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In this paper, we introduce a new methodology based on regression trees for estimating production fron-
tiers satisfying fundamental postulates of microeconomics, such as free disposability. This new approach,
baptized as Efficiency Analysis Trees (EAT), shares some similarities with the Free Disposal Hull (FDH)
technique. However, and in contrast to FDH, EAT overcomes the problem of overfitting by using
cross-validation to prune back the deep tree obtained in the first stage. Finally, the performance of
EAT is measured via Monte Carlo simulations, showing that the new approach reduces the mean squared
error associated with the estimation of the true frontier by between 13% and 70% in comparison with the

© 2020 Elsevier Ltd. All rights reserved.

1. Introduction

Since the seminal works by Koopmans (1951), Debreu (1951),
Shephard (1953) and Farrell (1957), a large amount of literature
has been developed on how to estimate production frontiers and
how to measure technical efficiency of production units. In partic-
ular, Farrell (1957) was the first in showing in practice, for a single
output and multiple inputs, how to estimate an isoquant envelop-
ing all the observations. Farrell based his significant contribution
on the construction of a production possibility set that satisfied
two standard axioms: convexity and free disposability. In this
way, the most conservative estimation of the production possibil-
ity set may be obtained through the determination of the minimal
set that envelops the observations and, at the same time, meets the
two aforementioned axioms (Farrell, 1957). Overall, Farrell’s prin-
ciple of ‘minimal extrapolation’ leads to the estimation of a piece-
wise linear isoquant in the input space.

Farrell’s approach can be categorized in the current area of non-
parametric techniques, since it is not necessary to identify a priori
the specific mathematical formulation of the production frontier to
be estimated. This line of research was later taken up by Charnes
et al. (1978) and Banker et al. (1984), resulting in the development
of the Data Envelopment Analysis (DEA) approach, in which the
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determination of the frontier is only restricted via its axiomatic
foundation. Another paper working in this line is that by Afriat
(1972), showing how to determine a production function with
the property P (e.g., non-decreasing concavity) that represents
the set of observations that are as efficient as possible. Under the
production of only one output, the estimated production functions
suggested by Afriat coincide with those associated with what later
would become known as DEA. Additionally, Deprins and Simar
(1984) introduced the alternative technique known as Free Dis-
posal Hull (FDH), which relies only on free disposability in contrast
to DEA, which assumes free disposability and convexity. In fact,
FDH may be considered the ‘skeleton’ of DEA since the convex hull
of the frontier estimated by FDH coincides with the DEA frontier
(Daraio and Simar, 2005).

Some existing nonparametric approaches for estimating pro-
duction frontiers, like DEA and FDH, are based upon envelopment
techniques (see, for example, Lozano and Calzada-Infante, 2017,
Aparicio et al., 2017, Santin and Sicilia, 2017; Li et al., 2018). Their
main objective is to analyze the efficiency of a set of observations,
termed DMUSs (Decision Making Units), which use several inputs to
produce several outputs, by comparing their performance with
respect to the boundary of a production possibility set, and using
to that end a sample of observations operating in a similar techno-
logical environment (assumption of homogeneity). The usual
methods for measuring technical efficiency of production need
explicitly or implicitly to determine the boundary of the underly-
ing technology, which constitutes the reference benchmark. Its
estimation allows the calculation of the corresponding technical
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inefficiency value for each DMU as the deviation of each activity or
production plan to the frontier of the production possibility set.

Statistical inference is possible based on existing point esti-
mates such as DEA and FDH but, by construction, they suffer from
an overfitting problem. DEA and FDH underestimate the technical
inefficiency of the observations’, as they yield estimated frontiers
always located below the (underlying) theoretical frontier. They
are able to correctly describe the situation from an efficiency evalu-
ation point of view but are not able to provide a suitable generaliza-
tion. This scenario is very similar to the comparison between
descriptive statistics and statistical inference. The idea behind gener-
alization in statistical learning (Vapnik, 2000) is as follows. If the
right balance is struck between the accuracy attained on some par-
ticular data (training set), and the ability of the approach to ‘learn’
any training set without error, then the best generalization perfor-
mance will be achieved.

The general Operations Research community is moving into the
data analytics field, where machine learning techniques are very
usual. One of the problems that is dealt with this type of
approaches is overfitting. For example, Classification and Regres-
sion Trees (CART) by Breiman et al. (1984) construct binary deci-
sion trees by repeatedly splitting nodes into two child nodes,
beginning with the root node that contains the whole learning
sample. However, a tree that is too deep yields estimates that are
overly optimistic and a tree that is too short presents low accuracy
attained on the training set. In this sense, Breiman et al. introduced
a cost-complexity measure and a pruning procedure, based upon
cross-validation, in order to overcome this problem.

In this paper, we adapt the technique of regression trees, based
on CART, to estimate production frontiers satisfying the property of
free disposability. Through the new approach, the input space is
partitioned by a sequence of binary splits into terminal nodes. In
each terminal node, the predicted response value (the output) is
constant. So, graphically, the predictor looks like a step function
and presents similarities and differences with respect to FDH when
a deep tree is built. In order to overcome the usual overfitting prob-
lem, we will apply a pruning procedure based upon cross-
validation. Among other advantages, it will allow us to determine
efficiency evaluation out-of-sample for the assessed DMUs. Addi-
tionally, and although this type of nonparametric technique is
not able to provide information on the statistical significativity of
each predictor (input variable), it is able to determine a ranking
of importance of each of them. Finally, and from a data visualiza-
tion point of view, the new approach allows the graphical repre-
sentation of multivariate situations that would otherwise be
difficult to draw through simple trees.

As we are aware, this paper represents the first contribution
that really connects two key topics: machine learning and frontier
analysis. Previous contributions that considered these two types of
worlds really do not mix them but apply each one in a different
stage. For example, Emrouznejad and Anouze (2010) combined
DEA and CART to perform an efficiency analysis of the banking sec-
tor. To do that, in a first stage, DEA determines the efficiency
scores, and in a second stage, efficiency is used as a response vari-
able with CART to give details of factors related to technical ineffi-
ciency in the banking sector. Another recent example is Rebai et al
(2019), where, for identifying the key factors that impact Tunisian
schools’ academic performance, the authors carried out a two-
stage analysis. In the first stage, they use the Directional Distance
Function approach and DEA to deal with undesirable outputs. In
the second stage, they apply machine-learning approaches

! This is only true when the underlying Data Generating Process does not contain
measurement error and/or other statistical noise. Therefore, the bias referred here is
due to an insufficient sample size.

(regression trees and random forests) to identify and visualize vari-
ables that are associated with a school performing very well.

The paper is organized as follows. Section 2 is devoted to briefly
introduced the FDH and the standard CART techniques. In Section 3,
we extend regression trees to the context of estimating production
frontiers, developing the new technique called Efficiency Analysis
Trees (EAT). Performance of EAT is investigated via Monte Carlo
simulations in Section 4. Finally, Section 5 concludes.

2. Background

In this section, we briefly review the main notions related to
Free Disposal Hull and Classification and Regression Trees. Addi-
tionally, we will need to introduce some notation.

2.1. Free Disposal Hull (FDH)

Let us consider n Decision Making Units (DMUs) to be evalu-
ated. DMU; consumes X; = (X1, ..., Xmi) € RT amounts of inputs for
the production of y; = (yy;,....¥s;) € R amounts of outputs®. The
relative efficiency of each DMU in the sample is assessed with refer-
ence to the so-called production possibility set or technology, which
is the set of technically feasible combinations of (x,y). It is defined in
general terms as:

¥ = {(x,y) € RT™ : xcanproducey} (1)

Certain assumptions are done on this set, such as monotonicity
(free disposability) of inputs and outputs, meaning that if
(x,y) € ¥, then (¥,y) € P, as soon as ¥ > x and y’<y". Often con-
vexity of W is also assumed (see, e.g., Fire and Primont, 1995).

As far as the measurement of technical efficiency was the con-
cern, a certain part of the boundary of W is of interest. Specifically,
the efficient frontier of W may be defined as
W) ={xy) e¥V:2<xy>y = (Xy) ¢V} Technical effi-
ciency is defined as the distance from a point that belongs to ¥
to the production frontier (). For a point located inside P, it is
evident that there are many possible paths to the frontier, each
associated with a different technical efficiency measure. One of
the most used technical efficiency measures in the literature is that
known as the output-oriented radial model (see Charnes et al.,
1978, Banker et al., 1984), which is the inverse of the classical
Shephard output distance function (Shephard, 1953). This measure
is especially useful in contexts where inputs are predetermined
(such as land and labor on a farm) and generating maximum out-
put is the appropriate objective from a technical perspective. In
particular, the output-oriented radial model determines the effi-
ciency score for an evaluated point (x,,y,) by equiproportionally
increasing all its outputs while maintaining inputs constant:

d(X1,y) = max{¢, € R: (X, oY) € ¥} (2)

Nowadays, there are different nonparametric methods in the
literature for estimating the efficient frontier of . The most note-
worthy are those that follow. The FDH estimator was introduced by
Deprins and Simar (1984) and relies only on the free disposability
assumption. In contrast, the DEA estimator requires stronger
assumptions, such as convexity of the set W. The convexity
assumption is widely used in economics, but it is not always valid.
The production possibility set might admit increasing returns to
scale (i.e. outputs increase at a faster rate than inputs, which which
cannot be graphically modeled by convexity), or there might be
lumpy goods (i.e. fractional values of inputs or outputs do not

2 We use bold for denoting vectors, and non-bold for scalars.
3 Let z= (zl,..uzq) and z/ = (z/l,...,z;J . Hereinafter, z <2’ means z < z]’ for all
j=1,..,q, and z < z’ means z; <z forallj=1,..,q.
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exist). Hence, the FDH can yield a more general and flexible estima-
tor than DEA (see Aragon et al., 2005). Other alternative nonpara-
metric techniques for estimating production frontiers are those
that apply Kernel based approaches and local regression tech-
niques. See, for example, Du et al. (2013), where the authors pro-
pose a kernel smoothing method that can handle multiple shape
constraints (e.g., monotonicity) for multivariate functions, gener-
alizing Hall and Huang (2001). Another interesting contribution
is Parmeter et al. (2014), who showed how constraint weighted
bootstrapping may be applied to impose smoothness conditions
on linear estimates. In particular, these authors estimated an
input distance function both parametrically and nonparametri-
cally, resorting in the last case to local linear generalized kernel
regression. See also Henderson and Parmeter (2009). The
approach that we develop in this paper is in line with all these
contributions.

