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This paper proposes a new method to measure productivity change of decision making units in the full
input-output space. The new approach is based on the calculation of the least distance to the Pareto-
efficient frontier and hence provides the closest targets for evaluated decision making units to reach the
strongly efficient frontier with least effort. Another advantage of the new methodology is that it always
leads to feasible solutions. The productivity change in the new approach is operationalized as a
Luenberger-type indicator in the Data Envelopment Analysis framework and it is decomposed into
efficiency change and technical change. The paper empirically illustrates the new method using recent
data on the Spanish quality wine sector.

& 2016 Elsevier Ltd. All rights reserved.
1. Introduction

The measurement of productivity change over time using
frontier methods continues to claim considerable attention in
the literature that centers on the assessment of economic per-
formance of decision making units (DMUs). The most popular
approach to evaluate productivity change is the Malmquist
productivity index introduced by Caves et al. [20] and popu-
larized by Färe et al. [31] that made it empirically tractable in
the Data Envelopment Analysis (DEA) framework allowing for
decomposition of productivity change into efficiency and tech-
nical changes. Malmquist index is a ratio-based index that uses
Shephard [51] distance functions to represent technology and,
in its most popular forms, adopt either an input contraction or
an output expansion perspective.

Meanwhile, more general indices were developed aimed to
measure the productivity change in the full input-output space
on the graph representation of the technology.1 In many practical
situations it is desirable to use measures that are non-oriented in
which units are able to change both inputs and outputs. Cham-
bers et al. [22] and Chambers and Pope [23] define the Luen-
berger productivity change indicator that is a difference-based
full input-output space as a
0]. See also Juo et al. [41].
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index of directional distance functions that account for both
input contractions and output improvements. Zofio and Lovell
[56] define the hyperbolic Malmquist index that considers both
input and output dimensions when evaluating productivity
change over time. Portela and Thanassoulis [50] propose to
estimate productivity change through observed values only and
use the geometric distance function in the estimation of a
Malmquist index that allows for simultaneous changes in inputs
and outputs towards the efficient frontier, while Tone [55]
defines a non-oriented Malmquist index based on the non-
oriented slacks-based measure that includes both input and
output slacks.

The determination of closest efficient targets and the calcu-
lation of the least distance to the efficient frontier is a recent
theme that has drawn the attention of a large number of authors
in the DEA literature.2 So far, the approach based on the least
distance to the frontier has been fundamentally applied to the
field of technical efficiency measurement and benchmarking.
Chronologically speaking, we can list the following references.
Coelli [27] proposed a multi-stage methodology based on solving
a sequence of radial models, seeking targets as similar as pos-
sible to the original DMU. The Joro et al. [38] approach mixes
DEA and multiple objective linear programming searching for
2 For an evaluated DMU, its targets are the coordinates of the projection point
on the estimated efficient frontier and represent levels of operation of inputs and
outputs that would make the corresponding unit performs efficiently.
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4 Luenberger [44,45] introduced the concept of benefit function as a repre-
sentation of the amount that an individual is willing to trade, in terms of a specific
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the closest projections on the frontier. Briec [14] and Briec and
Lemaire [15] calculated the minimum distance to the weakly
efficient frontier using Hölder norms. Frei and Harker [32]
focused on determining projection points by minimizing the
Euclidean distance to the efficient frontier. Cherchye and Van
Puyenbroeck [21] defined the deviation between mixes in an
oriented-space framework as the angle between the input vector
of the assessed DMU and its projection and maximize the cor-
responding cosine, consequently finding the closest targets.
Gonzalez and Alvarez [36] minimized the sum of input con-
tractions required to reach the production frontier, which is
equivalent to ‘maximizing’ the input-oriented Russell efficiency
measure. Another interesting paper on closest targets is Portela
et al. [49] that proposes a multistage procedure to determine the
closest targets that identify all the facets of the efficient frontier.
Later, Lozano and Villa [43] introduced a method that deter-
mines a sequence of targets to be achieved in successive leaps,
which converge to the efficient frontier. Aparicio et al. [3]
introduced a single-stage methodology based on MILP (Mixed
Integer Linear Programming) for determining closest targets for
any DEA measure in an easy way. More recently, other authors
have focused their analysis on the Euclidean distance, as Amir-
teimoori and Kordrostami [1] and Aparicio and Pastor [5].
Jahanshahloo et al. [37] introduced the directional closest-target
based measure of efficiency, integrating Hölder norms and
directional distance functions in DEA. More recently, the litera-
ture on deriving the least distance to the frontier invokes the
concept of the Principle of Least Action (PLA), which works with
the notion of closeness/similarity [7]. Finally, another recent and
related stream of the literature analyses the properties that the
measures adapted to the PLA satisfy, as for example strong
monotonicity. In this respect, we must mention Baek and Lee
[10], Ando et al. [2], Aparicio and Pastor [4,6], Aparicio et al. [10]
and [33,34].

Although it is usual to adapt traditional DEA technical efficiency
measures for estimating productivity change over time (see, e.g.,
[56] and Kapelko et al.[42,43]), revising the literature about the
determination of closest efficient targets, we highlight that, to the
best of our knowledge, there is no paper that applies least distance
for estimating productivity change and its components (technical
change and efficiency change) on the graph representation of the
technology.3 An intriguing prospect is, therefore, to incorporate
the idea of least distance and the Principle of Least Action into the
productivity change measurement in the context of the full input-
output space and Pareto-efficiency [40] and Mirdehghan and
Fukuyama [51]. In this paper we aim to do so by developing a new
approach to the assessment of productivity change that satisfies
these characteristics. In particular, the new approach assures the
determination of Pareto-efficient projections both for units located
in the interior of the technology and outside the production pos-
sibility set and, additionally, it always leads to feasible results for
the mixed period distances. Our approach is operationalized in the
Data Envelopment Analysis framework exploiting the Luenberger-
type productivity change measurement. For illustration purposes
we apply the new approach to a dataset of the Spanish quality
wine sector (the so called Designation of Origin of wines).

The remainder of the paper unfolds as follows. Section 2 deals
with the review of existing approaches that consider both output
and input dimensions simultaneously in measuring productivity
3 The only related paper within this line is Aparicio et al. [9]. However, this
paper considers a specific case of input orientation and develops an approach for
the measurement of input-specific productivity change. Hence, it was not devel-
oped for the general framework of the full input-output space, as the current paper
does. Also, the paper by Aparicio et al. [9] develops a model that only works under
the assumption of dealing with only one output.
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change. Section 3 develops a new approach to the measurement of
productivity change based on the estimation of the least distance
to the Pareto-efficient frontier. The empirical application to the
data on the Spanish quality wine sector is described in Section 4.
Section 5 offers concluding comments.
2. Review of the literature

In this section, we briefly review existing approaches where the
issue of measuring productivity change in the full input-output
space has been analyzed. Let us begin with the introduction of
some notation and definitions.

Consider n DMUs that use m inputs to produce s outputs. These
are denoted by xj; yj

� �
, j¼ 1;…;n. It is assumed that

xj ¼ x1j;…; xmj
� �

ARm
þ þ , j¼ 1;…;n, and yj ¼ y1j;…; ysj

� �
ARs

þ þ ,
j¼ 1;…;n. The relative efficiency of each DMU0 in the sample is
assessed with reference to the production technology that is
defined as follows:

T ¼ x; yð Þ= x can produce y
� �

: ð1Þ
T can be empirically constructed from n observations as fol-

lows:

TCRS ¼ x; yð ÞARmþ s
þ = xZ

Xn
j ¼ 1

λjxj; yr
Xn
j ¼ 1

λjyj; λjZ0; j¼ 1;…;n

8<
:

9=
;:

ð2Þ
The above formulation assumes Constant Returns to Scale

(CRS). It uses λj as intensity weights, λjZ0. We will assume this
hypothesis hereafter. Moreover, the strongly efficient frontier of
TCRS is defined as:

∂s TCRSð Þ : ¼ x; yð ÞATCRS : x̂rx; ŷZy; x̂; ŷ
� �

a x; yð Þ ) x̂; ŷ
� �

=2TCRS
� �

ð3Þ
Regarding the notation for denoting observations in different

periods of time, we will use hereafter when needed xhj ; y
h
j

� �
, Tk

CRS ,

∂s Tk
CRS

� �
with h¼ t; tþ1 and k¼ t; tþ1.

Now we turn to the first model that measures productivity
change in the full input-output space and we introduce the effi-
ciency measures that form the basis of the Luenberger indicator
[22,23]. The Luenberger indicator is based on the directional
technology distance function that for time t is defined as follows
[24] 4:

Dt xt ; yt ; gI ; gO
� �¼ max βt

: ðxt�βtgI ; ytþβtgOÞATCRS

n o
; ð4Þ

where g¼ ðgI ; gOÞ is a directional vector for inputs and outputs,
respectively and β measures the degree of technical inefficiency.
Directional distance function projects input and output vector
from itself to the technology frontier in a pre-assigned direction
given by the directional vector. Therefore, this measure does not
reach the strongly efficient frontier ∂s TCRSð Þ and it does not cal-
culate the least distance to this frontier. Directional distance
function for time t can be calculated by the following DEA
reference commodity bundle g, for the opportunity to move from a consumption
bundle to a utility threshold. Luenberger also defined a so-called shortage function
[44]. 242, Definition 4.1), which basically measures the distance in the direction of a
vector g of a production plan from the boundary of the production possibility set. In
other words, the shortage function measures the amount by which a specific plan is
short of reaching the frontier of the technology. In recent times, Chambers et al.
[24] redefined the benefit function and the shortage function as efficiency mea-
sures, introducing to this end the so-called directional distance function.
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optimization program:

Dt xt ; yt ; gI ; gO
� �¼ max βt

s:t:Xn
j ¼ 1

λjxtijrxti0�βtgIi ; i¼ 1;…;m

�
Xn
j ¼ 1

λjytrjr�ytr0�βtgOr ; r¼ 1;…; s

λjZ0 ð5Þ

However, in order to compute the Luenberger indicator, the
directional distance function for time tþ1 needs to be estimated
Dtþ1 xtþ1; ytþ1; gI ; gO

� �� �
together with the so called mixed-period

distance functions that reflect the distance of a data point in time
period t relative to the technology of period t þ1 Dtþ1 xt ; yt ; gI ; gO

� �� �
as well as the distance of a data point in time period tþ1 relative to
the technology of period t Dt xtþ1; ytþ1; gI ; gO

� �� �
. It is well known

that these mixed period directional distance functions can yield
infeasible results [18]. Moreover, Briec and Kerstens [18] show that
infeasibilities may also occur when estimating single period direc-
tional distance functions when the output direction vector is non-zero
and the number of inputs is larger than or equal to two, or the
directional input vector is not of full dimension whenever the output
direction is null. In addition, Briec and Kerstens [19] notice that the
computation of mixed period directional distance functions can lead
to projections with a negative output, which in general have little
meaning in standard economic production applications. In order to
avoid such problem one needs to add an additional constraint into
program (6): the output translated by the directional distance function
into the direction of the directional vector must be positive (that is,
yr0þβgOr Z0). It is worth noticing that imposing this constraint may
lead to additional infeasibilities. See Aparicio et al. [11] for revising
other properties of the directional distance function.

