas the CDLI for every country in 2015 

s captured on the y-axis. Within this framework, the origin of the 

oordinates (0, 0) in Fig. 1 represents the ideal situation for an ed- 

cation system, where there is no productivity gap between PFPS 

nd PS. As we can see, Denmark is the only country close to this 

osition. 

The graph has four quadrants. For countries in the northeast 

uadrant, PS perform better than PFPS in both periods, whereas 
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Fig. 1. CDLI by school ownership. Evolution across countries (PISA, 2009–2015). 
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he opposite applies to countries in the southwest quadrant: PS 

erform worse than PFPS in both years. Denmark is the only coun- 

ry in the southeast quadrant, indicating that, in this country, PS 

utperformed PFPS in terms of productivity in 2009, whereas the 

ituation reversed in 2015, although the difference was close to 

ero in both years. In our empirical case, the northwest quadrant 

s empty, which means that we have not found any country where 

FPS were more productive than PS in 2009, and the contrary 

as true in 2015. Additionally, a 45 ° degree line runs through the 

ortheast and southwest quadrants, splitting them into two. The 

pper halves of these quadrants indicate a negative PPLI, as for Ire- 

and and Spain, where PS are catching up with PFPS in terms of av- 

rage productivity. The opposite applies to countries in the bottom 

alves, where the PPLI is positive, and PFPS did better than PS over 

he analyzed period. In the northeast quadrant, this means closing 

he gap with respect to the more productive PS, as applies to the 

zech Republic, Slovakia and Hungary. In the southwest quadrant, 

FPS in the Netherlands or Belgium are widening the original pro- 

uctive gap with respect to PS. 

In general, plotting the CDLI for sequential periods is more in- 

ormative than just providing the PPLI scores, as it allows observ- 

ng which of the settings discussed in Section 3 occurred. The PPLI 

s just an overall score of the evolution of the productivity gap 

etween groups that summarizes the detailed information and in- 

ights gained from the observation of Fig. 1 . 

.3. A step backwards. productivity gaps evolution between PS and 

FPS across countries 

Apart from these results, the methodology can be used to mon- 

tor differences by school ownership not only within countries but 

lso across countries. Eqs. (15) and ( 16 ) can be computed using the

eference, PS in Finland 2009, as one group and the sixteen groups 

f schools, eight countries multiplied by two school types in both 

eriods, as the second group. Table 7 shows the results. 

We should underscore that the distances in Table 7 can be ba- 

ically interpreted as shown in Table 5 , i.e. a positive (negative) 

ign in CDLI is interpreted as the average performance of the an- 

lyzed group being better (worse) than the reference (Finnish PS 

n 2009). The higher the absolute value is, the wider the gap 

ill be. Second, although the direct interpretation of these val- 
663 
es is not clearly evident, the circularity of this index allows us 

o employ DDF values in Table 7 like ‘bricks’ for building all CDLI 

nd PPLI measures presented in Tables 5 and 6 . For example, the 

rst value in Table 5 indicates the CDLI between PS and PFPS in 

elgium 2009, and it was equal to −0.0507. From Eq. (15) and 

able 7 we appreciate that the distance of PS in Belgium 2009 

o the production frontier given by the reference technology is 
1 

n s,B 

∑ n s,B 

k =1 
�
 D 

h,R 
V 

( X s,B 
k 

, Y s,B 
k 

; g ) = −0 . 0020 ; the distance of PFPS in Bel- 

ium 2009 to the reference is 1 
n s,A 

∑ n s,A 

j=1 
�
 D 

h,R 
V 

( X s,A 
j 

, Y s,A 
j 

; g ) = 0 . 0487 . 

n this way, the CDLI AB 
s ( R h ) = −0 . 0020 − 0 . 0487 = −0 . 0507 . 

Third, another way to looking at Table 7 is that we can straight- 

orwardly find the performance gap between any pair of groups us- 

ng again the circularity property discussed in Eqs. (21) and ( 22 ). 

et us assume that we want to know, say, the productivity gap be- 

ween PS in Hungary and PFPS in Slovakia during 2015. To do this, 

e have to subtract the distance between PS in Hungary with re- 

pect to PS in Finland from the distance between PFPS in Slovakia 

nd Finland, i.e. 0.0245 – (– 0.0293) = 0.0538. As the sign is posi- 

ive, the result means that PS in Hungary are more productive than 

FPS in Slovakia. 

The potential of these measures is illustrated in Fig. 2 , where 

he distances represent the productivity gap among the groups in 

he two years. 

