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Abstract

In this paper, a combination of Galerkin’s method and Dafermos’ transformation is first
used to prove the existence and uniqueness of solutions for a class of stochastic nonlocal
PDEs with long time memory driven by additive noise. Next, the existence of tempered
random attractors for such equations is established in an appropriate space for the
analysis of problems with delay and memory. Eventually, the convergence of solutions
of Wong-Zakai approximations and upper semicontinuity of random attractors of the
approximate random system, as the step sizes of approximations approach zero, are
analyzed in a detailed way.
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1 Introduction

Motivated by some interesting physical problems related to thermal memory or mate-
rials with memory, several papers have been published (see [9, 10, 14-16, 24, 34,
37] and the references therein) concerning a semilinear partial differential equation
to model the heat flow in a rigid, isotropic, homogeneous heat conductor with linear
memory. The equation is the following,
t
codiut — koAu — / k(t —s)Au(s)ds + f(u) = h, in O x (1, 400),
- on 00 x (1, 4+00),

in O x (—o0, 0],

u(x,t) =0,
ux,t+1)=up(x,t),

(1.1)

where t € R, © c RY is a bounded domain with regular boundary, # : O x R - R
is the temperature field, k : R*T — R is the heat flux memory kernel, R* denotes the
interval (0, +00), co and ko denote the specific heat and the instantaneous conductivity,
respectively.

To solve (1.1) successfully, one can make the past history of u, from —oo to 0, be
part of the forcing term given by the causal function g as follows,

T

gx,t) =h(x,1) +/ k(t —s)Au(x, s)ds, xe€eO, t>r1.

—0oQ
In this way, (1.1) becomes an initial value problem without delay or memory,
t
codu — koAu — / k(t —s)Au(s)ds + f(u) =g, inO x (t,+400),

’ on 30 x (t, +00),
in O.

u(x, 1) =0,
u(x, v) = uo(x),
(1.2)

However, proceeding in this way, we cannot construct a dynamical system generated
by the solutions of the original problem (1.1) in a correct way, since the history part
of the function u is necessary to solve problem (1.2).

Therefore, two alternatives have been carried out to handle the problem in a correct
mathematical way.

e Alternative 1: Based on Dafermos’ idea for linear viscoelasticity problems (see,
e.g., [10]), one can define the new variables,

' (x,8) =u(x,t —s), s >0,

N t
n'(x,s) = / u' (x,r)dr = / u(x, r)dr, s > 0. (1.3)
0 t—s

Assuming k(co) = 0, thanks to a change of variable and a formal integration by parts,
we obtain
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' o
f k(t — s)Au(s)ds = —/ k' (s)An' (s)ds.
0

—00

Here and in the sequel, the prime denotes derivation with respect to the variable s.
Setting

[(s) = —k'(s),

the original problem (1.2) becomes an autonomous one without delay,

o0
codiu — koAu —/ w()An' (s)ds + fw) =h, in O x(z,00),
0

n;(s) = =15 (s) + u(t), in O x (7,00),s5 >0,

ux, 1) =n'(s,x) =0 on 90 x (r,00),s > 0,

u(x, v) = up(x), in O,
0T, 5) = n0(s), in O xR,
(1.4)
From the definition of 1’ (x, s) (see (1.3)), we see that
T T 0
no(s) :/ u(r)dr:/ uog(r — t)dr :/ uo(r)dr, (1.5)
T—S§ T—S§ —S

which is the initial integrated past history of u with vanishing boundary. Consequently,
any solution to (1.2) is a solution to (1.4) for the corresponding initial values (u(, 1o)
given by (1.5).

Observe that problem (1.4) can be solved for arbitrary initial values (g, 179) in a
proper phase space L2(0) x LIZL (RT; HOl (0)), i.e., the second component 1g does not
necessarily depend on u¢(-), where Lﬁ(R*; HO1 (0)) is a Hilbert space specified later.

Let i satisfy the hypotheses:

(h) pe C'RYHNLIRY), u(s) =0, w(s) <0, Vs eRT;
(hy) W'(s) +@u(s) <0, Vs e R, forsome = > 0.

Then Li(Rﬂ HJ(0)) is a Hilbert space of functions w : Rt — HJ(O) with

inner product,

((wlawZ))MZ/(; p($)(Vwi(s), Vwa(s))ds.

The solutions of (1.4) are proved to exist in [10] and permit to construct a dynamical
system S(1) : L*(0) x L2 (RT; Hy (0)) — L*(0) x L% (R"; Hj (0)) via,

S(t) (o, 10) = (u(t; 0, (o, 10)), n' (3 0, (o, M0))),

which possesses a global attractor in this phase space. However, this global attrac-
tor does not reflect the complete asymptotic dynamics of the original problem (1.1)
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since the latter problem is not equivalent to (1.1). In other words, not for every
no € Li(R*; HJ(0)), there exists ug : (—oo, 0] — H{ (O) such that,

0
no(s) = / uo(rydr, Vs > 0.

In fact, both problems are equivalent (cf. [16]) if and only if the initial value ng belongs
to a proper subspace of Li(R*‘; HO1 (0)). Precisely, the domain of the distributional
derivative with respect to s, denoted by D(T),

D) = {n() € LL®R; HJ(O) | 1,() € LERT; H} (), n0) =0},

and T is defined by Tn = —n,, n € D(T).

Hence, it seems natural to construct a dynamical system generated by (1.4) in
L%(O) x D(T) and to prove the existence of attractors to problem (1.1) via the above
relationship. Up to our knowledge, it is not possible to prove the existence of attractors
in L2(©) x D(T) unless the solutions admit more regularity.

e Alternative 2: The idea comes from a simpler case in [5] when the kernel is
the so called non-singular one and has the expression k(¢) = e—dot dyp > 0, con-
sidering the phase space Lzl formed by the functions ¢ : (—o0, 0] — H(} (O) with

0

f 9 o e’ lo(s) ”i] 1ds < +ooforcertain y > 0. The authors in [5] proved that solutions

of problem (1.1) with initial value u( generate a dynamical system which possesses

a global attractor in L?_I |- However, when working with delay problems, it is natural
0

(see e.g., [1, 3] and the references therein) to consider the phase space L%(0) x Lil .
and set up the problem as,
t
codiu — koAu — / k(t — s)Auds + f(u) = h, in O x (1, 400),
- on 30 x (1, +00),
in O,
in O x (—00,0).

u(x,t) =0,

u(x, v) = uo(x),

ulx,7+1) =p,t),
(1.6)

Thanks to the results in [5], we are able to construct a dynamical system S(¢) :
L%(0) x Lill — L%(0) x LZI via the relation,
0 0

S(t)(uo, @) := (u(t; 0, (uo, ), u: (- 0, (uo, ¢))), 1.7

where u(-; 0, (ug, ¢)) denotes the solution of problem (1.6) (see [3]), and u, the history
up to time ¢,

u; (s; 0, (wo, 9)) = u(t +5;0, (uo, ¢)), s =<0.
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The existence of global attractors in the space L2(0) x L? ] is proved in [5]. In fact,

it was proved for a non-autonomous version which is much more general than the one
explained here. Nevertheless, as we mentioned before, the technique applied in this
case (essentially the Galerkin approach) requires the kernel to be non-singular (k(t) =
e~d dy > 0). This is a strong restriction on the kernel k (and consequently, on 1)
because in applied science singularities appear very often, e.g., k(1) = e =%/t~ o €
(0, 1). Motivated by this fact, recently we have proved in [37] the existence of global
attractors in L>(0) x L2 for the general singular case, even for a more general

model containing nonlocal dlffuswn coefficients thanks to a combination of Galerkin’s
method and Dafermos’ transformation. More precisely, the following nonlocal PDE
associated with singular memory was considered in [37],

t

u —a(lw)Au — f k(t —s)Auds + f(u) =g, nO x (1,00),

u(x,t) =0 - on 90 x (1, 00),
u(x, 1) = uo(x), inO
ux,t+1)=¢(x,1), in O x (—00,0),
(1.8)
where the function a € C(R; R™) satisfies,
0<m<a(r), VrekR, (1.9)

with initial value ug € L?(©) and initial function ¢ € L? Then, the semigroup

H (@)
defined as in (1.7) for the solutions of (1.8) possesses a global attractor in the phase

space L%(0) x Lzl . Also it is worth mentioning that the same results were proved in
0

the phase space L2(0) x Li RT; H(} (O)) (see [38]) by using the classical Dafermos’
method.

Our interest in this paper is to analyze the behavior of the nonlocal problem with
memory when some stochastic disturbance appears in the model. Assume that this per-
turbation appears as an additive noise, namely, our objective is to study the following
stochastic nonlocal PDEs with long time memory,

dW(z)

t
Btu—a(l(u))Au—/ k(t —s)Auds + f(u) =h+¢ in O x (z, 00),

u(x,t) =0,
u(x, v) = ugp(x),
ux,t+1)=9p(,t),

on 0 x (t, 00),
in O,
in O x (—o00,0),

(1.10)

where T € R, [ € L(L*(O); R), © C R¥ is a fixed bounded domain with regular
boundary, h € L?(0), W (1) is a two-sided standard Brownian motion on a probability
space (2, F,P) and f is a polynomial of odd degree 2p — 1, p € N. Suppose that
there are two constants m and M such that the function a € C(R; R™) satisfies,
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O<m<a(r) <M, Vr e R. (1.11)

Here, k : RT™ — R is the memory kernel whose properties will be specified later. The
initial value uo belongs to L2(0©), while the initial function ¢ belongs to the space

Li} 1» which is given by the measurable functions ¢ : (—00, 0) — H(} (0), such that
0

0
/ " llg(s)3ds < 0o,

—00

for certain ¥ > 0. Furthermore, assume that ¢ € Hé (O)yN H2(O) N L2 (O) is such
that A¢ € L?P(0). A local version of this problem has been analyzed in [4] (see also
[6]) when the noise is a Hilbert valued Wiener process by using Dafermos’ transfor-
mation, obtaining the existence of random attractors in the corresponding phase space
for the Dafermos set-up. In this case, our intention now is to construct a framework
to solve problems with delay and memory in an appropriate phase space, like in the
deterministic model (see [37]).

In general, the Wiener process W can be chosen as a stochastic process to rep-
resent the position of the Brownian particle, but the velocity of the particle cannot
be obtained from the Wiener process because of the nowhere differentiability of the
sample paths of W [17]. Therefore, it is natural to approximate Brownian motion by
more regular stochastic process, which is the so-called colored noise. In recent decades,
the Wong-Zakai approximations to reaction-diffusion differential equations have been
extensively studied in the literature, see, e.g., [2, 18, 20, 22, 23, 27, 28, 32, 33, 36,
39] and the references therein. One of the goals of this paper is to derive the relations
between the solutions of problem (1.10) and the corresponding limiting problem.

To this end, in Sect. 2, we will first set-up problem (1.10) in an appropriate form and
will do the transformation to obtain a random partial differential equation with delay.
Then, a random partial differential system is obtained thanks to Dafermos’ transfor-
mation. We will also include in Sect. 2 some necessary preliminaries and notation to
tackle our problem. The well-posedness of the transformed system is proved in Sect. 3.
Next, we prove in Sect.4 the existence of random attractors to problem (1.10) in the
phase space L?(O) x L?{l. In Sect.5, we consider the approximation of the original

problem by a parameterizgd family of problems containing colored noise which pos-
sesses a parameterized family of corresponding random attractors. Finally, in Sect. 6,
we prove the upper-semicontinuity property of this family of parameterized random
attractors with respect to the random attractors to problem (1.10).

2 Preliminaries
2.1 Set-Up of the Problem

The standard probability space (€2, F, IP) will be used throughout this paper, where
Q = {we C(R;R) : w(0) = 0}, F is the Borel o-algebra induced by the compact-



Dynamics and Wong-Zakai Approximations of Stochastic... Page70f69 228

open topology of 2 and PP is the Wiener measure on (€2, F). Given t € R, define
9[ Q- Q by

o) =0 +1) —w), ocQ.

Then (2, F, P, {6;};cr) is a metric dynamical system and we identify W (f, ) =
w(t). Let z(t, w) be the unique stationary solution of the stochastic equation dz =
—zdt + dW(t). This stationary solution is given by z(f, ) = z.(6;w), where the
random variable z,(w) is defined as,

0
Zx(w) = —/ e W(s,w)ds. 2.1

—00

In addition, it follows from [35] that there exists a 0;-invariant set of full measure such
that z.. (6;w) is pathwise continuous for each fixed w € Q2 and satisfies,

|24 (6 w)]
t—+o00 |t|

1 t
=0 and lim —/ z4(Osw)ds = 0. 2.2)
t—>*+o0 t 0

We now transform the stochastic Eq. (1.10) into a pathwise deterministic one by
using the random variable z,. Given 7 € R, > 7 and w € Q, if u(¢, w) is a solution
of (1.10), then we introduce a new variable v (¢, w), by

v(t, w) = u(t,w) — ¢pz+(6,0). (2.3)
In this way, problem (1.10) can be rewritten as,

vy —a(l(v + ¢z4(0r @) Av — a(l(v + ¢z (6; )24 (6rw) AP
t

- f K(t — 5)Avds + [0 + d2s @) = h + bz Br) + 2 6r0). in O (r,00),
»(x l)_: 0 on 30 x (1, 00),
v(x, 7) = v (x) = up(x) — Pz (Br ), in O,
VL T+ T) = U, 1+ T) = $2eGrr @) = 9(x, 1) — $zeBrprw) 1= @y (x, 1), 11 O x (=00,0),
(2.4)
where z,‘f (w) is a process defined by
0
L) =g f k(—5)z4(Osw)ds. 2.5)
—0Q

Notice that a change of variable yields that

0 t
zf(@;w) = A(])/ k(—5)z4(00,w)ds = Ad)/ k(t — s)z+(O5w)ds.
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In order to use Dafermos’ transform (see [10]) to establish the well-posedness of
problem (2.4), let us define the new variables,

Vix, s, w) =v(x, t —s, w), s >0,

5 '
n'(x,s, o) = / vi(x, r, w)dr :/ v(x,r,w)dr, s>0.
0 t—s

Besides, assuming k(occ) = 0, a change of variable and a formal integration by parts
(see Lemma 3.6 for a rigorous calculation) imply,

' 00
/ k(t —s)Av(s)ds = —/ k' (s)An'(s)ds.
0

—00
Setting (s) = —k’(s), problem (2.4) turns into the following system without delay,

v —a(l(v + ¢z, (0, ))) Av — a(l (v + ¢24(6;0))) 24 (0, 0) AP

—/ 1AL (5)ds + [0+ $2.6,0) = h+ z.(610) + 2{ Gw).  in O x (z,00),
0

11 (s) = =15 (s) + v(@), in O x (r,00),5 >0,
v(x, 1) =7n'(x,s) =0, on 30 x (r,00),s > 0,
v(x, T) = vo(x) = up(x) — ¢z« (6; ), in O,
Nt (x,8) =no(x,s), in O xR*,
(2.6)
where
T 0 0

no(s)(w) = f v(x,r,w)dr = | (9(r) — ¢pz4(0r 1 0))dr == / @y(ridr,

T—S§ - -

2.7

which contains the initial integrated past history of ¢ with vanishing boundary and
a piece of value of z,(f.4rw) on (—s, 0]. Moreover, 1% denotes the distributional
derivative of n’(s) with respect to the internal variable s.

2.2 Assumptions

We will enumerate the assumptions on the nonlinear term f and the variable p. In our
analysis, suppose that 1 € L*(0), f : R — R is a polynomial of odd degree with
positive leading coefficient,

2p
f@) =" fopt™'. peN. (2.8)
k=1

The variable u is required to verify the following hypotheses:
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(h) p e C'RYHNLIRY), pu(s) >0, Vs e RT;
(hy) ' (s) +mu(s) <0, Vs € RT, for some @ > 0.