A second approach is that of Zofio and Lovell [56], who define a
Malmquist-type productivity change measure based on the
hyperbolic distance function of Färe et al. [30]:

Ht xt ; yt
� �¼ min δt : ðxtδt ; yt=δtÞATCRS

n o
ð6Þ

This measure consists in a simultaneous equiproportionate
expansion of outputs and contraction of inputs. As in the case of
the directional distance function, this approach does not aim to
signal Pareto-efficiency or apply the Principle of Least Action. The
measure can be represented by the following nonlinear optimi-
zation problem:

Ht xt0; y
t
0

� �¼ min δt

s:t:

δtxti0Z
Xn
j ¼ 1

λjxtij; i¼ 1;…;m

ytr0=δ
tr

Xn
j ¼ 1

λjytrj; r¼ 1;…; s

λjZ0 ð7Þ

Of course as for the Luenberger indicator, to compute the
hyperbolic Malmquist index, the distance function for tþ1 as well
as mixed period distance functions need to be solved in addition to
(7). As it is shown in Pastor et al. [48] the nonlinear CRS hyperbolic
program as represented by (7) can be linearized to the CRS input-
oriented program. And an input-oriented program used to esti-
mate mixed-period distance functions can lead to infeasibilities
[39]. Hence, it can be concluded that the variation of program (7)
for mixed period problems also suffers from the problem of
infeasibilities.
Please cite this article as: Aparicio J, et al. Graph productivity change m
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The two remaining approaches to the assessment of pro-
ductivity change in the full input-output space were developed
with the Pareto-efficiency criterion in mind.

Tone [55] develops a non-oriented Malmquist index based on
the non-oriented slacks-based measure of efficiency that can be
computed as follows:

St xt0; y
t
0

� �¼ min 1� 1
m

Xm
i ¼ 1

s�i
xti0

 !
= 1þ1

s

Xs
r ¼ 1

sþr
ytr0

 !

s:t:

xti0 ¼
Xn
j ¼ 1

λjxtijþs�i i¼ 1;…;m

ytr0 ¼
Xn
j ¼ 1

λjytrj�sþr r¼ 1;…; s

λjZ0

s�i Z0

sþr Z0 ð8Þ
where s- indicates input slack (excess) and sþ indicates output
slack (shortfall).

Tone [55] shows that model (8) is equivalent to the following
model:

St xt0; y
t
0

� �¼ min
1
m

Xm
i ¼ 1

θi

 !
=

1
s

Xs
r ¼ 1

τr

 !

s:t:

θix
t
i0Z

Xn
j ¼ 1

λjxtij i¼ 1;…;m

τrytr0r
Xn
j ¼ 1

λjytrj r¼ 1;…; s

λjZ0

θir1
τrZ1 ð9Þ

The above two models are meant to be solved for units within
the production possibility set (that is, the units that lie below the
frontier), which occurs when solving the single-period distance
functions, that is for time t and time tþ1. For units located outside
the technology (that is, the units that lie beyond the frontier), the
occurrence of which can be associated with cross period evalua-
tions, Tone [55] proposes to solve another problem. In particular,
assuming that we estimate the distance of a data point in time
period t relative to the technology of period tþ1, the following
problem needs to be solved (so called super-slack based measure):

Stþ1 xt0; y
t
0

� �¼min
x;y

1
m

Xm
i ¼ 1

xi
xti0

 !
=

1
s

Xs
r ¼ 1

yr
ytr0

 !

s:t:

xi Z
Xn
j ¼ 1

λjxtþ1
ij i¼ 1;…;m

yr r
Xn
j ¼ 1

λjytþ1
rj r¼ 1;…; s

λjZ0

xZxt0
yryt0 ð10Þ

Tone [55] shows that model (10) is equivalent to the following
model:

Stþ1 xt0; y
t
0

� �¼ min
1
m

Xm
i ¼ 1

θi

 !
=

1
s

Xs
r ¼ 1

τr

 !

s:t:
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Fig. 1. Example for Tone's [55] model not reaching Pareto efficiency.
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θix
t
i0Z

Xn
j ¼ 1

λjxtþ1
ij i¼ 1;…;m

τrytr0r
Xn
j ¼ 1

λjytþ1
rj r¼ 1;…; s

λjZ0

θiZ1
τrr1 ð11Þ

Hence, Tone's [55] approach by incorporating a computation
solution for units outside technology, avoids the problem of
infeasibilities in the productivity change measure.5 Moreover,
models (8) and (9) resort to the strongly efficient frontier as any
slacks-based measure does (see [46,54]). However, a problem
appears when using models (10) and (11) for which the subset of
the corresponding frontier used to calculate the distance between
the assessed unit and the technology does not always match the
strongly efficient frontier. Let us demonstrate it by a simple
example in Fig. 1.

In Fig. 1 we consider two units A and B, which consume two
inputs to produce one output. Units Atþ1¼(2,3,1) and Btþ1¼
(3,2,1) determine the strongly efficient frontier of the production
possibility set in time tþ1, which consists of the convex combi-
nations of the points on the ray that passes through Atþ1 and the
ray that passes through Btþ1. The figure also shows unit A
observed in the period t, At ¼(4,1,1). If we want to evaluate unit A
observed in period t (At) with respect to the technology in tþ1, we
have to compute a mixed period distance function. In addition, in
this case, unit At is outside the production possibility set in tþ1,
that is we need to solve models (10) or (11). The application of
models (10) and (11) obliges to increase inputs and decrease
output (θiZ1; τrr1) for At. In particular, the projection point is
5 Note that if we only use models (8) and (9) for evaluating any observation,
regardless of whether it is located inside or outside the reference technology, then
we can have problems related to the infeasibility of the models. Let us assume that
we have observed one unit in period t that consumes one input to produce one
output, under Constant Returns to Scale, At¼(1,1), and that we have observed the
same unit in period tþ1, Atþ1¼(0.5,2). In this case, if we use, for example, model
(8) to evaluate Atþ1 with respect to the technology in t, then the infeasibility
problem would occur, since model (8) projects the evaluated units following a
monotone scheme (decreasing inputs and increasing outputs). Something similar
happens with Portela and Thanassoulis’ approach.
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A’t¼(4,2,1). So, for this example, the resulted projection through
(10) or (11) does not reach the strongly efficient frontier. Hence,
Tone's [55] model does not always lead to a Pareto-efficient
solution for units outside of the technology. In this respect, an
additional issue that deserves to be studied is how often this
situation happens. However, it is outside the scope of this paper.

Portela and Thanassoulis [50] propose the usage of the geo-
metric distance function in the estimation of productivity change
in the full input-output space, which is defined as below:

GDFt xt ; yt
� �¼ ∏iθi

� �1
m= ∏rτr
� �1

s ð12Þ
The geometric distance function is defined as the ratio between

the geometric mean of θi (that is the ratio between a target input
and an observed input i), and the geometric mean of τr (that is the
ratio between a target output and an observed output r). In gen-
eral, geometric distance function is meant to be used after targets
have been computed by any known procedure. In particular, Por-
tela and Thanassoulis [50] show the following model to determine
the targets for single period computations6:

EFF ¼ min
θ
τ

s:t:X
jAEt

λjxtijrθxti0; i¼ 1;…;m

X
jAEt

λjytrjZτytr0; r¼ 1;…; s

X
jAEt

λj ¼ 1;

λjZ0; jAEt

0rθr1;
τZ1 ð13Þ

Ek denotes the set of Pareto-efficient DMUs observed in period
k (k¼t, tþ1). For mixed period distance functions, when obser-
vation lies above the frontier, the model (13) changes slightly and
becomes:

EFF ¼ min
θ
τ

s:t: X
jAEt þ 1

λjxtþ1
ij rθxti0; i¼ 1;…;m

X
jAEt þ 1

λjytþ1
rj Zτytr0; r¼ 1;…; s

X
jAEt þ 1

λj ¼ 1;

λjZ0; jAEtþ1

θZ1;
0rτr1 ð14Þ

Hence, Portela and Thanassoulis´ [50] approach, by incorpor-
ating models with solutions for units located both inside and
outside technology, does not suffer from the infeasibility problem
for similar reasons as Tone [55]. However, this framework does not
always lead to Pareto-efficient targets. In particular, it is not true
that “We assure that Pareto-efficient targets result from the linear
combinations of the λ by restricting the reference set to Pareto-
efficient units (units in the set E)” ([50], p. 40). To support our
claim, let us consider a numerical example of four units A, B, C and
D, which consume two inputs to produce two outputs: A¼
6 Portela and Thanassoulis [50] assume Variable Returns to Scale in order to
estimate productivity change over time. However, this hypothesis contrasts to the
usual assumption of Constant Returns to Scale followed by most researchers (see,
for example, [42]).
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Fig. 2. Example showing that Pareto-efficiency is not compatible with monotone
procedures of projection.