Regarding the FDH technique, this approach has once more
attracted the interest of researchers in recent years. For example,
Tavakoli and Mostafaee (2019) adapted Network Data Envelop-
ment Analysis models to Free Disposal Hull models, providing
the target intermediate products for inefficient observations.
Barbosa et al. (2019) developed a Hybrid Evolutionary Genetic
Algorithm and Scatter Search for the discrete and dynamic Berth
Allocation Problem, where DEA and FHD are exploited to compare
the performance of alternative specifications of the parameters for
the algorithm. Kerstens et al. (2019) reconsidered the way
metafrontiers are obtained from nonparametric estimates of
underlying group-specific frontiers, concluding that the usual con-
vexification strategy consisting in assuming a convex metaset gen-
erally leads to erroneous results. Or, from a theoretical point of
view, the papers by Cazals et al. (2002) and Daraio and Simar
(2005) introduced an FDH-based estimator, robust to extreme val-
ues and the concept of conditional efficiency measure of order-m,
respectively.

The nonparametric models, such as FDH, are particularly
appealing since they do not rely on restrictive hypothesis on the
data-generating process, a feature shared with usual machine
learning techniques, which are clearly data-driven approaches. In
particular, Deprins and Simar (1984) proposed the Free Disposal
Hull of the set of observations (DMUs) to estimate ¥, defined as
follows.

Peon = {(*,y) e R :3i=1,..,nsuch thaty <y, x > %}  (3)

In the univariate output case, the production function would be
estimated by fg,(X) = max{y;}. Next, we present a graphical
X=X

example of the FDH estimator,
decreasing step shape.

The FDH technique is very engaging because it relies on very
few assumptions, but, by construction, it suffers overfitting. Note,
in Fig. 1, that the estimated frontier by FDH fits like a glove to
the data sample, satisfying additionally free disposability. This
problem is shared by other well-known data-driven approaches.
In particular, techniques that belong to the machine learning field
like, for example, Classification and Regression Trees (CART), pre-
sent problems of overfitting when a deep tree is generated. This
problem can be solved by pruning back the deep tree through,
for example, a cross-validation process.

Finally, in the case of the FDH technique, the efficiency score
(X, y,) is estimated by plugging Wrpy into (2) in place of W. This
substitution allows determining the estimation by a mixed-integer
linear optimization program:

showing its typical non-

¢™" (%, y,) = max ¢
s.t.
Z?:]ﬂ"ixﬁ < Xjk, _] = 1, ., m (4)
z?:]j'iyri = d).VTk’ r:11"'7s
Shii=1,
i € {0,1}, i=1,.,n

™ (x,,y,) is always greater than one, with one indicating technical
efficiency.

2.2. Classification and Regression Trees (CART)

CART (Breiman et al., 1984) is a machine learning technique
with two objectives, depending on the nature of the response vari-
able. CART works like a nonparametric classification model when
the response variable is categorical and as a regression model
when it is numerical. In this paper, we focus on the latter approach,
due to the nature of our response variable.

e Data
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Fig. 1. Example of FDH estimate.
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The principle behind CART is relatively simple: A given criterion
is chosen to recursively generate binary partitions of the data (the
training sample) until no further meaningful division is possible or
a stopping rule holds. The graphical result of this process is a tree
that begins at the root node, develops through intermediate nodes,
and ends at the terminal nodes (leaves). The binary nature of CART
is reflected in each (parent) node, except the leaves, giving birth to
two child nodes.

The split at any non-terminal node is caused by a predictor vari-
able and a threshold for this variable. Given all the possible ways to
split the data at a (parent) node (i.e., the combinations of each pre-
dictor and each threshold), CART builds regression trees by choos-
ing the split that minimizes the sum of the mean squared error
(MSE) of the two child nodes. More precisely, given a learning sam-
ple Q consisting of (z1,y,),...,(2n,¥,), With z; € R™ and y; € R,
i=1,..,n, CART has as an objective to predict the response vari-
able y through the predictors zi,...,z,. To do that, the first split
by CART selects a predictor variable j, j = 1,...,m, and a threshold
s; € §;, where S; is the set of possible thresholds for variable j, such
that the sum of the MSE calculated for the data belonging to the
left child node, i.e. the data that satisfies the condition z <s;,
and the MSE determined with the data belonging to the right child
node, i.e. the data that meets z; > s;, is minimized. If t is the way of
denoting the parent node and, furthermore, t; and t; are the left
and right child nodes, respectively, then, CART selects the best
combination (z;,s;) by minimizing

RO 4R =1 S 0y 42 3 0yt ()

(ziyiet (zi yi)etr

where n is the sample size and y(t;) and y(tg) are the estimates of
response variable y for the data in nodes t; and t, respectively. Usu-
ally, Y(tr) = 75 Yz yoeo ¥ ad Y(tr) = 55 i, where n(t) is
the sample size in node t. In words, y(t;) and y(tg) are the means
of the data contained in each child node. In this way, the tree would
have one root node and two additional nodes. Once CART generates
a split, the entire process is repeated for the resulting child nodes.

Split 1

The process continues until no further meaningful segmentations
are possible or a predefined stopping rule is satisfied (the usual
one is that n(t) < 5 = ny;, for all leaf nodes).

Even under a multivariate situation as that treated by CART, this
technique admits a graphical representation of the final predictor
by a simple tree such as the following.

Additionally, in low dimensions, it is possible to draw the pre-
dictor through a step function like that shown in Fig. 3. The predic-
tor is constant over each terminal node. Note also that the
predictor determined by CART does not envelop the data but deals
with the average of the response variable and, additionally, the
predictor does not satisfy the property of free disposability. These
facts clearly contrast with the features of the FDH predictor (see
Fig. 1). Obviously, CART was not designed by Breiman et al.
(1984) for dealing with the estimation of production frontiers in
microeconomics. However, note that both approaches, FDH and
CART, generate step functions as predictors.

It is worth mentioning that CART suffers overfitting. The tree
grown is usually too large and the yielded estimates are overly
optimistic. Even in the case of using a less strict constraint as a
stopping rule, with a threshold for the sample size in each leaf
node bigger than five, one could argue that this pre-fixed level is
arbitrary. Additionally, in large trees (nn;, small), the accuracy of
the approach is good with respect to the training sample since
the step function associated with the predictor is very close to
the observed data. Unfortunately, the predictor is too dependent
on the sample, which makes it difficult to generalize the results
and provide a suitable estimate. This was a limitation clearly rec-
ognized by Breiman et al. in their famous book. To overcome this
problem without previously assuming any distribution on the sta-
tistical noise, Breiman et al. proposed to prune the tree in an appro-
priate way. To do that, they defined the error-complexity measure
R, (T), which is based on two indicators. The first one is a measure
of accuracy of the tree, defined as the aggregation of the mean
squared error determined in each leaf node, while the second
one is the number of leaf nodes as a measure of the size or com-
plexity of the tree. At the same time, a third element comes into

Split 2 Split 3
13 ta ts
y(t3) y(t4) y(t5) Split 4
t7 ts

y(t7) y(t8)

Fig. 2. Example of tree.
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Fig. 3. Example of CART estimate.

play: a parameter «, which works as a weight for balancing the two
previous indicators:

R,(T) = R(T) + o|T

(6)

where T is the set of leaf nodes of the tree T,
R(T) :%Z&%Z(zx_yi)a(yi fy(t))z and |S| denotes the cardinality of
set S.

Now, the idea is pruning by minimizing the error-complexity
measure. The result will be a size decreasing sequence of subtrees
in the way: Tpmax = T1 = T2 = ... = {to}, where Tn. is the tree
obtained by using the stopping rule n(t) < nmin and t, is the root
node. Additionally, an increasing sequence of « values associated
with each subtree has to be determined in the way
0 =0y < o < ... and satisfying that for o such that o < o < o1,
T, is the smallest subtree of Tp,,x minimizing R,(T).

For scoring each subtree in the sequence and selecting the best,
it is usual to resort to cross-validation. In V-fold cross-validation,
the learning sample Q is randomly divided into Q, ..., Qy disjoint
subsamples with the same sample size or as close as possible. Let
the »-th learning subsample be Q) = Q — Q,. Then, the process
to get a score for each subtree is based on repeating the tree grow-

ing and pruning procedure commented above using Q' instead of

Q. For each v, it yields the trees T'”(a) which are the minimal
error-complexity trees for the parameter o. Define o, = /00l 1.