Remark 2.1 (i) Recall that from w(s) = —k’(s), together with condition (%), we infer
immediately that there exists a constant M| > 0 such that,

o0 o
k(t) = —/ k' (s)ds = / wis)ds <My, VYO0<t<oo.
t t

(i1) In terms of assumption (47) imposed on p, it is easy to see that,
w(s2) < pu(spe P20 v <5 < 5.
(i) Combining the results of (i) and (ii), we have

o ® o u(t)
k@ﬁ:f u@msguu{/ e P0Gy =0 V0 <t < o0.
t t 2

2.3 Notation

Let O be a fixed bounded domain in RY with regular boundary. On this set, we
introduce the Lebesgue space L” () with the natural norm || - || ,, where 1 < p < oo.
Besides, W17 (0) is the subspace of L” (D) consisting of functions such that the first
order weak derivative belongs to L”(Q). For convenience, L%(0O) is denoted by H,
H(} (0) is denoted by V and H~1(0), the dual space of HO1 (0), is denoted by V*.
We will use the norms and inner products of H and V as | - |, || - ||, and (-, -), (-, -)),
respectively. Moreover, < -, - > will denote the duality pairing between V and V*.
Taking into account system (2.6) and (&1), we need to modify slightly the notation
before showing main results. Let Li (RT; H) be a Hilbert space of functions w :

R* — H endowed with the inner product,

(wy, w2)y =/0 n(s)(wi(s), wa(s))ds,

and let | - |, denote the corresponding norm. In a similar way, we introduce the
inner products ((-, ))., (((-, -))) and relative norms || - |4, |1 - |||, on Li(R“'; V),
Li (RT; VN H2(0)), respectively. It follows then that

(¢ N =V, Vo, and (G ))p = (A Ay
We also define the Hilbert spaces,
H=HxL,R"; V),
and

V=V xL:R";VNH ),
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which are respectively endowed with the inner products,

(wi, w2)y = (w1, wa) + (w1, w2))u,

and

(w1, w2)y = (w1, w2)) + ((w1, w2)))p,

where w; € Hor V (i = 1,2). The norms induced on H and V are the so-called
energy ones, which read

o0
w2, = [wil? + fo w(s) w2 (s) s,
and
2 2 o 2
w3 = +/0 () [ Vwa (s) [ 2ds.

At last, with standard notation, D(/; X) is the space of infinitely differentiable X-
valued functions with compact support in / C R, whose dual space is the distribution
one on I with values in X* (dual of X), denoted by D’(I; X*). For convenience, we
define L%, as the space of functions u (-) such that,

0
/ e’ u (s)||*> ds < oo,
—0o0

where 0 < y < min{mTM, @}, A1 is the first eigenvalue of —A with zero Dirichlet
boundary condition and @ comes from (7).

3 Well-Posedness of Problem (1.10)

In this section, before presenting the well-posedness of problem (1.10), we first state
an auxiliary result for the regularity of initial value ng (cf. (2.7)), which is the essential
point to prove the existence and uniqueness of solutions to problem (2.6).

3.1 An Auxiliary Result

Let us first recall a crucial technical lemma in [37, Lemma 3.1].

Lemma 3.1 Assume (h1)-(hy) hold. Then, the operator J : L%, — Li(R*; V)
defined by,

0
(T)(s) =/ p(rydr, s eRT,

)
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is a linear and continuous operator. In particular, there exists a positive constant
K,=¢ fol w(s)ds + u(1)e® (y — @) ~2 such that for any ¢ € L7, it holds

1T¢152 @iy = Kullelzs -

For the sake of simplicity, define (Jy.r ¢) (s) := J (¢ — 2+ (0.47®))(s). By slightly
modifying the proof of Lemma 3.1 in [37], we have the following corollary.

Corollary 3.2 Assume (h1)-(hy) hold and ¢ € V 0\ H*(O) N L*P(O). Then, for every
w € Qandt €R, the operator Jy ¢ : L%, — Li(R*; V) defined by

0 0
(Jo,cp)(s) = / @(rydr —/ 2 (Orpr0)pdr = T (@ — ¢z4(04:0))(s),  (3.1)

—S )

is continuous. Additionally, there exists a positive constant K, which is the same as
in Lemma 3.1, such that for any ¢ € L%,, we have

100135 v,y <K (0 = 2000812 ) <2K (Il +1240.4c0)912 )

Proof First of all, we show that the operator 7, ; is well-defined. As¢ € VNH 20N
L3P (0), it is easy to check that z, (6.1, w)¢ € L%,. Indeed, for every w € €2,

0 T
2401070 = / 2Oy 0) Pl *dr = |1 f e’ 17|z, (60) Pdt
—0o0

—00

0 T
Se_’”||¢||2< | ezeoras | eV’|z*<9tw>|2dr) < oo,
0

—00

where we have used the continuity property of z.(6;®) with respect to ¢ and (2.2).
Notice that, by Remark 2.1(ii), we find

2

0
H / ¢ — 22 (Orsr0)ddr

LZ(R*:V)

e’} 0 2
< /0 () ( f ||<p<r>—z*<er+fw>¢||dr) ds

-5

1 0
< /0 w(s)s / 10(r) — 246y e )P |Pdrds

2

00 0
+ /1 u(s)(f ||¢<r>—z*(er+,w>¢ndr> ds

—S

0 1
< / ) = 2 Gl e /0 su(s)dsdr

0 9]
+ M(l)ewf e l9(r) — 24 (Or4- )| se” e dsdr

—00 —r
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1
<llp =@y’ [ sucds

+ 1”@ =)o = 2O 1)l

1
< <eV /O u(s)ds + p(De” (w — y)—z) o = 2@l
= KM”(,D — Z*(9~+rw)¢”22 .
\4

The proof of this corollary is complete. O

Remark 3.3 Once we fix an initial function ¢ € L%, to problem (1.10), then for
every w € €2, the initial function ¢, := ¢ — ¢z.(6.+;®) of (2.4) belongs to L%,
as ¢ € VN H2O) N L*(O). Also, the initial value for the second component
no(s, ®) = (Jw.r¢)(s) of problem (2.6) belongs to Li (RT; V) thanks to Corollary
3.2. Analogously, if we pick up the initial function ¢ € L%/ nu2o) 1O problem (1.10),
then the initial function ¢, := ¢ — ¢z4(6. ;) of (2.4) also belongs to L%/HHZ(O)'
Thus, making use of a similar proof as in Corollary 3.2, it is easy to check that ny(s, )
defined by (3.1) belongs to L2 (R*: V N H*(0)).

3.2 Well-Posedness of Problem (2.6)

Theorem 3.4 Assume that (1.11), (2.8) and (hy) -(h2) hold. Let ¢ € V N H>(O) N
L?P(O) be such that A¢ € L*P(O), let h € H and a be a locally Lipschitz function.
Then:

(i) For every w € K, any initial value vo € H and initial function ¢ € L3, there
exists a unique solution (v, n) to problem (2.6) in the weak sense with initial value
(U(), ’70)’ Where 770(5'7 CL)) = (jw,rw)(s)vfulﬁlhng

ve L®, T; H)NL*(x, T; V)N L*(z,T; L??(©)), VT > 1,
neL®x T;L,R"; V), VI >rt.

Furthermore, the solution (v, ) of (2.6) is continuous with respect to the initial
value (v, no) forallt € [t, T]in H,

(ii) For any initial value (vo, no) € V, the unique solution (v, n) to problem (2.6)
satisfies,

ve L®(, T; V)N L (x, T: VN HXO)), VT >,
neL®, T:L,RT; VNH*0)), VT >t

In addition, the solution (v, n) of (2.6) is continuous with respect to the initial
value (vo, no) forallt € [t, T]in V.



Dynamics and Wong-Zakai Approximations of Stochastic... Page 130f69 228

Remark 3.5 By a similar argument as in [37, p.443] one can prove that
veC(r, T, H), neC(r,T], L;,RF; V).

Proof On the one hand, for every w € €, it follows from Corollary 3.2 that
(Jo.r®)(s) € L2 (R*; V) thanks to the facts ¢ € L}, and ¢ € V N H*(O) N L*P(O).
We will prove (i) in five steps.

Step 1. (Faedo-Galerkin scheme) Let {w; };?‘;1 be the eigenfunctions of the oper-
ator —A, which is an orthonormal basis in H. For regular domains these functions
belong to V N L2P(0) [25, Chapter 8]. We select also an orthonormal basis {¢ j}joz "

of Li(R*; V) which belongs to D(R™; V) as well. Fix T > 7. For a given integer n
and each w, denote by P, and Q,, the projectors on the subspaces,

Span{UJl, R wl’l} - V’ and Span{é‘l’ R ;I’l} - LIZ,L(RJ’_’ V)’

respectively. We will look for a function (v, n,) of the form,

n

v =) bjw; and  h(s) =Y cj(E(s),

j=1 j=1

satisfying for all ¢ > 1,

d n n
) + a1 Z;bjmwj + 1)z (Or) | bet) +a |1 _Zlb,-a)w,»
J= J=

H($)24(01)) 2 Or)hie < b wi > + ¢ (& i)y
j=1
n (3.2)
+ Db 0w+ ¢zw) | wr

j=1
= 2.(6,0) (¢, wp) + L (Br), wr) + (h, wy),

d n n
o) ==Y e (0(& )+ Y biOw), 6, k=1,2,,m,

J=1 j=1

where 1 ; is the eigenvalue associated to the eigenfunction w;, subject to the initial
conditions

br(t) = (vo, wi),  cx(t) = ((M0, &) (3.3)

According to the standard existence theory for ordinary differential systems, there
exists a continuous solution of (3.2)—(3.3) on some interval (t, ;). Proceeding as
usual, by establishing some a priori estimates below, we can ensure that ¢, = co.
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Step 2. (Energy Estimates) Multiplying the first equation of (3.2) by by and the
second one by cy, respectively, summing over k (k = 1,2, ---,n) and adding the
results, we have

1d
PTG O + ala (1) + 1) 24 Or)) lvn (DII* + al (va (1))

+ 1) 24 (6,0)) 24 (0r0) (V) + (0 (5), V(D) + (f Wa (1) + P24 (6:0)), V(1))
= 2:(6,0) (@, v (1)) + & 610), v (1)) + (h, v (1)),

1d t 2 t t / t
Eallﬂn(s)llﬂ = —((,(5), (0, ()N + (1, (5), V(1)) -

Combining the two equations above, for every fixedw € Qand¢ € [z, T'], by condition
(1.11), we obtain

1d 1d

5 7 o OF + 5 I $ I+ mlva I +a@a 1))
H(P)24(0:0)) 24 (010) (B, va (1)) + (f (V0 (1) + 2 (6,)). va (1))
< =), () D + 12 @) 19]10a ()] + (2 Br), va (D)) + (V4 (1)),

which is equivalent to

d 2, 4y 2
dtlvn(l)l +dtllﬁn(s)llu+2mllvn(l)ll + 2a(l(va (1))

H($)24(6;0)) 20, 0) (¢, v (1))
+2(f (Wa (1) + $2(610)), va (1))

< =2((1 (), () e + 202 G| [0 (1)
+2(0 (610), va (1)) + 2(h, vy (1)). (3.4)

Let us do estimates for (3.4) one by one. First of all, by integration by parts, we have
oo 2
= 2((n, (), (7, (NN =f 1 ()Y, (s)|“ds < 0. (3.5
0

Second, by (1.11) and the Young inequality, we obtain

—2a(l(va (1)) + 1(@)24(0;)) 24 (01 0) (@, va (1)) = 2M |24 (O )| @] |Vn (D) ]

4M? 5
- |24 (Br0) | “ [l 1~ (3.6)

< Dl +
— 4 n

Third, by the Poincaré and Young inequalities, we derive

l[va ]
Vi

4
o (11> + m—M|z*<ezw>|2|¢|z. (3.7)

2|zx(Br)l|@llvn (D] = 2|24 (0 )] ||

=

A~ 3
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Fourth, for the nonlinear term f, making use of the Young inequality, we infer that
there exist constants «, 8 > 0, such that

fuwyu > %fo»ﬁp —a, and |f)| < BA+ [uP7h. (3.8)

Therefore, by the continuity of z.(6;w), (3.8) and the Young inequality, we deduce
there exists a constant C; such that

2(f (vp(t) + @z (6r)), vu(2))
=2 [o [ (@) + @24 (60)) (0, () + P24 (6 0)) dx

_2/;9 Sn(t) + 924 (6:0)) Pz (6;0)dx
= o [ 10n0) + 02000

=G [ (14 ORGP IR Iz 6o 1
—2a|0). (3.9)

Since
W =v+r—r*?’ <D (|v +r?P + |r|2p> ;
for some D = D(p) > 0, we obtain
2(f (n (1) + ¢z4 (0 ), va (1))
> %/Ownmﬁp dx —%|Z*(9tw)|2p|l¢||§£

— &) max{|z.(@)], |z*(9,w>|2p}f0 (14 PP~ + 812771 [pldx — 2010

fo 2 2
> S5 Il = CLE) (1+18115) = 22101
Here, Ci(@) = Ci(1z(@)], p,10) = Co(l+|z(@)*), for some Cr =

Ca(p,]10]) > 0. As for the last term, by the Young inequality, the properties of
z+(6;w) (cf. (2.2)) and Remark 2.1, we deduce that there exists a random variable
C(w), such that

2(z0 Giw), va (1))

<2 ( /0 k(S)Iz*(Grsw)ldS> 161w O

1 1 00
<2 (/(; k(s)|z4(0r—sw)|ds + 5‘/; H(S)|Z*(91_Sw)|ds> ol v (O]
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1 o 0o
p(le _
< 2<M1/0 |Z*(917sw)|dS+T/ e ws|Z*(9tsw)|dS> lelva O
1
( )
= GG lolllv DI = ——— G0 el + — ||vn(t)||2- (3.10)
Also, by the Young inequality, we have

4 m
2 (h, vy) < — B>+ — lva (D)1 (3.11)
mAq 4

Substituting (3.5)—(3.11) into (3.4), we obtain

d 2 d t fO <4 0
Ao P+l )G+ mln O + 5 v Ol) < — Iz @) o)
4
+ Al|z*(9tw>|2|<;>|2+2o:|0|+cl(etco>(1+||¢||§§)+ Colbrey” eI+ |h|2
(3.12)
Denote
010 = 2 )Pl @l +2a|0] + C1(@) (1+]1¢l137)
c 2 4
2(‘“) MNP A P (3.13)

Subsequently, it follows from (3.12) that

d H? . t fo t < 0,06
E|Un()| +Z”n"(s)” + mllv, (1)1 +—||Un()||2p_ 16 w).

Denote y, (1) := (vn(t), %, (s)), then y, () := y(')’ = (Pyvo, Onno). Integrating the
above inequality over (7, T) forevery T > 7 and w € 2, we have

fo g
IIyn(T)II%ﬁ-m/ IIUn(t)||2dﬁL IIUn(t)Ilg,,dt <13+ | ©16iw)dr.
T T
(3.14)
Thanks to ¢ € V N H>(O) N L?P(O), together with the fact that for every w € 2,

zx(6;w) is continuous with respect to ¢, we infer that for every T > 7, ©1(f.w) €
L(z, T). Hence, for each w € Q, there exists a constant C3(w, T) > 0, such that

||yn<T)||%{+m/ ||vn(t)||2dr+f°/ lon()l130dt < C3(, T).  (3.15)

Making use of (3.8), a compactness argument and the Aubin-Lions lemma, for
every w € €2, there exist subsequences {v,} and {n,} (relabeled the same), v €
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L®(t, T; H) N L*(z, T; V) N L*P (¢, T; L*P(O0)) and n € L®(z, T; L, (R*; V),
such that

vy — v weak-* in L®(t, T; H);

v, — v weakly in Lz(r, T;V);

vy — v weakly in L?P(t, T; L*?(0));

N, — n weak-* in L®(z, T; Li(R'ﬂ V),
dv,

d
L d—lt’ weakly in L2(z, T; V¥) + LI(z, T: LY(O));  (3.16)

v, — v strongly in Lz(r, T; H);

v, (t, w) — v(t, w) stronglyin H, ae.t e (tr,T];
v (x, t,w) = v(x,t,w) ae. (x,t) € O x (t,T];
S n + ¢z4(0.w)) = f(v+ ¢z4(0.0)) weakly in LI(z, T; L9(0O)),

forall T > 7, where g = 22—f1 is the conjugate number of 2p.

Step 3. (Passage to Limit) For a fixed integer m and each w € €2, choose a function
I =(0,7) € D((x, T); VN L*(0) x D((z, T); DR*; V),

of the form
ot.w)=Y bj(w; and 7'(s.w) =Y F(DE(s),
j=1 j=1

where {Ej}’j’?:l and {5,};”21 are given functions in D((z, T)).

Our main target is to prove that problem (2.6) has a solution in the weak sense,
i.e., for arbitrary / € D((z, T); V N L?P(0)) x D((z, T); D(R*; V)), the following
equality

, ,
/; (07vy, 0)dt -i-/; ((atn;,ﬂ))udt
- / (@) + 182200 (0n. o) +all(un)
@010z G0 (o) — [ (O o
-/ (P + 62O, o)t + / )@, 0t

T T T T
+/ (z,‘f(@,a)),a)dﬂ—/ (h,a)dt—/ (((n;)’,n))dwr/ ((vp, 7)) dt,
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holds in the space D'((z, T)). Here, we denote by ({-, -)) the duality map between
H ;(R*; V) and its dual space. With the help of (3.16) and the continuity property of
function a, we proceed likewise as in the proof of [15, p.344] (see also [37, Step 3.
Appendix A]) to finish these arguments.

Step 4. (Continuity of Solution) By means of similar arguments as in [37, Step 4.
Appendix Al], it is immediate to see that for every o € €, (’fi—lt’, Z—?) fulfills

D e LX(r,T; V*) + LI(x, T; L1(0));
W L2, T; Hy ' (R V).