7 In this paper, we distinguish between monotonicity with respect to the
projection of the evaluated unit onto the frontier of the technology and the
property of (weak and strong) monotonicity of the values of the technical efficiency
measure (see Definitions 1 and 2 in Section 3.3).
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(1,3,2,1), B¼(3,1,2,1), C¼(2,2,2,4) and D¼(2,2,2,2), and assume
Variable Returns to Scale (VRS) as Portela and Thanassoulis [50]
did. The calculations using the additive model of Charnes et al.
[26] for this dataset show that the Pareto efficient set E¼{A,B,C}.
Now we want to evaluate unit D through model (13). On the one
hand, from the input constraints and the convexity restriction in
this model, we have that λAþ3λBþ2λCrθ2, 3λAþλBþ2λCrθ2
and λAþλBþλC ¼ 1. Substituting λC by 1�λA�λB in the two first
inequalities, we get �λAþλBrθ2�2 and λA�λBrθ2�2. Sum-
ming up the two last inequalities yields 0rθ4�4, which is
equivalent to θZ1. However, following model (13), 0rθr1.
Therefore, θ� ¼ 1 at the optimum when unit D is assessed. On the
other hand, the constraint associated with the first output is
2λAþ2λBþ2λCZτ2, which is equivalent to τr1 since
λAþλBþλC ¼ 1. Then, using the model constraint τZ1, we have
that τ� ¼ 1 at the optimum. In this way, the optimal value of model
(13) when unit D is evaluated is equal to 1. In particular, an optimal
solution of this model is θ�

; τ�; λ�A; λ
�
B; λ

�
C

� �
with θ� ¼ 1, τ� ¼ 1, λA ¼

λB ¼ λC ¼ 1
3: However, following this solution, the determined

projection point would be D’¼D¼(2,2,2,2), which is dominated by
unit C in the sense of Pareto. Hence, Portela and Thanassoulis’ [50]
approach does not always lead to Pareto-efficient projections, even
when the evaluated unit belongs to the reference technology.

Another interesting feature of Tone's and Portela and Tha-
nassoulis’ approaches is the direction that the evaluated units
follow when they are projected by the corresponding models. Both
approaches resort to monotone procedures for adjusting inputs
and outputs in order to reach the frontier of the production pos-
sibility set. The implication of this is twofold. On the one hand, it
means that when the assessed DMU belongs to the reference
technology, the models, (8) or (9) for Tone's approach and (13) for
Portela and Thanassoulis’ method, project units looking for target
points on the frontier with less or equal quantity of each input and
more or equal quantity of each output. On the other hand, if the
assessed unit does not belong to the reference technology, some-
thing that can only occur with mixed period evaluations, then the
corresponding models, (10) or (11) for Tone's approach and (14)
for Portela and Thanassoulis’ method, project units looking for
target points on the frontier with more or equal quantity of each
input and less or equal quantity of each output, i.e. the opposite
direction to what was followed in the first scenario. However, as
we next show, any approach based on monotone procedures for
projecting units onto the frontier satisfies at most one property
between Pareto-efficiency and feasibility. In order to show that, let
us first point out that if using a monotone procedure is the focus
and the evaluated unit belongs to the reference technology, then
there will always be at least one Pareto-efficient target point as a
candidate to be the final projection, i.e. a Pareto-efficient point
that dominates the assessed unit. Consequently, the problem we
want to show can only occur when the evaluated unit is outside
the reference technology.

In order to show that monotone procedures of projection do
not fit well with Pareto-efficiency when the evaluation corre-
sponds to a unit that does not belong to the production possibility
set, let us consider the numerical example associated with Fig. 2.
In this way, let us assume that the reference technology TCRS is
estimated from the observation of exclusively one unit, A¼(3,2,1),
which consumes two inputs to produce one output under Con-
stant Returns to Scale and that we want to evaluate a unit that is
outside the technology through a monotone scheme. In particular,
we are referring to unit B¼(4,1,1) (see Fig. 2). Following a mono-
tone scheme would imply determining a target point with
expression 4þs�1 ;1þs�2 ;1�sþ1

� �
, satisfying s�1 ; s�2 ; sþ1 Z0 and

belonging to ∂s TCRSð Þ: However, in this simple example
∂s TCRSð Þ ¼ x1; x2; yð Þ : x1; x2; yð Þ ¼ γ 3;2;1ð Þ; γZ0

� �
. So, we now

want to prove that 4þs�1 ;1þs�2 ;1�sþ1
� �

=2∂s TCRSð Þ for any
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considered combination of s�1 ; s�2 ; sþ1 Z0. Let 4þs�1 ;1þs�2 ;
�

1�sþ1 Þ ¼ γ 3;2;1ð Þ. From the output component, we have that
γ ¼ 1�sþ1 . Substituting in 4þs�1 ¼ 3γ, we get 4þs�1 ¼ 3�3sþ1 ,
which is equivalent to s�1 þ3sþ1 ¼ �1. However, the left hand side
of the last equality is non-negative by s�1 ; sþ1 Z0 and the right
hand side is strictly negative. This is the contradiction we were
seeking. Therefore, this example illustrates the fact that if we
resort to monotone procedures, then we cannot assure Pareto-
efficiency.

Before finalizing this section, it is worth mentioning that we
focused our attention on three properties: Pareto-efficiency, fea-
sibility and monotonicity7 with respect to the adjustment of inputs
and outputs. We are aware that this was arbitrary and it was due
to the fact that the new approach that will be introduced in the
next section satisfies, in particular, two of these properties: Pareto-
efficiency and feasibility. Note that, following our discussion
above, the satisfaction of both properties is not compatible with
monotone procedures of projection. In other words, it is not pos-
sible to define a measure that satisfies the three properties at the
same time. Consequently, and giving priority to Pareto-efficiency,
the new approach will need to abandon monotone schemes of
projection in order to yield target points on the Pareto-efficient
frontier both for units located in the interior of the technology and
outside the production possibility set. Nevertheless, if the fulfill-
ment of other properties were the focus, we are aware that other
approaches would be preferred by practitioners. For example, if
the possibility of determining a statistical measure of goodness of
fit is important, then the approaches based on the directional
distance function and the hyperbolic measure would be the best
options (see [25] and [29]). Additionally, if resorting to a more
flexible graph measure, which permits different changes in inputs
and outputs, is the objective, then using the Malmquist index
based on the slacks-based measure would the best choice [54].
Finally, if the practitioners and researchers would wish to utilize a
productivity change measure based upon the combination of
partial productivities, then the suitable alternative would be the
easure using the least distance to the pareto-efficient frontier in
j.omega.2016.10.005i
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Geometric Distance Function by Portela and Thanassoulis [50].
Anyway, and focusing our attention back on the aforementioned
three properties, i.e. Pareto-efficiency, feasibility and monotonicity
with respect to the projection of the assessed unit, if practitioners
would prefer feasibility and monotonicity before Pareto-efficiency,
then the best option between Tone's approach and Portela and
Thanassoulis’ method seems to be the former, since, as we have
shown, both approaches guarantee feasibility and monotonicity
but Tone's approach additionally assures Pareto-efficiency for
contemporaneous evaluations, while Portela and Thanassoulis’
method can fail even in this context.

After revising the literature, we can summarize that none of the
existing approaches are based on measures that yield the closest
Pareto-efficient targets, despite this line of research has attracted
the attention of a large number of researchers in recent times. In
this way, our main aim in this paper is to endow DEA practitioners
and theoretical researchers with a methodology for estimating
productivity change directly associated with the determination of
the least distance to the Pareto efficient frontier, assuring both
Pareto-efficiency and feasibility.
3. A new Luenberger indicator using the least distance to the
Pareto-efficient frontier

Once we have shown in Section 2 that none of the existing
graph approaches for estimating productivity change have as an
objective to apply the Principle of Least Action, we introduce in
this section a new method based on the determination of closest
Pareto-efficient targets to measure and decompose productivity
change over time in the full input-output space.

3.1. A graph measure based on the least distance to the strongly
efficient frontier

From a computational point of view, trying to minimize a cer-
tain distance to the Pareto-efficient frontier of a reference tech-
nology from a unit located inside the production possibility set is
not an easy task, since it is equivalent to minimizing the distance
to the complement of a polyhedral set, which is not a convex set
[13]. This was one of the reasons why Aparicio et al. [3] char-
acterized the set of Pareto-efficient points in the technology
dominating DMU0 by means of a set of linear constraints and a set
of continuous and binary variables. This characterization allowed
them to determine Pareto-efficient closest targets by means of a
Mixed Integer Linear Program in a single step, in contrast to many
other alternatives that resorted to the determination of all the
Pareto-efficient faces of the technology, a NP-hard problem (see
[8]).

We invoke in this section the main theorem in Aparicio et al.
[3] in order to define our model. However, we will need to slightly
modify this result to suit our context. Specifically, we will char-
acterize the set of Pareto efficient points in general, i.e., without
restricting the analysis to the points dominating the assessed
DMU0. Additionally, to do so, we will not resort to a big M and
binary variables as Aparicio et al. [3] did, instead we will utilize a
logical relationship that will be computationally implemented by
means of a Special Ordered Set (SOS)8 [11].
8 SOS is a way to specify the number of nonzero solution values among a set of
variables without the need of resorting to fixing a big M. The optimizers usually
achieve it by using special branching strategies. Traditionally, SOS was used with
discrete and integer variables, but modern optimizers, like for example CPLEX, use
also SOS with continuous variables.
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Theorem 1. Let x; yð ÞARmþ s
þ . Then, x; yð ÞA∂s TCRSð Þ if and only if

(λj; djZ0, jAE, withviZ1, i¼ 1; :::;mand μrZ1, r¼ 1; :::; s,
such that.

xi ¼
P
jAE

λjxij; i¼ 1;…;m

yr ¼
P
jAE

λjyrj; r¼ 1;…; s

Xm
i ¼ 1

νixij�
Xs
r ¼ 1

μryrj�dj ¼ 0; jAE

In λj; dj
� �

only one variable can be strictly positive; jAE

ð15Þ
where the set E contains the indexes of the Pareto-efficient DMUs.

