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a b s t r a c t 

Independent Component Analyzers Mixture Models (ICAMM) are versatile and general models for a large 

variety of probability density functions. In this paper we assume ICAMM to derive new MAP and LMSE 

estimators. The first one (MAP-ICAMM) is obtained by an iterative gradient algorithm, while the second 

(LMSE-ICAMM) admits a closed-form solution. Both estimators can be combined by using LMSE-ICAMM 

to initialize the iterative computation of MAP-ICAMM .The new estimators are applied to the reconstruc- 

tion of missed channels in EEG multichannel analysis. The experiments demonstrate the superiority of 

the new estimators with respect to: Spherical Splines, Hermite, Partial Least Squares, Support Vector Re- 

gression, and Random Forest Regression. 

© 2018 Elsevier B.V. All rights reserved. 

1

 

s  

s  

l  

c  

t  

n  

(  

I  

e  

d  

t  

i  

g  

i  

n  

o  

e  

a  

o  

i  

l  

L

s  

m  

t  

d  

w  

f  

t  

i  

i  

t  

l  

t  

d  

t  

p

 

n  

S  

c

2

 

W  

h

0

. Introduction 

Estimation is one of the fundamental problems in statistical

ignal processing [1] . It is an essential part of many fields like

pectral analysis, coding, time series analysis, prediction, interpo-

ation, smoothing. Moreover, it appears in many areas of appli-

ation. In spite of the huge amount of previous work in statis-

ical estimation methods, new developments are still possible if

ew statistical models appear, so that new maximum a posteriori

MAP) or least mean square error (LMSE) solutions can be found.

n this paper we consider the Independent Component Analyz-

rs Mixture Model (ICAMM) [2–4] of the multivariate probability

ensity function (MPDF) of the observations. ICAMM is a versa-

ile model which encompasses most of the usual MPDF models,

ncluding both non-Gaussian and Gaussian Mixture Models. This

enerality implies that optimal estimators assuming an underly-

ng ICAMM can be very attractive options in a large variety of sce-

arios. Therefore, we have derived the MAP and LMSE estimators

f missing data, considering that the underlying MPDF is prop-

rly captured by ICAMM. The MAP estimator will be obtained by

nd iterative algorithm, and will be called MAP-ICAMM. On the

ther hand, the LMSE estimator is the expected value of the miss-

ng data conditioned to the available data, which we have calcu-

ated assuming ICAMM; the corresponding estimator will be called
MSE-ICAMM. The new estimator has been assessed in the recon- 
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truction of missing data of electroencephalographic (EEG) signals

easured on subjects while performing a memory and learning

ask. They have been compared with the method of splines [5] , a

eterministic method which approximates complex function step-

ise by local polynomials. In particular, we have considered the

ollowing state-of-the-art methods: Spherical Splines [ 6 ], which is

he most commonly used method for interpolation in EEG process-

ng in many EEG processing software, such as EEGLAB [7] ; Hermite

nterpolation [ 8 ], which is a benchmark smoothing and interpola-

ion method; Partial Least Squares [ 9 ], a preferred tool for ill-posed

inear estimation problems; Support Vector Regression [ 10 ], one of

he most popular machine learning tools for regression; and Ran-

om Forest Regression [ 11 ], which is a recent multidimensional in-

erpolation technique with good performance across different ap-

lications (see [12] and the references within). 

In the next section we present the analytical derivation of the

ew proposed estimators (MAP-ICAMM and LMSE-ICAMM). Then

ection 3 is devoted to the mentioned EEG data application. Con-

lusion section ends the paper. 

. Estimators based on ICAMM 

Let us consider an observation vector x of dimension ( M × 1).

ithout loss of generality, this vector can be defined as being com-

osed by a vector of known components, y , and a vector of un-

nown components, z , in the form 

 = 

[
y 
z 

]
= P y y + P z z , (1)

https://doi.org/10.1016/j.sigpro.2018.10.003
http://www.ScienceDirect.com
http://www.elsevier.com/locate/sigpro
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where z is a vector of size ( M unk × 1) and therefore y is a vector

of size (( M - M unk ) × 1). P y and P z are rectangular diagonal matri-

ces respectively equal to the first M - M unk columns and the last

M unk columns of the identity matrix of dimension ( M × M ), so that

P y y = [ 
y 

0 M unk 

] and P z z = [ 
0 M−M unk 

z 
] , where 0 i is a zero vector of size

( i × 1) . The goal is to estimate z from y . Let us assume that the

MPDF p ( x ) is modeled with a K -class ICAMM. If x belongs to class

C k k = 1 ...K, then 

x = A k s k + b k , (2)

where s k is a vector of size ( M × 1) that contains statistically inde-

pendent components (also known as “sources”); A k is the mixing

matrix; and b k is a bias vector. Notice that A k is a square matrix

that can be inverted to obtain W k = A k 
−1 , the de-mixing matrix of

class k . Hence p ( x ) can be expressed as a mixture of K components

respectively corresponding to the K classes. 