Using a slightly modified version of [26, Lemma III.1.2], together with (3.16),
we deduce that v € C([r,T]; H). As for the second component, by applying
the same arguments as for the theorem in [15, Sect. 2], we obtain that n €
C([r, T, Li(RJF; V). Thus, (v(t), n*) makes sense and the equality (v(t), n%) =
(vo, o) follows from the fact that (P,vg, Q,n9) converges to (vg, no) strongly for
eachw € Q.

Step 5. (Continuity with Respect to Initial Value and Uniqueness) Let y; =
(v1,m) and y» = (v2, n2) be two solutions of (2.6) with initial data y;9 and y»o,
respectively. Due to the fact that v € C([7, T]; H), for every w € €2, there exists
a bounded set S C H such that v;(t) € Sforallt € [r,T]andi = 1,2. In
addition, taking into account that [ € L(H;R), ¢ € V N H*(©O) N L?*’(O) and
Zx(0;w) is uniformly bounded for each w € Q2 and all ¢ € [z, T], we have {I/(v;(t) +
[(P)z4(Or@)}ier,7) € [—R, R] for i = 1,2 and some R > 0. Hence, let y =
yi—y2=(,n) = (vi —v2,m — n2) and jo = yio — y20, we have

lih‘)(mz + linﬁ’nz < la((v1) + 1($) 24 (6;w)) — a(l(v2)
2di dt = ! o 2

2
+ 1) 246:0)) |24 G ) |l 1D
— (@Y, iy + lad (1) + 1) z4(6;0)) — a(l(v2)
+ 1@z G2 111D
—a(l(v) + (@) zOr0)) |5
— (f1 4 ¢2:(6,0)) — f(v2 + 24 (60)), D) Lra,

where (-, -)pr.q is the duality between L?P and L4. Observe that it follows from
integration by parts and the fact ©’ < 0 that,

2@ 1N = — lim u(IVi ) —/0 W ($)IVif' (s)|*ds = 0.

All these operations are formal but can be justified using mollifiers (see [15, Sect. 2]).
Applying the Poincaré and Young inequalities, together with (1.11) and the above
results, we obtain

d  _ _ _ _ — —
Enyn% < =2m||5)* + 2L (R)1115l|z4 @) 1611151l + 2L (R[] |1 [[v2]1 3]



Dynamics and Wong-Zakai Approximations of Stochastic... Page 190f69 228

“2(f (01 + $260)) = (02 + $24(6,)), D)Lrs
1
< —2mlo) + 2m 312 + — LER PP (1917 1240,0) + 1021
“2(f 01 + §2.(6,0)) — f (V2 + 92, (6,0)), D)1ra. (3.17)

Since f is a polynomial of odd degree with positive leading coefficient, we find that
there exists a positive constant o, such that

fl(s) > —%, Vs € R. (3.18)

With help of the mean value theorem, we deduce

—2(f (v1 + ¢z (61@)) — f(v2 + z4(61)), V) Lra
=-2 /O(f(vl + ¢z (O;w)) — f(v2 + 240, w)))vdx

= —Zf f(solv)Pdx < o|v)* < ol5ll3,, (3.19)
O

where s, is an intermediate point between vi(x) + ¢ (x)z«(6;w) and va(x) +

¢ (x) 24 (0;w).
Subsequently, (3.17)—(3.19) imply that

d _ 1 _
Enyn%{ < (;Lim|l|2(||¢>||2|z*<etw)|2 + [lv21I?) +o> 17113,

The uniqueness and continuous dependence on initial data of solutions to problem
(2.6) follow from the Gronwall lemma. Till now, the proof of the first assertion is
finished.

(ii) (Further regularity) We are going to study further regularity of (v, n). To this
end, forevery w € Qand t € R, let us first consider the operator Z ,, : L?

VAH2(O)
LZ(RT; V N H?*(0)) defined by

0 0
(Ir,w‘P)(S) :/ <P(V)dr—/ 2w (Oryrw)pdr.

— —S

Thus, similar to [37], we know that the operator Z; ,, introduced above is a continuous
mapping. Particularly, there exists a positive constant K, which is the same as in

Corollary 3.2, such that for any ¢ € L%/QHZ(O) and ¢ € VN HZ(O) N L*P(0), it
holds

ool <2K 2 6. 2 :

” wal'Li(R‘*’;VﬂHZ(O)) = I (”(p”L%/m]ﬂ(@) + ”Z*( +tw)¢”L%/mH2(O)

Next, multiplying (2.61) by —Av with respect to the inner product of H, the Laplacian
of (2.63) by An' with respect to the inner product of Li (R*; H) and adding the two
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terms, for every w € €, it follows from (1.11) that,

d d
oI AR+ 2m A 42", ') = 2M126,0) | AG ]| Av]

F2(f (0 + $24(010)), A)+2|z ) [ BNV [42(] (1. ). — Av)+2(h, —Av).

(3.20)
Applying the same arguments as in [37, Appendix A], we know that
o
2" s "M = —2/0 1 ()| An' (s)*ds > 0. (3.21)
By means of the Young inequality, we infer that
§ 2 2, M 2
2M |z (6r0)|| Al Av| < " 22O o)["|AGI" + S| Av], (3.22)
and
20z @) 1B1l11v]] < 2@ ) 1> + V], (3.23)

Next, taking into account of (3.18) and assumption A¢ € L?P(0), together with the
Young inequality and the Green formula, it yields

2(f (v + ¢z4(0;0)), Av)
=2(f(v + ¢z+(6;0)), A(v + $pz+(6;0))) — 2(f (v + $24(6;0)), 2+ (6;0) AP)
= 2/@ J2p—1(Av + 24 (0;0) Ap)dx + 2|z, (0, )| fo |f(v+ @2+ (0, 0)) || Apldx

2 /O V0 + 62u00) - (v + 2 O)D)V (0 + $22 (Or0))dx

4 m m
< — [p1l01+ Z1AVP + T2 @)L + 20 0] + 20 |2, @) P11

|2+ (67 )|

1+ pze@)Id + Tnmﬁn”’

2|z4 (6 0) |
+ - 2P’

(3.24)

where f (v + ¢z (0;w)) € L1(O) since v € L?>P(O) and ¢ € L*P(©). In the end, it
follows from the Young inequality that,

Cr (0,w)?
22 (60). —Av) < %

2 m 2
[AQ] +Z|A”' , (3.25)

4
2(h, —Av) < — |h? + = |AvP,
m 4
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where C> is the same as in (3.10).
Substituting (3.21)—(3.25) into (3.20), we have

Lo+ Liang i + 2o < (22 R ORI,
dt dr "ol = Lle

+ Q20 + D]z Gi0) * 9]

4 Cr(0,0)?
£ 101+ Qo+ 1) ol + 2 g
2|z (6 «(0
+ %nﬂvwz*@w»nz l2 (pf‘“)' 1AG1157 |h|2.

Denote

2M? 4
Oa(t, @) : = (7 + ﬁ) 2@ P1AG + 20 + DIze@Pl9I* + — f3,10]

Cr(w)? |z*< )

T ———— AP + T f (1) + pza(@))II]

IZ*(w)I

1Agl30+ |h|2 eL'(r.7T).
Then, for every w € Q and ¢ € (t, T'], we obtain
d 2 M 2 2
ﬁllyllv + 5|Av| < 02(, 0w) + 20 + 1) |v]I”. (3.26)

By the continuity of z.(6;w) on (zr, T'] and integrating the above inequality between
tandt witht <t < T, we have

m t t t
ly®I3 + 5/ |Av(s)Pds < lIyoll3 +f Oy (s, Osw)ds + (20 + 1)/ lv(s)||*ds.
T T T

Thus, we conclude that

ve L®(, T; V)N L (x, T; V N H*(0));

neL® T; L,(R"; VN H*O))).
Furthermore, the continuity of v follows again using a slightly modified version of
[26, Lemma III.1.2.] and the continuity of 7 can be proved mimicking the idea of the

proof of Step 4 of (i), with VN H 2(0) in place of V. The proof of this theorem is
complete. O

Lemma3.6 Let conditions (h1)~(h2) hold. If u € L3, then n(s) = [° u(r)dr
belongs to Li (R*T; V) and

[} 0
/ w(s)An(s)ds = f k(—s)Au(s)ds. (3.27)
0 —00
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Proof The fact that n € Li(RJ“; V) is given by Lemma 3.1. From the arguments
in [13, pp-174-175], it follows the existence of a sequence of functions u, (-) €
Cl((=00,0], V)N L%, such that

U, —> uinL%,.

First, we will show that u,, n,, where 1, (s) = fi)s uy (r)dr, satisfy (3.27). For any
w € V, we have

</0 u(s)Ann<s>ds,w>= /O J(s) (A (s), w) ds = /0 K (5) (Vna(s), V) ds

oo 0
= / K (s) <V/ u,(r)dr, Vw) ds
0 —s

00 0
:/ k' (s) (Vu, (r), Vw) drds
0

-5

=— /00 k(s) Vun(—s), Vw)ds
0

0

+ lim k(s) (Vu,(r), Vw) dr
§—00 s
0

— lim k(s) (Vu,(r), Vw) dr.
s—0 —s

Let us check that the last two limits of the above equality are equal to 0. By Remark 2.1,
we derive

1
k(s)e”* < &ewe(y_w)s, for any s > 1.
w

Hence, y < @ implies

0
k(s) (Vuy,(r), Vw) dr

-

0
< k(e lwll | e llu,(r)ldr
—S

K 0
< Ko wll (/ " Nun ()2 dr + i)

2 —00
< Ce7=™s 5 0.

§—>00

Also, from k (s) —>0 fooo w(r)dr and u, € L%,, it follows that the second limit is O
§—>

as well. Hence,

</00 w(s)An,(s)ds, w> = — /ook(s) (Vu,(—s), Vw) ds
0 0

0
= </ k(—s)Auy,(s)ds, w>,
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this proves (3.27) for u,,.
Furthermore, for any w € V, we infer

0
K/ k(—s)(Auy(s) — Au(s))ds, w>’
0
= ‘/ k(—s) (Aun(s) — Au(s), w)ds

0
< llwll (C / lun(s) —u(s)lds + — M( oo / e Nun(s) — u(s)|l dS)

0 3 . 3
<C3 ((/ Hun(s)—u(S)llzdS> +</ e’’ IIun(S)—u(S)szS> ) — 0,
—1 —00 n— 00

and Lemma 3.1 implies

K/O n(s)(Ann(s) — An(s))ds, w>‘

= ‘/O w(s) (Ana(s) — An(s), w) ds

< ||w||/O w(s) 17a(s) = (o)l ds

1 1
00 5 =)
Sllwll(/0 M(S)ds) </o n() I (s)=n(s)ll dS> =Cq llun—ullz2 — 0.

By these convergences we deduce (3.27). The proof of this lemma is complete. O

Lemma 3.6 implies that the solution given in Theorem 3.4 is in fact the unique
weak solution to problem (2.4).

Corollary 3.7 Assume that (1.11), (2.8) and (hy)-(h2) hold, and that ¢ € VN H?*(O)N
L2P(O) is such that A¢ € L*P(O). Leth € H and a be a locally Lipschitz function. If
for fixed t € Rand o € , the function (v, n) is the unique weak solution to problem
(2.6) corresponding to the initial values vo € H and ¢ € L7, then v is the unique
weak solution to problem (2.4).

Now by the transform (2.3), we derive the well-posedness of problem (1.10).

Theorem 3.8 Assume that (1.11), (2.8) and (hy) -(h») hold, and that ¢ € VNH*(O)N
L2P(O) is such that A¢ € L*P(O). Let h € H and a be a locally Lipschitz function.
Then, for every T € R and w € , it holds:

(i) For any initial vale uy € H and initial function ¢ € L2, there exists a unique
solution u to problem (1.10) in the weak sense, fulfilling

uel®, T: HYNL3(t, T; V)N L (7, T; L*(0)), VT > t.

Furthermore, the solution u of (1.10) is continuous with respect to the initial
values (ug, @) forallt € [t,T]in H;
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2

(ii) For any initial value ug € V and initial function ¢ € LVﬂHZ(O)’

the unique
solution u to problem (1.10) satisfies,

uel®, T;V)NL*(t, T;: VN H*O), VT >r.

In addition, the solution u of (1.10) is continuous with respect to the initial values
(uo, @) forallt € [t,T]in V.

Remark 3.9 The proof of Theorem 3.4 is correct for a general function f € C!(R)
satisfying (3.8) and (3.18). The same applies to the results in Sects.4-5.

4 Existence of Random Attractors

This section is devoted to studying the long time behavior of (1.10) in the natural phase
space,

X=HxL?,
endowed with the norm
2 2 2
l(wi, w2)lly = lwi]|” + IIwzlleV-

It is worth emphasizing that we will take T = 0 in this section since problem (1.10) is
autonomous. Taking into account the results in the previous section, problem (1.10)
generates a random dynamical system in X. Let us denote by u(-; 0, w, (uo, ¢)) the
unique solution to (1.10). Then, the random dynamical system (RDS) generated by
(1.10), denoted by E : RT x Q x X — X, is defined, for every t € R*, w € Q and
(uo, @) € X, as

B(t, w, (uo, 9)) = (u(t; 0, w, (uo, ©)), us(; 0, w, (ug, @))).

Moreover, problem (2.6) also generates a random dynamical system @ on the phase
space H x Li(R*; V), which is defined, for every t € R*, @ € Q and (vg, o) €
H x Li(R*‘; V), by

q)(ts w, (U(), 7)0)) = (U(v 09 w, (UO’ 770))1 77(7 07 w, (UO, 770)))7

where the right-hand side of the above equality denotes the solution to (2.6) for 7 = 0,
the initial values (vg, 79) € H X Li(R‘*; V) and ng is given in (2.7). Thanks to
Dafermos’ transformation, we can obtain a random dynamical system ¥ : R* x Q x
X — X generated by (2.4) which is given, for every ¢ € R*, w e Qand (vo, V) € X,
by

V(r, w, (vo, ) = (v(t; 0, w, (vo, (T¥))), v: (- 0, w, (vo, (T¥)))).
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Then, on account of the random transformation (2.3), for (ug, ¢) € X, we deduce

E(, o, (uo, ¢))
= (u(; 0, w, (uo, ), u: (:; 0, w, (uo, ¢)))
= (0, w, (o — Pz+(®), (Jw,09)))
+ ¢z (0 w), v (+; 0, 0, (o — $2+(®), (J0,00))) + P24 (01 +.@))
=V, o, (g — ¢z+(@), pv)) + ($24(0®), P74 (014 ). 4.1)

—~

It is straightforward to check that the cocycles E and W are conjugated. Indeed,
consider the mapping 7' : 2 x X — X defined by,

T(w, (o, 9)) = (o — pz4(@), ¢ — P24 (0.0)).
Then, it holds that
TN w, (o, 9)) = (1o + $z4(@), ¢ + P24 (0.00)).

In addition, by (4.1), it is clear that

E(t, w, (uo, ) =V, o, (o — ¢z4(w), ¢ — 92+ (0.0))) + (924 (61 ), P24 (0 +.®))
=T ' G0, ¥(t, o, T(w, (g, 9))). 4.2)

Let D = {D(w) : w € R} be a family of bounded nonempty subsets of X. Such a
family D is called tempered if for every ¢ > 0 and w € €2,

lim (| D(6—;w)| =0,
t—00

where the norm || D|| of aset D in X is defined by || D|| = sup,cp llu|lx. From now on,
we will use D to denote the collection of all tempered families of bounded nonempty
subsets of X:

D={D={Dw):we RQ}:Distempered in X}.

This family will be adopted to prove the existence of random pullback attractors for
the RDS E. Notice that, for D € D, the set D whose fibers are given by,

D(w) = {(ug — ¢pz+(), ¢ — pz.(0.0)) : (ug, ¢) € D(w)},

also belongs to D thanks to the arguments in the proof of Corollary 3.2 and the
properties of the random variable z, () (cf. (2.2)).

Lemma 4.1 Under assumptions of Theorem 3.8, there exists B € D which is D-
pullback absorbing for the RDS E. In other words, for any given v € Q2 and D € D,
there exists ty := to(w, D) > 0, such that

E(t,0_tw, D(0_;w)) C B(w), forallt > to(w, D),
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where B(w) is the ball in X centered at O with radius p(w) and

0
P ) =1+ 2K2/ ¢’ 01 (O;w)ds + 21p1* |24 (@)]* + 2]z 0.0}

—00

L27

where O1(w) is given in (3.13) and K, > 0 is a constant.