Denote by d,ﬁ”) (2) the predictor corresponding to the tree T (o).
Then, the score associated with subtree T, in the original sequence
Tmax = T1 = T2 = ... = {to} is determined as follows.

CV 1 v v 2
Rm) =53 3 (vi-d@) (7)

Finally, the subtree selected Ty is the smallest tree satisfying the
condition:

R(Tx) < R(Tw,) + SE (8)

where Ty, is such that R (T,) = min {R(Ty)} and SE is the stan-

dard error estimate for R™ (Ty,).

In Fig. 4, we show how is the shape of the final tree determined
by CART after the pruning process was implemented.

In contrast to traditional parametric regression models, CART
for regression does not provide information on what the relation-
ship between each variable z;, j = 1, ..., m, and the response variable
is like. While parametric models can provide (point and interval)
estimations of the coefficients associated with that relationship,
CART does not. Nevertheless, Breiman et al. (1984) also suggested
how to at least provide a ranking of variables z; depending on the
importance of each variable. A priori, it is not trivial how to rank
these variables since by not giving the best split at a node, it could
be the second or third best option. For example, in the final
selected tree, z; could never occur in any split. However, if a certain
alternative variable z; is removed from the analysis and another
tree is grown, then z; could appear prominently in the splits, even
with a resulting tree as accurate as the original one. In such a con-
text, we need that the variable ranking method detects the impor-
tance of z; in the original tree grown. With such aim, Breiman et al.
(1984) proposed a procedure to determine a suitable ranking, play-
ing with the notion of surrogate splits.

3. Efficiency Analysis Trees (EAT)

In this section, we introduce a new technique based on the
adaptation of CART for the estimation of production frontiers,
which will be denominated Efficiency Analysis Trees (EAT). The
new approach will allow the determination of production frontiers,
satisfying the usual axioms of microeconomics, through a data-
driven approach that does not assume any particular distribution
on the data noise and generates a step function as a predictor.
These characteristics are shared with the FDH technique. However,
while FDH suffers overfitting, the new method will try to overcome
this problem through cross-validation and pruning, as in Breiman
et al. (1984), exploiting its natural structure as a tree. Another
remarkable difference between these two techniques, EAT and
FDH, is that the growing of the tree, in the case of EAT, is carried
out in a statistical way, minimizing the mean squared error and
using stopping rules linked to the sample size, and avoiding yield-
ing empty terminal nodes. An empty node implies a region in the
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Fig. 4. Example of CART estimate after the pruning process.

input space without data but with an estimation of the response
variable (the output). FDH can produce this type of regions, as
we will show later, something odd from a data-driven perspective
since it is not possible to calculate a measure of error at that par-
ticular node.

3.1. The single-output case

In conventional Supervised Statistical Learning, all start with a
learning sample Q, consisting of examples (z1,¥,), ..., (2n,¥,), With
zicR™andy; €R,i=1,..,n, as in CART. Nevertheless, in our pro-
duction context, the variables z1, ..., z, are interpreted as inputs. So,
let us rename zy,...,zy, as X, ..., Xy for utilizing a more usual nota-
tion, where x; € R,, j=1,..,m. Now, mirroring Breiman et al.
(1984), three key elements are necessary to determine a tree
predictor:

1. A rule for assigning an estimation of the response variable to
every node: y(t);

2. A way to select a split at every intermediate node;

3. A rule for determining when a node is terminal.

Furthermore, we need to add two additional elements in our
production framework.

4. y(t) should estimate the frontier instead of the mean of the
response variable. This feature can be easily linked to point 1
above.

5. The satisfaction of free disposability. This point is probably the
most difficult part to be addressed and we deal with it in this
paper by proposing a way of selecting the next node that must
be split in the growing algorithm and by suggesting how to
modify the estimation of the output in each node.

We start with points 1 and 4, proposing a suitable enveloped
estimate for the response variable at node t: y(t). In this sense,
the value y(t) that minimizes R(t) =1, (v, —y(t))* at node
t, i.e. the within node sum of squares, and, at the same time, satis-
fies y(t) = y;, V(xi,¥;) € t, is the maximum value of the response
variable observed in the data sample belonging to node t. This
statement is proven in Proposition 1.

Proposition 1. The value of y(t) such that minimizes

R(t) =13 i —¥(D)? subject to y(t) >y, Vx.y;) €t is
y(t) = (ma)é {vi}-

Xi-Yi

1 2

Proof. Let us assume that y(t) = (ma)x {yi} + 6, with § > 0. Then,
xXiy)et

(max  (xi,y;) € t{y;} +9))" =

2

(xiyi)et(yi _y(t))z = %Z(X;-}’i)et(yi -
R “((y i—max i,y;) € Hyi}) = 0)° =1 Sy (;Vx ~anax i) +

n
az _25- Zx,y, Et(yl m;ia))e([{yi}> . Note that A>0

since y; < max {yk} V(x;,y;) € t. Therefore,

XieYie)

proves the proposition.

Regarding point 2, let us assume that we have a node to be split.
Also, let us remember that, in this situation, standard CART selects
a predictor variable j, j = 1,...,m, and a threshold s; € S;, where §; is
the set of possible thresholds for variable j, such that the sum of the
MSE calculated for the data belonging to the left child node, i.e. the
data that satisfies the condition x; < s;, and the MSE determined
with the data that belongs to the right child node, i.e. the data that
meets x; > s;, is minimized. If ¢t is the way of denoting the parent
node, and t; and ty are the left and right child nodes, respectively,
then, CART selects the best combination (z,s;) by minimizing
expression (5). We will follow the same criteria when splitting
an intermediate node with EAT.

Additionally, a node is terminal in EAT (point 3) when it satis-
fies a certain stopping rule, like n(t) < nmin- In this sense,
Breiman et al. (1984) recommended n.;, = 5. Another natural
stopping rule is that associated with a situation where all observa-
tions at a node share the same values for all the inputs (share the
same input profile). In this case, it is not possible to split the node.
We will use these thresholds in our computational experiences.
Nevertheless, seeking simplicity in the development of the
methodological part, we will assume in this section that not all
observations at a node share the same input profile.

As we previously mentioned, probably the most difficult task is
that related to defining an algorithm that iteratively splits nodes by
minimizing (5) and, at the same time, guarantees the satisfaction

%Z(&-yi)ﬁf(yii

X

2
max {yl}> , Vé>0, which
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of the property of free disposability. In our approach, the key is the
algorithm for splitting each intermediate node. Before showing the
algorithm, it is necessary to introduce some definitions and addi-
tional notation. In this respect, let k = 1, ..., K be the number of exe-
cuted splits in the growing process of a tree. Let T, be the created

tree after the k-th split. Let T, be the set of terminal nodes in tree
T,. For example, T; for the graphical example in Fig. 2 is the (sub)
tree composed by {to, t1,t,} with terminal nodes t; and t,. For this
same example, T, could be the tree {to, t1,t, t3, t4} with set of ter-
minal nodes T, = {t, t3,ts}.

In the tree structure, each node t is defined by the fulfillment of
a series of conditions in the input space of the type {x; <s;} or
{x; = s;}. Conditions that are associated with each split. Therefore,
after executing a certain number of splits, there is a region in the
input space in the shape of a segment if m =1, a rectangle if
m = 2, a parallelepiped if m = 3, etc. This is the support of node t.

Definition 1. Letk=1,... K. Lett € %k. Then, the support of node t is

denoted and defined as supp(t) = {x eRY: a} <X < b;,j =1, ...,m},

with af < bj,Vj=1,..m

The parameter a; could be zero, whereas the parameter b; could
be +co. In practice, g} is lower bounded by the minimum observed

in variable x; in the learning sample, i.e., af = min {x;}. Note also
1<ign

that if (x;,y;) € t, then x; € supp(t). The opposite is also true since
if x; € supp(t), then (x;,y;) € t because the splits yield disjoint sub-
sets of the original learning sample.

It is also necessary to define the notion of Pareto-dominant

nodes of a given node t € YN",C. This definition will be related to the
satisfaction of the property of free disposability of the estimated
production frontier through EAT.

Definition 2. Let k=1,...,K. Let t € YN"k. Then, the set of Pareto-
dominant nodes of node t is denoted and defined as

It () = {t’ € TN",( —t: 3x € supp(t),Ix’ € supp(t’) such thatx’ < x}.

An element in I, (t) is a node with at least an input vector in its
corresponding support, non-necessarily observed in the learning
sample, such that it dominates at least an input vector belonging
to the support of node t in the Pareto sense. This notion will be
exploited for the satisfaction of the property of free disposability.

Checking if a node t' € T, belongs to Ir,(t) for t € Ty is an easy
task since it is enough to compare the m components of two vec-
tors, @’ and b', as shown in the next proposition.

Proposition 2. t' € Iy, (t) if and only if a* < b,

Proof. Let us assume that t' e I, (t). Then, by Definition 2,
3Jx € supp(t), Ix’ € supp(t’) such that x¥ <x. By Definition 1,
a’ <x and x<b'. Therefore, a’<b'. Let now assume that
a’ < b'. Observe also that a’ e supp(t') by Definition 1. This is not
the case for b with respect to supp(t). We have to search for a
point x in supp(t) such that @ < x. We can approach b, from the
interior of the supp(t), following the path associated with consid-
ering points defined as the convex combination of a’ and b':
Ja’ + (1 —b', 2 € (0,1). To do that, it is enough to take lambda
values close to zero. Note that a' < /a' + (1 — A)b'. Therefore,

3.€(0,1) such that a’ <x with x=ja’ +(1—2)b' and
Xe supp(t). Consequently, t' € Ir, ().