p ( x ) = p ( z , y ) = 

K ∑ 

k =1 

p ( z , y | C k ) P ( C k ) = 

K ∑ 

k =1 

| det W k | p ( s k ) P ( C k ) , 

(3)

where P ( C k ) is the prior probability of class k . 

Given a training set of observation vectors x (n ) n = 1 , ..., N, we

can estimate the model parameters W k , b k and P ( C k ), using one

of the many existing methods (see [13] for a general procedure). 

1.1. MAP estimator (MAP-ICAMM) 

Let us consider the MAP estimator of z from y 

z MAP = max ︸︷︷︸ 
z 

log p ( z , y ) = max ︸︷︷︸ 
z 

L ( z , y ) . (4)

This maximization requires the calculation of the derivative of

L ( z, y ) with respect to z . By taking the log of (3) and considering

that the components of s k are independent, we arrive to 

∂L ( z , y ) 

∂z 
= 

1 

p ( z , y ) 

K ∑ 

k =1 

| det W k | P ( C k ) 
M ∑ 

m =1 

∂ p ( s k ) 

∂ s km 

∂ s km 

∂z 

= 

K ∑ 

k =1 

p ( C k | z , y ) 
M ∑ 

m =1 

∂ log p ( s km 

) 

∂ s km 

∂ s km 

∂z 
, (5)

where s km 

is the m -th source of class k . The value s km 

can be ob-

tained as s km 

= w 

T 
km 

( x − b k ) , with w 

T 
km 

being the m -th row of W k .

Thus, its derivative is equal to 

∂ s km 

∂z 
= 

(
w km 

T P z 

)T = P 

T 
z w km 

. (6)

The derivative of log p ( s km 

), also known as the score function,

can be calculated explicitly for many common probability density

functions. This requires prior knowledge of the source PDF which

could limit the applicability of the algorithm. To reach general ap-

plicability, we will assume that the probability density of each

source is to be estimated using a nonparametric kernel density es-

timator with a Gaussian kernel. This requires labelling of the train-

ing samples which can be made, once the model parameters have

been estimated, by selecting the class k which maximizes the pos-

terior probability P ( C k | x n ) = P ( x n | C k ) P ( C k ) / 
K ∑ 

k ′ =1 

P ( x n | C k ′ ) P ( C k ′ ) [3] .

Let us call x (l) 
k 

l = 1 ... L k to the subset of the training samples

assigned to class k , and s (l) 
k 

= W k ( x 
(l) 
k 

− b k ) , the corresponding

source vectors. The non-parametric estimator of p ( s km 

) is given by

p( s km 

) = 

1 

a 0 

L k ∑ 

l=1 

e 
− 1 

2 h 2 

(
s km −s (l) 

km 

)2 

, (7)
here s (l) 
km 

is the m -th component of vector s (l) 
k 

, h is called the

andwidth of the nonparametric estimator, and a 0 is a scaling con-

tant calculated so that 
∫ ∞ 

−∞ 

p( s km 

) d s km 

= 1 . For the Gaussian ker-

el of (7) , this scaling constant is a 0 = 

√ 

2 π h L k . The derivative of

og p ( s km 

) is 

∂ log p( s km 

) 

∂ s km 

= 

L k ∑ 

l=1 

(
s km −s (l) 

km 

h 

)
e 

− 1 

2 h 2 

(
s km −s (l) 

km 

)2 

N T ∑ 

l=1 

e 
− 1 

2 h 2 

(
s km −s (l) 

km 

)2 
. (8)

Hence, the derivative of L ( z, y ) can be calculated by replac-

ng (6) and (8) into (5) . Then, maximization of L ( z, y ) could be

chieved by using classical gradient algorithms, although Newton

ethods are preferable to get fast convergence. The problem of

he Newton methods is that computation of the second deriva-

ive is required. To overcome this inconvenience, a family of quasi-

ewton methods have been proposed. In particular, the Broyden–

letcher–Goldfarb–Shanno (BFGS) algorithm [14] is generally ac-

epted as the quasi-Newton method yielding the best compro-

ise between fast convergence and computational payload, even

or non-smooth optimization. That is the option that we have se-

ected to obtain z MAP = max ︸︷︷︸ 
z 

L ( z , y ) . We have named this estima-

or as MAP-ICAMM. A pseudocode summary of the algorithm is in-

luded in the following: 

Algorithm 1. Computation of the MAP-ICAMM. 