In Fig. 2 , the origin of the coordinates (0, 0) represents now the 

roductivity of the reference, PS in Finland 2009. Taking an axis 

2009 or 2015), we can sort groups by productivity and explore 

he productivity gaps between the school groups. This allows us 

o derive several conclusions. First, from Fig. 2 we conclude that 

FPS and PS in the Netherlands clearly hold the top two positions 

n 2015 (y-axis), respectively. Interestingly, productivity differences 

etween Dutch schools are moderate and quite constant consti- 

uting the educational production benchmark whose practices and 

aw framework should be analyzed in depth. Second, in 2009 there 

as large productivity differences in favor of PFPS in Spain and Ire- 

and, however, most of this gap was closed during the six-year pe- 

iod considered. As we have already mentioned the economic crisis 

rings about a shortcut of resources in public schools that possi- 

ly contributed to close the gap. Thirdly, we can see that in the 

zech Republic and Slovakia PS outperform PFPS in both periods. 

lthough some convergence has taken place, the gap remains sig- 
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Table 7 

CDLI in 2009 and 2015 with respect to PS in Finland 2009 by ownership and country and their decomposition into efficiency gap (EG) and technology gap (TG). 

2009 2015 

CDLI EG TG CDLI EG TG 

PS Belgium −0.0020 0.0036 −0.0056 −0.0734 −0.0118 −0.0616 

CzechRep 0.1598 −0.0150 0.1747 0.1384 −0.0175 0.1559 

Denmark 0.0000 0.0030 −0.0030 −0.0100 −0.0126 0.0027 

Hungary 0.0970 −0.0019 0.0989 0.0245 −0.0188 0.0432 

Ireland 0.0704 0.0175 0.0529 0.1271 0.0013 0.1257 

Netherlands 0.1741 −0.0097 0.1839 0.2629 0.0005 0.2623 

Slovakia 0.1668 −0.0062 0.1730 0.0594 −0.0143 0.0737 

Spain −0.0305 −0.0357 0.0052 0.0573 −0.0075 0.0647 

PFPS Belgium 0.0487 −0.0044 0.0531 0.0095 0.0088 0.0007 

CzechRep 0.0115 0.0356 −0.0241 0.0232 0.0243 −0.0011 

Denmark −0.0023 0.0225 −0.0249 −0.0005 0.0165 −0.0170 

Hungary 0.0250 0.0372 −0.0123 −0.0064 0.0279 −0.0343 

Ireland 0.1646 0.0249 0.1397 0.1515 0.0200 0.1315 

Netherlands 0.1979 −0.0247 0.2226 0.3269 −0.0062 0.3330 

Slovakia 0.0575 0.0290 0.0285 −0.0293 0.0194 −0.0487 

Spain 0.1160 −0.0038 0.1198 0.1107 0.0173 0.0934 

Fig. 2. Productivity gap evolution (CDLI) by school type across countries (PISA, 2009–2015). 
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ificant in 2015. Finally, it is interesting to see how the closest dif- 

erences between both school types and years can be observed in 

enmark. However in 2015, all schools in Denmark, together with 

S in Belgium and PFPS in Hungary and Slovakia have a negative 

DLI and are still below the reference. 

Figs. 3 and 4 plot the efficiency gap and the technology gap 

volution across countries in both periods to provide some insights 

nto the main factors driving the productivity gaps. 

Fig. 3 confirms how in terms of efficiency gaps PFPS are closer 

o their production frontier than PS. This finding is consistent with 

he economic theory, according to which, as private companies, 

FPS should be more efficient at managing resources while, at the 

ame time, delivering good outputs to assure that this option is 

ppealing for the parents when they make their school choice. Cu- 

iously, the exception to this pattern is the group of PFPS in the 
664 
etherlands, having the best performers inside its group they still 

ave room for further improvements. PS in Ireland and the Nether- 

ands are the best PS systems and in 2015 they had a similar inter- 

al efficiency in comparison with the reference. Another interest- 

ng case is that the efficiency gap of PS in Spain 2009 was clearly 

he worst performer. However, in 2015 PS in Spain continues below 

he reference but with similar values to other PS systems. Looking 

t Fig. 3 axis values, we can also conclude that the efficiency gaps 

re low and differences between PS and PFPS remain quite stable 

n both periods. 

We should highlight that the results in Fig. 4 are similar to re- 

ults illustrated in Fig. 2 , suggesting that the main driver of the 

roductivity gap is the technology gap. Note also in this case that 

here is no clear pattern for directly identifying whether PS or PFPS 

re the best performers inside a country although we will come 
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Fig. 3. Efficiency gap evolution by school type across countries (PISA, 2009–2015). 