Proof. See the proof of the Theorem on page 211 in Aparicio et al.
[3] and note also that constraints (t.6) and (t.7) in Aparicio et al. [3]
have as objective to avoid that the two variables in the pair λj; dj

� �
are strictly positive at the same time. ■

Once the strongly efficient frontier has been mathematically
characterized, the introduction of a new graph measure based on
the Principle of Least Action to be used for estimating productivity
change is possible. To do that, we will use a new version of a
weighted additive model. In particular, we will resort to the well-
known Measure of Inefficiency Proportions (MIP) by Cooper et al.
[28]. In this paper, however, we define the MIP under the appli-
cation of the Principle of Least Action, allowing to calculate the
least distance from the evaluated unit to the Pareto-efficient
frontier of the reference technology. Next, we slightly change the
used notation in order to accommodate the possibility of cross-
evaluation. In this way, the ‘compact’ format of the new measure
will be as follows:

WAPLA
k xh0; y

h
0

� �
¼Min

Xm
i ¼ 1

s�i0
�� ��
xhi0

þ
Xs
r ¼ 1

sþr0
�� ��
yhr0

:

xh10�s�10;…; xhm0�s�m0; y
h
10þsþ10;…; yhs0þsþs0

� �
A∂s Tk

CRS

� �
8>>><
>>>:

9>>>=
>>>;
:

ð16Þ
In (16), we consider all the possibilities with respect to indexes

k and h: (k ¼ t and h ¼ t), (k ¼ t and h ¼ tþ1), (k ¼ tþ1 and h ¼
t) and, finally, (k ¼ tþ1 and h ¼ tþ1). If we compare (16) versus
the traditional MIP, some significant differences can be found.
First, ‘Max’ has been substituted by ‘Min’. This implies that (16)
seeks slacks as close to zero as possible and, consequently by the
constraint, (16) determines the closest Pareto-efficient targets to
xh0; y

h
0

� �
. Second, the slacks are free variables in (16), whereas the

slacks were non-negative in the traditional MIP. Third, the objec-
tive function uses the absolute value function to aggregate slacks,
something that did not happen with the original measure. These
three differences are needed for dealing with the possibility of
projecting the evaluated unit onto the Pareto-efficient set follow-
ing a non-monotone procedure of adjusting inputs and outputs so
as to reach the strongly efficient frontier.

Fundamentally, for evaluated units located outside the refer-
ence technology, this means that our methodology could generate
targets that are not dominated by the assessed DMU0. We illus-
trate this situation using again Fig. 1. In this graphical example
units Atþ1¼(2,3,1) and Btþ1¼(3,2,1) determine the strongly
efficient frontier of the production possibility set. If the distance
from the unit At¼(4,1,1), located outside the production possibility
set, is evaluated with respect to the frontier of TCRS in time tþ1, we
find that usual approaches, as those mentioned in Section 2, would
project At following a monotone scheme, looking for a target point
on the frontier with more or equal quantity of input and less or
equal quantity of output. However, a movement of this nature
avoids projecting unit At onto the Pareto-efficient subset of the
frontier (consisting of the convex combinations of the points on
easure using the least distance to the pareto-efficient frontier in
j.omega.2016.10.005i
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the ray that passes through Atþ1 and the ray that passes through
Btþ1). In our model, the projection of DMU At onto unit Btþ1 is
completely feasible, even meaning a decrease in the first input for
DMU0. The case of unit Bt¼(3,3,1) is different. Bt is located inside
the production possibility set in tþ1. For this type of unit, it is not
difficult to prove that there is always at least a Pareto-efficient
point that dominates it (for example units Atþ1 or Btþ1, in the
case of Bt). So, approaches like those proposed by Portela and
Thanassoulis [50] or Tone [55] would generate a Pareto-efficient
point as a target following a monotone scheme, decreasing the
input and increasing the output. Our approach will also produce a
Pareto-efficient target for unit Bt, but in our case the projection
will follow a monotone scheme if and only if the strongly efficient
target determined following that ‘direction’ (i.e. decreasing inputs
and increasing outputs) is really the closest to the evaluated DMU.
Therefore, we highlight that the projection generated by our
model could follow a non-monotone scheme for units as Bt.
Regarding this point, we are not the first to introduce a measure
that yields this type of targets for interior DMUs. Ando et al. [2],
Zofio et al. [58] and Fukuyama et al. [33] are recent examples of
this kind of approach.

Model (16) is not a standard mathematical program, making its
implementation difficult in practice. In this sense, the first step to
write an equivalent standard ‘linear’ program consists of applying
Theorem 1. In this way, (16) can be rewritten as program (17).

WAPLA
k xh0; y

h
0

� �¼ Min
Xm
i ¼ 1

s�i0
�� ��
xhi0

þ
Xs
r ¼ 1

sþr0
�� ��
yhr0

 !
ð17:1Þ

s:t: P
jAEk

λj0xkij ¼ xhi0�s�i0 ; i¼ 1;…;m ð17:2Þ
P
jAEk

λj0ykrj ¼ yhr0þsþr0 ; r¼ 1;…; s ð17:3Þ

Xm
i ¼ 1

νi0xkij�
Xs
r ¼ 1

μr0y
k
rj�dj0 ¼ 0; jAEk ð17:4Þ

νi0Z1; i¼ 1;…;m ð17:5Þ
μr0Z1; r¼ 1;…; s ð17:6Þ
λj0;dj0
� �

SOS jAEk ð17:7Þ
λj0;νi0;μr0; dj0Z0; 8 i; r; j ð17:8Þ

ð17Þ

The measure derived from the optimal value of model (17)
satisfies several interesting properties. Among them, WAPLA

k xh0; y
h
0

� �
¼ 0 if and only if xh0; y

h
0

� �
A∂s Tk

CRS

� �
and (17) is always feasible

since ∂s Tk
CRS

� �
a∅.

Program (17) determines the least distance between xh0; y
h
0

� �
and ∂s Tk

CRS

� �
and always generates Pareto-efficient targets. How-

ever, it cannot be considered a distance function, as for example
the directional distance function, because the value of the model is
always positive regardless of whether the assessed unit is inside or
outside the reference technology. To define a suitable distance
function from model (17), we first need to determine whether or
not xh0; y

h
0

� �
belongs to Tk

CRS from any real distance function. To
determine that, one can compute the directional distance function
of Chambers et al. [24], model (5), resorting, for example, to the
reference vector g¼ 1m;1sð Þ, where 1p is a vector of p ones. In
particular, Dk xh0; y

h
0;1m;1s

� �
o0 if and only if xh0; y

h
0

� �
=2Tk

CRS.
9 In this

way, from the optimal value of (17) we can derive the following
9 In fact, from a computational burden point of view, it is sufficient to estimate
mixed period directional distance functions, because only in that case can occur
that xh0; y

h
0

� �
does not belong to Tk

CRS .
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additive-type distance function:

Dk xh0; y
h
0

� �
¼

WAPLA
k xh0; y

h
0

� �
; if xh0; y

h
0

� �
ATk

CRS

�WAPLA
k xh0; y

h
0

� �
; Otherwise

8<
: ð18Þ

Another interesting property that merits attention is the pos-
sible existence of a relationship between the approach based on
the determination of the least distance to the Pareto-efficient
frontier and a function with economical meaning, like the profit,
cost or revenue functions. In this respect, as far as we are aware,
there is not much literature. Applying Duality Theory and Convex
Analysis, Briec and Lesourd [16] and Briec and Leleu [17] showed
that Hölder distance functions have a dual relationship with the
profit function. However, these authors focused their analysis on
the weakly efficient frontier. Although the study of this association
in our context is outside the scope of this paper, we have high-
lighted this topic as an interesting avenue for additional research
at the end of the Conclusions Section.

3.2. Productivity change and its decomposition using a Luenberger-
type indicator

Now we are ready to measure productivity change by defining
a Luenberger-type indicator and decompose it into its usual
components. The productivity change for unit 0 is measured by
means of:

TFPCH0 t; tþ1ð Þ ¼ 1
2

Dt xt0; y
t
0

� ��Dt xtþ1
0 ; ytþ1

0

� �� �	
þ Dtþ1 xt0; y

t
0

� ��Dtþ1 xtþ1
0 ; ytþ1

0

� �� �i
: ð19Þ

The new Luenberger indicator may then be decomposed into
efficiency change - catch-up (EFFCH) and frontier shift (TECHCH):

EFFCH0 t; tþ1ð Þ ¼Dt xt0; y
t
0

� ��Dtþ1 xtþ1
0 ; ytþ1

0

� �
;

TECHCH0 t; tþ1ð Þ ¼ 1
2

Dtþ1 xtþ1
0 ; ytþ1

0

� ��Dt xtþ1
0 ; ytþ1

0

� �� �h
þ Dtþ1 xt0; y

t
0

� ��Dt xt0; y
t
0

� �� �i
: ð20Þ

3.3. Least distance and the property of monotonicity

Some authors had paid attention to the satisfaction of inter-
esting properties of DEA measures based on the Principle of Least
Action and the determination of the least distance. In particular,
Pastor and Aparicio [47], Ando et al. [2], Aparicio and Pastor [4],
Fukuyama et al. [33], Aparicio and Pastor [6] and Fukuyama et al.
[35] focused their attention on the property of monotonicity of the
values of the technical inefficiency measure. In that context,
monotonicity relates technical inefficiency to Pareto dominance.
Specifically, if unit A dominates unit B in the Pareto sense (i.e., A
consumes less inputs and produces more outputs than B), then the
measure of inefficiency associated to A should be lower than the
measure of inefficiency of B. In fact, two ways to formulate this
property exist: a strong and a weak version.

Definition 1. [strong monotonicity]. Let I : Rm
þ � Rs

þ-Rþ be an
inefficiency index. I satisfies strong monotonicity if I x; yð Þo I ~x; ~yð Þ
for all feasible vectors x; yð Þ and ~x; ~yð Þ with x; yð Þa ~x; ~yð Þ and
x; �yð Þr ~x; � ~yð Þ.