Proof Let us first pick (ug, ¢) € D. Thanks to (4.1), we have

E(t, o, (o, ¢))
= (v(t; 0, @, (uo — Pz (@), (Jw,00))), v: (3 0, @, (uo — ¢pz(®), (Jw,09)))
+ (924 (6;0), P24 (0r+.0))
= V(1 0, (ug — P24(@), ¢ — Pz+(0.0))) + (924(6r ), P2+ (64 )).
For the sake of simplicity, denote by y(¢, w) := (v(t, ®), n' (s, ®)) the solution to
(2.6) with initial value (vg, n9) = (g — Pz« (), Jw.09). Now, for every o € 2, we
multiply the first equation of (2.6) by v(¢) in H and the second equation of (2.6) by

n' in Li(R*; V), respectively. Then, by means of the same estimates as in the proof
of Theorem 3.4 (cf. (3.12)) and the Poincaré inequality, we obtain

d A
Iy O3, + @Mmz + %nv(t)n2 2007 ), (7 () D

+ﬁllv(t)||2p = 016v), 4.3)

(see (3.13) for the expression of ®1(-)). With the help of condition (%;), we infer
o0
200" Ny = - /0 1 ()| V' (s)]%ds
o
t 2 . t)2
> W/O w()IVy ()1°ds == @ lIn’ [l 4.4)

Recall that 0 < y < min{mTM, @ }, which, together with (4.3) and (4.4), implies that

d
E||y(l)||%1+7/||)’(f)||%1 —|| Ol% +ﬁll (t)||2p<®1(9zw) 4.5

Next, multiplying the above inequality by ¢’ and integrating over (0, ), neglecting
the last term on the left hand side of (4.5), we find

m t t
ly@)113, + 5 /0 eV u(s)|IPds < llyollze " + /O e 71790 (b;w)ds.
4.6)
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Then,

0 t

m m _ _ m _ _

Sl = 3/ e vt s>||¢(s)—¢z*(esw>||2ds+5/0 e VU ju(s)|Pds
—0oQ

IA

m _ _ ! _ _
2o (I = 2012, ) +vole W+/ 790, (Bw)ds.
0
4.7

On account of Corollary 3.2, we infer

1013 = 100l +1 70,0013 vy = lt0—h2u(@) *+2K s (||¢ — 9007, ) :
4.8)

Hence, collecting (4.6)—(4.8), we arrive at
191, @, (o — $2(@), @) = OF + llrll7o < IyOIF+lvel?
\4 Vv

t
< Kje ! (Iuo — pz (@ +llp — ¢Z*(9‘w)||i%/ ) +K> fo e VI (G0)ds, (4.9)

where K1, K> > 0 are constants which neither depend on w nor on the initial functions.
Now, replacing @ by 6_;w in (4.9), we obtain
W (t, 0_s, (o — 24 (0—1), ¢ — Pz (O—+-0)II%
< K17 (Iuo = ¢z + g = $2.0- 1.0 )

t
+K> / e VI (i 1yw)ds
0
< K17 (Iuo = $2.0-@) + g = 92011015 )
0
—{—Kz/ e’ 01 (6;w)ds. (4.10)
—00

Therefore, for any (ug, ¢) € D(6_;w), we have

IE(t, 0—s, (o, eI
= [|W(t, 00, (ug — pz+(0—;w), ¢ — P2, (0—14.0)))
+(Pz4(w), pzsB.0) 1%
< 261677 (luo = $2. 01 + g = $2.0- 1.0 )

0
2K [ ererids + 26z @)F + 262601,
—0o0
- 0
< 2K DO + 26 [ 01000ds

—00
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+21¢2[2e(@) + 2l $24 O.0)1 7 - (4.11)

Consequently, let

0
p*(@) =1+ 2K, / e 01 (0s0)ds + 21¢|ze @)1 + 2|$2.O.0) 7 .

—0o0

Taking into account the temperedness of D and the property of Ornstein-Uhlenbeck
process, it is straightforward to check that the set,

By(w) = {(uo, ¢) € X : [[(uo, 9)x = p(@)},

is tempered, i.e., B, () belongs to D and is pullback absorbing for the universe D.
The proof of this lemma is finished. O

Remark 4.2 1t follows from the proof of Lemma 4.1 that, under the assumptions of
Theorem 3.4, there exists B € D which is D-pullback absorbing for the RDS W. In
other words, for any given w € Q and D € D, there exists 7y := fo(w, D) > 0, such
that

U(t,0_,0, D(0_;0)) C B(w), forallr > iy(w, D).

Next, we will prove the asymptotic compactness of the cocycle E. Namely, we
will show that for any w € Q, D € D and for any sequence f, — +00, (ug, ¢") €
D(0_,w), the sequence {E(t,, 0, w, (ug, "))} possesses a convergent subsequence
in X. To this end, let us first prove an auxiliary result.

Lemma 4.3 Assume the hypotheses in Theorem 3.4 hold. Let {vy, ¢} } be a sequence
such that (vyy, ¢y) — (vo, ¢y) weakly in X as n — oo. Then, for every v € ,
V(t, o, (vy, ¢))) = "), vy (-)) fulfills:

V' —> v in C([r,T];H) forall 0 <r < T, 4.12)
V" — v weakly in LZ(O, T;V) forall T > 0; 4.13)
V' > v in L*0,T; H) forall T > 0; (4.14)

lim sup |lv) — Uf”iz < Ke 7'lim sup (|v6’ — ol + [lg" — ¢U||i2> forall t >0,
v Vv

n—oo n—o00

(4.15)

where K = (1 + % + n%) and (v(1), v:(-)) = Y(t, w, (vo, y)). Moreover, if
(vg» @) — (vo, @y) strongly in X as n — oo, then

V' > v in L*0,T;V)forall T > 0; (4.16)
o' — v, in LY forall t > 0. (4.17)
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Proof Let T > 0 be arbitrary. Integrating in (4.5), we deduce that v" is
bounded in L®(0, T; H), L*(0, T; V) and L2P(0, T; L*(©)), 1, is bounded in
L0, T; Li(RJ“; V)). Hence, passing to a subsequence, for every o € 2, we have

v" — v weak-* in L*°(0, T; H);

v" — v weakly in L*(0,T: V);

v" — v weakly in LZP(O, T; LQP(O));

Ny — n weak-starin L*°(0, T; Li(RJr; V),

thus (4.13) holds. By the same arguments in the proof of Theorem 3.4, we deduce

AT v akdy in L0, T: V) 4 LI(0. T: LI(O)):
dr  dr y . 1 ’ (4.18)

SO+ ¢pz.(0.0)) - x weaklyin L9(0, T; L1(0O)).

In view of (4.13) and the above results, making use of the Compactness Theorem
[25], we infer that (4.14) is true. Thus, v" (¢, x, w) — v(t, x, w), fV"(t, x, w) +
Pz (O,0)) — f(v(t, x, w) + ¢pz4(6;w)) for a.a. (¢, x) € (0, T) x O. Also it follows
from [21, Lemma 1.3] that x = f(v + ¢z4+(f.w)).

By proceeding as in the proof of Theorem 3.4, we obtain that y = (v, n) is a
solution to problem (2.6) with initial value y(0) = (vo, o) := (vo, Jw,0¢). Thanks to
the uniqueness of solution, a standard argument implies that the above convergences
are true for the whole sequence. Furthermore, we know that v" € C([0, T']; H) and
ve C((0,T]; H) for each w € L.

Since {(v")’} is bounded in L9(0, T; V* + L9(0)), we have that {v"} is equicon-
tinuous in V* + L2(O) on [0, T]. Indeed,

52
10 (52) = V" () lvesrs < f [ e g ds
S

<152 =517 | | oopve ooy - @19)

In addition, as {v"} is bounded in C([0, T]; H) and the embedding H C V* is
compact, by the Arzela-Ascoli theorem, we obtain (relabeled the same) that

v" — v strongly in C([0, T]; V* + L1(0)). (4.20)

Now, consider a sequence {s,} € [0, T'] which converges to s, € (0, T]. Since {v"} is
bounded in C ([0, T']; H), there exist a subsequence of {v"(s,)} and &# € H such that

V" (sp)—u weakly in H.

Using (4.20) we deduce that # = u(ss) and that the whole sequence converges.
Therefore,

lu(se)| < liminf [v" (sp)]. 4.21)
n—oo
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We will prove that v"(s,) — v(sx) strongly in H, which implies (4.12). By Corol-
lary 3.7, v and v are weak solutions to problem (2.4), so multiplying the equation by
v", we obtain that

1d n 2 ny2 n 0 n
EEW O +mlv"[|” + (f " + ¢z (0rw)), v")
< Mz @)l V"]l + (f

—00

t

k(t — s)AV"(s)ds, v"(t)) + (h, v (1))

+ 12 G010 1V"] + (2 Br), v").

By using similar arguments as in Theorem 3.4 and the Young inequality, we deduce

d o 2, Jfo 2 2
Elvnl +mlv"||” + ﬁllvnllzﬁ < 2|0 + C1(6i0)(1 + ||¢||2§)

2 4 4
+ 2. G ) P11 + ——h1* + —— |24 (Brw) ]
m mA mAq
C> (0, ) !
+ ZT’ ol +2 f k(t — )V (s)llds[[v" (1)]. (4.22)
—00

Now we estimate the last term in the above inequality. Notice that

t 0 t
/ k(t —S)Ilv"(S)IIdS=/ k(r — S)Ilv"(S)IIder/o k(t —s)Iv*(s)llds - =5 +1>.

—00 —00

For I1, by the fact that ¢, € L%,, y < min{mT)‘l, w}and k(t) < My, Vt € [0, c0) (see
Remark 2.1), we find

1

0 s s 0 2
I = / k(t — s)e_VTeVT”(pv(s)Hds < (f kz(t — S)e_ysds)

—0Q —00

0 % 00 % 1
x(/ e”nsovnzds) < lgvll2 (/ k(s)e—”’—“ds) M{
—00 t

1

1
”Q"u”L2 1‘/[12 o0 2
<—1 <f /L(S)e_y(’_”dS)
t

w2
1
Mf 00 1
ol 1( [ M(t)ew(“)eym)ds)z
w 2 t
1
Mlzﬂf(l)H%HLzV

@ (@ —y)?
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For I, by means of the property k() < M and the boundedness of v"* in L2(0, T,V),
there exists a constant M” such that

t
<M / 10" (s)lds < MMV,
0

Therefore, it follows from the above inequalities and (4.22) that forevery t < T,

Iv O +mlv" )] t5p fo ||v (t)||2§ §2a|0|+C1(91w)(1+||¢>||2,’§)

|z*(etw)| Ak +— |h| e N EPIRILIPNE

7 =
02(9 w) M e O llevll;2
el 42 | ————— L+ MM VT | (). (4.23)

wi(w —y)?

We will estimate the last term of the above inequality. By the Young inequality, we
have

Mza)n%uLz M@l
@) < ————— % ||v(r>|| (4.24)
@3 (@ —y)? om(w — )/)
and
4(M)>(M")*T
MM T ()] < % T OIS 4.25)

Collecting (4.23)—(4.25), we obtain

d
—Iv"(t)|2+ |Iv Ol +ﬁll ”(z)||2”<2a|(9|+C1(9,w)(1+||¢||2”)

4M?
+—|z*(9tw)| lp1? to Ihl +—|z*(0zw)| o1

4M1M(f)||(Pv” 2 AMD2(MND2T
Ly (M1)“(M") n C2(9zw) 1612, (4.26)
om(w —y) m

and the same is true for the function v. Hence, we define the functions

MM 2 M 2T t
Jn(@) = (0> = 2|01 — %t —/ Ci(Gro)(1 + ||¢>I|§§)dr

t 4M2
—/0 ( |26, 0) * 1017 +- |Z*(9 )9 )
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AMillgvl;

2 t
_2AE, L u(r)dr—f G602 ar,
mhy om(@ —y) Jo 0
MM 2 M// 2 t
J(t) = () — 20|01 — % / CLG) (1 + [130)dr

t 4M2 5
—/0 < |26, 0) * 1017 +- Iz*(9 )9 )dr

4AMi gy ? '

4|h|? ! 12 Ca(6,0)

- r— - w(r)dr —/ lplI*dr.
miy om(@w —vy) Jo 0

From the regularity of v and all v", together with (4.26), it holds that these functions
J and J,, are continuous and non-increasing on [0, T'], and

Ju(s) > J(s) ae. s €[0,T]asn — oo.
Hence, there exists a sequence {f;} € (0, s,) such that 7y — s, when k — oo, and

lim J,(&) = J(@), Vk>1.
n—o0

Fix an arbitrary value € > 0. From the continuity of J on [0, T'], there exists k(¢) > 1
such that

) = Tl = 5. VK = K@),
Now consider n(e) > 1 such that
~ ~ ~ €
th = ey and | Jy (tee) — J (ke < o Vn > n(e).

Then, since all J,, are non-increasing, we deduce that

Jn(tn) = J(55) < Jn(k(e)) — J(52) < [In (i) — J (50
< (ko)) — J ()| + 1 (k) — J(s)| <€, Vn = n(e).

As € > 0 is arbitrary, we obtain

limsup J,, (t;,) < J(sx).

n—o0

Thus,

limsup [u” (t)| < |u(sy)]. (4.27)

n—oo

Therefore, (4.21) and (4.27) imply that v"(s,) — v(s,) strongly in H, and (4.12)
holds true.
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Define the functions 3" = y" — y and 7, = n}, — n' with j = 3§ — yo, where

yo = (vo, 17o). Similar to the uniqueness part in the proof of Theorem 3.4, for every
w € 2, we have

i||)7"||2 +2(((7)"s )
dt H n’/ > 'In)/ 1k
=-2 fo(f(v" + ¢2:(6,0)) — f (v + ¢z4(6,0))) (V" — v)dx
—2/0 (@l ") + 1)z () VV" — al(v) + ()2 () Vv) - V" — v)dx

+2 /O(a(l(v") +1(P)z+(6,)) — a(l(v) + 1(P)z+(6;)))z4(Or ) Ap (V" — v)dx.
Since a is a locally Lipschitz function, by (1.11) and the Young inequality, we find

— 2/;9 (a(l(v”) + 1)z (B, 0))VV" —a(l(v) + l(qb)z*(@,w))Vv) -VQO" —v)dx

< —2ml" = vl? + 2La(R) " — vl vl o" — o]

L2(R)|l)?
< (@ —2m)|]v" —v|* + %w" — v |vll?,

where « < (mA; — y)/A1 and for alln > 1, ¢ > 0, and we have chosen R > 0 such
that {{(v"(t) + (@) z«Or0)}ier. 7] C [—R, R], {{(v(#) + (P2 (0r @) }re[z.1) C
[—R, R], which can be done because [v" ()| are uniformly bounded in [z, T']. Then,

by the above estimates, we deduce

d  _ }
EH)’nH%{ + 715" 113, + mlv" — v||?

d _ © _
Eny”n%ﬁ @2m —a)|lv" —v|? +w/0 ()| Vi (s)[*ds

IA

L2(R)|I)?
" — )

) /O (" + §2(6,0)) — f(v + 2 (Br)) (0" — v)dx

+2 /O(a(l(v") +1($)z+(6rw)) — a(l(v)
H () z4(0;0))) 24 (O 0) AP (V" — v)dx,
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where we have used that 0 < y < min{(m —a)X1, @} by the choice of «. Multiplying
by e”! on both sides of the above inequality and integrating over (0, t), we obtain

t
15" ()13, + m / eI (5) — v(s)||*ds
0
L2(R)|I]* [ ,
< eI, + /e*”’*”|v"—v|2||v||2ds
o 0
t
—2/ e*y(’*”/ (f (V" + ¢pz4(B50))
0 (@)
— (v + ¢z (6;0))) (V" — v)dxds

t
+2 / eV /O (@l (V") + 1($) 24 (b50)) — a(l(v)
0
+ 1($) 24 (050))) |24 (65 0) || A@| [V — v|dxds.

On the one hand, by (4.12), we know that [v" (s) — V() lv(s) 1> = 0 and [v"(s) —
v(s)] — 0 for a.e. s € (0, ). On the other hand, e~ =9 |v"(s) — v(s)|2|lv(s)|?
and eV =) (@l (V") +1($) 24(050)) — a(l () +1($)2+ (Bs0))) |24 (B50) | | Ap| [V — v]
can be bounded by 4R%e¢™7 ™) [u(s)[|* and 4M Re™" =) sup, (o 1 12+ (Bs ) || A,
respectively. Hence, the Lebesgue theorem implies that

1
/ eV (s) — v(s)Pllvs)|*ds — 0 as n— 0,
0
and

t
/ e v f (@l (W) +1($) 24 (Os0)) — a(l(v)
0 O
+H (D)2 (O50))) |24 Osw) || AP ||V — vldxds — 0 as n — 0,

respectively. Moreover, it follows from the argument after (4.18) that f(v" +
P74 (Os0)) = f(v 4 Pz4(65w)) weakly in LI(0, T; L1(O)) as n — oo, therefore

t
/ eﬂ/(fﬂ')/ (f(vn + ¢z (Bsw)) — f(v + q&z*(esa)))) vdxds — 0 as n — oo.
0 @]
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By (3.8) and the Young inequality, we deduce that there are two positive constants
k1(w, ¢, T) > 0and ko > 0 such that

FQ" (s, x, 0) + ¢z, (Bs0)V" (5, X, ®)
= fV" (s, x, 0) + ¢z4(O,0)) (V" (5, X, ) + P2+ (b50))
— fQ" (s, x, @) + 924 (6s0)) Pz (Osw)

= 2 o 5%, ) + 20|~
=B (1+ 0763, @) + 62,007 ) 191122 0,0
> —k1 + k2 [V (5. %, @) + pzGs) |

Thus, the Fatou-Lebesgue theorem implies that

t
lim sup (—2/ e_y(’_s)f f@" +¢z*(9‘va)))v"dxds)
0 o

n—o0

IA

t
—21iminf[ efy(tﬂ)/ FQ" + ¢pz Os))v"dxds
0 (@]

n—oo

IA

t
-2 / v / liminf f(V" + ¢z (Osw))v" dxds
O O n—0o0
t
=_2 f v / £+ ¢z (0sw))vdxds.
0 (@]
This inequality, together with
t
/ v f f(v+ ¢z4(Bs)) (V" — v)dxds — 0 as n — oo, (4.28)
0 (@)

shows that

13
lim sup (—2/ efy(tfs)/o(f(v“rm*(@sw)) —flv+ ¢Z*(9sw)))(v"—v)dde>
0

n—oo

<0.