Fig. 4. Technology gap evolution by school type across countries (PISA, 2009–2015). 
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13 
ack on this issue on Section 5.5 . However, Fig. 4 shows how the

echnical gap for Ireland and Spain was significantly reduced be- 

ween both periods explaining the reduction in the productivity 

ap that we discussed in relation to Fig. 2 . We also observe that

our out of eight PFPS systems, Czech Republic, Denmark, Hungary 

nd Slovakia (we could also include Belgium with a technical gap 

lose to zero) had worse productivity than the reference, which 

learly indicates that there is room in these countries for shifting 

p the production frontier in comparison with other countries. 

Going back to Table 7 , we can use Eqs. (23) and ( 24 ) to find

ut if at the end of the period the performance of a particular 

roup of schools is better or worse than the reference. In other 

ords, this measurement is the comparison of a country with it- 

elf in two different periods. For example, for PFPS in Belgium, we 

ave 0.0095 – 0.0487 = – 0.0392, where the negative sign indicates 
665 
hat the performance of PFPS in Belgium was worse in 2015 than 

n 2009. The performance of PS in Belgium also deteriorated dur- 

ng the period and even more than PFPS: – 0.0734 – (– 0.0020) = –

.0714. As a result, the gap between PFPS and PS is – 0.0392 

(– 0.0714) = 0.0322, which matches the result in Table 4 for 

elgium because of the circularity property. 13 Applying Eq. (17) , 

able 8 summarizes the productivity gap changes of all groups be- 

ween both years. 

For ten out of the sixteen groups, the positive sign in the PPLI 

ndicates that the performance of these groups of schools was 

orse in 2015 than in 2009. The Netherlands is the country where 

chool productivity grew most, regardless of school ownership. 
There are slight differences in some cases due to rounding. 
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Fig. 5. CDLI by school type across countries (PISA, 2009–2015) using Finland 2009 and Finland 2015 as reference. 

The name of the countries begins with ‘15 ′ when the estimations are done using Finland 2015 as reference. 

Table 8 

CDLI over the period 2009–2015 with respect to public schools in Finland (the ref- 

erence) by ownership and country and decomposition into efficiency gap change 

(EGC) and technology gap change (TGC). 

2009–2015 

CDLI A t ,t +1 ( R 
h ) EG A t ,t +1 T G A t ,t +1 ( R 

h ) 

PS Belgium 0.0713 0.0153 0.0560 

CzechRep 0.0214 0.0025 0.0189 

Denmark 0.0100 0.0156 −0.0056 

Hungary 0.0725 0.0168 0.0557 

Ireland −0.0567 0.0162 −0.0728 

Netherlands −0.0887 −0.0102 −0.0785 

Slovakia 0.1073 0.0080 0.0993 

Spain −0.0877 −0.0282 −0.0595 

PFPS Belgium 0.0392 −0.0132 0.0524 

CzechRep −0.0117 0.0113 −0.0230 

Denmark −0.0018 0.0060 −0.0079 

Hungary 0.0314 0.0094 0.0220 

Ireland 0.0131 0.0049 0.0082 

Netherlands −0.1289 −0.0185 −0.1104 

Slovakia 0.0868 0.0095 0.0773 

Spain 0.0053 −0.0211 0.0264 
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14 For brevity we will use Finland 2009 and Finland 2015 for referring to PS from 

Finland in PISA 2009 and PS from Finland in PISA 2015 respectively, 
his growth is driven by technical change, suggesting that some 

chools and families successfully adapted the education process 

uring the crisis to deliver similar results with fewer resources. 

.4. Robustness check 

In Section 3.2 we highlighted that the price for having circular- 

ty in this monitoring system is paid with the technology depen- 

ence. Once we know that results will change with another ref- 

rence, the question is raised as to what extent the new results 

ould be different. Although an in-depth analysis devoted to this 

uestion is beyond the aim of this paper and deserves its own re- 
666 
earch, we have run all the analysis again using the set of Finnish 

ublic schools in PISA 2015 as the reference technology. 14 Table 9 

eproduces Table 7 but now using the new reference. 

The first obvious conclusion from Tables 7 and 9 is that the ef- 

ciency gaps coincide. This is not surprising because according to 

q. (16) , this term is the same regardless of the reference. This re- 

ult also holds for Eqs. (3) and ( 5 ). Table 10 presents the bivariate

earson correlation coefficients for the CDLI and the TG component 

n both periods included in Tables 7 and 9 . The main diagonal in

able 10 shows that correlations are high, positive and statistically 

ignificant, revealing that the initial underlying differences found 

mong the groups of DMUs are still maintained after changing the 

eference. 