In Fig. 5, we show an illustration of Proposition 2. Two supports
associated with node t and t’ appear. Clearly, the hypothesis of the
proposition holds, i.e., a” < b'. Consequently, node t' is a Pareto-
dominant node of t.

Additionally, and regarding notation, let t* € T such that this
node does not satisfy any stopping rule and, therefore, it is possible
to split it into two child nodes, t; and tg. Then, the tree associated
with this specific split will be denoted as T(k|t* — t., tg). Note that,

in Tkt — ti,ty), ¢ T(k|t" — t,tz). Indeed, T (k|t" — t1,tz) =
(Tk — f*> @] {tL, tR}-

Next, we show how to implement the process for splitting

under our approach given a node t* € T, that does not satisfy any
stopping rule. First of all, for all possible combinations of (splitting)
variables x; and threshold s; € §;, i.e. (x;,s;), the algorithm must
determine the sum of the mean squared errors associated with
splitting the node t* into a left node and a right node with their cor-
responding estimations of the response variable y. After that, the

selection of the best possible combination (xj**,sjt) is available:

the one that minimizes the sum of errors. In order to estimate
the response variable y in each child node, given a particular com-
bination (x;,s;), we suggest combining Proposition 1 and the con-
cept of Pareto-dominant nodes. As we will show later, this point
will be the key for guarantying free disposability. Let us start the
description of our algorithm with the evaluation of the left child
node, t;, given the combination (x;,s;). First, the algorithm must
determine the set of Pareto-dominant nodes of t;, i.e.
Ire—t, ) (tL). Once the elements of this set are known, we are ready
to calculate the estimation of the response variable y (the output)
at node ¢;. In our approach, we force the estimate to never be smal-
ler than the estimations of the response variable at nodes belong-
ing to the set of Pareto-dominant nodes of t;. This is the trick for
satisfying free disposability in a constructive way. So, we suggest
the following estimation of the response variable for the child node
tL.

max{y; : (&,y;) € tu}, if max{y; : (%, ;) € t.}
= y(IT(k\f'HfL-IR)(tL)) 9)
YIrme -0 (tL) otherwise

y(t) =

where y(’T(k\r*HtL.rR)(tL)) = max{y(t/) te IT(I(\[‘HIL,tR)(tL)} and y(t') is
the estimation of the response variable at node

t e YN"(k\t* — ti, tg). In words, y (Ire ¢, ) (t1)) is the greatest estima-
tion of variable y at Pareto-dominant nodes of t;. Expression (9)

iy

bt

at’

6 8 10
Xq

Fig. 5. Illustration of Proposition 2.
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may be rewritten in a compact way as
y(t) = max{max{y; : (Xi.y;) € tr},¥ (Irgee 1, 1) (1)) }-

A similar process is carried out with node ty for determining an
estimation of y at this node.
max{y; : (x,¥;) € tg}, if max{y;: (%,y;) € tr}

> y(IT(k\f**leR)(tR)) (10)

y(IT(I<\t*~>tL_tR) (tR)) , otherwise

In this way, we are able to calculate the error made when y is
estimated by y(t;) at node t; and when y is estimated by y(tg) at
node trs ie. R(t) =13 yoen, Wi — ¥(t1))° and
R(tg) = %Zm_yi)gR (y; — ¥(tr))?, respectively. The sum of these two

Y(tr) =

errors is the function to be minimized. So, (x},s}) is defined as

the combination of variables x; and threshold s; € S;, j=1,...,m,
such that R(t;) + R(tg) is minimum. Let also t; and t; be the child

nodes associated with the split (x},s;). In this way, we have that
T = T(k|t* — t], ).
Once the tree T(k|t* — t;, t;) is obtained, the way to update the

parameters a and b corresponding of the supports of nodes t; and
ty is as follows:

at=a’,  Yj=1..m

bt =b, Vji=1,.,m,j#"

t, *

bji:sj;, A o (11)
af =a’, Yj=1,..,m,j#

ajfﬁ‘ =S5,

b =b, Vj=1,.,m

After performing the k + 1 split, we have an estimation of the

response variable for each node belonging to T,.;. In particular,
we have that y;_ () =yr(t) if t#t° and, by (9) and (10),
¥r,., (&) =y(t)) and yy, . (tz) = y(t;). Additionally, we define the
estimation of the response variable corresponding to the root node
to as yr, (to) = max{y; : (X, ¥;) € to} = max{y;:i=1,...,n}, i.e, this
estimation coincides with the maximum value observed for the
response variable in the learning sample.

In our approach, the way of selecting the node to be split among

all the nodes belonging to TN'k will be random. Additionally, there
are a lot of possibilities of defining the sets S; of thresholds for each
variable x;, j = 1,...,m. In particular, we decided to implement a

way based on the observations. So, for each node t € Ty, and each
variable x;, j=1,..,m, §;={x:3(x;,y;) € t such that x =Xx;}. In
words, the elements of set S; are the observed values of variable
x; in the examples belonging to t.

The process is repeated until a split is found, such that every
terminal node satisfies the stopping rule. Let K be the number of
executed splits in the growing process that corresponds to this last
split and let Tk be the final grown tree. So, Trax = Tx. Now, we are
ready to show probably the main result of this paper, which estab-
lishes that the predictor associated with the tree structure Tpax
meets free disposability. In particular, the predictor d(x) defined
from the information of Tma is as follows: dr,, (%) = yr,_ (t), for

t € Toae such that @’ < x < b', ie. x € supp(t).

Theorem 1. dTmax(x):R": — R is a monotone non-decreasing
function.

Proof. We have to prove that if ¥ < &/, then dr_, () < dr,,,, (X).
First, we will prove that if dr, (%) is a monotone non-decreasing
function, then dr,_, (x) is also a monotone non-decreasing function.
The difference between the trees T, and Ty, is that one node of TN'k,
say t*, has been split into two child nodes, t; and t;. In this way,
Tiy1 = T(k|t* — t;,t;). Furthermore, dr,, (%) =dr (x) for all
xc (R! —supp(t')) and dr,, (%) =y, (t;) if xesupp(t;) and
dr,,, (%) = yr, , (tz) if 2 € supp(t;). Then, we have to study several
cases. (i) Let us assume that x,x’ ¢ supp(t*). Then, dr,, (X) = dr,(X)
and dr, , (¥') = dr, (x') since only the estimation related to the node
t* could have been modified after the k + 1 split. Consequently,
dr,,, (%) < dr_, () by the assumption that dr (x) is a monotone
non-decreasing function. (ii) Let us assume that x ¢ supp(t*),
X' e supp(t’). Then, we can assume that x € supp(t) for some
te %m- If ¥ € t;, by Definition 2, t € Iy, (t;). By (9), yr,, (t;) =
max{max{y; : (%.y;) € t; },y (o e (1)) } = Yo o0 (6)) =
Y1, (t). Now, dr, (%) <dr_, (%) since yr, (t)=dr(x)=dr,, (%) and
dr,,, (®)=yr, , (t;). Otherwise, if ¥’ € t;, we can follow similar steps
and achieve the same result. (iii) Let us assume that
x esupp(t*),x ¢supp(t*). By the hypothesis of monotonicity of
dr, (%), we have dr, () <dr, (¥). Recall that dr, (¥') =dr, , (¥') because
X ¢ (RT —supp(t*)). We are going to prove that dr, . (x) <dr,(%).
To do that, we first need to prove that yy(t")>

max{mi )y, (t,*Q)}. By (9) and (10), we have yr (t;)=
max{max{y,» (%Y € tZ}’y(IT(I<\t‘~rti.t;z) (t;)) }, and  yr, . (tr) =

max{max{yi (X, € t;a},y(IT(k“,Hrl_rk) (t§))}. Moreover, yr, (t*) =
max{y;: (x;,y;) € t'} by the way that the estimation of the response
variable of a node is defined [expressions (9) and (10)] and that
Y1, (to) =max{y;: (%:,y;) €to}. Therefore, ka(t*) > max{y;: (%,y;) €
t;} and yr (t) = max{y;: (x.,y;) €tz}. Additionally, if t'e
I(ge—i ) (t1),  then, by  Definition 2, 3xesupp(t;) and
Ix" esupp(t’) such that x"<x But then, t'el(t*) since
supp(t;) C supp(t*). By the hypothesis of monotonicity of dr,(x),
we have dr, (x") <dr, (%). Nevertheless, note that dr, (¥") =yr, (t')
and dr, (&) =yr, (t"). S0, yq, (t") =y, (t') for all ¢ eIT(Wﬁtzy[&) (t;). This

implies that ka(t*)>y(IT(k‘tutiytg)(tz)). And, consequently,

ka(t*) = max{max{yi : (Xh%') € tz}:.}’(IT(k\r"ﬁ[z‘[;z) (tz))} :kaH (ti)
By analogy, we may follow similar steps with respect to
the right child node t; and get that yy (') >max

{max{y;: .y €t} Y (e (6) ) =V, (&) Thus, yr, () >
max{kaH (&), (t;)}. In this way, we have that
dr,.,(®) =y, (&) if xet; and dr, (x) =yr,_, () if xct; and,
additionally, dr, (x) = yr, (t*). Hence, we get that dr,_ (¥) < dr, (X).
Recall that we had dr, () < dr, (¥) = dr, , (¥'). So, we get what we
wanted to prove: dr,(X) <dr,,(¥). (iv) Let us assume that
x,x csupp(t’). If x,& csupp(t;) or x,& csupp(ty), then
dr,,, (%) =dr,,, (¥') and we get the result that we desired. So, let
us suppose that x € supp(t;) and &' € supp(t;). The other case is
not possible since by (11) @ =a® and b" = b'%, by hypothesis
a” < b" [otherwise, supp(t') = ] and, by applying Proposition
2, we have that £ € Iy . ) (t) and t; ¢ Lo ) (t;). Now,
by (10), Y1 (tr) =max{max{y;: (*,y;) € tx },y (Irwe — i, t%) (t&))} =
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y(’T(k\["ﬂ[i.[k) (tl*?)) = Y14 (tZ) since tie IT(k\["HIZ,["z) (tl*?)‘ Thus,
dr,,, (x) <dr,, (). Finally, by induction, we get the desired result
since dr,(x) is trivially a monotone non-decreasing function.