Notice that (4.28) follows from the facts that f(v + ¢z.(0.w)) € L9(0, T; L1(0))
and v" — v weakly in L?7 (0, T; L7 (0)) for every w € Q.
Collecting all inequalities derived above and using Corollary 3.2, we find

t
lim sup / eV (s) — v(s)|%ds
n—oo J0

1 . _
< —e "' limsup |5 17,
m n— 00

IA

%e*y’ lim sup (|v"(0) —v(0)* + / ” M(S)IIﬁS(S)IIZdS>
0

n—oo
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1 0
< ;e"” lim sup <|v6’ —wl* + ZKM/ e’ oy (s) — (pv(s)||2ds> .
—00

n—oo

Finally, (4.15) follows from
0
(A =f (1t + ) — vt + 5)|2ds
v —t

—t
+f eVt +5) — v(t +5)|%°ds

—0o0

t
= f eI (5) — v(s)||*ds
0

0
+e ! / e 1@ (s) — pu(s)|I°ds.

—00

If (v, ) — (vo, @y) in X, then (4.15) implies (4.16)—(4.17). The proof is complete.
O

Remark 4.4 The proof of (4.12) also works in the deterministic case (see the
Appendix).

Lemma 4.5 Suppose that the conditions of Theorem 3.4 hold. Then the cocycle B is
asymptotically compact.

Proof Let D € D. It is sufficient to prove that for any sequence {(ug, O en C

D(6_;,w), the sequence {E(t,, 0, @, (ug, ")) }sen is relatively compact in X as

t, — 00. Recall that

E(tn, 0,0, (ug, 9")) = V(ty, 0,0, (ug — ¢7:(0—, ), T (@" — $24(0—1,+.))))
+ (P24 (@), Ppz+(6.0)).

Hence, we only need to prove that the sequence {W (t,, 0, @, (ug—¢z+ (01, w), T (¢" —
¢z4+(0—;,+.w))))} possesses a convergent subsequence in X. Observe that for T > 0,

VY (ty, 0,0, (g — ¢4 (0—, ), 9" — p24(0_4, +.@)))
=VU(T,0_rw,V(ty —T,0_,0, (uy — ¢pz4(0—1,0), 9" — ¢z4(0—, +.0))))
=W(T,0_rw, ¥ty —T,0_, 4701w, (U — ¢z2:(0—1, +70-TW), @"

— $24(0—4,17+.6-7)))) C W(T,6_7, B(O_70)),
fort, — T > fy(w, D), where B is the absorbing ball of W. Let
Y = (", B") = W (ty, 0,0, (ug — ¢24(0—1, ), 9" — $24(0—1,+.®))).

Then (&", B") = W(T,0_rw,&l), where §7 € B(0_rw). Let (V*(-), V") be a
sequence of solutions to problem (2.6) with initial condition EnT and (V'(T), V}’) =
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(o, B"). Since f?(a)), B(G_Ta)) are bounded in X, by Lemma 4.1, we can assume
(up to a subsequence) that ), — Y = (¢, 7), fnT — & T weakly in X for every w.

It follows from Lemma 4.3 that (V'(T), V7 () = \P(T,G,rw,énT) satisfies
(4.12)—(4.14). We deduce from the above convergence that ¥ = V(T) in H and
7 = Vrin L%,, 7 (s) = Vr(s) for almost all s € (—o0, 0) and w € Q. Also, in view
of (4.12), we find that

a" =V (T)— V(T)=1v in H.
Hence, in order to prove that ), — ) in X, it remains to show that 8" — = in L%,

(up to a subsequence). Notice that 8" = Vy forall T > 0 and V7 = 7. Since the
family B is tempered, we have that

c

lim e~ =0, (4.29)
T—o0

T
En |,

T sup
n
for any ¢ > 0. Thanks to (4.15), we have, for each T € N,

. 2 . 2
limsup 8" — (1%, = limsup ||V} — Vr[%
n—00 14 n—o00 1%

< Ke =T =T lim sup <||$,1T — $T||§(>
n—0o0

< Rer—oT

where 0 < ¢ < y and the last inequality follows from (4.29). For every k > 0, there
exists T (k) such that for all T > T (k),

: n 2 . n 2 1
limsup |[|f" — 7|7, =limsup V7 — V7|7, < —.

Ly Ly k
n—00 n—00

Taking k — oo and using a diagonal argument, we obtain that there exists a subse-
quence {B"*} such that * — m in L%, for all w € 2. The proof of this lemma is
complete. O

A family of sets K (w) is said to be measurable with respect to F, if for any x € X
the mapping w +— dist(x, K (w)) is (F, B(R))-measurable.
We recall that the family of non-empty compact sets A = A(w) € D is called

a random attractor for the cocycle E, if A(w) is measurable with respect to F, it is
invariant, that is,

E(,w, A(w) = A(G;w) forallw € Q, r >0,
and it is pullback D-attracting, that is, for any D € D, it holds that

lim dist(E(t, 0_,0, D(O_1w)), A(w)) = 0,

t——+00
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where dist (C1, C2) = sup,cc, infyec, llx — yllx is the Hausdorff semidistance
between sets from X.

The existence and uniqueness of the random attractor .4 follow from [30, Proposi-
tion 2.10] (see also [29, 31] for related results) immediately based on Lemmas 4.1, 4.3
and 4.5. We observe that the radius p (w) is measurable, so it is easy to see that the
family of closed balls B(w) is measurable with respect to F.

Theorem 4.6 Assume that (1.11), (2.8) and (h1)-(h2) hold, and that ¢ € VNHZ(O)N
L%P(O) is such that A¢ € L*P(O). Leth € H and a(-) be a locally Lipschitz function.
Then the cocycle E of problem (1.10) has a unique random attractor A = {A(w) :
weR}inH.

5 Stochastic Nonlocal PDEs with Long Time Memory Driven by
Colored Noise
This section is devoted to discuss the approximations of stochastic nonlocal PDEs

with long time memory, namely, the following pathwise Wong-Zakai approximated
problem,

t
dus — a(l(us)) Aug — / k(t — 5)Aus(s)ds + f(us) = h+ ¢Zs(Orw), 0 O x(z,00),
—00

us(t, x) =0, f)n 00 x (1, 00),
s (7, %) = g (x). in O,
in O x (—00,0),

us(t +7,x) = @5t x),
5.1

where ¢5(6;w) is the colored noise with correlation time 6 > 0, which is a stationary
solution of the stochastic differential equation

1 1
d —Cs = —dW.
§5+8§5 3

This process satisfies

7
lim 8OO a0 <s <1,
t—+o0 t
t
lim  sup / Ls(Osw)ds —w()| =0, Ve R, T > 0.
8—0% refr,z+T11J0

For more details about colored noise see [7, 8, 19] and the references therein. For
applications to stochastic Hamiltonian flows see [11, 12]. The functions a, f and ¢
fulfill the same assumptions as in Sect.2. Define a random variable,

v5(t, w) = us(t, w) — Pys(O;w). (5.2)
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Recall that ys satisfies,

d
% — —ays + 5 (6). (5.3)

For almost all w € €2, one special solution of (5.3) can be represented by,
t
Ys(t,w) =e 7' / et (Bsw)ds,

—00

which, in fact, can be rewritten as Ys(¢, w) = ys(6;w). Here ys : Q@ — R is a well-
defined random variable given by y;s(w) := f 8 . €?%¢5(0sw)ds and has the following
properties.

Lemma 5.1 [19, Lemma 3.2] Let ys be the random variable defined as above. Then
the mapping
t
(t, w) = y5(6:w) = f”/ e” g5 (Bsw)ds, (54)

—00

is a stationary solution of (5.3) with continuous trajectories. In addition, E(ys) = 0
and for every w,

girrb vs(0,0) = 74 (6;w), uniformlyon[t, T+ T]witht e R, T > 0; (5.5)
=

|ys (O )] _

=0, uniformly for0 <§ < o; (5.6)
t—+o00 [t
1 t
lim — / vs(Osw)ds = 0, uniformly for) < § < &; 5.7
t—=+o0 t 0

where ¢ = min{l, %} and 7. (6;w) is given in Sect. 2.
Remark 5.2 Tt follows from (5.5)(5.6) that ys (0.0) — z.(6.0) in L3,.

Remark 5.3 Throughout this paper, to simplify the computations, we take ¢ = 1 in
(5.3). Then the results of Lemma 5.1 are true for o = 1.

Thus, it follows from (5.1)—(5.3) that, for ¢t > t,

drvs — all(vs) + ysOr @)l (9)) Avs — a(l(vs) + ys (6rw)l($))ys (Orw) Ag

t
—f k(t —s)Avs(s)ds + f(vs + ¢ys(Orw)) = h + pys(0rw) + zf’a(t, ), in O x (t, 00),
vs (t, ;)Oo: 0, on 0 x (1, 00),
037, %) = v0,5(x) = 119,5(x) = $y5 (B ), in ©.
Vs (1 +7.%) 1= ug(t +T.x) — Y5 Or 1) = 95(1. ) — Y5O r) 1= @y st x), 10 O X (=00.0).

(5.8)
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where z,‘f’ 5(2) is a process defined by
o t
Zk,a(” w) = / k(t —s)ys(Osw)Adds. 5.9)
—00

To use Dafermos’ transformation obtaining the well-posedness of problem (5.8), let
us define the new variables,

vi(s, x, ) = vs(t —s5,x,0), 5>=0,
s t

ng(s,x,a)) = f vf;(r,x, w)dr =/ vs(r, x, w)dr, s > 0.
0 t—s

Besides, assuming k(oo) = 0, a change of variable and a formal integration by parts
imply,

' 00
/ k(t — s)Vvs(s)ds = —/ K (s)Vnj(s)ds.
—00 0
Setting 11(s) = —k’(s), problem (5.8) turns into the following system without delay,
0rvs — a(l(vs + ¢ys(Orw))) Avs — all(vs + Pys (6:))) ys (6:0) A

—fo w()ARs(s)ds + f(vs + dys(6;0)) = ys(G) + zf,(;(t) +h, in O x(r,00),

dm(s) = —dms(s) + vs (1), in O x (r,00) x RT,
vs(t, x) = ns(x,s) =0, on 90 x (t, 00) x RT,
vs (T, x) = vo,5(x) := 1o s5(x) — pys (O ), in O,
15 (s, x) = 10,505, X), in O xR,
(5.10)
where

T 0 0
10,5(s, x)(w) =/ vs(r, x)dr = (ws(r)—¢ya(9r+rw))dr=/ @v,s(r)dr.

-
The following result is proved exactly as Corollary 3.2.

Corollary 5.4 Assume that (hy)-(h2) hold and ¢ € V N H*(O) N L*P(O). Then, for
everyw € Q and t € R, the operator JQ‘E,I : L%, — Li(R“‘; V) defined by

0 0
(T3 0)(s) = / o(r, )dr — / 35O e pdr = T — bys By ))(5), (5.11)

)

is continuous. Additionally, there exists a positive constant K, which is the same as
in Lemma 3.1 (which is also independent of §), such that for any ¢ € L%,, we have

172 0132 vy = Kilg = 3500l = 2K, (913 + 13300917 ).
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Since (5.10) can be viewed as a deterministic equation parameterized by w € €,
by the same procedures as in Theorems 3.4 and 3.8, we are able to prove the following
results.

Theorem 5.5 Assume that (1.11), (2.8) and (h1)—(h2) hold. Let ¢ € V N H2(O) N
L?P(O) be such that Ap € L*P(O), let h € H and a be a locally Lipschitz function.
Then, for every Tt € R and w € , it holds:

(i) For any initial value vy s € H and initial function ¢s € L2, there exists a unique
solution (vs, n5) to problem (5.10) in the weak sense with initial value (vo s, 10.s),
where 1o s = ja‘f’fw(;,fulﬁlling

vs € L®(t, T; HYNL*(z, T; V)N L*!(z, T; L*’(0)), VT > t;
ns € L®(x, T; L,(R™; V), VT >r.

Furthermore, the solution (v, ns) of (5.10) is continuous with respect to the initial
value (vo s, no.s) forallt € [t, T]in H;

(ii) For any initial value (vo s, no.s) € V, the unique solution (vs, ns) to problem
(5.10) satisfies,

vs € L®(t, T; V)N L*(z, T; VN H*(©)), VT >1;
ns € L®(r, T; L, RT; VN H*(0), VT >r.

In addition, the solution (vs, ns) of (5.10) is continuous with respect to the initial
value (vo s, no.s) forallt € [t, T]in V.

Now, thanks to transformation (5.2), we obtain the well-posedness of problem (5.1).

Theorem 5.6 Assume (1.11), (2.8) and (h1)-(h2) hold, ¢ € V N H*(O) N L*?(O)
such that A¢ € L*P(O). Let h € H and a be a locally Lipschitz function. Then, for
every Tt € Rand w € Q, it holds:

(i) For any initial value ug s € H and initial function @5 € L%,, there exists a unique
solution ug to problem (5.1) in the weak sense, fulfilling

us € Lz, T; HYNL*(t, T; V)N L*"(z, T; L*’(0)), VT > t.

Furthermore, the solution us of (5.1) is continuous with respect to the initial values
(uo.s, @s) forallt € [t,T]in H;

(ii) For any initial value ug s € V and initial function ¢s € L?

VAH2(O) the unique

solution ug to problem (5.1) satisfies,
us € L, T; V)N L*(x, T; VN H>©)), VT >r.

In addition, the solution us of (5.1) is continuous with respect to the initial values
(no.s, @s) forallt € [t,T]in V.
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Next, we can define a continuous cocycle in X associated to the solutions of problem
(5.1).Lett =0, Es : Rt x  x X — X be a mapping defined, for every t ¢ RT,
o € Qand (ugs, ¢5) € X, by

Bs(t, w, (mo,s, 9s)) = (us(t; 0, , (o5, ¢s)), us,:(-; 0, w, (uo,5, ¢s)))-

Here and in the sequel, we denote us;(s) = us(t + s) for s < 0. Moreover,
problem (5.10) also generates a random dynamical system ®s on the phase space
H x LIZL(R‘*‘; V), which is defined, for every t € RT, v € Q and (vo s, 10.5) €
H x L2 (R*; V), by

Ds(1, w, (vo,5, N0,5)) = (vs(1; 0, @, (vo,5, M0.5)), N5 (3 0, w, (Vo.5,M0,5))),

where the right-hand side of the above equality denotes the solution of (5.10) for
T = 0, the initial value (vo s, n0,s) € H X Li(Rﬂ V) and 59 is given in (5.10).
Thanks to Dafermos’ transformation, we can obtain a random dynamical system Ws :
RT x © x X — X generated by (5.8) which is given, for every t € RT, w € Q and
(vo,5, ¥s) € X, by

Ws(t, w, (vo,5, ¥s)) = (vs(t; 0, w, (vo,5, (TWs))), vs,: (-5 0, w, (vo,5, (TVs)))).

Then, on account of the random transformation (5.2), for (1o s, ¢s) € X, we deduce

Bs(t, w, (uo,s, ¢s))
= (us(t; 0, w, (o5, 5)), us,¢ (0, w, (uo,s, s)))
= (vs(t; 0, w, (uo,5 — Pys(w), (j£,0¢5))) + ¢ys (6,0), (5.12)
V5,1 (-3 0, @, (o 5 — $Ys(@), (T2 005)) + by5(6,1.0)
= Ws(1, @, (uo,s — pys(®), 9u.5)) + (PYs (O, ), $ys(6r1.0)).

Therefore, similar to Sect. 4, it is easy to check that Es and Ws are conjugated.
We will prove now the existence of absorbing sets for the cocycle Es.