We also explore the dissimilarities that we obtain when opting 

or another reference through two additional ways. First, using a 

olmogorov-Smirnov’s test, we compare the cumulative distribu- 

ion functions of the two empirical distributions of productivity 

aps to assess how similar they are in shape and position. The 

 statistic ranges between 0 and 1, and a high value indicates a 

ignificant difference in the distributions of the two groups (see 

anker, Zheng & Natarajan, 2010 , p.234 for details). Second, we 

est whether there are any differences between the mean values 

f the productivity gaps found through a t -test for paired samples. 

oth results are shown in Table 11 . 

Regarding the Kolmogorov-Smirnov D values, we find that there 

re no statistically significant differences among the shape of the 

wo paired empirical distributions of the four productivity gaps 

easured using the two references. However, the t -test indicates 

 different significant mean for the CDLI15 and TG15 depending on 

he reference used. Mean differences among these two productiv- 
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Table 9 

CDLI in 2009 and 2015 with respect to PS in Finland 2015 by ownership and country and their decomposition into efficiency gap (EG) and technology gap (TG). 

2009 2015 

CDLI EG TG CDLI EG TG 

PS Belgium −0.0013 0.0036 −0.0049 −0.0289 −0.0118 −0.0171 

CzechRep 0.1337 −0.0150 0.1487 0.1530 −0.0175 0.1705 

Denmark −0.0124 0.0030 −0.0154 0.0294 −0.0126 0.0421 

Hungary 0.0863 −0.0019 0.0883 0.0557 −0.0188 0.0745 

Ireland 0.0593 0.0175 0.0418 0.1128 0.0013 0.1115 

Netherlands 0.1586 −0.0097 0.1683 0.2387 0.0005 0.2382 

Slovakia 0.1334 −0.0062 0.1397 0.0902 −0.0143 0.1044 

Spain −0.0126 −0.0357 0.0231 0.0765 −0.0075 0.0839 

PFPS Belgium 0.0580 −0.0044 0.0624 0.0182 0.0088 0.0094 

CzechRep 0.0254 0.0356 −0.0102 0.0656 0.0243 0.0413 

Denmark 0.0014 0.0225 −0.0211 0.0392 0.0165 0.0227 

Hungary 0.0540 0.0372 0.0168 0.0306 0.0279 0.0028 

Ireland 0.0856 0.0249 0.0608 0.1287 0.0200 0.1087 

Netherlands 0.1830 −0.0247 0.2077 0.3024 −0.0062 0.3086 

Slovakia 0.0947 0.0290 0.0657 −0.0139 0.0194 −0.0334 

Spain 0.0864 −0.0038 0.0902 0.1085 0.0173 0.0912 

Table 10 

Pearson correlation coefficients of CDLI and TG values using different reference technologies. 

(Reference) PS FINLAND 2015 

Variables CDLI09 TG09 CDLI15 TG15 

CDLI09 0.9402 0.9079 0.7694 0.7682 

(Reference) TG09 0.9134 0.9527 0.8081 0.8335 

PS FINLAND 2009 CDLI15 0.7538 0.7924 0.9883 0.9649 

TG15 0.7532 0.8199 0.9857 0.9871 

Table 11 

Differences in em pirical distributions and mean productivity gap values under two 

different references. 

Variables Kolmogorov-Smirnov D Paired t -test 

CDLI09 0.2500 1.0830 

(0.6325) (0.2959) 

TG09 0.1875 1.0807 

(0.9123) (0.2969) 

CDLI15 0.3125 2.3272 ∗

(0.3481) (0.0344) 

TG15 0.3125 2.3308 ∗

(0.3481) (0.0341) 

p-values are shown in parentheses. 
∗ Means Difference is statistically significant at 5%. 
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15 In this empirical application, we solved thousands of optimization linear pro- 

grams for each school in each country and with respect to the reference technol- 

ogy and the group-specific technology in 2009 and 2015, yielding also thousands of 

shadow weight vectors. The results are not reported but are available under request. 
ty gaps are around one point and a half higher when we use PS 

rom Finland 2015 as reference with respect to using Finland 2009. 

o be more specific, the mean value for CDLI15 (TG15) when using 

inland 2009 is 0.0732 (0.0703) while the average value is 0.0879 

0.0850) when the reference is Finland 2015. 