Input : Training set of complete vectors x (n ) n = 1 ...N, vector of known 

components y , initial value for the unknown components z (0) 

Output : MAP prediction, z MAP 

1: Estimate ICAMM parameters b k W k P( C k ) , k = 1 ...K from the training set 

[13] 

2: Label training samples [3] and compute 

s (l) 
k 

= W k ( x 
(l) 
k 

− b k ) l = 1 ... L k k = 1 ...K

3: for i = 1…I 

4: Compute ∂L ( z ( i −1 ) , y ) 
∂z ( i −1 ) 

(5)–(8) 

5: end for 

6: z MAP = z (I) 

.2. LMSE estimator (LMSE-ICAMM) 

The general solution to the LMSE criterion is the conditional ex-

ectation of unknown data with respect to known data, that is, 

 LMSE = E [ z | y ] = 

∫ 
z p ( z | y ) dz . (9)

Considering the mixture model in (3) and using the chain rule,

 LMSE can be expressed as 

 LMSE = 

∫ 
z p ( z | y ) dz = 

K ∑ 

k =1 

∫ 
z p ( z | y , C k ) dz · P ( C k | y ) 

= 

K ∑ 

k =1 

E [ z | y , C k ] · P ( C k | y ) . (10)

So we need to compute E [ z | y , C k ] and P ( C k | y ). Regarding E [ z | y ,

 k ], let us first compute the conditional expectation of the sources

 [ s k | y , C k ]. Considering (1) and (2) we may write 

 [ s k | y , C k ] = E [ W k ( P y y + P z z − b k ) | y , C k ] 
= W k P y y + W k P z E [ z | y , C k ] − W k b k , (11)

hen we can solve for E [ z | y , C k ] by using the pseudoinverse

( W k P z ) + 

 [ z | y , C k ] = ( W k P z ) 
+ · [ E [ s k | y , C k ] − W k P y y + W k b k ] . (12)

Application of (12) to estimate E [ z|y , C k ] requires knowledge of

 [ s | y , C ]. This later can be estimated using a variety of existing
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Fig. 1. An example of seven seconds of EEG data from one trial of the experiment. 
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ethods for interpolation in multidimensional irregular grids. Par-

icularly simple is the nearest neighbours (NN) method of interpo-

ation [15] . Given the observed vector y , we select R ≤ L k samples

f the training subset x (l) 
k 

l = 1 ... L k assigned to class k , let us call

hese selected samples x (1) 
k y 

... x (R ) 
k y 

, whose corresponding y (1) 
k y 

... y (R ) 
k y 

,

s defined in (1) , are the R- NN to y . Then, we can compute sample

stimates of E [ s k | y , C k ] in the form 

ˆ 
 [ s k | y , C k ] = 

1 

R 

R ∑ 

r=1 

s ( 
r ) 

k y 
= 

1 

R 

R ∑ 

r=1 

W k 

(
x 

( r ) 
k y 

− b k 

)
(13) 

Regarding calculation of P ( C k | y ) , this is just a problem of com-

uting class posterior probabilities, so we can use any classifier

rained with the vectors y (n ) , n = 1 , ..., N corresponding to the

riginal training set x (n ) , n = 1 , ..., N, as defined in (1) . In partic-

lar an ICAMM classifier [3] could be tried. The estimator deduced

rom ( 10 )–( 13 ) will be called LMSE-ICAMM. A pseudocode resume

f the algorithm is included in the following: 
ig. 2. Average performance indicators for the different estimators in the EEG experime

igher values. 
Algorithm 2. Computation of the LMSE-ICAMM. 