Definition 2. [weak monotonicity]. Let I : Rm
þ � Rs

þ-Rþ be an
inefficiency index. I satisfies weak monotonicity if I x; yð Þr I ~x; ~yð Þ
for all feasible vectors x; yð Þ and ~x; ~yð Þ with x; yð Þa ~x; ~yð Þ and
x; �yð Þr ~x; � ~yð Þ.

It is clear that if I satisfies strong monotonicity, then it is also
weakly monotonic, but the opposite is not true. These same
easure using the least distance to the pareto-efficient frontier in
j.omega.2016.10.005i
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notions can be applied to distance functions through Definitions
3 and 4.

Definition 3. Let D : Rm
þ � Rs

þ-R be a distance function. D satis-
fies strong monotonicity if D x; yð ÞoD ~x; ~yð Þ for all vectors x; yð ÞA
Rm
þ � Rs

þ and ~x; ~yð ÞARm
þ � Rs

þ with x; yð Þa ~x; ~yð Þ and
x; �yð Þr ~x; � ~yð Þ.

Definition 4. Let D : Rm
þ � Rs

þ-R be a distance function. D satis-
fies weak monotonicity if D x; yð ÞrD ~x; ~yð Þ for all vectors x; yð Þ and
~x; ~yð Þ with x; yð Þa ~x; ~yð Þ and x; �yð Þr ~x; � ~yð Þ.

It is well-known that Shephard's distance functions and
directional distance functions are weakly monotonic (see, for
example, Lemma 2.2 (d) and (e) in [24]). However, least dis-
tance measures satisfy neither weak nor strong monotonicity
when the reference set is the strongly efficient frontier [2].10

What is less known in the literature is that this problem can
affect the interpretation of productivity change indexes. Next,
we show these implications in the case of the Luenberger
indicator.

Let us suppose that for unit 0 we have that xt0; �yt0
� �

Z
xtþ1
0 ; �ytþ1

0

� �
with xt0; y

t
0

� �
a xtþ1

0 ; ytþ1
0

� �
and xt0; y

t
0

� �
; xtþ1

0 ; ytþ1
0

� �
ATt

CRS . It follows from xtþ1
0 ; ytþ1

0

� �
ATt

CRS that we can observe the
changes of unit 0 from xt0; y

t
0

� �
to xtþ1

0 ; ytþ1
0

� �
on the production

possibility set Tt
CRS . Furthermore, we may also observe it on the

production possibility set Ttþ1
CRS since xtþ1

0 ; ytþ1
0

� �
ATtþ1

CRS and
xt0; �yt0
� �

Z xtþ1
0 ; �ytþ1

0

� �
imply that xt0; y

t
0

� �
ATtþ1

CRS . Under these
hypotheses unit 0 improves its performance from period t to tþ1
under either Tt

CRS or Ttþ1
CRS . In this way, we conclude that TFPCH0

t; tþ1ð Þ should indicate productivity growth for unit 0 in this
context.

Now, if the distance function Dk xh0; y
h
0

� �
would satisfy weak

monotonicity, then, in the considered context, Dt xt0; y
t
0

� �
ZDt

xtþ1
0 ; ytþ1

0

� �
and Dtþ1 xt0; y

t
0

� �
ZDtþ1 xtþ1

0 ; ytþ1
0

� �
. Therefore, TFPC

H0 t; tþ1ð Þ ¼ 1
2



Dt xt0; y

t
0

� ��Dt xtþ1
0 ; ytþ1

0

� �� �þ Dtþ1 xt0; y
t
0

� ��Dtþ1
�

xtþ1
0 ; ytþ1

0

� �Þ�Z0, indicating no regress for unit 0. This scenario

corresponds to the directional distance function for the Luenber-
ger indicator and the Shephard distance functions for the Malm-
quist index. In this last case, the Malmquist index would take a
value greater or equal to one. Additionally, if Dk xh0; y

h
0

� �
would meet

strong monotonicity, then Dt xt0; y
t
0

� �
4Dt xtþ1

0 ; ytþ1
0

� �
and Dtþ1

xt0; y
t
0

� �
4Dtþ1 xtþ1

0 ; ytþ1
0

� �
and so, consequently,

TFPCH0 t; tþ1ð Þ40, signaling productivity growth, as expected.
Unfortunately, the inefficiency measure derived from model

(17) satisfies neither weak nor strong monotonicity, as would be
expected for measures that determine closest targets and least
distance. This implies that TFPCH0 t; tþ1ð Þ may be inconsistent
in a setting like that described above.11 In order to correct this
inconsistency, we may apply some of the solutions proposed in
10 In particular, Ando et al. [2] studied Hölder distance functions.
11 The comments of one of the reviewers motivated Subsection 3.3 in this

paper. Specifically, this reviewer pointed out that it is possible to add a new
unit to the database utilized in the empirical section (Section 4) and show a
situation like that described in these paragraphs. In particular, the ‘virtual’ unit
to be added could be x2010�2011 ; y2010�2011

� �¼ 5;850; 570; 8;432; 55;000ð Þ and
x2011�2012 ; y2011�2012
� �¼ 5;850; 570; 8;432; 55;236ð Þ. So, this new unit satisfies
that xt0 ; �yt0

� �
Z xtþ1

0 ; �ytþ1
0

� �
with xt0 ; y

t
0

� �
a xtþ1

0 ; ytþ1
0

� �
and xt0; y

t
0

� �
;

xtþ1
0 ; ytþ1

0

� �
ATt

CRS . Consequently, TFPCH0 t; tþ1ð Þ should be greater than zero.
However, if expressions (17)–(19) are used for computing the Luenberger
indicator for this new unit, we get that TFPCH0 t; tþ1ð Þ ¼ �0:0017o0.
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the literature for least distance measures. Fundamentally, we
can find two lines of research. On the one hand, Aparicio and
Pastor [4] and Aparicio and Pastor [6] suggest modifying the
shape of the production possibility set in DEA, extending the full
dimensional efficient facets (FDEF), if they exist. On the other
hand, Ando et al. [2], Fukuyama et al. [33] and Fukuyama et al.
[35] propose to alter the original definition of the technical
inefficiency measure in order to fulfill monotonicity. In parti-
cular, Ando et al. [2] focused their attention on the satisfaction
of the weak monotonicity property, while the remaining authors
focused on the strong version of the property. In this paper, with
the aim of illustrating a possible solution for the detected pro-
blem associated with model (17), we will resort to the Ando
et al. approach, since it can be easily implemented from a
computational point of view. Nevertheless, we would like to
highlight that any of the previously mentioned approaches
could also be utilized in practice for correcting the measure and
deriving a technical index thereby also satisfying strong
monotonicity.

Ando et al. [2] prove that the next technical inefficiency mea-
sure is weakly monotonic.

f̂
wp

x0; y0
� �¼ min ‖ x̂; ŷ

� �� x0; y0ð Þ� �
Z x0; y0
� �

‖p : x0; y0ð ÞA∂s TCRSð Þ;�
x̂; ŷ
� �

AQ x0; y0
� ��

; ð21Þ

where ‖z‖p ¼
Pg
j ¼ 1

jzjjp
 !1=p

for pA 1;1½ Þ, ‖z‖1 ¼ max
j ¼ 1;:::;g

zjjg
��� , Z

x0; y0
� �

is the matrix
diag x0ð Þ�1 0

0 diag y0
� ��1

2
4

3
5 and

Q x0; y0
� �¼ x0þdx; y0�dy

� �
: dxZ0; dyZ0

� �
. Regarding the used

notation, z denotes a vector of dimension g and, following the
notation of Ando et al. [2], diag zð Þ�1 is the diagonal matrix
z�1
1 0 ⋯ 0
0 z�1

2 ⋮
⋮ ⋱ 0
0 ⋯ 0 z�1

g

2
66664

3
77775.
Note that, in our context, the objective function of (17) coin-

cides with
Pm
i ¼ 1

js�i0 j
xhi0

þ Ps
r ¼ 1

jsþr0 j
yhr0

¼ ‖ xh0; y
h
o

� �� x0; y0ð Þ� �
Z xh0; y

h
o

� �
‖1, which

is in the line of the objective function of (21). Therefore, we need
to modify (17) as follows.

If xh0; y
h
0

� �
ATk

CRS , then (22) should be computed.

f̂
wpþ

xh0; y
h
0

� �¼ Min
Xm
i ¼ 1

jx̂i�x0j
xhi0

þ
Xs
r ¼ 1

jŷr�y0rj
yhr0

 !
ð22:1Þ

s:t: P
jAEk

λj0xkij ¼ x0i; i¼ 1;…;m ð22:2Þ
P
jAEk

λj0ykrj ¼ y0r ; r¼ 1;…; s ð22:3Þ

x̂iZxhi0; i¼ 1;…;m ð22:4Þ
ŷrryhr0; r¼ 1;…; s ð22:5ÞXm
i ¼ 1

νi0xkij�
Xs
r ¼ 1

μr0y
k
rj�dj0 ¼ 0; jAEk ð22:6Þ

νi0Z1; i¼ 1;…;m ð22:7Þ
μr0Z1; r¼ 1;…; s ð22:8Þ
λj0; dj0
� �

SOS jAEk ð22:9Þ
x0i; y

0
r ; x̂i; ŷr ; λj0; νi0;μr0; dj0Z0; 8 i; r; j ð22:10Þ

ð22Þ

By analogy, if xh0; y
h
0

� �
=2Tk

CRS, then (23) should be solved, where
(22.4) and (22.5) have been substituted by (23.4) and (23.5),
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Table 1
Descriptive statistics of Spanish DO data, seasons 2010–2011, 2011–2012 and 2012–
2013.