Lemma 5.7 Under the assumptions of Theorem 5.6, there exists Bs € D which is D-

pullback absorbing for the RDS Es. In other words, for any given w € Q and Ds € D,
there exists ty s := to s(w, Ds) > 0, such that

8s5(t,0_1w, Ds(0_,w)) C Bs(w), forallt > tys(w, Ds),

where Bs(w) is the ball in X centered 0 with radius ps(w),

0
pP(@) =1+ 2K, f e @1 5(0sw)ds + 219 1ys (@) * + 2llpys(B.0) [, , (5.13)

25
0o Ly
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where @1 s(w) is defined in (5.16) below. In addition, for every w € Q,

0
lim p3(o) = 142K [ e 016ds + 0P 2@
- —00
+2||¢z*(9.w)||izv = p(w). (5.14)

Proof Let us first pick (ug s, ¢s) € Ds and thanks to (5.12), we have

Es(t, , (o,s, 9s5))
= (vs(t; 0, , (uo,5 — Pys(®), (Jw.005))), V5.1 (:; 0, 0, (uo.s — dys(@), (Jw,095)))
+ (Pys(0rw), ¢ ys(Or+ @)
= Ws(t, o, (uo,s — Pys(@), pv.s)) + (Pys(6r @), Pys(0r+.)).

For the sake of simplicity, denote by zs(f) := (vs(¢), ng (s)) the solution to (5.10)
with initial value (vo 5, n0,5) = (0.5 — Pys(w), (Jw.09s)). Now, for every w € 2, we
multiply the first equation of (5.10) by vs(¢) in H and the second equation of (5.10) by
1§ in Li (R*; V), respectively. Then, by means of the same estimates as in the proof
of Theorem 3.4 (cf. (3.12)) and the Poincaré inequality, we obtain

d ) | M ), m 2 ‘ N
EHZ(SU)”H*’TW&UN +E||U8(f)|| + 2((ms(s), M5(s) N

Jfo 2
+55 v, = O1,560), (5.15)

where we have used the notation

4M*? 4
&aw=7;mwmwhﬁxmwﬁW+mm+ammww@>

C3 () 4
F2 1617 + —— [hf?, (5.16)
m mA

and C1 5(w), C2.s(w), D are the same as the ones in (3.12)—(3.13) but replacing z.(w)
by ys(w). Taking into account condition (47) and recalling that0 < y < min{ mT)", w},
the above inequality, together with (5.15), implies that

fo

SO, < 0156w, (5.17)

d 2 2 m 2
EHZS(I)HH +rvlzsOlz + Ellva(f)ﬂ +

Next, multiplying the above inequality by e?’ and integrating over (0, t), neglecting
the last term on the left hand side of (5.17), by doing similar computations as in
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(4.6)—(4.7), we find

0 t
m 2 m —y(t—s) 2 m / —y(t—s) 2
— v = — e H|“ds + — e vs(s)||“ds
2 I s,zIILzV 2 / lov,s()l 3/, lvs ()l

IA

t
m _ _ —y(f—
—e Vt”(Pv,é”i%/_{_”ZO’a”%{e Vl—l—/ Py ”@1,3(9360)61&
0

2
(5.18)
On account of Corollary 5.4, we have
20,5113, = 10.5* + 17 (@5 — &35 @ONIT3 v,
(5.19)

< Juos = $35(@) > + 2K, (llos — #3500, )
Hence, collecting (5.18)—(5.19), we arrive at

151, @, (0,5 = $35(), T (95 = $¥s @)D = [0 + [[vs,11I 7>
< sl + sl

= K17 (luos = 3@ + llgs — $3s0.0)17 )

t
1K / 718, 5(6,0)ds,
0

where K1, K> > 0 are the same constants as in (4.9). Replacing w by 6_;w in the
above inequality, we obtain

195,010, (0.5 — $33(0-10), T (25 — B350+ Mk
= K17 (luo.s = #3301 + llgs = $350-11.0) 17 )

0
+K> / e’ 0 5(6;w)ds.

—00

Therefore, for any (1o 5, ps) € Ds(6—;®), we have

I Bs(t, O—r, (o5, ps) %
= |Ws(t, 0_ 10, (0.5 — Ppys(O_10), T (ps — pys(O0—_11+.®))))
+(Pys(w), pysO.0) %
- 0
< 2K1e7 V" Ds(6—10)|1* + 2K / e @1 5(Gsw)ds + 21¢1*|ys (@)

—00

+2[pysC.0)7, -
Vv
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Consequently, let
2 0 2 2 2
ps(w) =1+ 2K2/ e 01,5(Osw)ds + 2|97 | ys(w)|” + 2|I¢ys(9-w)llev-

—00

Taking into account the temperedness of Ds and the properties of the Ornstein-
Uhlenbeck process, it is straightforward to check that the set,

Bs p(@) = {(uo,5, p5) € X : |(uo.5, ¢s)llx < ps(w)},
is tempered, i.e., Bs ,(w) belongs to D, and that it is pullback absorbing for this
universe D.

We now prove (5.14). To this end, suitable estimates of the functions ys, C1.s, C2,5
are needed. We see first that (5.6) implies that there exist r < 0 and §og > 0, such that
forall 0 < § < &,

lys(Orw)| < 1], Vi <r. (5.20)

Let us analyze the functions C; s(w) and C2 s(w). It is clear from (5.5) that when
5 — 0,

~ 2 ~ 2
C1.5(60) = Cr(1+]y5(0)[*P7) — Co(1+|z4(6,0)[*P)
= C1(6;w) uniformly in [z, T], T < T. (5.21)

Also, (5.20) gives that
|C1sw)| < Cs (1 + |t|4p2> Vi<r 0<8<d (5.22)

Furthermore, let us consider the function,

1 u(l)ew 0 s
Cr5(0iw) =2 Ml/ lys (60 —sw)|ds + - / e ys(Or—sw)lds ) .
0 1

From (5.5)—(5.6), it is easy to see that
Cy5(0;w) = C2(6iw) uniformly in [z, T], Tt < T, aséd — 0. (5.23)

Finally, (5.20) implies that forr <r, 0 < § < do,

1 e® 00
|Cz,a(e,w>|sz<M1/ = stds + 2O em|r—s|ds)
0 (2 1

< 2(M1(|t| 41y 4 e (i |t|+/oo e—msds». (5.24)
w w 1
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On the one hand, notice that

0
K2 [ erous@ads +oPs@P + 163 @0l

—00

r 0
= KZ/ eV 0 5(6;w)ds + KZ/ eV 0 5(6;w)ds
r

—00

+ 19 s @) + lgys @)l
For all 0 < § < §p, we obtain by (5.20) and (5.24) that
6V3®1’3(9sa))ds

4M? 4
= eV (7|y3<9sw)|2||¢||2 + —|y$(9sw)|2|¢|2 + 2|0 |

(00)
+C1,3(9sw)(1+||¢||§£)+ G lpI* + |h|2)

< e’”(
+2 (M1<|s|+1>+““(1)e (—| |+/ eW’ldl)) o1+ |h|2)
m w

= g(s), fors <r, (5.25)

IsI*llgl1? o ISI 161 +2010] + Co(1 + |7 )(1+ 119113 9

where g € L' (o0, 7). By means of the above estimates, (5.5), (5.21), (5.23) and the
dominated convergence theorem, we find that

r r

lim e"s@l,g(é?xa))ds:/ e’ 01 (6;w)ds. (5.26)

=0 J_~o —00

On the other hand, by (5.5), (5.21) and (5.23), we infer that

0
lim / e’ 01 5(0sw)ds
8—0J,

0 (AM? 22, 4 2012

=lim [ & | —|ys(bs0)|"lIp]I" + ——ys(bs@)[|p|~ + 2c|O|
§—0J, m maq
+C150s0)(1 +119113,) + ||¢|| e |h|* ) ds

0 4M? 4
=/ er’ <7|z*(9sw)lzll¢||2+—1Iz*(9sw)|2|¢|2+201|(’)|
:

+C1 (B) (1 + 9130) + 2“ SO e +— |h|2>
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0
= / e”*O1(b;w)ds.
r

Combining the above inequality with (5.26), we deduce

0 0
lim e”@)l,g(é‘yw)ds:/ e’ 01 (6;w)ds. (5.27)

0—0J _so —c0

Moreover, (5.5)—(5.6) and the dominated convergence theorem imply that,
tim (161135 (@) + 635 0.0) 12, ) = 9P 12 (@) + 6z 0.0)2; . (5.28)
§—0 1% 4

Therefore, (5.27)—(5.28) finish the proof of this lemma. O

Remark 5.8 1t follows from the proof of Lemma 5.7 that, under the assumptions of
Theorem 5.5, there exists Bs € D which is D-pullback absorbing for the RDS W;. In
other words, for any given w € 2 and Ds € D, there exists fo,g = 19.5(w, Ds) > 0,
such that

Ws(t,0_,0, D(0_;w)) C Bs(w), forallr > iy s(w, Ds).

Next, by means of the same procedure and estimates as in the proof of Lemma
4.3, before stating the asymptotic compactness of the cocycle Es, we first need the
following auxiliary lemma. Since the details are similar to those in Lemma 4.3, we
omit the proof here.

Lemma 5.9 Assume the hypotheses in Theorem 5.5 hold. Let {v(')', 5 gol’]" s} be asequence
such that (Ug,a’ (pl')"a) — (vo.s, @v.s5) weakly in X as n — oo. Then, for every o € €,
Ws(t, . (U 5. 91 5) = (W] (). v}, () fulfills:

v —>vs in C([r,T]; H) forall 0 <r <T; (5.29)
vg’ — vg weakly in L2(O, T;V) forall T > 0; (5.30)
vl — vy in L*(0,T; H) forall T > 0; (5.31)

. 2 - . 2 2
lim sup [v , — sl < Ke Y lim sup (|U8,5 —vo.sl” + llgy s — <pU75||L2)
n—o00 14 n—00 Vv

forall t >0, (5.32)

where K = (1+ 2% 4 1) and (v (1), v5.1()) = Ws (1. . (v0,5. ¢0.5)). Moreover, if
(v(')’ﬁs, (pﬁ’a) — (v0,5, Pv.5) Strongly in X as n — oo, then

v§ — vs in LZ(O, T;V)forall T > 0; (5.33)
vi, = vs, in L3 forall t >0. (5.34)

Lemma 5.10 Suppose that the conditions of Theorem 5.5 hold, then the cocycle Es is
asymptotically compact.
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As a consequence of Lemmas 5.7, 5.9 and 5.10, we can ensure the existence of a
random attractor to problem (5.1).

Theorem 5.11 Assume that (1.11), (2.8) and (h1)-(h2) hold, ¢ € VNH?*(O)NL?*P(O)
is such that A¢ € L?*P(O). Let h € H and a be a locally Lipschitz function. Then the
cocycle Bg of problem (5.1) has a unique random attractor Ag = {As(w) : w € Q}
in H.

Let us define the family B by
B(w) = Ug<s<s, Bs(w),

where 8) < &. Then, the following lemma holds true.
Lemma 5.12 B is tempered for some 8y > 0.

Proof 1t is enough to check that for any ¢ > 0 and @ € 2, we have

lim e™ sup pz(_w) =0, (5.35)

I—>oo 0<8<8)

where ps (w) is the radius of the absorbing ball Bs(w), defined in (5.13). First, from
(5.20), it is clear that

lim e “2|¢[* sup |ys(0—w)* = 0.
=00 0<8<8y

Since

0
206330- 1), =2161° [ e s ds

—00

0 0
<4¢l? <t2/ e’’ds +/ e’’ |s|2ds) = Ri(1 +1%),
-0 —00

for any r > 19, 0 < § < §p and some positive constants 7y, §p and R, we infer

2

lim e™2 sup [l¢ys(O—r+.0)ll;

2 = O
I—00 0<8<8o v
Next, we need to analyze the integral term in ,0§ (w). By (5.25), we deduce there are
positive constants R», R3 and fy, such that for ¢ > 1y,

0

0
67”/ e O 5(O0—rysw)ds < Rzefct/ e (1 + =1+ s ds)

—00 —0Q
0 0 )
< Rze™ <|t|21’/ e”ds +/ e’ |s|*P ds) — 0,
—0oQ —0o0

as t — +oo. Thus, (5.35) holds, namely, Bis tempered for some §y > 0. O
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Corollary 5.13 The set
A(w) = Up<s<sy As (@),

is tempered for some 5y > 0.

6 Upper-Semicontinuity

In this section, we consider the limiting behavior of the random attractor 45 of the
stochastic nonlocal PDEs with long time memory driven by colored noise (5.1) when
5§ — 0.

First, observe that the nonlinear term f satisfies

If' )] < B+ |u|*P~?), 6.1)

for some constants 8 > 0. The results of this section are valid for a general function
f e CL(R) satisfying (3.8), (3.18) and (6.1).

Lemma 6.1 Assume that (h1)-(h2) hold true, and let ¢ € V N H*(O) N L*P(O) be
such that A € L*P(O). Then, for every o € 2, we have

10 = 10,8172 vy < 2K (Ilw = sl + 1@0.0) = 350D, ) :

where @ and ng appear in (2.6) and @5 and no 5 appear in (5.10), respectively. K, is
the same constant as in Corollary 3.2.

Proof The proof follows the same lines of Corollary 3.2. We omit the details here. O

Lemma 6.2 Assume that (1.11), (2.8) and (hy) -(h2) hold. Let ¢ € V N H*(O) N
L2P(O) be such that A € L*P(O), let a be a locally Lipschitz function. Suppose ug
and u be solutions to problems (5.1) and (1.10) with initial data uo s and ug in H, and
the initial functions s and ¢ in L?,, respectively. Then, for every w € , T > 0 and
e € (0,1), there exists §g = do(w, T,¢e) and c = c(w, T, ¢, SUP; (0,77 |z+(6; )], P)
such that, forall0 < § < §gandt € [0, T],

(s (5 @, (0.5, 95))s s, (5 @, (Uo.6, 95))) — W(t; W, (o, @), (-5 @, o, P15

< cll(uo.s. 9s) — (uo. )IIx + ce (1 +luol” + luos I + el + lesl

t t
+ / 01 (0,0)dr + / ®1,a(9rw)dr), 62)
0 0

where ®1(w) and O s(w) are the same constants as in (3.13) and (5.16), respectively.
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Proof Let&s = v—uvs,05 = n' —nfandgs = (&, 65) withgo,s = (Vo—vo,s, 10—1710,5)-
By (2.6) and (5.10), we obtain

1d

1d
5 781745 10+ (—al@)H (@) 2e0,0) Av + a(l(05)+ ()35 0,0) Avs, &)

+ (=a( (V) + 1($)24(6,0))2: (6,0) Ap + a(l(v5) + 1($) Y5 (6:) ys (B 0) A, &)
H( 0 + §2.(0,0)) — [ (v5 + $ys(010)), &)
= (2 (0r0) — ys(O)) (. &) + (2 (1. ) — 2 5(t. ). &5) — ((B1). 0. (6.3)

For the third term of left hand side of the above equality, we have

(—a(l () +1(¢)z+(Brw)) Av + a(l(vs) + 1($)ys (6 w)) Avs, &5)
= (—a(l(v) + [($)z+(0,0) Av + a(l(v) + [($)z4(6,0)) Avg, &)
+ (—al(v) + [($)z+(6,0)) Avs + a(l (vs) + [(§)y5 (B0)) Avg, &)
> a(l(v) + () z4(0r0)) |1&*
—[(—a( (V) + (@) z4B10)) + al (vs) + 1) ys @) v l1Esll. (6.4)

For the fourth term of left hand side of Eq. (6.3), by the Lipschitz condition of the
function a and (1.11), we deduce

(=al(v) + 1)z (0, @) 2+ Or @) Ap + a(l(vs) + 1(B) ys (Or)) ys (Brw) A, &s)
= (—a(l(v) + 1(P) 2+ (01 ) 2+ (0;0) AP + a(l(v) + 1(P) 2+ (Or)) y5 (0 ) AP, §5)
+ (—a(l(v) + 1($)z+(r)) ys Orw) Ap + a(l(vs) + 1(P)z(6;w)) s (Brw) A, 5)
+ (—a(l(vs) + ()2 (0,0)) ys (O ) Ap + a(l(vs) + (@) ys (0, ) ys (O w) A, &s)
=a(l () + 1(P)2:+(6;0)) (2561 0) — ys (O, 0))(V, VEs)
+ (=a(l(v) + 1($)24(0,)) y5 (6:0) Ap + a(l(vs) + 1(P) 2+ (6, @)) ys (6:w) A, &5)
+ (—a(l(vs) + 1)z (0, 0)) ys ;) Ap + a(l(vs) + (@) ys (0, ) ys (O w) A, &5)
=< M|z:(6i0) — ys @)l PIEs | + La (RN s Er)lIEs @ N1Es
+La(R)|1|$]124 (01 ) — ys Orw)lys Or) [l @ 1111851l (6.5)

for some R > 0, which is chosen in a similar way as in the proof of Lemma 4.3 as vs
are bounded in C ([0, T'], H) (see Lemma 5.7). For the last term of left hand side of
Eq. (6.3), we have

/O (f (v + ¢z+(6;0)) — f(vs + Pys (Orw))) Esdx

= /o (f(v + ¢z4(0rw)) — f(v + ¢ys(0r))) Esdx

+ /O (f (v + ¢ys(6rw)) — f(vs + dys(0,0))) Esdx
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=/Of/(ﬁ‘l(X))éW(Z*(@zw)—ya(sz))dx+/Of/(15‘2(X))I$5|2dx, (6.6)

where #1(x) = v(x) + 01(x)p(X)z:(O;w) + (1 — 01(x))P(x)ys (6rw), V2(x) =
¢ (x)ys(0rw) + 2 (x)vs(x) + (1 — O2(x))v(x), 6;(x) € [0, 1]. Then, recalling that
') > —% for some o > 0 (cf. (3.18)), by means of (6.1) and the Young inequality,
we obtain that there exist constants ¢, ¢ > 0, such that

| (w0 G) = s+ a6
= /O (14 P72+ 192,00 P72 + [g3s @) 772 1851 16 |22 (6,)
— 3 @ldx — 2 16
> —clés i1z (6,0) — y5(6,0)] — ¢ (12 G772 + [ys Bre0) P72 +1)

2 2 2 o
x (||¢>||2,’Z + lIgslly), + ||v||2§) |2« (Or0) = ys O] — = 1612 (6.7)
For the first term of right hand side of (6.3), by the Young inequality, we infer

(2 (6,0) — y5(6,0)) (@, &s) < clz(Brw) — ys(G0)*|p)* + |Es1>.  (6.8)

For the second term of right hand side of (6.3), we deduce that

t

@ (1 w) — Z?,g(t’ w), &) = / k(t — 5)(z+(0sw) — ys(Osw))ds(Adp, §5).  (6.9)

It follows from (2.2) that for any ¢ > 0, there exists 77 < 0 such that for all < T,
|2+ (B )| < elt].