Finally, to visualize the similarities and differences that arise 

rom using different references in the CDLI and the TG, Figs. 2 and 

 are plotted again to include the results of Finland 2015 as refer- 

nce. 

In Figs. 5 and 6 , the origin of the coordinates (0, 0) simultane-

usly represents the productivity of both references, Finland 2009 

nd Finland 2015, for evaluating the same sixteen groups when the 

eference is one or the other respectively. Figs. 5 and 6 confirm the 

revious findings as we knew that different references bring about 

ifferent results. However, the scatter plots confirm that there is 

 high inertia among the CDLI, and the TG gaps measured under 

he two references. This means that although absolute productivity 

aps with respect to the reference vary, the relative performance 

aps of the groups hold quite stable. Of course, the variation in ab- 

olute numbers might derive in a slightly better off (or get worse) 

erformance of some groups with respect to others but the re- 
667 
ults seem to be consistent for analysing how the groups of DMUs 

volve over time. 

Another type of robustness that should be checked is that 

ssociated with how sensitive the results are with respect to 

he selection of inputs and outputs. In this regard, some papers, 

ike the recent contribution by Landete, Monge and Ruiz (2017) , 

ave suggested possible solutions. In particular, Landete et al. 

2017) propose the calculation of a robust (radial) efficiency score 

hat takes into account all the scenarios associated with all of the 

pecifications of inputs and outputs that could be considered once 

 given set of input and output variables is defined. However, a 

ew methodological extension of this technique to the case of 

onsidering directional distance functions instead of radial mea- 

ures would be necessary. This extension is not trivial since the 

irectional distance function determined for each scenario (com- 

ination of inputs and outputs considered) would depend on a 

ifferent directional vector, which has consequences regarding how 

nappropriate it would be to directly aggregate all the inefficiency 

cores. 

Another interesting robustness check would be adding weight 

estrictions to our models for incorporating experts’ judgements 

n the importance of individual input and output variables (see, 

or example, Allen, Athanassopoulos, Dyson & Thanassoulis, 1997 ). 

ollowing this line, we could also check how results change using 

eight restrictions with respect to the free weights model calcu- 

ated in this paper. 15 

.5. Mind the gap. the Role of school autonomy on the CDLI and its 

omponents 

Previous papers have analyzed the relationship between ef- 

ciency scores and some characteristics of educational systems 
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Fig. 6. Technology Gap by school type across countries (PISA, 2009–2015) using Finland 2009 and Finland 2015 as references. 

The name of the countries begins with ‘15 ′ when the estimations are done using Finland 2015. 
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16 For more details see PISA 2009 and PISA 2015 schools’ questionnaires. 
17 The number of observations and the high correlation among the autonomy di- 

mensions prevents us from breaking down the school autonomy into different cat- 

egories. 
cross countries through correlations ( Agasisti, Munda & Hippe, 

019 ), the conditional approach ( Cordero et al., 2017 , 2018b ) or

hrough a second stage analysis ( Bogetoft et al., 2015 ). Hence, a 

uestion worth asking is why do productivity gaps widen or nar- 

ow between school types and across countries over time. 

In addition to the underlying legal framework, the culture and 

ocial background of each country, differences in the school or- 

anization and management practices might be behind these dif- 

erences. School autonomy has been pointed out in last years as 

ne of the most powerful drivers for improving schools’ produc- 

ivity ( Bloom, Lemos, Sadun & Van Reenen, 2015 ; Hanushek, Link 

 Woessmann, 2013 ; Woessmann, Luedemann, Schuetz & West, 

009 ). School ownership, whether public or private, implies in it- 

elf, differences in school autonomy levels, being general higher in 

FPS in comparison with PS. However, we can exploit the fact that 

chools’ autonomy varies across countries and over time to test 

hether a higher school autonomy affects productivity gaps while 

ontrolling country and year fixed effects. 

In order to explore the variation of the CDLI and its components 

cross the eight European countries, we estimate the following re- 

ression model. 

 ist = α + βA ist + ϕ S it + γi + γt + ε ist , (26) 

here P ist stands for the productivity outcome of the group of 

chools s (PS and PFPS) in country i at period t being assessed. 

he productivity outcomes are the Luenberger distances against 

he reference reported in Table 7 (the CDLI, the efficiency gap and 

he technical gap). A ist accounts for variables related with school 

utonomy and S it is a dummy variable that takes value one if the 

chool is public. Moreover, γt is a time dummy and γ includes a 
i 

668 
et of state dummies to take out countries fixed effects. Finally, ε ist 

epresents the error term. 