Statistics Inputs Outputs

Surface
volume (ha)

Winegrowers Sales in
domestic
market (hl)

Sales in interna-
tional market
(hl)

Mean 9533.714 2800.810 176810.651 117091.873
Standard
deviation

13689.638 4135.773 382178.426 216919.202

Minimum 220 228 2273 12
Maximum 63330 17258 1763315 1021206
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respectively.

f̂
wp�

xh0; y
h
0

� �¼ Min
Xm
i ¼ 1

x̂i�x0
�� ��
xhi0

þ
Xs
r ¼ 1

ŷr�y0r
�� ��

yhr0

 !
ð23:1Þ

s:t: P
jAEk

λj0xkij ¼ x0i; i¼ 1;…;m ð23:2Þ
P
jAEk

λj0ykrj ¼ y0r ; r¼ 1;…; s ð23:3Þ

x̂irxhi0; i¼ 1;…;m ð23:4Þ
ŷrZyhr0; r¼ 1;…; s ð23:5ÞXm
i ¼ 1

νi0xkij�
Xs
r ¼ 1

μr0y
k
rj�dj0 ¼ 0; jAEk ð23:6Þ

νi0Z1; i¼ 1;…;m ð23:7Þ
μr0Z1; r¼ 1;…; s ð23:8Þ
λj0; dj0
� �

SOS jAEk ð23:9Þ
x0i; y

0
r ; x̂i; ŷr ; λj0; νi0;μr0;dj0Z0; 8 i; r; j ð23:10Þ

ð23Þ

Now, we need to derive an additive-type distance function
from the optimal values of (22) and (23), as we did with respect to
(17):

D̂
k

xh0; y
h
0

� �
¼

f̂
wpþ

xh0; y
h
0

� �
; if xh0; y

h
0

� �
ATk

CRS

� f̂
wp�

xh0; y
h
0

� �
; Otherwise

8<
: ð24Þ

Finally, a Luenberger-type indicator may be computed using

expressions (19) and (20) by substituting Dk xh0; y
h
0

� �
by D̂

k
xh0; y

h
0

� �
.

This indicator does not suffer from the problem of inconsistency
described above, at least in a ‘weak’ sense. In this respect, it is
worth mentioning that the traditional Luenberger indicator based
on the directional distance function satisfies exactly the same
property, since this distance only satisfies weak monotonicity.

We illustrate the new methodology by an empirical example in
the next section.
13 As shown by Briec and Kerstens [18] the advantage of the choice of actual
input and output values as directional vectors is that infeasibilities are avoided.

14 The slacks-based measure is based on further targets but it is comparable
4. An empirical illustration

4.1. Data

The data on the Spanish Designation of Origin (DO) of wines
used in the empirical application was collected from the Spanish
Ministry of Agriculture, Food and the Environment (Ministerio de
Agricultura, Alimentación y Medio Ambiente). In total, there are 69
DOs in Spain, which produce a variety of wines including white,
red, rosé and sparkling wines. To make our sample homogenous,
we delimit our analysis to DOs which engage in the production of
red wine as the main activity. Moreover, the sample is homo-
genized in the way that we include DOs of similar size.12 The final
dataset used in the analysis consists of 21 DOs for three recent
seasons of wine production: 2010–2011, 2011–2012 and 2012–
2013 (balanced panel). This time span allows us to estimate pro-
ductivity change for two periods (between the 2010–2011 and
2011–2012 seasons, and the 2011–2012 and 2012–2013 seasons).

Two outputs and two inputs are distinguished in the estimation
of the new Luenberger indicator and its components. The two
outputs include sales volume in domestic markets (in hectoliters)
and the sales volume in foreign markets (in hectoliters). The two
inputs consist in the surface area (in hectares) and the number of
winegrowers. Table 1 shows the descriptive statistics for the input-
output variables for the sample for the entire period analyzed.
12 In particular, we look at the ratio of the value of total sales (domestic and
international) over growing surface (in hectares). We removed these DOs for which
this ratio is smaller than 10 (to remove very small DOs) and larger than 50 (to
remove very large DOs). We also removed DOs where the number of winegrowers
was equal to 1 as they were considerably deviating from the rest of the sample.
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As the reported statistics show, despite focusing the sample on
DOs of similar size, the dataset still entails considerable variability.
In particular, the standard deviations relative to their respective
means, are relatively high, pointing to the presence of some
variability in the sample.

4.2. Results

This section focuses on reporting the results of the new Luen-
berger indicator developed in this paper based upon a least dis-
tance measure satisfying the property of weak monotonicity. To
determine a reference in this application and compare the mag-
nitude of the estimations with respect to the new Luenberger-type
approach, we also calculate the traditional Luenberger indicator of
Chambers et al. [22] and Chambers and Pope [23] (with gI ¼ x0 and
gO ¼ y0),

13 as well as computing the indicator derived from Tone´s
slacks-based measure.14 It is worth noticing that the slacks-based
measure is traditionally used in the context of Malmquist-type
indexes, for example by Tone [55]. Because the comparison of
magnitudes between the Malmquist index and the Luenberger
indicator is not straightforward (see for example, the discussion by
Boussemart et al. [12]), we transform the slacks-based measure
into an inefficiency measure (that is we apply the formula:
inefficiency¼1-efficiency) and then using such inefficiency mea-
sure we derive the corresponding Luenberger-type index.

Table 2 summarizes the results of distance functions that form
the basis of the three indicators described above, that is single
period and mixed period distance functions for the seasons 2010–
2011 and 2011–2012 for each individual DO as well as the average
for the whole sample. Table 3 records the results of productivity
change (TFPCH) and its decomposition into efficiency change
(EFFCH) and technical change (TECHCH) with regard to the three
approaches described above between the 2010–2011 and 2011–
2012 seasons for each individual DO as well as the average for the
whole sample. These two tables also show the results of the Simar
and Zelenyuk [53] test (denoted further as S-Z test) that allows the
assessment of the statistical significance of the differences
between distance functions as well as productivity change mea-
sures and their decomposition indicators.15 In addition, Table 4
reports correlations between these three Luenberger-based
indicators.
with the new approach in the sense that both models take into account input and
output slacks. The Luenberger indicator based on the directional distance function
neglects slacks but it is the traditional reference when productivity change is
estimated in Data Envelopment Analysis in an additive way.

15 This test adapts the nonparametric test of the equality of two densities
developed by Li [41] and is based on the computation and bootstrapping the Li
statistic.
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Table 2
Distance functions for seasons 2010–2011 and 2011–2012.

DO Traditional Luenberger indicator Indicator derived from the slacks-based measure New indicator

Dt(xt,yt) Dt(xtþ1,
ytþ1)

Dtþ1(xtþ1,
ytþ1)

Dtþ1(xt,yt) Dt(xt,yt) Dt(xtþ1,
ytþ1)

Dtþ1(xtþ1,
ytþ1)

Dtþ1(xt,yt) Dt(xt,yt) Dt(xtþ1,
ytþ1)

Dtþ1(xtþ1,
ytþ1)

Dtþ1(xt,yt)

ALICANTE 0.244 0.313 0.290 0.224 0.665 0.724 0.784 0.734 0.972 1.095 0.895 0.699
BIERZO 0.137 0.376 0.402 0.225 0.804 0.752 0.800 0.823 1.450 1.227 1.251 1.097
BULLAS 0.867 0.811 0.813 0.869 0.957 0.911 0.927 0.965 1.854 1.737 1.721 1.861
CALATAYUD 0.372 0.206 0.265 0.425 0.673 0.735 0.740 0.695 0.742 0.633 0.660 0.688
CAMPO DE BORJA 0.144 0.148 0.238 0.235 0.458 0.457 0.521 0.522 0.394 0.379 0.447 0.460
CARIÑENA 0.000 �0.112 0.000 0.075 0.000 �0.184 0.000 0.163 0.000 �0.311 0.000 0.190
COSTERS DEL
SEGRE

0.465 0.330 0.273 0.445 0.726 0.693 0.750 0.776 1.192 0.993 0.803 1.135

EMPORDÀ 0.244 0.256 0.227 0.211 0.713 0.756 0.812 0.777 1.130 1.273 0.718 0.679
MONTSANT 0.213 0.268 0.301 0.255 0.603 0.615 0.622 0.626 0.483 0.653 0.596 0.461
NAVARRA 0.016 0.019 0.023 0.012 0.064 0.069 0.152 0.138 0.044 0.053 0.054 0.083
PRIORAT 0.533 0.377 0.403 0.550 0.735 0.619 0.677 0.782 1.339 0.991 0.981 1.340
RIBEIRA SACRA 0.360 0.315 0.410 0.452 0.993 0.990 0.989 0.993 1.974 1.961 1.893 1.927
RIBERA DEL
DUERO

0.048 �0.109 0.000 0.143 0.712 �0.106 0.000 0.736 1.365 �0.196 0.000 0.364

RIOJA 0.000 �0.017 0.000 0.002 0.000 �0.016 0.000 0.028 0.000 �0.048 0.000 0.010
SOMONTANO 0.000 0.048 0.000 �0.083 0.000 0.185 0.000 �0.083 0.000 0.137 0.000 �0.152
TORO 0.403 0.466 0.459 0.432 0.626 0.775 0.817 0.693 1.013 1.264 1.274 1.012
UCLÉS 0.463 0.560 0.575 0.413 0.827 0.787 0.801 0.859 1.418 1.394 1.380 1.149
VALDEPEÑAS 0.186 0.128 0.138 0.168 0.438 0.292 0.430 0.547 0.513 0.367 0.375 0.475
VALENCIA 0.000 0.013 0.000 �0.033 0.000 0.078 0.000 �0.031 0.000 0.071 0.000 �0.065
YCODEN-DAUTE-
ISORA

0.486 0.486 0.565 0.565 0.988 0.998 0.998 0.987 1.951 1.991 1.977 1.865

YECLA 0.276 0.230 0.330 0.373 0.832 0.892 0.889 0.823 0.878 1.277 1.318 0.911
Average 0.260 0.243 0.272 0.284 0.563 0.525 0.558 0.598 0.891 0.807 0.778 0.771
S-Z test a, b, c a, b, c a, b, c a, b, c

a denotes significant differences between distance functions for the traditional Luenberger indicator and for the slacks-based measure at the critical 5% level (results for
Dt(xt,yt) are reported in the first column, for Dt(xtþ1,ytþ1) in the second column, for Dtþ1(xtþ1,ytþ1) in the third column, and for Dtþ1(xt,yt) in the fourth column).
b denotes significant differences between distance functions for the traditional Luenberger indicator and for the new indicator at the critical 5% level.
c denotes significant differences between distance functions for the new indicator and for the slacks-based measure at the critical 5% level.