For single-output production processes, free disposability is
translated into monotonicity of the predictor. In this way,
Theorem 1 indicates that the induced technology ¥r, :=
{(x,y) eR™ .y <dn,, (x)}, defined from the deep tree Tpux, Satis-

fies the well-known property in microeconomics of free disposabil-
ity. Following a similar reasoning, and due to the update process of
the estimation of the output variable, every subtree T is also asso-
ciated with a monotone non-decreasing predictor dr, (x) and an
induced technology ‘PTk = {(x, y) € RT” 1y < dg, (x)} satisfying
free disposability. Furthermore, EAT generates predictors that are
step functions on RT like the technique known as FDH in frontier
analysis. Consequently, it seems appropriate to compare both
approaches.

Although, EAT and FDH does not yield the same predictors in
general, the next proposition shows that both techniques build
the same step function as output estimator when the number of
variables x; is one, i.e. m = 1, and the stop rule sets ny, = 1.

Proposition 3. Let m = 1 and Ny, = 1. Then, dr,_ (X) = frpu (%) for
allx € R,.

Proof. Let us assume, without loss of generality, that the learn-
ing sample may be sorted in the way (x1,y;), (X2,¥5), s (X0, Vn)s
with x; < X, < ... < X,,. After applying the EAT algorithm, we would
get that each learning example (x;,y;) would belong to a terminal
node t; € Tmax With a support in the way supp(t;) = [Xi, Xi1),
i=1,.,n[Xp1 = +oc]. Letx; = min  {x;}. Then, fFDH(x) =y

i yj=max {y}
for all x > x;. Regarding the EAT technique, by construction,
dr,. (X) < max Wt =y for any xe€R,. Additionally,

<k<n

dr,.. (x) = y; for all x > x;-. This last inequality is due to Theorem 1
and that dr,,, () = y;-. Therefore, dr,, (x) = y; for all x > x; and

dr,. (X) = frpu (%) for all x > x;. Note that both the estimation gen-
erated from FDH and the estimation yielded by EAT for a point
x < x; do not depend on the estimation of the response variable
for values x > x;-. In the case of FDH, this fact is evident as conse-

quence of its definition fpp(x) = max {y;}. In the case of EAT, dur-
XX

ing the application of the corresponding algorithm, when the
estimation of the response variable for any node ¢,
i=1,..,i" — 1, must be determined, only nodes with a support con-
tained in the segment [x1,x;) could be Pareto-dominant nodes of ¢;
and, therefore, they are the unique nodes that can influence the
final estimation for t;. Now, we can repeat the process but focusing
our attention on the learning subsample
(X1,¥1), (X2,¥2), -, (X_1,¥i_1)- If we repeat it as many times as

needed, we get that dr,, (x) = frpu(x) for all x € RT.

Therefore, Fig. 1, which illustrates the typical shape of the out-
put predictor determined by the application of the FDH technique,
is also valid for the EAT technique assuming that ny;, = 1. How-
ever, Proposition 3 does not hold in general. Indeed, we will show
in Section 4 through several numerical experiences that the dis-
crepancies between FDH and EAT increase as the sample size and
number of predictor variables x; augment.

Next, we show a simple instance with m = 2 in order to illus-
trate some specific differences between the two techniques regard-
ing the results obtained. Let us assume that our learning sample
consists of the following examples (xy;,x2,y;): A = (1, 4, 2),
B=(2,21),C=3,1,3),D=(2,6,5),E=(3,4,1),F=(4, 3, 2),
G=(51,1),H=(4,8,10),1=(5,5,6),] =(6,4,4)and K= (7, 2,

9 — 10
s - K
7 - 5
6
6 ] D
5 = 2 . 7
S 4
%] A £ )
3 - " ©
3
2 7 B K
1 g &
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1 2 3 4 5 6 7 8 9
X1

Fig. 6. Example of FDH with two inputs.

7). Then, if the FDH technique is applied, we get the following pre-
dictor of the efficient frontier (see Fig. 6). In this figure, we show
the regions determined by FDH in the input space together with
the data and the value of the output estimation.

Regarding the EAT technique, playing with the same examples,
it generates with ny;, = 1 the predictor shown in Fig. 7. Note that
each terminal node of the tree is associated with a support in the
figure, i.e. a rectangle. Note also that each node has at least one
observation. Moreover, it is easy to check that both techniques
do not yield the same estimation of the response variable for all

(X1,x2) € Ri. For example, points at the northwest corner of the fig-

9 — 10
8 .
79 5
6
6 5
5 2 . 7
~N
x
3 3
4 A E )*
3 1 F 4
27 8 3 K
3
17 c 5
T T T T T T T T T
1 2 3 a 5 6 7 8 9
X1

Fig. 7. Example of EAT with two inputs (npin = 1).
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ure present an estimation of 2 in the case of FDH and 10 in the case
of EAT.

Furthermore, although the FDH technique generates a step
function as a predictor, like EAT, we are aware that it cannot be
interpreted as a structure based on nodes and supports in the input
space. Nevertheless, in order to reinterpret the results associated
with the FDH technique that way, we could get the structure of
supports shown in Fig. 8. In this structure, the node related to
the support that appears at the northwest corner would be empty,
i.e., no observation belongs to this support. The technique is able to
determine an output estimation for it, due to the assumptions of
the FDH methodology. However, usual data-driven approaches
need data to determine an estimation in that region of the input
space. EAT, like CART, is not able to determine terminal nodes
without data, since to execute a split both require calculating the
mean squared error in each child node, something that is only pos-
sible if we have at least one example in each corresponding
support.

Unfortunately, as we mentioned above, FDH exhibits noticeable
overfitting in the data. Indeed, FDH yields efficiency estimates that
are overly optimistic. The same happens for the EAT technique
when a deep tree is allowed to grow. So, at this point, one might
think that the introduction of a new approach was pointless;
except that it has allowed us to bridge two fields that have grown
in parallel: frontier analysis and machine learning. However, it is
not true. The new approach, which is based upon CART, may
exploit certain techniques usually linked to CART, as pruning and
cross-validation to overcome overfitting. Hereinafter, we will
denote the tree resulting from the pruned process as T".

Overall, we suggest to always apply EAT along with pruning and
cross-validation to determine a suitable estimation of production
frontier. To do that, the standard process carried out by CART in
regression for pruning should be slightly adapted to the context
of frontier analysis. In Section 2.2, we mentioned how to prune a
deep tree in CART through cross-validation. In the case of EAT,
the process is identical except for how trees grow, which is based
on the algorithm introduced in this section, and for the order of
subtrees followed in the pruning process. In our context, the key
for the modification of the standard approach will be fixing the

X2
w
»

Fig. 8. Example of FDH as a regression tree.

way in which the sequence of subtrees is determined. Given that
the EAT algorithm generates a size increasing sequence of trees
in such a way that {to} <T; < Ty < ... < Tx = Tmax, guaranteeing
that each tree T, satisfies free disposability, we will use the oppo-
site sequence, i.e., Tmax = Tx_1 > Tk 2 = ... = {to}, as a sequence of
subtrees for the pruning process.

In Fig. 9, we show the predictor generated by EAT after pruning,
based upon the same example developed in Fig. 1.

Additionally, we show an example in three dimensions in
Figs. 10 and 11. In Fig. 10, the predictor generated by EAT is shown,
whereas Fig. 11 illustrates the EAT predictor after performing the
pruning process.

The above discussion allows us to interpret the EAT technique
as a data-driven way of estimating production frontiers based on
the grounds of machine learning, determining a monotone non-
decreasing step function as a predictor. In some sense, the new
approach is similar to the standard FDH technique. However, while
FDH suffers from a problem of overfitting, the EAT technique can
be improved through pruning and cross-validation (Breiman
et al., 1984) solving the initial problems.

Next, we establish the relationship that exists among the output
estimation of FDH, EAT and pruned EAT.

Proposition 4. dr- (x) > dr,,,, (%) > frpu(X)

Proof. It is straightforward.