We build two measures of school autonomy using two repeated 

et of questions from the school questionnaire in PISA 2009 and 

ISA 2015. In PISA 2009 (2015) the specific question was the ques- 

ion 24 in the school questionnaire (question 10 in the school ques- 

ionnaire) formulated as follows 16 : “Regarding your school, who 

as a considerable responsibility for the following tasks?” The 

asks include twelve items related to school management (salaries, 

romotion, hiring and firing), budget management and academic 

anagement (course contents, textbooks, disciplinary policies, as- 

essment policies, admission policies and deciding which courses 

re offered). 17 Principals‘ answers to these questions include five 

ptions: principals; teachers; school governing board; regional or 

ocal education authority; National education authority. The prin- 

ipal could tick as many answers as appropriate for each of the 

welve items. 

From this information we construct two variables. First, for each 

chool we count the number of times that the principal declares 

hat ‘principals’, ‘teachers’ or ‘the school governing board’ take con- 

iderable responsibility in managing the different dimensions. We 

onsider that ticking more than one option reinforces the neces- 

ary check and balances inside the school, therefore enhancing the 

chool autonomy. Our hypothesis is that a higher value indicates a 

igher autonomy. This variable (AUTONOMY) ranges from a min- 

mum of zero to a maximum of 36. The second variable is built 
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Table 12 

Average school autonomy by country and school ownership. 

Country & Ownership AUTONOMY AUTHORITIES (AUTONOMY - AUTHORITIES) 

PISA 2009 PISA 2015 PISA 2009 PISA 2015 PISA 2009 PISA 2015 

Belgium PS 12.40 9.05 6.99 10.13 5.42 −1.08 

Belgium PFPS 15.47 12.11 4.83 6.40 10.64 5.70 

Czech. Rep PS 16.79 15.54 1.97 2.07 14.81 13.47 

Czech. Rep PFPS 17.38 16.37 0.69 0.33 16.69 16.04 

Denmark PS 15.78 15.60 4.87 4.18 10.91 11.43 

Denmark PFPS 18.53 18.49 2.05 1.67 16.47 16.82 

Hungary PS 16.45 10.77 2.83 6.79 13.61 3.98 

Hungary PFPS 16.75 16.19 1.60 2.94 15.15 13.25 

Netherlands PS 15.78 15.51 0.80 0.85 14.99 14.66 

Netherlands PFPS 15.12 16.36 0.85 0.84 14.27 15.52 

Slovakia PS 14.96 13.68 4.09 3.38 10.87 10.30 

Slovakia PFPS 15.71 15.00 4.29 2.29 11.41 12.71 

Spain PS 8.01 8.59 7.85 8.17 0.16 0.42 

Spain PFPS 14.10 12.22 4.92 5.39 9.18 6.83 

Ireland PS 13.92 14.57 7.16 6.48 6.76 8.09 

Ireland PFPS 16.05 16.72 3.29 3.42 12.76 13.30 

Table 13 

Effect of the autonomy variables on CDLI and its components. 

CDLI-R09 TG-R09 CDLI-R15 TG-R15 EG 

Intercept −0.5553 ∗∗ −0.5195 ∗ −0.4944 ∗∗ −0.4590 ∗∗ −0.0357 

(0.2532) (0.2686) (0.1868) (0.2057) (0.0615) 

Public 0.0489 ∗ 0.0683 ∗∗ 0.0315 0.0509 ∗ −0.0194 ∗∗

(0.0254) (0.0311) (0.0195) (0.0255) (0.0086) 

Autonomy 0.0357 ∗∗ 0.0325 ∗∗ 0.0316 ∗∗∗ 0.0285 ∗∗ 0.0031 

(0.0130) (0.0139) (0.0091) (0.0102) (0.0034) 

Authority 0.0149 0.0134 0.0186 0.0171 0.0016 

(0.0161) (0.0175) (0.0118) (0.0129) (0.0034) 

Dummy year Yes Yes Yes Yes Yes 

Countries fixed effect Yes Yes Yes Yes Yes 

N 32 32 32 32 32 

F 10.34 16.60 11.91 10.37 3.85 

R 2 0.7993 0.7654 0.8225 0.7799 0.6265 

Each column provides the results of a different regression. The dependent variables are the CDLI, TG and EG showed in Table 7 (R09). To check robustness, we also include 

distances of values included in Table 9 using PS in Finland 2015 as reference (R15). EG coincides with both references. All models include a set of dummy years and countries. 