Similarly, (5.6) implies that for any ¢ > 0, there exists 7> < 0 such that forall ¢ < 75,
0<é8<o0,

lys(Grw)| < elt].

Notice that
t T
/ K(t =5[22 (650) — y3(650)|ds = / K(t = )12 (6,0) — y5 (o) |ds
—00 —00

t
+[ k(t = $)|z+(s@) — ys(Osw)lds.
T
(6.10)
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On the one hand, let T = min{77, 7>}. We can assume that — 7 > 1. By Remark 2.1,
we arrive at

T
/ k(t = 5)|z+(0s@) — ys(Osw)|ds

o]

T T
5/ k(t—S)lz*(Osw)ldS-F/ k(t —s)|ys(Osw)lds

o0 —

T oo
< 28/ k(t —s)|s|ds = 28/ k(s)|t — s|ds

9] t—=T

00 1 —w(s—1)
528/ re T s < e 6.11)
1 w

On the other hand, by the continuity of z, (6;®) and y;s(6;®) with respect to ¢, together
with Remark 2.1, we obtain

t
/ k(t — 5)|z+(Osw) — ys(Osw)|ds < oo. (6.12)
T
Collecting (6.10)—(6.12), it is obvious that (6.9) can be bounded by

@ (1) — 2 (1, ). &)
!

568II¢IIII§5II+/ k(t = 5)|zx(Osw) — ysOsw)ldsl|@lllIEsl].  (6.13)

T

Finally, for the last term of (6.3), similar to (4.4), we find

o0
()
— (6. 69, = fo W IV (5)Pds < = 165117 (6.14)
Substituting (6.4)—(6.8) and (6.13)—(6.14) into (6.3), by (1.11), we have

1d
5 27 19813, + ml&sI* + %negui
< | = a() + (@) z:G,)) + al(vs) + () ys @) [vs]l 185 ]| + Mz (6)
—ys @) lplll1&s1l + gw + La(R)|1lys G| 19111185

+La(R)[1|$]2:(Orw) — ys Orw)[ys Or)[[|#1111E5l
+cl€slll1z4(6:0) — ys Bro)| + 151> + cellpll1 &5l

te (1@ 72 + s @72 4+ 1) (18135 + 185135 + 1013 12 )
~y5(6)| + clz: (Bw) = ys G0’

t
+/T k(t = 5)|z+(Osw) — ys(Osw)|dsllpllEsll-
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By the Young inequality and the fact that a is locally Lipschitz, we derive

d
T lasll3 + 2mllgs]® + 165117
m
< cl&s*llvsll* + Znasnz
m
+cl¢* 124 (Brw) — 5 (Br0)*vs 1> + Znsauz + cllgl?]z«(6r)
m m
—ys(Brw) > + Znsanz + cl&slys @) P11 + ZIIS&IIZ
2 2 2 2, M 2
+eldP1ys @) P11 2 Or) — 35O > + 1165
4018 + clp|*|z+ (Brw) — ys(Gi0)|* + 3]
_ _ 2 2 2
+c(1z G PP + |ys O 0) PP 4 1) (||¢||2§ + &35 + ||v||25) |2 (6r0)
m ! 2
—ya(etw>|+z||sa||2+c( / k(l—S)IZ*(Qsa))—ya(st)ldS) ol
T

m
+Z||sa||2 +ce? ¢l

Therefore,

d 2 I 2 12
Tlasli3, + 5 N&s I + @ 16511
< (cllvsl? + 0 +3 + clys @) PIg12) 165
e (1P 1us17 + 1812 + 191215 0r) PISIR + 91 ) 124 6r0) = s Greo)]?

_ — 2 2 2
te (1@ P2 + s G 4+ 1) (18135 + 165135 + 10137)
|24 (6; ) — ys (6 )]

t 2
+cg2||¢||2+c< /T k(t—s)lz*(esw)—Y5(9sw)|ds) N2 (6.15)

With the help of (5.5), for every ¢ > 0, there exists 80 = do(w, T, ¢) > 0 such that
forall0 < 8§ < dpandt € [0, T],

|z (Orw) — y5(Orw)| < e. (6.16)
Notice that, thanks to this fact, there exists a constant ¢ := c(w, T, &) such that,

sup |ys(6rw)| <c sup |z4(6rw)|, forall0 < § < §. (6.17)
t€[0,T] 1€[0,T]



228 Page 54 of 69 J.Xuetal.

Hence, it follows from Remark 2.1 that

d 2 I 2
T llasli+ 5 lgs]
< (sl + 1+ 1@ ) P1912) llas I3,
tee? (101 1vs12 + 181 + 161y @) P61 + 191

— — 2 2 2
et (12 P72 + s @) 2772 4 1) (18135 + 1615 + I0]37) - (6.18)

Multiplying by e~¢ /o (I0sI*+1+1s@:)2I#17)d ng integrating in (6.18), we deduce
that, forall 0 < § < §pand ¢t € [0, T,

m [t 2 ' 20412
”%”;H +— ecfs(llva\l +1+ys Gz o) | l@l17)dT ||§5||2ds
4 Jo

t
5ecf(;(lva|2+1+|ya(9xw)2|¢|2)ds<”q0’5”%_l+/ e~ Jo Qs> +1+1ys O 0) P19 11)d T
0

(6.19)
x (ce2 (1210517 + 1812 + 19135 @) P11 + I612)

_ — 2 2 2
+ce (Izn@) 2772 + s @772 4 1) (8135 + 165135 + 101137) )ds).

In view of (5.17), ¢ € V and (6.17), there is ¢ = ¢(T , w, &, ||¢]|) such that,

T
/ (Il + 1+ [y @) PIg12) ds < ¢, if0 <5 < bo.
0

By (6.19), (4.5) and (5.17), there exist 81 € (0, 8o) and ¢ := c(w, T, &, ¢, Sup,¢(o. 1
|z+(0;w)]|) such that, forall 0 < § < §; and ¢ € [0, T],

m t
laste+ 5 [ est?as < ¢ (1o = v0sf® + i = mos)
+ce (1 + [vol? + [vo.s* + lImoll7, + lIno.s |7,

t t
+ / 16 w)dr + / ®1,a(9rw)dr).
0 0
Notice that

us(t; w,ugs) —u(t; w, up) = vs(t; w, vo,s) — v(t; 0, Vo) + Pys(Grw) — P24 (0, w),
(6.20)

where ug s = vo,s + ¢ys(w) and ug = vo + ¢z«(w). It follows from the above
equations, corollaries 3.2 and 5.4, Lemma 6.1 and (6.16), that there exist 52 € (0, §1)
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and ¢ := c(w, T, ¢, ¢, sup,co 77 |2«(Brw)]), such that for all 0 < § < & and 7 €
[0, T1],

t
|ua—u|2+f 161 ds
0
< ¢ (luo = w0 + o = 511} )
2 2 2 2 !
e <1+|M0| + s + ol + sl +/ ©1(6,w)dr
4 4 0
t
—i—/ @1,5(9rw)dr>. (6.21)
0

By (6.16) and (6.20)—(6.21), we obtain

t
[0 lus (s) — u(s)|*ds
! 2 ! 2 2
52/0 1€ ()] ds+2/0 11171y (B5) — z4(Bs0)|*dss
< ¢ (luo = wos> + o = 511} )
t
+ce (1 + luol® + luos > + llell, + llsl?s +/ 01 (6rw)dr
v v 0

t
+/ @1,5(9rw)dr>. (6.22)
0

Hence, for every w € Q and t € [0, T], we have

0
2 2
s = url =/ e lus(t +5) — u(t + )| %ds
—00

0 t
= [T lsts) g s + [ e usts) - sy P
—00 0
1

< lles — ¢l +/ lus (s) — u(s)|*ds

0
= ¢ (luo = uos* + o = 95112 )

\%4

t
+ce (1 + luol® + luos > + llell, + llgsl?s +/ O1(0rw)dr
v v 0
t
T / ®1,5(9rw)dr), (6.23)
0

which, together with (6.21), finishes the proof of this lemma. O

Remark 6.3 The constant ¢ depends continuously on ¢ in Lemma 6.2.
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As a consequence of Lemma 6.2, we obtain the following covergence of solutions
to (5.1) when § approaches to zero.

Corollary 6.4 Assume that (1.11), (2.8), (h1)-(h2) hold and 5, — 0 as n — o<. Let
¢ € VN H*(O)N L*(O) be such that A¢ € L*P(O) and a be a locally Lipschitz
Sunction. Suppose that us, and u are the solutions of (5.1) and (2.6) with initial data
uo,s, and ug in H, and the initial functions ¢s, and ¢ in L%,, respectively. Ifug s, — uo
in H and @5, — ¢ in L%, asn — 09, then for every w € Q andt > 0,

us, (t; , (uo.s,, ¢s,)) — u(t; w, (up, 9)) in H, as n— oo,
and
. . . 2
us, (s w, (uo,5,, ¢s,)) —> u:(-; o, (wo, )) in Ly, as n— oo.

The above convergence is uniform with respecttot € [0, T1].

We also need the following weak convergence of solutions to prove the upper-
semicontinuity of random attractors in this section.

Lemma 6.5 Under assumptions of Corollary 6.4, suppose that {8, }°0 | is a sequence
such that 6, — 0 as n — o00. Let vs, and v be the solutions of (5.8) and (2.4) with
initial data vy s, and vy in H, and the initial functions ¢, 5, = @5, — ¢ys, (0.0) and
oy = ¢ — P2+ (0.w), respectively. If vy 5, — vo weakly in H and ¢, s, — ¢, weakly
in L%, asn — 00. Then for every w € <,

(03,3 0., (00,5, Tg#8,)): V3, (3 0, 0, (0,5, T Vo s,))) 620
= (v(r; 0, ®, (V0, J.00)), v (50, , (V0, Tw,00))) weaklyin X, ¥r > 0;

v5,(+; 0, w, (o5, \72',10%”))
— (- 0, @, (v0, Jo.09)) weaklyin L*P(0,T; L*’(0)), VT > 0; (6.25)
vs,(; 0, w, (vo,s, Jﬁj’ofpan))
— v(-; 0, w, (vo, Jw,00)) weakly in LZ(O, T;V), YT > 0; (6.26)
n0.s, ‘= j:’()(p(gn — 10 := Jo,0@ weakly in Li(RJr; V), (6.27)

asn — oQ.

Proof The proof of this lemma follows the same arguments as [19, Lemma 3.5], so
we omit the details here. O

Recall that for each § > 0, A; is the unique D-random attractor of Es in X. To
establish the upper semicontinuity of these attractors as § — 0, we need the following
compactness result.

Lemma 6.6 Suppose that conditions of Corollary 6.4 hold. Let € Q2 be fixed. If
bp = Oasn — oo and (u", ¢") € As,(w), then the sequence {(u", ¢")}>° | has a
convergent subsequence in X.
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Proof Since §,, — 0, by (5.14) we find that for every w € €, there exists N| = N (o)
such that for all n > Ny,

ps, (@) < 2p°(@). (6.28)

Due to (u", ¢") € As, (w) and A;s, (w) C Bs, (0, ,ofn (w)), by (6.28) we obtain that,
foralln > Ny,

1", o™k < 20% (). (6.29)

It follows from (6.29) that the sequence {(u", (,0”)};’[0:1 is bounded in X, hence, there
exists (ug, ¢o) € X such that, up to a subsequence,

", ") = (up, 9o), weaklyin X as n — 00. (6.30)
In what follows, we will prove that the weak convergence in (6.30) is actually a

strong one in X. Since (1", ¢") € A;, (»), by the invariance of A, , for every k > 1,
there exists (1%, ¢"%) € Ajs, (O—xw) such that,

n?

W", ¢") = Es, (k. O_gw, W"*, "5y

(6.31)
= (us, (0; —k, w, @™, 9", us, o(; =k, w, @™k, g™F))).

On the one hand, since (1’ , ¢") € As, (6_rw)and As, (0—rw) C Bs, (0, ps, (O—kw)),
by (6.28), we infer that for each k > 1 and n > N|(0_;w),

I, "% < 20*(O-1). (6.32)

On the other hand, by (5.2), denoting <p,’j’k = gofj’ 5,» We have

(98, 0: =k @, 0", 910, 05, 005 —k, 0, (0", @)

= <M5n (0, —k, w, (un‘vk’ (pn,k))’ MBH,O('; _k’ o, (I/ln’k, §0n’k)))
—(9ys, (), pys, (0.0)), (6.33)

where

Wk, @Ry = W™K, 9"F) — (G ysn(0—k®), dysn (O—i+.0)). (6.34)

By (6.31) and (6.33), we obtain

W", ¢") = (vg,,(o; —k, @, W"F, o)), vs, 0 (5 —k, @, (0™, (pﬁ,k)))
+(9ys, (@), ys,(0.0)). (6.35)
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By (6.32) and (6.34), we have, for n > Nj(6_;w),
™k, ephI% < 4 (p2<9_kw) + 191255, (0-k) + 1935, C0)I7, ) (6.36)

Now, by (5.5), Remark 5.2 and (6.36), we find that there exists N» = Nz (w, k) > Ny,
such that for every k > 1 and n > N,

1@ @I < 402 0-k0) + 8197250 40) +8lpz. O 7, . (6.37)

Note that (6.30), (6.35), (5.5) and Remark 5.2 imply that, as n — oo,

(v, (0=, @, (WK, @), vs, 0(—k, @, W™K, @5))) > (vg, py.0) Weakly in X, (6.38)

with
(vo, ®v,0) = (U0, ¥0) — (P24 (), P74 (0.w)). (6.39)

By (6.37), we find that for each fixed k > 1, the sequence {(v™k, (pﬁ’k)} is bounded in
X, and hence, there is a subsequence (not relabeled) such that for every k > 1, there
exists (7%, ¢5) € X such that

n

W™k, %y — (B, g5) weakly in X asn — oo. (6.40)
By (6.40) and Lemma 6.5, we find

v5,(0; —k, w, (v"’k, (pl’f’k)) — v(0; =k, w, (ﬁk, gi)f)) weakly in H as n — 00,
(6.41)

and

vs,,0(:; —k, w, "k, w,’f’k)) — vo(-; —k, w, (TF, ¢Iv‘)) weakly in L%, asn — 00.
(6.42)

Now, by (6.38) and (6.41)—(6.42), we have

(0, v.0) = (W(0; —k, w, (B, §X), vo(; =k, w, (T, §E))). (6.43)

We need to prove that, up to a subsequence, the convergence (6.30) is also true with
respect to the strong topology. We will do it in several steps.
Statement 1. We have

n,k

v = v(0; —k, o, (f)k, <,Z)l’§)) strongly in H as n — 0o0.

(6.44)

vs, (0; —k, , (W"F,
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In a similar way as in Lemma 4.3, we obtain that

vs, (- —k, @, (VK 9"K)) = v —k, 0, @5, @) in L2 (—k,0; H). (6.45)
Thus,
vs, (t; —k, , WK, @"0)) (x) = v(1; —k, @, (*, §)) (x) foraa. (r,x) € (—k,0) x O.
Let us denote by

zs, (1) = (vs, (1), M5, () »

the solution to problem (5.10) with initial condition (v"*, Ji’fo(p"'k) ont = —k.
Integrating in (5.17) over (—k, t) for t € [—k, 0), we have

m t t
25, () 3+ / s, ) 1> ds<llzon(—k) I3+ /  ©15,0:0)ds < Ri (@, K), (646)

where ©1 s, (@) is defined in (5.16). Observe that the existence of the bound R; (w, k)
follows from (6.40), (5.5), (5.21) and (5.23).