3.2. The multi-output case

Several attempts have been proposed in the literature for
extending single-response decision tree techniques to the multi-
response context: De’Ath (2002), Appice and DZeroski (2007),
Stojanova et al. (2012) and Levati¢ et al. (2014) to name but a
few. Among them, De’Ath (2002) seems to be the natural extension
of the CART univariate recursive partitioning method (see Borchani
et al., 2015). This approach works by following the same steps as
CART, i.e., starting with all data in the root node, then recursively
finding the best possible split at parent nodes and partitioning
the data accordingly until a certain stopping rule is satisfied. The
main difference with the standard CART is the redefinition of the

measure use for selecting the best combination (x]i,sji) at each

split. Whereas in the single-response case, the criterion used coin-
cides with the mean squared error associated with the unique
response variable, in the multi-response case, the squared errors
linked to all the response variables aggregate in a final measure.
Lastly, each leaf of the tree generated by the De’ath approach is
characterized by the multi-variate mean of the data belonging to
it, as a direct generalization of the univariate standard CART.
De’Ath (2002) also indicated some interesting features of the tech-
nique. The multi-variate trees are easy to construct and visualize.
They are also robust to the addition of random noise. Moreover,
they automatically detect the interactions between variables.
Finally, they handle missing values in the predictor variables (the
inputs in our context) with minimal loss of information.

Next, we show how to extend the univariate EAT algorithm to
the multi-output context through the application of the De’ath
approach. The steps are the same with changes in the split process.
In particular, and inspired by the single-output algorithm of EAT,
we suggest to estimate the value of the response variable y,,
r=1,..,s, through the formula y,(;) = max{max{y, :
(*:,¥:) € tu}, ¥, (Irge—e.00) (t1)) }, for the left child node, and the for-
mula  y,(tr) = max{max{y, : (%, ¥;) € te},¥: (Irgee 0,00 (tr)) },  for
the right child node; where Y, (Itge—e .t (t)) = max{y,(t'):

t' e Igge e, (E1) Ve (ke —t.00) (ER)) = max{y,(t') : t'e
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Fig. 9. Example of EAT estimate after the pruning process.

Fig. 10. Example of EAT in three dimensions.

Irgie —u.00) (tr) } @and y, (') is the estimation of the response variable y, at

node t' e T (k|t* — tr,tg), r = 1,...,s. Additionally, the multi-variate
EAT algorithm chooses the combination (x;,s;) which minimizes
R(ty) + R(tg) = IS et vt Wt = Ye(6))” + 1 ¥ et
S i — ¥:(tr))?, i.e., the objective is minimizing the aggregation
of the squared error over all the response variables. Finally, as in
the single-output case, the splitting process is repeated until a split

k' is found, such that for all t € %k’ the stopping rule n(t) < 5 holds.
Then, k' will be K and the grown tree will be the deep tree

Timax = Tx. Moreover, let dr,, (X) =yr, (f), for t € Tnax such that
x € supp(t), i.e., dr,,, () is the multi-dimensional predictor defined
from the tree T.x. From this predictor, it is possible to define the
technology or production possibility set induced by dr,__ (x) as:

Vrw = {®Y) €RI™ cy <drp,, (%)} (12)

However, although the proposed extension of the single output
EAT algorithm seems valid a priori because it corresponds to a
direct application of the multi-response CART approach by De’ath
(2002), the multi-output EAT method would not be suitable for
dealing with the estimation of production frontiers unless the esti-
mations of the underlying technologies produced by this new algo-
rithm satisfy the axiom of free disposability.

Proposition 5. The set 1, meets free disposability.

Proof. Let (x,y) € ¥r,,,. and let (¥,y) € R™™ such that ¥ > x
and y' < y. We want to prove that (¥,y') € ¥7,,.. On the one hand,
we have thaty < dr,, () because (x,y) € ¥r,,.. On the other hand,
by the way we defined the update of the estimation of each
component of the output vector y(t) for each node under the
multi-output EAT algorithm, which follows the definition
for the single output EAT approach, we have that if & > %,
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Fig. 11. Example of pruned EAT in three dimensions.

Theorem 1.
implies, by

then dr () > dr,, (X) by
Y <y < dp,, (%) < dr,, (%), which
x®.y) € ¥r,...

As we have shown, the multi-output EAT algorithm is able to
yield estimates of a technology that satisfies the neoclassical
axioms of microeconomics. In particular, it satisfies free dispos-
ability, as FDH. Additionally, the EAT algorithm generates step
functions; as happens with FDH. However, FDH is also based on
the postulate of minimal extrapolation, which states that the
most conservative estimation of the production frontier would
be that associated with a surface enveloping the data and as close
as possible to them. Recall that the satisfaction of this approach is
linked to the overfitting problem mentioned above in the text. A
priori, the EAT algorithm is not grounded on the axiom of mini-
mal extrapolation. Nevertheless, and given that the tree that
has been generated at the moment in this subsection by the
EAT approach is the deepest tree, in some sense, this tree as a
predictor also suffers the problem of overfitting (see Breiman
et al., 1984). The way of correcting the problem of overfitting
with decision trees is well-known. One standard solution consists
of pruning the deep tree by resorting to a cross-validation pro-
cess. This is one of the advantages of relating the estimation of
production frontiers to CART. In particular, for the multi-output
case, we apply the same steps previously defined for the single-
output EAT algorithm.

After the pruning process, we get a final subtree T* that allows
defining an estimation of the wunderlying technology as
Wro={(*,y) eR™™ .y <dr(x)}, where dr (x) is the predictor
associated with T*. As before for Wr__, it is possible to prove that
¥, meets the axiom of free disposability. Nevertheless, T* is not
as deep as Tpax.

The resemblances between the standard FDH and the multi-
output EAT can be summarized in the next result, which estab-
lishes that the Free Disposal Hull generated from a certain ‘virtual’
learning sample coincides with the estimation of the underlying
technology yielded by the multi-output EAT algorithm. The exam-
ples that are part of this special learning sample are the following

Therefore,
(12), that

points in the input-output space: (a‘,d;-(a")), for all t e %* In
words, they are ‘virtual’ units, i.e. they are not necessarily observed
in the original learning sample, which consume the input vector at,
corresponding to the bottom corner of the support linked to the
leaf node t in tree T", and produces the output vector dr-(a'), cor-
responding to the EAT estimation of the set of outputs for input
vector a'.

Proposition 6. The FDH technology constructed from the set of points
{(a',dr-(a"))} - coincides with Yoo

| {(&y) ERT Ate T such thaty < dr (a'),x > a‘}.
(13)
Proof. Let us denote the right-hand side of expression (13) as

PET  Let (x,y) € Wr-. Then, by definition, y < dr (x). Let t, €T
such that xesupp(ty). Then, dr(x)=y;(ty). Note that
a* € supp(ty), which implies that dr (a*) =y (t;). Additionally,
we have that a** < x because x € supp(ty). In this way, we have that

dr- (x) =y (tx) = dr-(a) and x> a-. Consequently,
dt e TN' such thaty < dr-(a') and x>a' and, therefore,
(x,y) € WEAT, Let now (x,y) € WEAT Then,

3t € T such thaty < dr(a') and x > a‘. By the way we defined
the update of the estimation of each component of the output vec-
tor y(t) for each node under the multi-output EAT algorithm, we
have that if ¥ > x, then dr- (x') > dr-(x). Hence, dr- (x) > dr-(a").
Then, we have y < dr-(a') < dr-(x), which implies, by the definition
of Wr., that (x,y) € Wr-.

Proposition 6 has more important implications. This result
shows how to calculate any measure of technical efficiency using
the estimation Wr- as a basis. In the case of the output-oriented
radial measure, the efficiency score ¢(xy,y,) can be estimated by
plugging W;- into (2) in place of . In our case, and thanks to the
relationship between the FDH and the multi-output EAT technique
established in Proposition 6, by analogy with (4), the mixed-
integer linear program that one should solve is as follows:

)
max Zte?ita]! < Xjk7j = 17 ey M
P @y = Xkl (@) > @Y T =1, (14)
Zte?lt =1

Je€{0,1},i=1,...n

In the next section, we show how the new approach performs in
comparison with FDH in several numerical experiences.

4. Monte Carlo simulations

This section describes simulation results that serve for the com-
parison of methods: FDH vs (pruned) EAT. To do that, we present a
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systematic comparison of these two frontier estimation methods in
four alternative simulated environments for the single-output case,
and in another one for the multi-output case. The description of the
five scenarios appears in Table 1.

Scenario 1 represents a single-input case with a very well-
known production function using the logarithmic function. Scenar-
ios 2 and 3 involve two and three inputs, respectively. For all sce-
narios, we tested three data set sizes of 50, 100 and 150
observations. The input data were randomly sampled from
Uni[1,10] independently for each input and observation. Then,
the efficient output level was calculated and a random inefficiency
term u ~ |[N(0,0.4)| was subtracted to obtain the data used for the
analysis. We ran 100 trials (I = 1,...,100) for each combination of
scenario and data set size to investigate the relative performance
of the methods. These three scenarios were taken from
Kuosmanen and Johnson (2010). The fourth scenario, however,
was taken from Lee and Cai (2020), where one output and nine
inputs were considered.

Additionally, we simulated a multi-input (m = 2) and multi-
output (s = 2) data set. We followed the ideas proposed by Perel-
man and Santin (2009). The multi-output situation is more difficult
to be simulated. In this case, the difficulty is associated with how to
generate suitable data for multi-output production processes satis-
fying microeconomic behavioral regularity conditions. As in
Perelman and Santin (2009), we considered a half-normal distribu-
tion for generating the inefficiency term and we also incorporated
two independent random statistical perturbations (random noise),
allowing random shocks to affect outputs in a different quantity
and direction. Moreover, we allowed 0%, 10% and 25% of the simu-
lated DMUs to be on the true frontier. We ran 100 trials
(I=1,...,100) for each combination of sample size and percentage
of units on the frontier.

Table 1
Scenarios to be simulated.