Table 3
Productivity change and its decomposition between seasons 2010–2011 and 2011–2012.

DO Traditional Luenberger indicator Indicator derived from the slacks-based measure New indicator

TFPCH EFFCH TECHCH TFPCH EFFCH TECHCH TFPCH EFFCH TECHCH

ALICANTE �0.067 �0.046 �0.021 �0.054 �0.119 0.065 �0.160 0.077 �0.237
BIERZO �0.208 �0.265 0.057 0.038 0.004 0.034 0.034 0.199 �0.165
BULLAS 0.056 0.054 0.002 0.042 0.030 0.012 0.128 0.133 �0.005
CALATAYUD 0.163 0.107 0.056 �0.054 �0.067 0.013 0.069 0.082 �0.013
CAMPO DE BORJA �0.004 �0.095 0.091 0.000 �0.064 0.064 0.015 �0.052 0.067
CARIÑENA 0.094 0.000 0.094 0.174 0.000 0.174 0.250 0.000 0.250
COSTERS DEL SEGRE 0.153 0.192 �0.039 0.029 �0.024 0.053 0.265 0.388 �0.123
EMPORDÀ �0.014 0.017 �0.031 �0.039 �0.099 0.060 �0.091 0.412 �0.503
MONTSANT �0.051 �0.088 0.037 �0.004 �0.019 0.015 �0.153 �0.113 �0.040
NAVARRA �0.007 �0.007 0.000 �0.010 �0.089 0.079 0.010 �0.010 0.020
PRIORAT 0.151 0.130 0.021 0.110 0.058 0.052 0.354 0.359 �0.005
RIBEIRA SACRA 0.044 �0.049 0.093 0.004 0.004 0.000 0.023 0.080 �0.057
RIBERA DEL DUERO 0.150 0.048 0.102 0.777 0.712 0.065 0.963 1.365 �0.402
RIOJA 0.010 0.000 0.010 0.022 0.000 0.022 0.029 0.000 0.029
SOMONTANO �0.066 0.000 �0.066 �0.134 0.000 �0.134 �0.145 0.000 �0.145
TORO �0.045 �0.056 0.011 �0.136 �0.191 0.055 �0.256 �0.261 0.005
UCLÉS �0.130 �0.113 �0.017 0.049 0.026 0.023 �0.103 0.038 �0.141
VALDEPEÑAS 0.044 0.048 �0.004 0.131 0.008 0.123 0.123 0.138 �0.015
VALENCIA �0.023 0.000 �0.023 �0.054 0.000 �0.054 �0.068 0.000 �0.068
YCODEN-DAUTE-ISORA 0.000 �0.079 0.079 �0.010 �0.010 0.000 �0.076 �0.026 �0.050
YECLA 0.044 �0.054 0.098 �0.064 �0.058 �0.006 �0.403 �0.440 0.037
Average 0.014 �0.012 0.026 0.039 0.005 0.034 0.038 0.113 �0.074
S-Z test -, b, c -, -, c -, b, c

a denotes significant differences between component for the traditional Luenberger indicator and for the slacks-based measure at the critical 10% level (results for TFPCH are
reported in the first column, for EFFCH in the second column, and for TECHCH in the third column).
b denotes significant differences between component for the traditional Luenberger indicator and for the new indicator at the critical 10% level.
c denotes significant differences between component for the new indicator and for the slacks-based measure at the critical 10% level.
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Table 4
Correlations between indicators, data between seasons 2010–2011 and 2011–2012.

Traditional Luenberger indicator Indicator derived from the slacks-based measure New indicator

TFPCH
Traditional Luenberger indicator 1.000 0.410 0.580
Indicator derived from slacks-based measure 0.410 1.000 0.897
New indicator 0.580 0.897 1.000

EFFCH
Traditional Luenberger indicator 1.000 0.167 0.351
Indicator derived from slacks-based measure 0.167 1.000 0.840
New indicator 0.351 0.840 1.000

TECHCH
Traditional Luenberger indicator 1.000 0.289 0.306
Indicator derived from slacks-based measure 0.289 1.000 0.182
New indicator 0.306 0.182 1.000

Table 5
Distance functions for seasons 2011–2012 and 2012–2013.

DO Traditional Luenberger indicator Indicator derived from the slacks-based measure New indicator

Dt(xt,yt) Dt(xtþ1,
ytþ1)

Dtþ1(xtþ1,
ytþ1)

Dtþ1(xt,yt) Dt(xt,yt) Dt(xtþ1,
ytþ1)

Dtþ1(xtþ1,
ytþ1)

Dtþ1(xt,yt) Dt(xt,yt) Dt(xtþ1,
ytþ1)

Dtþ1(xtþ1,
ytþ1)

Dtþ1(xt,yt)

ALICANTE 0.290 0.362 0.362 0.290 0.784 0.183 0.820 0.772 0.895 1.085 1.267 1.137
BIERZO 0.402 0.363 0.324 0.372 0.800 0.212 0.786 0.797 1.251 1.240 1.147 1.159
BULLAS 0.813 0.663 0.662 0.809 0.927 0.148 0.847 0.926 1.721 1.589 1.590 1.706
CALATAYUD 0.265 0.353 0.366 0.278 0.740 0.161 0.841 0.743 0.660 1.206 1.176 0.636
CAMPO DE BORJA 0.238 0.247 0.244 0.249 0.521 0.462 0.520 0.485 0.447 0.429 0.416 0.416
CARIÑENA 0.000 �0.035 0.000 �0.059 0.000 1.035 0.000 �0.097 0.000 �0.067 0.000 �0.176
COSTERS DEL
SEGRE

0.273 0.433 0.422 0.272 0.750 0.731 0.728 0.754 0.803 0.882 0.832 0.965

EMPORDÀ 0.227 0.092 0.092 0.226 0.812 0.719 0.713 0.799 0.718 0.452 1.156 1.307
MONTSANT 0.301 0.393 0.393 0.294 0.622 0.676 0.664 0.630 0.596 1.030 1.011 0.548
NAVARRA 0.023 0.057 0.058 0.025 0.152 0.233 0.233 0.146 0.054 0.141 0.152 0.070
PRIORAT 0.403 0.532 0.537 0.406 0.677 0.769 0.763 0.666 0.981 1.288 1.261 0.923
RIBEIRA SACRA 0.410 0.490 0.400 0.311 0.989 0.993 0.992 0.989 1.893 1.922 1.972 1.962
RIBERA DEL
DUERO

0.000 0.176 0.087 �0.113 0.000 0.725 0.734 �0.110 0.000 0.478 1.290 �0.203

RIOJA 0.000 �0.018 0.000 �0.002 0.000 �0.024 0.000 0.006 0.000 �0.040 0.000 �0.004
SOMONTANO 0.000 �0.003 0.000 �0.007 0.000 �0.003 0.000 �0.009 0.000 �0.006 0.000 �0.017
TORO 0.459 0.480 0.480 0.459 0.817 0.801 0.804 0.821 1.274 1.244 1.179 1.243
UCLÉS 0.575 0.561 0.569 0.573 0.801 0.810 0.810 0.796 1.380 1.387 1.366 1.364
VALDEPEÑAS 0.138 0.096 0.074 0.117 0.430 0.359 0.262 0.377 0.375 0.251 0.205 0.339
VALENCIA 0.000 0.030 0.000 �0.034 0.000 0.130 0.000 �0.035 0.000 0.100 0.000 �0.075
YCODEN-DAUTE-
ISORA

0.565 0.426 0.330 0.483 0.998 0.987 0.986 0.998 1.977 1.865 1.952 1.992

YECLA 0.330 0.255 0.286 0.360 0.889 0.921 0.915 0.884 1.318 1.537 1.520 1.294

Average 0.272 0.283 0.271 0.253 0.558 0.525 0.591 0.540 0.778 0.858 0.928 0.790
S-Z test a, b, c a, b, c a, b, c a, b, c

a denotes significant differences between distance functions for the traditional Luenberger indicator and for the slacks-based measure at the critical 5% level (results for Dt(xt,
yt) are reported in the first column, for Dt(xtþ1,ytþ1) in the second column, for Dtþ1(xtþ1,ytþ1) in the third column, and for Dtþ1(xt,yt) in the fourth column).
b denotes significant differences between distance functions for the traditional Luenberger indicator and for the new indicator at the critical 5% level.
c denotes significant differences between distance functions for the new indicator and for the slacks-based measure at the critical 5% level.
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The results of distance functions in Table 2 show that all
measures are significantly different between them as confirmed by
the results of S-Z test. Turning to the results of productivity change
and its components in Table 3, we can observe that in all three
approaches there are a similar number of DOs experiencing pro-
ductivity decrease and productivity growth between the 2010–
2011 and 2011–2012 seasons. This translates into the average
values for the whole sample which indicate productivity increases
in the analyzed period for all analyzed approaches. The analysis of
the components of productivity change finds that, on average, for
the traditional Luenberger approach, efficiency change has a
negative contribution to productivity growth, whereas technical
change offers a positive contribution. The opposite pattern is
observed for the Luenberger indicator based on the least distance
to the Pareto-efficient frontier, that on average shows how
Please cite this article as: Aparicio J, et al. Graph productivity change m
data envelopment analysis. Omega (2016), http://dx.doi.org/10.1016/
efficiency change increases and technical change decreases in the
analyzed period. The indicators derived from the slacks-based
measure show, on average, the positive contributions of efficiency
change and technical change to productivity growth. The results in
Table 3 further indicate that for many individual DOs the results of
efficiency and technical changes are opposite between the three
approaches. For example, the DO “Bierzo” experiences efficiency
decline and technical progress over the analyzed period according
to the traditional Luenberger indicator, progress in efficiency and
technology for the indicator derived from the slacks-based mea-
sure, while the new indicator signals the efficiency increase and
technical regress for this DO. Worthy of note, however, is that as
shown by S-Z test results, while we can confirm that the differ-
ences in productivity change and technical change between the
traditional Luenberger indicator and the new approach, and the
easure using the least distance to the pareto-efficient frontier in
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Table 6
Productivity change and its decomposition between seasons 2011–2012 and 2012–2013.