Robust standard errors are shown in parentheses. ∗∗∗ , ∗∗ , and ∗ denote 1%, 5% and 10% statistical significance thresholds, respectively. 
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n the same vein but, in this case, counting the number of times 

n which the principal declares that a ‘regional or local education 

uthority’ or a ‘National education authority’ have a considerable 

esponsibility of managing the different dimensions. The assump- 

ion here is that more administrations influencing schools’ deci- 

ions introduce more constraints to develop the school autonomy. 

ccordingly, we expect that a higher value in this variable (AU- 

HORITIES) corresponds to less school autonomy since decisions 

re partly conditioned by the public administration. This variable 

anges between zero and 24. 

As in Hanushek et al. (2013) , it is worth noting that these two

ndividual school dimensions of autonomy are the self-perception 

f the school principal’s views about the reality of the school. 

able 12 presents country-level means by school ownership of the 

wo autonomy measures and their difference for PISA 2009 and 

015. 

As expected, AUTONOMY (AUTHORITIES) is higher (lower) in 

FPS than in PS. Two exceptions are the Netherlands where 

chools’ autonomy for both school types are very similar, and Slo- 

akia where the perceived AUTHORITY is higher in PFPS than PS in 

ISA 2009. School autonomy is especially low in Belgian and Span- 

sh PS compared with the autonomy of PS in other countries. Like- 

ise, school autonomy has significantly decreased for PFPS in these 

wo countries from PISA 2009 to PISA 2015. Interestingly, we find 

he lowest autonomy levels and the highest public administration 

ntervention in these two countries. 

In Belgium and Hungary, school autonomy has declined in both 

chool types and, at the same time, the weight of authorities on 
669 
chool responsibilities has increased after the six years. The pattern 

or the Czech Republic and the Netherlands is a combination of 

ew differences between PS and PFPS in the two variables with a 

elatively large difference between the variables AUTONOMY and 

UTHORITY. Table 13 shows the results of estimating Eq. (26) using 

LS accounting for country fixed effects, a time effect and robust 

tandard errors. 

The regression results reveal that school autonomy has a 

ositive and significant impact on the CDLI, particularly through 

he Technical Gap (TG) while there is no significant effect on 

he efficiency gap (EG). This result confirms that more school 

utonomy pushes productivity upwards. The channel might be 

hat more school autonomy enables schools to develop educational 

nnovation and managerial practices without significant adminis- 

rative barriers, allowing some successful schools to shift up the 

roduction frontier. The rest of schools will follow the successful 

ractices in the following periods. The non-significance of the ‘Au- 

hority’ variable suggests that the degree of responsibility of public 

dministrations in managing school decisions is less important by 

tself, just in relation with school autonomy, although these two 

ariables are correlated. 

We also find that PS schools are, on average, more productive 

han PFPS schools due to the technology gap. However, the effi- 

iency spread among the PS in their groups is higher than for PFPS, 

imiting its global productivity. In other words, inside the group 

f PS, we find the best performers in terms of productivity. They 

each the maximum outputs from their students, subject to their 

evel of inputs. However, for some reason, their good practices are 
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ot followed by the remaining PS and this is detrimental to the 

fficiency of the whole group. 

. Conclusions 

In this paper, we extend the Malmquist-type index proposed by 

amanho and Dyson (2006) and the pseudo-panel Malmquist in- 

ex put forward by Aparicio et al. (2017) and Aparicio and San- 

ín (2018) , which are used to measure the average relative per- 

ormance divergences between different groups of units within 

he same year and over time, respectively. The extension is re- 

ated to the use of the directional distance function and the Lu- 

nberger indicator instead of the Shephard distance function and 

he Malmquist index. 

The directional distance function encompasses the Shephard 

pproach where non-equiproportional improvements in both in- 

uts and outputs can be used to determine technical efficiency, 

hereas the Luenberger indicator can assume VRS in contrast to 

he Malmquist index. This latter feature implies, in the context 

f the performance assessment of two or more groups, that it is 

ossible to compare the best-practice technologies of these groups 

f units under VRS, the most usual assumption when DEA is ap- 

lied in practice and the evaluated units differ with respect to size. 

dditionally, the new approach inherits some interesting features 

rom previous indexes, especially the property of circularity, using 

 baseline group as the reference technology, and the decomposi- 

ion of the productivity gap into technical and efficiency gaps. 