Scenario  #Outputs| Functional form f(x)
#Inputs

(1) 11 f(x)=In(x)+3

(2) 12 F(X) =0.1%; 4+ 0.1x3 + 0.3(x1x2) "/

(3) 13 F(x) = 0.1x; +0.1x; 4 0.1x3 + 0.3(X;X2x3)'/3

4) 119 &5
fx) =TI74x°

2

®) 212 ~Iny; =-1+05 (1) +0.25- (12)" 15 (Inx))
—0.6- (InX3) + 0.2 - (Inx1)? + 0.05 - (Inx;)?
—0.1-(Inx;) - (InXy) +0.05 - (Inx;) - (}n%)
~0.05- (Inx,) - (}g—yf)

Table 2

Results for scenarios (1)-(4).

Performance of each method is evaluated by two standard crite-
ria: the mean squared error (MSE) and the bias. The MSE statistic is

defined as /05" | (dT; (x) - f(xf))z /100n for the EAT technique

. 2
and as Y050, (fFDH, (x) —f(xf)) /100n for the FDH method,

where [ is associated with the simulated data and the EAT and
FDH predictors at trial [, [=1,...,100. As usual, the MSE statistic
measures the precision of estimates in quadratic terms. The bias
statistic, however, is calculated in two different ways. The first

one as Y\ 'S°0, (dT; (x) —f(xﬁ))/lOOn for the EAT approach and
as S0 <fFDH, (x) —f(xﬁ))/lOOn for the FDH technique. In this
case, the sign of the bias statistic indicates whether the estimated
frontier systematically underestimates (negative sign) or overesti-
mates (positive sign) the true frontier. However, since positive and

negative deviations cancel out when we average over all observa-
tions and trials, we also calculate a second bias based on the abso-

lute value of the deviations: 3%/ >°1 ‘dT; (x) —f(x)) ‘/100n for EAT

and %51, VFD”I (x) —f(xf)‘/lOOn for FDH (see Kuosmanen and

Johnson, 2010).

Table 2 reports the MSE and bias statistics for the two assessed
approaches in the single-output scenarios considered and the mea-
sure of discrepancy between (deep) EAT and FDH. The first two col-
umns indicate the scenario and the sample size. The next two
columns indicate the MSE of the EAT and FDH techniques. The next
two columns show the bias, whereas the following two are related
to the bias based on absolute value. Finally, the last column in
Table 2 reports the mean of the percentage of observations over
all the trials in which the measure of discrepancy between (deep)
EAT and FDH is greater or equal to 10%. Moreover, we have also cal-
culated (and reported in brackets) the relative difference between
the pruned EAT and FDH with respect to MSE and bias in order to
make the comparison of the results easier. These values could be
seen as the percentages of reduction of the MSE and bias when
pruned EAT is applied instead of FDH.

Regarding the results, all methods were affected by the increase
in dimensionality from a single input to multiple inputs since MSE
increases as the number of inputs augments. Also, MSE of the
pruned EAT method was smaller than the MSE of the FDH tech-
nique for all scenarios and sample sizes. The improvements ranged
from 13% to 70%. A certain trend is observed in the results. In par-
ticular, the bigger the sample size is, the greater the improvement.
Additionally, the scenario with nine inputs is the one with the big-
gest differences between the two approaches considered in this
analysis. As for the bias, pruned EAT outperforms FDH for all the
computational experiences carried out, with a reduction ranging
from 12% to 93%, in the case of the first bias measure calculated,

Scenario Number of obs. Mean squared error Bias Absolute Bias Discrepancies FDH & Deep EAT
FDH Pruned EAT FDH Pruned EAT FDH Pruned EAT

(1) 50 0.032 0.028 (13%) —-0.145 —0.115 (21%) 0.145 0.130 (10%) 0%

(1) 100 0.019 0.015 (18%) —-0.109 —0.079 (28%) 0.109 0.093 (15%) 0%

(1) 150 0.013 0.010 (19%) —0.089 —0.057 (36%) 0.089 0.076 (15%) 0%

(2) 50 0.121 0.102 (16%) —-0.281 —0.241 (14%) 0.281 0.253 (10%) 2.23%

(2) 100 0.104 0.086 (18%) —0.268 —0.235 (12%) 0.268 0.240 (10%) 4.27%

(2) 150 0.091 0.073 (19%) -0.251 —0.218 (13%) 0.251 0.222 (12%) 5.93%

(3) 50 0.146 0.109 (25%) -0.297 —0.192 (35%) 0.297 0.250 (16%) 5.46%

(3) 100 0.136 0.097 (29%) —-0.287 —0.188 (35%) 0.287 0.236 (18%) 12.72%

(3) 150 0.130 0.086 (34%) -0.278 —0.188 (33%) 0.278 0.220 (21%) 20.59%

(4) 50 0.037 0.013 (65%) -0.161 —0.048 (70%) 0.161 0.089 (45%) 46.00%

(4) 100 0.038 0.011 (70%) -0.164 —0.028 (83%) 0.164 0.084 (49%) 62.00%

(4) 150 0.037 0.011 (70%) —-0.161 —0.011 (93%) 0.161 0.082 (49%) 65.33%
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and from 10% to 49% in the case of the bias based upon the absolute
value. Finally, the measure of discrepancy between the (deep) EAT
and the FDH shows that it is zero in the context of considering only
one input (scenario 1), something that was expected following
Proposition 3; relatively low in the case of scenario 2 based on
two inputs; and is higher in the case of the third and fourth scenar-
ios with more inputs. In all the cases, the discrepancy observed
increases as the sample size augments. Fig. 12 shows an example
of the result of one of our simulations.

Another feature of the EAT technique is that the estimated fron-
tier can be graphically illustrated in an easy way taking advantage
of its tree structure. This is important from a data visualization
point of view, and this characteristic contrasts to the limitations
of the FDH in more than two or three dimensions. For example,
Fig. 13 shows the final tree obtained after executing the algorithm
corresponding to the (pruned) EAT technique for one of the trials
associated with scenario 3, where three inputs are consumed for
producing one output. In each node, we can find an identification
number, the mean squared error, the sample size, the split exe-
cuted and the estimation of the output. A label like “X3 < 7.69 |
X3 > 7.69” means that the left child node is associated with the
examples of the parent node that satisfies the condition
X3 < 7.69, while the right child node is related to examples that
meets x3 > 7.69. At the bottom of the tree, there are the terminal
nodes (the leaves) where the final estimation of the response vari-
able (the output) appears. In this manner, we can visualize the
stepwise frontier by visiting the different branches of the tree from
top to bottom.

Additionally, and in order to show another advantage of the EAT
technique with respect to FDH, we calculate a measure of impor-
tance of each input variable in the analysis (see Breiman et al.,
1984) for the numerical example analyzed in Fig. 13. In this way,
we get the following values. The most important variable is x, with
a (normalized) score of 100. The second variable in the ranking is x;
with a value of 62.5, while the less important variable is x; with a
score of 52.5.

Tables 3 and 4 show the results associated with the multi-
output multi-input simulation. The structure of these tables is sim-
ilar to Table 2, except for the fact that we now consider the per-
centage of DMUs on the true frontier and the possibility of
random noise. Again, we observe that the EAT outperforms FDH
with respect to MSE and Bias.
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It is worth mentioning that a drawback of the new approach in
comparison with the FDH technique is the computing time spent.
In this section, the experiments were conducted on a PC with a
2.6 GHz dual-core Intel Core i5 processor, 8 Gigabyte of RAM and
operating system OS X 10.12.1. The algorithm was implemented
in a Python code. CPLEX v12.8 was used as the kernel for solving
the optimization problems; the default options were used. Regard-
ing the execution time, for an instance consisting in two outputs,
two inputs and 200 DMUs, the FDH technique used 20.04 s for get-
ting all the efficiency scores, whereas the EAT technique utilized
85.55 s (approximately four times more).

Finally, we focus our attention on the curse of dimensionality.
In the case of technical efficiency measures, this problem is linked
to the lack of discrimination between efficient and inefficient
DMUs. It is a drawback usually related to the use of too many
inputs and outputs in comparison with the sample size of the prob-
lem. We next show how the EAT algorithm works when it is
applied to a real dataset of 15 DMUs, using 6 inputs to produce 6
outputs, although we are aware that this is an issue that merits fur-
ther research. To do that, we refer to the data set of Fortune Maga-
zine’s US 15 best cities in 1996 (see Charles et al., 2019). In the
example (Table 5), the FDH technique shows all DMUs as techni-
cally efficient, whereas the new approach may determine a score
that helps to discriminate between the efficient and inefficient
cities (only 5 out of 15 are technically efficient).