DO Traditional Luenberger indicator Indicator derived from the slacks-based measure New indicator

TFPCH EFFCH TECHCH TFPCH EFFCH TECHCH TFPCH EFFCH TECHCH

ALICANTE �0.072 �0.072 0.000 0.276 �0.036 0.312 �0.160 �0.372 0.212
BIERZO 0.044 0.078 �0.034 0.299 0.013 0.286 0.013 0.105 �0.092
BULLAS 0.149 0.151 �0.002 0.429 0.080 0.349 0.124 0.131 �0.007
CALATAYUD �0.088 �0.101 0.013 0.240 �0.101 0.341 �0.544 �0.517 �0.027
CAMPO DE BORJA �0.002 �0.006 0.004 0.012 0.001 0.011 0.008 0.030 �0.022
CARIÑENA �0.012 0.000 �0.012 �0.566 0.000 �0.566 �0.055 0.000 �0.055
COSTERS DEL SEGRE �0.156 �0.150 �0.006 0.022 0.022 0.000 0.028 �0.028 0.056
EMPORDÀ 0.135 0.135 0.000 0.090 0.099 �0.009 0.209 �0.438 0.647
MONTSANT �0.095 �0.092 �0.003 �0.044 �0.042 �0.002 �0.449 �0.415 �0.034
NAVARRA �0.033 �0.035 0.002 �0.084 �0.081 �0.003 �0.085 �0.099 0.014
PRIORAT �0.130 �0.134 0.004 �0.095 �0.086 �0.009 �0.322 �0.280 �0.042
RIBEIRA SACRA �0.084 0.010 �0.094 �0.003 �0.003 0.000 �0.020 �0.079 0.059
RIBERA DEL DUERO �0.188 �0.087 �0.101 �0.785 �0.734 �0.051 �0.985 �1.290 0.305
RIOJA 0.008 0.000 0.008 0.015 0.000 0.015 0.018 0.000 0.018
SOMONTANO �0.002 0.000 �0.002 �0.003 0.000 �0.003 �0.005 0.000 �0.005
TORO �0.021 �0.021 0.000 0.016 0.013 0.003 0.048 0.095 �0.047
UCLÉS 0.009 0.006 0.003 �0.011 �0.009 �0.002 �0.005 0.014 �0.019
VALDEPEÑAS 0.042 0.064 �0.022 0.093 0.168 �0.075 0.129 0.170 �0.041
VALENCIA �0.032 0.000 �0.032 �0.083 0.000 �0.083 �0.087 0.000 �0.087
YCODEN-DAUTE-ISORA 0.146 0.235 �0.089 0.012 0.012 0.000 0.076 0.025 0.051
YECLA 0.074 0.043 0.031 �0.032 �0.026 �0.006 �0.222 �0.202 �0.020

Average �0.015 0.001 �0.016 �0.010 �0.034 0.024 �0.109 �0.150 0.041
S-Z test -, -, - -, -, c -, b, c

a denotes significant differences between component for the traditional Luenberger indicator and for the slacks-based measure at the critical 10% level (results for TFPCH are
reported in the first column, for EFFCH in the second column, and for TECHCH in the third column).
b denotes significant differences between component for the traditional Luenberger indicator and for the new indicator at the critical 10% level.
c denotes significant differences between component for the new indicator and for the slacks-based measure at the critical 10% level.

Table 7
Correlations between indicators, data between seasons 2011–2012 and 2012–2013.

Traditional Luenberger indicator Indicator derived from the slacks-based measure New indicator

TFPCH
Traditional Luenberger indicator 1.000 0.449 0.674
Indicator derived from slacks-based measure 0.449 1.000 0.533
New indicator 0.674 0.533 1.000
EFFCH
Traditional Luenberger indicator 1.000 0.400 0.401
Indicator derived from slacks-based measure 0.400 1.000 0.850
New indicator 0.401 0.850 1.000
TECHCH
Traditional Luenberger indicator 1.000 0.130 -0.178
Indicator derived from slacks-based measure 0.130 1.000 0.042
New indicator �0.178 0.042 1.000
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differences in productivity change, efficiency change and technical
change between the new approach and the indicator derived from
the slacks-based measure are statistically significant, however, the
same cannot be said for the differences in productivity change,
efficiency change and technical change between traditional
Luenberger indicator and slacks-based measure, and for efficiency
change between the traditional Luenberger indicator and the new
indicator. The correlations contained in Table 4 provide additional
insights into the differences and similarities between indicators
derived from the three approaches considered. According to these
results, the new approach derives the measures that are mostly
similar to the slacks-based approach, at least with regard to effi-
ciency change and productivity change since correlations for
technical change component are relatively low.

Tables 5 and 6 show the results for distance functions and
indicators, respectively, derived using the three approaches for the
2011–2012 and 2012–2013 seasons for each individual DO as well
as the average for the whole sample together with the S-Z test
results for the differences between all measures. Table 7 pictures
Please cite this article as: Aparicio J, et al. Graph productivity change m
data envelopment analysis. Omega (2016), http://dx.doi.org/10.1016/
the correlations between the three productivity measures con-
sidered and their decomposition indicators.

The results in Table 5 indicate, similarly to those of the previous
period, that all differences between distance functions are statis-
tically significant. Table 6 reveals, on average, the negative pro-
ductivity change experienced by DOs in the sample between the
2011–2012 and 2012–2013 seasons in all three approaches.
Although the new approach estimates the largest values of pro-
ductivity decline, the results of S-Z test show that these differ-
ences between all three indicators are not statistically significant.
From the results, we also observe that the average indicators of
efficiency change and technical change for the new indicator and
the indicator derived from the slacks-based measure present
similar patterns, suggesting negative efficiency change and tech-
nical progress, while the traditional Luenberger indicator reports
the opposite result, that is efficiency increase and technical
regress. The results of correlations contained in Table 7 suggest
that the only relatively high correlations observed are those
easure using the least distance to the pareto-efficient frontier in
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between the new approach and the indicator derived from the
slacks-based measure and only with regard to efficiency change.

Overall, these are interesting findings since we are able to
demonstrate the differences between the values of productivity
indicators obtained using three different approaches. Hence,
depending on the method the practitioner chooses, fulfilling some
desired characteristics and properties, the results obtained will tell
a different story. This heterogeneity in findings arise from, among
others: 1) the differences in the objective functions between
approaches, 2) each approach uses a different set as reference
targets (weakly versus strongly efficient frontier), 3) the new
approach does not follow the monotone procedures of projection
as the indicators derived from the directional distance function
and the slacks-based measure do and 4) the differences in the
philosophy followed to project units onto the frontier (closest
versus furthest targets).
5. Conclusions

This paper contributed to the literature by developing a new
approach to the productivity change assessment over time in the
full input-output space. This new approach is based on the idea of
the measurement of the least distance to the Pareto-efficient
frontier and exploits the Luenberger-type productivity change
measure. The new approach was empirically illustrated with a
recent dataset on the Spanish Designation of Origin wines sector.

The new approach to the productivity change measurement
proposed in this paper can be useful from the point of view of
practice, for example to managers in their decision making. It is
especially important for firms which seek to achieve superior
performance results as soon as possible. Indeed, the efficiency
measure which forms the basis of the productivity change esti-
mator developed in this paper generates the targets that are easily
achievable by firms. Moreover, the benchmarking exercise of this
approach is based on the comparisons with the best firms, which
is guaranteed by the projection onto the Pareto-efficient part of
the frontier of best practices. Overall, these characteristics can
have important implications for firms to attain their competitive
advantage. The new approach is also of practical use to regulators.
Because it does not suffer from the infeasibility problem, the
productivity change is estimated for all firms, which makes it a
suitable approach, for example, in the regulatory setting.

The results of the empirical application of this paper show the
large differences between the obtained values of productivity,
efficiency and technical changes using the traditional Luenberger
indicator, indicator derived from the slacks-based measure and the
Luenberger indicator proposed in this paper that seeks the least
distance to the Pareto-efficient frontier. In many cases the results
found were opposite between approaches, both in average terms
for the whole sample and when looking at the individual DOs.
Nevertheless, the largest correlations were found between the
new approach and the indicator derived from the slacks-measure
and mainly with regard to efficiency change. Yet to have definite
conclusions regarding similarities between approaches, one would
need to undertake additional calculations using a sufficiently large
battery of different datasets.

Despite the findings of this paper, due to the strength of its
conclusions, it would be crucial for future research to apply the
new productivity change measure developed in this paper to other
real-life datasets. We also believe that an interesting extension of
this study would be to develop a more extended decomposition of
a new productivity change measure to account for pure efficiency
change, scale efficiency change, pure technical change and scale
change of technology, similar to the one proposed in Simar and
Wilson [52] and Zofio [57] in the context of the Malmquist index.
Please cite this article as: Aparicio J, et al. Graph productivity change m
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Yet another topic that clearly deserves further research is the
application of the new method to the production framework that
accounts for undesirable outputs. Another good avenue for addi-
tional research is the comparison of the performance of all the
existing approaches for estimating productivity change over time,
in the full input-output space, utilizing a battery of simulated
datasets, taking into account the different nature of each metho-
dology (furthest vs closest targets, Variable Returns to Scale vs
Constant Returns to Scale, slacks-based measures vs non slacks-
based measures, …). Finally, it seems also interesting to study the
relationship between the least distance to the Pareto-efficient
frontier and some support function (profit, revenue and cost
functions) in the context of the measurement of productivity
change over time.
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