To illustrate this new approach, we measure how the productiv- 

ty gaps between publicly funded private schools (PFPS) and pub- 

ic schools (PS) across eight European countries changed over the 

009–15 period using PISA data. Indeed, we think that benchmark- 

ng schools and analyzing the productivity gaps inside European 

nion countries is one the most promising tools for monitoring 

ducation systems and learning from best managerial practices in 

rder to improve education in the whole European Union. 

Although our findings must be analyzed with appropriate cau- 

ion, they point out that the performance of PFPS was better in 

elgium, Ireland, the Netherlands and Spain in both waves, while 

S productivity outperforms PFPS in the Czech Republic, Hungary 

nd Slovakia, while productivity gaps between both school types 

n Denmark are close to zero. Moreover, PFPS improved their re- 

ults with respect to PS in six out of the eight considered coun- 

ries, where Ireland and Spain are the two exceptions, probably 

ue to public expenditure cuts during the economic crisis ongoing 

uring this period. Another general result is that PFPS are closer 

o their production frontier than PS, where variance is found to be 

reater. Moreover, the main driver of productivity gaps changes is 

he technology gap. 

Additionally, in line with previous research, we conclude that 

chool autonomy has a significant positive effect on school perfor- 

ance. It is worth stressing that when the principals, teachers and 

he school governing board all share considerable responsibility for 

anaging important school decisions related with personnel, bud- 

et and academic contents, the productivity results of schools are 

igher. In terms of school type, we also confirm that PS are on 

verage more productive than PFPS. Despite PS schools being, on 

verage, more inefficient than PFPS schools, they possess a bet- 

er technical gap that eventually benefits PS productivity. Conse- 

uently, we could argue that boosting school autonomy should be 

 priority for policy makers in countries such as Belgium or Spain, 

ith relative low levels of school autonomy compared to other Eu- 

opean countries. 

Our results also suggest that, beyond school autonomy, more re- 

earch is still needed in order to analyze which factors character- 

ze best performers and which educational practices and environ- 

ental variables (also known as Zs variables) are able to shift up 
670 
he production frontiers from one period to another, as in Bradley 

t al. (2010) . This information may help policymakers to foster ed- 

cational policies that work, by allocating more public expenditure 

o the most promising alternatives. In this sense, our framework 

ould be used for running a difference-in-differences analysis over 

ore than two periods in those situations where there are exoge- 

ous changes, or treatments, affecting some groups but not oth- 

rs, that would be the control group. This would allow to load the 

ausal inference analysis into the benchmarking methods for un- 

erstanding what cause productivity gap changes in some produc- 

ion units or groups with respect to others. 

To conclude, there are other different avenues for further 

ollow-up research on this issue. First, it is necessary to highlight 

he study of the directional distance function in the context of 

he evaluation of two or more groups of units when there are 

ndesirable outputs. In this sense, a recent and interesting ap- 

roach for dealing with bad outputs was introduced by Murty, 

ussell and Levkoff (2012) and Murty and Russell (2018) , defining 

he by-production technology. As we already mentioned, a second 

nteresting line of research would be to checking in depth the 

obustness of our findings. This includes the selection of the 

nput and output variables ( Landete et al., 2017 ) and the relative 

mportance of individual input and output variables (see, for 

xample, Allen et al., 1997 ) adding weight restrictions to our 

odels for incorporating experts’ judgements. Third, although in 

his paper we have explored how different the results would be 

f another reference had been chosen, it is necessary to devote 

pecific research to this issue alone in order to properly define a 

uitable reference. Fourth, from a theoretical and empirical per- 

pective, it would be worthwhile analyzing within this framework 

ow to measure the relative performance of different groups 

f production units over time using the Hicks-Moorsteen index 

 Bjurek, 1996 ). This index, recently used in education (Aparicio 

t al. 2018, Becerra-Peña & Santín, 2020 ), has the potential of 

ncorporating variable returns to scale as a new scale gap com- 

onent in productivity gap decomposition in problems where size 

nd returns to scale matter, following insights from O’Donnell 

2012) . Fifth, the main purpose of this paper was to introduce the 

uenberger indicator for performing groups comparisons. Future 

mpirical research should incorporate more PISA, TIMSS (Trends in 

nternational Mathematics and Science Study) or PIRLS (Progress 

n International Reading Literacy Study) waves and countries for 

nalyzing other educational drivers behind the evolution of pro- 

uctivity gaps across countries over time. Finally, we also suggest 

eveloping a bootstrap procedure to build confidence intervals 

or the productivity gaps and their components. This analysis 

ill be useful for managers introducing new measures in order 

o test whether the groups or schools under their management 

ignificantly improve their performance with respect to other 

roups. 
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