5. Conclusions and future work

In this paper, a bridge between frontier analysis and machine
learning has been built. So far, these two fields have been growing
in parallel with few contact points. However, they clearly present
certain connections and the new wave in Operations Research
linked to big data, Data Science and machine learning strongly
encourages efficiency analysis researchers to harness the data ana-
lytics field (see, for example, the recent paper by Khezrimotlagh
et al,, 2019). In our case, this has meant introducing a new method
to estimate production frontiers by growing trees, called Efficiency
Analysis Trees (EAT). The new technique is clearly inspired in the
famous CART (Classification and Regression Trees) by Breiman
et al. (1984). In EAT, the minimization of the mean squared error
is chosen as a criterion to recursively generate binary partitions

* Data
“" Theoretical Frontier
" FDH

EAT

a5 e

4.0 -

10
X

Fig. 12. Example of illustrating the result of one of our simulations.
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W=1
R=1%4
n=39
X1 <6351X1>=635 X1 <9531X1>=953
y=4.06 y=538
R=056 =6
n=4
X3 <4861 X3 5= 486 X2<4761X25=476 y=538
y=328 y=4.06 y=421
=7 =9 Id=10
R=005 R=000 R=0.18 =11 =12
n=9 n=7 n=12 n=2 n=%5
X2<6351X2>=635 X2<5961X2>=5%9 T21X2>=372 X3<42311X3>=42 y=328 y=421
y=212 y=328 y=328 y=406
=13 =14 WM=15 KM=16 =17 18 R=006 KM=20
n=7 n=2 n=4 n=7 n=5 =2 n=7 n=5
y=191 y=212 y=272 y=328 =27 y=3.18 X2<9321X25>=932 y=406
=25 =26
n=4 n=3
y=329 y=362
Fig. 13. Example of pruned EAT with three inputs visualized as a tree.
Table 3
Multi-output simulation: Results without random noise.
No. of obs. %. of obs. on the true frontier MSE Absolute Bias
FDH Deep EAT EAT FDH Deep EAT EAT
50 25 0.394 0.279 0.346 (12%) 0.398 0.327 0.339 (15%)
50 10 0.481 0.361 0.368 (24%) 0.480 0.403 0.371 (23%)
50 0 0.567 0.431 0.405 (29%) 0.549 0473 0.411 (25%)
100 25 0.309 0.187 0.190 (38%) 0.357 0.265 0.258 (28%)
100 10 0.396 0.253 0.240 (39%) 0.440 0.341 0.304 (31%)
100 0 0.506 0.336 0.250 (51%) 0.525 0.419 0.341 (35%)
200 25 0.221 0.111 0.121 (45%) 0.301 0.203 0.205 (32%)
200 10 0311 0.179 0.159 (49%) 0.394 0.284 0.248 (37%)
200 0 0.398 0.237 0.175 (56%) 0.474 0.357 0.287 (39%)
Table 4
Multi-output simulation: Results with random noise.
No. of obs. %. of obs. on the true frontier MSE Bias
FDH Deep EAT EAT FDH Deep EAT EAT
50 25 0.398 0.263 0.380 (4%) 0.398 0318 0.342 (14%)
50 10 0.506 0.371 0.368 (27%) 0.478 0.396 0.369 (23%)
50 0 0.596 0.440 0.429 (28%) 0.555 0.468 0.418 (25%)
100 25 0.301 0.182 0.208 (31%) 0.349 0.258 0.265 (24%)
100 10 0413 0.257 0.261 (37%) 0.447 0.341 0.313 (30%)
100 0 0.482 0.306 0.258 (46%) 0.515 0.400 0.342 (34%)
200 25 0.481 0.361 0.368 (24%) 0.480 0.403 0.371 (23%)
200 10 0313 0.171 0.137 (56%) 0.390 0.271 0.240 (38%)
200 0 0.400 0.228 0.198 (50%) 0.471 0.343 0.291 (38%)
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Table 5

Inputs and outputs of Fortune’s best US cities with efficiency scores.
DMU X1 X2 X3 X4 X5 X6 2 V2 V3 Ya Vs Ve FDH score EAT score
Seattle 586,000 581 1.45 4.50 21 542.3 46,928 0.297 4.49 7 117 22 1.00 1.00
Denver 475,000 558 0.97 4.00 14 595.6 42,879 0.291 2.79 5 60 71 1.00 1.09
Philadelphia 201,000 600 1.50 475 21 693.6 43,576 0.227 3.64 25 216 166 1.00 1.00
Minneapolis 299,000 609 1.49 4.00 24 496.5 45,673 0.270 2.67 6 131 125 1.00 1.03
Ral-Durham 318,000 613 0.99 4.50 18 634.7 40,990 0.319 4.94 7 33 47 1.00 1.00
St. Louis 265,000 558 0.89 3.00 18 263.0 39,079 0.206 3.40 10 104 62 1.00 1.20
Cincinnati 467,000 580 1.25 3.75 20 551.5 38,455 0.199 2.80 4 71 94 1.00 1.22
Washington 583,000 625 1.29 3.75 33 714.5 54,291 0.373 3.35 30 148 105 1.00 1.00
Pittsburgh 347,000 535 0.99 3.75 17 382.1 34,534 0.188 3.66 8 124 112 1.00 1.35
Dallas-FW 296,000 650 1.50 5.00 18 825.4 41,984 0.271 1.96 3 98 77 1.00 1.12
Atlanta 600,000 740 1.19 6.75 20 846.6 43,249 0.263 2.23 9 118 102 1.00 1.09
Baltimore 575,000 775 0.99 3.99 18 1296.3 43,291 0.233 4.02 8 102 45 1.00 1.08
Boston 351,000 888 1.09 425 34 686.6 46,444 0.325 5.69 25 240 55 1.00 1.00
Milwaukee 283,000 727 1.53 3.50 26 518.9 41,841 0.214 3.11 6 52 50 1.00 1.12
Nashville 431,000 695 1.19 4.00 26 1132.5 40,221 0.215 3.25 4 37 37 1.00 117

of the data (the training sample) until no further meaningful divi-
sion is possible or a stopping rule holds. The graphical result of this
process is a tree that begins at the root node, develops through
intermediate nodes, and ends at the terminal nodes (leaves). In
contrast to CART, EAT is able to estimate production frontiers since
it has been defined to capture maximum trends instead of mean
trends and to guarantee the satisfaction of free disposability.

Through the new approach, the input space is partitioned by a
sequence of binary splits into terminal nodes. In each terminal
node, the predicted response value (the output) is constant. So,
graphically, the predictor looks like a step function and presents
similarities and differences with respect to FDH when a deep tree
is built. In particular, we showed that in the simple production case
of one input and one output, FDH and EAT generate the same esti-
mate of the efficiency frontier. However, while FDH suffers from a
problem of overfitting, the EAT technique can be improved through
pruning and cross-validation (Breiman et al., 1984), solving the ini-
tial problems. This connection between Free Disposal Hull and Effi-
ciency Analysis Trees further contributes to developing the Data
Science foundation of FDH, opening up new ways for adapting
and integrating machine learning techniques to the efficiency anal-
ysis world.

Historically speaking, before the introduction of CART by
Breiman et al. (1984), there were already other tree generating
techniques for regression, such as AID (Automatic Interaction
Detection) by Morgan and Sonquist (1963). So, the utilization of
regression trees by Breiman et al. (1984) was not original at all,
except for one crucial point: avoiding the problem of overfitting
through a data-driven objective process. As Breiman et al. (1984,
p. 216) claim: “The major difference between AID and CART lies in
the pruning and estimation process, that is, in the process of ‘growing
an honest tree”. In the same way, we would like to highlight a cer-
tain parallelism between AID and CART and FDH and EAT, the latter
defined for estimating production frontiers. And, in some sense,
EAT could be interpreted as a ‘pruned’ FDH or a FDH-type out-of-
sample predictor, overcoming its problem of data overfitting if
the aim is to estimate the true theoretical frontier. Binary trees
could give an interesting way of looking at data in frontier analysis.
EAT should not be used to the exclusion of other frontier methods.
Nevertheless, we believe that EAT does add a flexible and interest-
ing new nonparametric tool to the data analyst’s toolbox.

Additionally, performance of the new approach was investi-
gated via Monte Carlo simulation. The results indicated that
(pruned) EAT outperforms FDH with respect to several traditional
error measures like the mean squared error (MSE), the bias and
the bias based on the absolute value. Regarding the MSE, we
observed that the determined improvements ranged from 13% to

70% in our simulations. Additionally, it was observed that the big-
ger the sample size, the higher the reduction in the MSE.

The new technique presents both additional advantages and
drawbacks in comparison with FDH. As for the extra advantages,
it is worth mentioning that the EAT methodology permits the
graphical representation of the estimated production frontier
through trees, even in the case of dealing with a high number of
inputs. This could be an interesting feature from a data visualiza-
tion viewpoint. Moreover, EAT also allows to determine a ranking
of inputs with respect to the importance of these variables regard-
ing the prediction of the output variable (the response variable).
These two properties positively contrast with the standard FDH
technique.

Finally, we finish by mentioning several lines that pose interest-
ing avenues for further research. The first one is the possibility of
extending the EAT technique in such a way that the splits yield
more than two child nodes in each iteration of the tree growth
algorithm. Other lines of research are related to solving some
weaknesses of the technique. In particular, the standard CART pre-
sents a series of well-known disadvantages that are probably
inherited by the new EAT technique: (1) instability, i.e., decision
trees are unstable due to their oversensitivity to the training set,
irrelevant predictors, and noise; (2) the fragmentation problem,
i.e., each leaf node can be made up of a relatively small number
of instances and, consequently, its prediction confidence is limited;
(3) decision trees tend to perform well if a few highly relevant pre-
dictors exist, performing less well if many complex interactions
among these variables are present (see Rokach, 2019). Most of
these drawbacks of the (single) decision trees may be mitigated
by growing a (random) forest of trees. Nowadays, random forest
(Breiman, 2001) is one of the most applied extensions of CART in
practice, since it allows to deal with the notion of robustness
regarding the predictor variables considered and the observed
dataset. In this sense, extending EAT for dealing with random for-
ests seems a natural future research line. A third evident research
line to be followed is the application of the new approach to real
databases in different empirical contexts, thus checking the valid-
ity of the technique in practice. Other research lines could be ana-
lyzing in detail the multi-output framework, considering more
outputs and inputs, and the curse of dimensionality.
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