In view of (6.46), v (t) = vs, (t; —k, @, (V™*, ¢"*)) is bounded in C ([, 0], H),
so the same arguments as in Lemma 4.3 show that

V" = vin C([—k, 0], V¥ + L1(0)),

where v(t) = v(t; —k, o, (3%, ¢¥)). Thenif t, — 19, t, € [—k, 0], 19 € (—k, 0], we
obtain

V" (1) — v(fp) weakly in H,
and
[v(f0)| < liminf [v,(2,)] .
n—0oo

Let us prove that v"(t,) — v(#p) strongly in H. Using Lemma 3.6, we deduce that v”
are weak solutions to problem (5.8). Multiplying the equation by v", we have

%%Iv”(mz +mlv"? + (f " + ¢ys(6,0)), v")

t

< Mlys @) 111" [ + (/

—00

k(t —s)AV" (s)ds, V" (t)) + (h, V" (1))

+ s @) 1p 110" + (& 5Ow). v").
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By similar arguments as in Lemma 5.7 and the Young inequality, we obtain

d
Z "+ ml" |* + f°

o LA ||2,, < 20|0| + C1500)(1 + 191135)

4M>
+—|ys(9zw)l ol + IhI +—|ya(0zw)| l¢|*

Cas(6 !
+ # ||¢||2+2/ k(@ —s)[v" (s)llds[v* @)l

By the same arguments in Lemma 4.3, we have

: MZMZ(I)II(/) K2
/ k(t — )" (s)[lds < —— R VR VNS
—00 w2(w —y)?

Therefore, using (4.24)—(4.25), we deduce

d
I OP + Tnv"(t)uz + ﬁnv "0113h < 2a|0] + C1s@w)(1 + 13)
4M?
+ —— 13 @Ol + — |h| +—|ya(9fw)| 1S (6.47)
C”(@lw) - 4Mm<t)||gonk|| L AMDAMT
+ = lIgl* + +
om(w —y) m

The function v satisfies the same inequality but replacing ys by z«, Ci s by Ci,i = 1,2
and ¢k by gk. We define the functions

MM 2 M// 2T t
J.(0) = W' @) = 2|0t — %t —/0 C1,56r0)(1 + I|¢||§§)dr

_ ! 4M2 2 2 4 20 412
A —|y(3(9r60)| ol +_)»1 |z (Br)|7|@1” | dr
— t—

C2(6,0)
et u( \dr —fo 112 dr.

M M// 2T t
Ji(t) = () > — 2|0t — %r - /0 Ci(6ro)(1 + |I¢||§§)dr

t 4M2
NG
4My | g, ||

4 |h)? L Cr(6r0)
- t— u(r)dr —/ ——— llglI*dr.
miq om(w — )/) 0 0 m

|2 (G, 0) Pl +

4 2412
|z+(Or)|"[@|" | dr
m)»l
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From the regularity of v and all v", together with (5.21), (5.23), (6.45) and (6.47), it
holds that these functions J and J,, are continuous and non-increasing on [—k, 0], and

Ju(s) = J(s) ae. s € [—k,0]as n — oo.

Then the same argument as in Lemma 4.3 implies that v" (¢,) — v(fo) strongly in H,
and thus (6.44) follows.
Statement 2. The following inequality holds true:

2
uk ﬁk‘ + ‘wn,k _

2 )
P )
LV

(6.48)

limsup |vs,.0 — U()Hiz < Me "% lim sup <
n—00 v n—00

for any k > 0, where M is a positive constant and ¥ = 7% + ¢z, (f_rw).

Define the functions Zs, = (s,.75,) = 25, — 2, Where z(t) = (v(t), n'(s)) is the
solution to problem (2.6) with initial condition vk, Jw,o(pk) ont = —k. Arguing as
in Lemma 4.3, we have

1B, I3+ 205 ) 1, D < =2 /O (f (us, + vs, (610))
—f(v+ ¢z2+(6:®)))(vs, — v)dx
—2/0 (a(l(vs,)+ (@) ys, (0r@)) Vs, —a(l(v)+($)z+(6;w)) Vv) - V(v5, —v)dx

dl
dt

+2/O(a(l(van) +1(9)ys, (B:w))ys, Grw) —a(l(v)
H(P) 24 (0:0)) 24 (0r ) AP (v5, — v)dx
+ /(9 (yS,l (Orw) — z« (eta))) ¢ (Ua,, - v) dx

+2/ ¢t w) -2, —v)dx.
O(Zkﬁn(t ) — 73 ( a))) (vs, —v)dx

Since a is a locally Lipschitz function, ¢ € V, z, (6;w) is uniformly bounded for any
w € 2 on [—k, 0], making use of (5.5), we deduce that

{l(vs, (1)) + L(P) yn (Or) }re[—k,01,0<5<5 C [—R, R],
{{(v(®) +1($)z+(6r @) }re[~k,01,0<8<5y C [—R, R],

for some R, §g > 0, and

|all(vs,) + 1(@)ys, 6:0) — a(lV) + 1)z Gr)| < La(R) 1] (|v5, — v]
+ 18, 010) — 2 (6)| [$])-
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Hence, by (1.11) and the Young inequality, we infer that

—2/0 (a(l(vs,) + 1(@)ys, O10))Vvs, —al(v) + 1($)z4(6;0)) V) - V(vs, — v)dx

< —2mllvs, — v|I* +2La(R)|I| (Iv" = v|
+|ys, Gr0) — z:(Brw)| 191) [Iv]llvs, — vl

2LL(R)|I)?
< (@ = 2m)l, — vl + O (g, —op?

|vs,

+ 98, 0,0) = o6 P16 01,

where ¢ < (mA; — y)/A1. By the above estimates, we deduce that

d._ 2 S o2 2
27 128,13 + v 125,113 + mllvs, — vl

d _ e _
< I, 17, + @m — o)lvs, — vII* + w/ u()|Vig§ (s)*ds
0

2LG (RN 2
= = (1, = 0 + |35, 010) = 2.600) 191 01

-2 /O(f(vs,l + ¢vs, (0:0)) — f (v + ¢z4(610))) (vs, — v)dx

+2 /O (a(l(vs,) + 1@)ys, 6)ys, Gr)
—a(l() + ()24 (6,0))2 6:)) A (v, — v)dx
+2f(’) (v5, (010) — 24 (B;0)) ¢ (v5,, — v) dx + 2/@ (Zf,an - z,‘f) (vs, —v) dx,

where we have used that 0 < y < min{(m — «)A1, 8} by the choice of «. Multiplying
by e”’ on both sides of the above inequality and integrating over (—k, 0), we obtain

0
1Zs, (113, +m f ) e |lus, (s) — v(s)]|%ds

o 2L2(R)|I)* (O
<e V"nz(sn(—k)n%ﬁ% / e”* (|vs, —vI*+ |ys, Os0) — z:(650) ) l|v]|*ds

0
—Z/k e’ /O(f(vsn + dys, (6s®)) — [ (v + ¢24(650)))(vs5, — v)dxds

0
+2fke’”/0(a(l(vsn) +1(@)ys, Osw))ys, (Bsw) —al(v)
H(P) 2405 ) 24 (Os)) A (v, — v)dxds

0
+2 / evs / (v5, (Osw) — 24 (B5)) ¢ (vs, — v) dxds
—k O

0
+2/ eVS/ <zf5 (s, w) —zf(s,a))) (v(gn — v) dxds.
—k o
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By a similar argument as in Lemma 4.3, we obtain that the second and fourth terms
of the right-hand side of the above inequality converge to zero. Also, by (5.5) and
(6.45), it is easy to see that the fifth term goes to zero as well. On the other hand,
by (5.5)~(5.6), we deduce easily that z{ ; (s, ) — z{ (s, ®) uniformly on [k, O].
Hence, (6.45) implies that the last term of the above inequality also converges to zero.

It remains to analyze the third term. On the one hand, as in the proof of Lemma 4.3,
we obtain that f(v" +¢ys, (6;w)) = f(v+¢z.(6;w)) weakly in LY (—k, 0; LI(O)).
Thus,

0
/ e’”/ (f (v, + ¢ys,(Osw)) — f(v+ @24 (050)))vdxds — 0.
—k @]

On the other hand, by the same calculations as in Lemma 4.3, we infer that there are
positive constants «; (w, ¢, k), i = 1, 2, such that

F" (5, %, @) + Gyn BNV (s, x, @) = —1 + k2 |0 (5, , X, @) + Gyn (Bs0)|*” .

Then the Fatou-Lebesgue lemma implies that

0
lim sup <—2/ e”/ f (s, + ys, (9sw))vsndx‘1s)
—k 0)

n—o0

t
< —2/ e’”/ liminf f(vs, + ¢ys, (Osw))vs,dxds
O O n—oo

t
= —2/ e”/ v+ ¢z (650))vdxds.
0 (@)

Since f (v+¢z4(0.w))eL (—k, 0; L9 (0)) and vs, —v weakly in L2P (—k, 0; L*P(0)),
(4.28) holds true. Hence,

0
lim sup <—2fk€’” /O(f(va,ﬁd’yan (bsw)) — f(v+¢z:(Osw))) (vs, — v)dde>

n—oQo

<0.

By Lemma 3.1, the proof of Corollary 3.2, (5.5), Remark 5.2 and the above conver-
gences, we arrive at

0
lim sup / e’ |lus, (s) — v(s)|I*ds
—k

n—o0

1 . _
Ze’yk lim sup ||Z5, (—k) ||%1

n—0o0

IA

IA

1
—e¢ " lim sup <
m

n— o0

2 00 2
ok / ) [ Toge™ = T ds)
A |
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1 ok n.k ~k2 o0 n,k ~k 2
< —e " limsup | |0 —v‘ +2 LL(S)HJ(QO’ —§0>H ds
m n—00 0

o0 0 2
+2 /0 u(s)(/ |ysn<9rw)—z*<9rw)!||¢||ds))

2 0
umk — ﬁk‘ + ZKM/ e’
—0oQ

oo 7o) as

1
< —¢ 7" lim sup (2
m n—o0o

0
2 2
+2 |5, Ok @) — 2 (0—kw)|” |$|* +2K / e @12 || s, (Os0)—z4(650) | ds)
—00
2 0
un,k _ﬁk‘ +2KM/ eV’

—00

1
= —e¢ "*lim sup (2
m

2
OB O] ds) :
n—oo
Then, the same arguments as in Lemma 4.3 imply (6.48) immediately.
Statement 3. There is a subsequence such that

W", ¢") — (uo, wo), stronglyin X asn — oo. (6.49)

By Lemma 5.12, we know that the family B(w) is tempered in X. By (6.48),
(u”’k, go”’k), (12", (,5") € B(f_xw) and choosing some 0 < ¢ < y, there is a con-
stant R > 0 such that
4)
Ly

2
. 2 (y—Ve —ck 1 . 5
limsup | vs,.0 — vo 2 < Me™ 7%= lim sup (u”’k—uk‘ —i—‘(p"’k — gk
n—o00 v

n—o00

< Ref()/*c)k,
for all k > 1. Further, for every d € N, there is ko (d) such that,

< -, Vk > ko.

. 2 1
lim sup || V5,0 — Vo ”L2 <
n— 00 4

Taking d — oo and using a diagonal argument, we deduce the existence of a subse-
quence {Uénd,O} such that V3,0 = V0 in L%,. Together with (6.44) and ¢ys, (6.0) —
¢z+(0.w) in X, it shows that (6.49) is true. The proof of this lemma is complete. O

Theorem 6.7 Assume that (1.11), (2.8) and (h1)-(h2) hold. Let ¢ € V N H*(O) N
L?P(O) be such that A¢ € L*P(O), h € H and a be a locally Lipschitz function.
Then, for all w € L,

;in})distx(flg(a)), A(w)) = 0.
Proof By (5.14), we have

lim [|Bs(w)llx = [1B(w)|lx, forall we Q,
§—0

where foraset S C X, wedenote || S|y = SUpP s lv|l x - This, together with Corollary
6.4 and Lemma 6.6, finishes the proof of this theorem by [30, Theorem 3.1]. O
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7 Appendix

Let us consider Eq. (1.10) in the deterministic case, that is,

t

du_ a(l(u))Au —/ k(t —s)Au(x, s)ds + f(w) =h, in O x(z,00),
at o0

on 90 x (1, 00),
in O

in O x (—o0, 0],

u(x,t) =0,

u(x, 0) = up(x),

u(x, 1) = ¢(x, 1),
(7.1)

where © C R¥ is a bounded domain with regular boundary. We assume that (1.11),
(2.8) and (h1)-(h2) hold. Also, let h € H and a be a locally Lipschitz function.
As before, we consider Dadermos’ tranform

t
n' (s, x) = f u(r,x)dr, fors >0,
r—s
which gives rise to the system,

a 00
5~ At —/ WA $)ds + f@) =h, in O x (z,00),
0

O in O x (r,00) x Rt
20 (8) = u— —=n'(s), : :
" O on 00 xR, s >0,
M(X,l)=77t(x,s):0, .
u(x,0) = uop(x) in O,

9 - ) . +
n°(x, ) = no(x, s), in O x RY,

(7.2)

where

0 0
no(x, s) = / u(x, r)ydr = ¢ (x, r)dr := no(x, s).

—S —S

For any (ug,¢) € X = H x L?, there exists a unique weak solution z (-) =
(u (+), n) to problem (7.2) [37, Theorem 3.4]. This is also a particular case of the
result in Theorem 3.4 with ¢ = 0.

Lemma 7.1 Let {(ug, q)")} be a sequence such that (ug qb") — (ug, @) weakly in X.
Then

u'" - uinC(r,T),H), forallO<r <T, (7.3)

where 2" () = (u" (), m,), 2() = (), n) are the solutions to problem (7.2)
corresponding to (ug qb”) and (ug, ¢), respectively.
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Proof 1t is known (see the proof of Lemma 3.9 in [37]) that,

u" — u weak-*x in L*°(0,T; H);
u" — u weakly in L2(0, T;V);
u" — u strongly in L%(0,T; H);

' d
Jt —>d—b: weakly in L2(0, T; V*) + L4 (0, T; L9 (Q));

u"(t) - u(t)in H foraa.r e (0,7T).

By the same arguments in the proof of Lemma 4.3, we obtain
u, — u in C([—k, 0], V* + L1(0)).
Then, if t, — t9,t, € [0, T], ty € (0, T], we infer
v, (t,) = v(fp) weakly in H,
and

lv(to)| < liminf |v, (#,))].
n— oo

We need to prove that v"(,) — v(fp) strongly in H. By Corollary 3.7, we know u"
are weak solutions of the equation

i
ul! —alw)Au" — / k(t —s)Au"ds + f(u") = h.

Then,

t

—0oQ

+(h, u"(1)).

1d n 2 n2 n n n n
EEW O +m|u™|” + (f @), u") < </ k(t —s)Au"(s)ds, u (t)>

By (3.8) and the Young inequality, we obtain
LW ml 1 + folla® 12 < 20101 + ——[hP?
dt 2p = mi
t
+2/ k(t —s)lu" (s)lldslu" ()]
—00

By the arguments in Lemma 4.3, we have

1
! M2 (019"l 2
1 L
/ — 4+ MMV

k@@ —s)u" (s)llds = —
- o2(w —y)?
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Thus,

d 2
S OF +mlla" O + follu” 01l

Lo
M 2 @09 Ly V
1/1L "o ||1LV + M{M"INT | lu™ ()]

wi(w —y)?2

1
<2a|0| + —|h)* +2
mAq

Therefore,

d n 2 m. n 2 n 2p
EIM (0] +5llu O+ follu" (DIl

AMip()lle" (1 201772

1 L? 4(M)=-(M"*T

<2(x|(9|+—|h|2+ v (M) (M) .
mi om(w — ) m

The function u satisfies the same inequality but replacing ¢" by ¢. We define the
functions

2
MM 2 M// 2T h2 4Ml||¢n|| 2 t
T () > = 20| Ot — AMY"MOTT T w(rdr,
miy om(w —vy) Jo
2
AMD2(MNT hi2 4Milioll7, t
I = @ = 2aj0) — FMOMDT T T
miy wm(@ —vy) Jo

These functions are continuous and non-increasing on [0, 7], and
Ju(s) > J(s) foraa.s € [0,T]asn — oo.

Then the same argument as in Lemma 4.3 ensures that v"(¢,) — v(#p) strongly in H,
and therefore (7.3) follows. O

Remark 7.2 The convergence (7.3) was stated in Lemma 3.9 from [37]. However, the
proof of this result is incorrect there and we provided here a correct one.
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