Input : Training set of complete vectors x (n ) = [ 
y (n ) 

z (n ) ] n = 1 ...N, vector of known 

components y 

Output : LMSE prediction, z LMSE 

1: Estimate ICAMM parameters b k W k P( C k ) , k = 1 ...K from the training set 

[13] 

2: Label training samples [3] and compute 

s (l) 
k 

= W k ( x 
(l) 
k 

− b k ) l = 1 ... L k k = 1 ...K

3: Compute ˆ E [ s k | y , C k ] (13) and E[ z | y , C k ] (12) 

4: Compute P( C k | y ) from a classifier trained with y (n ) n = 1 ...N

5: Compute z LMSE using (10) 

. Real data experiments 

Electroencephalographic (EEG) signals are recordings of surface

rain electrical activity taken at the scalp, where each sensor cap-

ures the combined signal from multiple neurons of the brain [16] .

he study of EEG signals is a useful clinical tool because some ill-

esses, typically seizures and sleep disorders, produce abnormal

lectric patterns in the electrical activity of the brain that can be

dentified by an expert. 

There are several applications of independent component analy-

is (ICA) in EEG signal processing. The first applications introduced

he assumption that each EEG channel is composed by a mixture

f non-Gaussian sources [17] . Current applications of ICA for EEG

ignal processing include source extraction, noise and artifact re-

oval, and dynamic modeling of brain oscillations (see [17–19] and

he references therein). 

In the EEG application presented here, it was assumed that one

r several channels have been partially corrupted or missing for

ome time and the proposed methods were used to recover the

issing EEG samples. This kind of scenario is relatively common

n EEG processing, for instance, during artifact removal. In gen-

ral, this data recovery step would benefit any application on EEG

ignals. As stated in the Introduction, we compared the perfor-

ance of the proposed methods with five state-of-the-art meth-

ds: Spherical Splines [6] , Hermite [8] , Partial Least Squares (PLS)

9] , Support Vector Regression (SVR) [10] , and Random Forest Re-

ression (RFR) [11] . As for our methods, we tested different initial-

zation options for MAP-ICAMM by exhaustive simulation, arriving

o the conclusion that initializing with the solution given by LMSE-

CAMM was in general the best option. Thus, in the following we

ave used the term MAP + LMSE-ICAMM. 
nts. The axis on the RME plot is inverted so that both indicators are better with 
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Fig. 3. SIR indicator for LMSE-ICAMM considering R = L k and R = 10 in (13) . 
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The EEG signals used in this experiment were captured using an

ActiveTwo system from BioSemi with active electrodes. The device

recorded the signals while the subject was performing Sternberg

memory task, a classical memory and learning neuropsychological
Fig. 4. Scalp maps for a case with 32 missing channels. Missing channels ar
est that measures multi-object short-term memory [20] . Elec-

rodes were positioned following the 10–10 system, and 64 EEG

hannels were recorded at 512 Hz. For this particular experiment,

e considered the signals from two healthy subjects (one male,

ne female) that performed a set of 120 trials of the experiment.

he subjects answered correctly 98.60% of the trials with an av-

rage response time of 1.23 s. The whole experiment lasted some

6 min per subject, during which N = 491520 EEG samples were

ecorded. Fig. 1 displays several seconds of the captured EEG dur-

ng one trial of Sternberg’s memory task. 

The estimation process was set as follows. Following the defi-

itions laid out in Section 2 , we form observation vectors x of di-

ension M = 64 by grouping the 64 samples (one for every chan-

el) corresponding to a given instant n , hence we have a total of

 T = 491520 observation vectors. First, we split the signal into 10-s

pochs. For each epoch, the initial nine seconds of the data were

sed as a training set, i.e., N = 5120, and the remaining second

as used as a testing set. Every experiment consisted in assum-

ng that one or more of the electrodes were unusable during one

econd during recording of the testing set. Then the “missing sec-

nd” was reconstructed with the proposed methods. ICAMM was
e indicated by stars ( ∗), while known channels are marked by dots ( • ). 
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Fig. 5. Estimation error for the same case with 32 missing channels shown in Fig. 4 . Missing channels are indicated by stars ( ∗), while known channels are marked by dots ( • ). 
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rained considering the K = 2 , which corresponds to the two stages

f Sternberg’s task: presentation of the stimuli and response to the

rompt, using the training set and the method described in [13] . 

In every experiment we have computed two performance indi-

ators: the signal-to-interference ratio (SIR), and the relative max-

mum error (RME): 

IR = 

‖ 

z ‖ 

2 ∥∥ z − ˆ z 
∥∥2 

, RME = 

max 
∣∣z i − ˆ z i 

∣∣
max | z i | , i = 1 ... M unk , (14)

here ˆ z is the estimation of z provided by the corresponding

ethod and ‖ · ‖ is the Euclidean norm. SIR is a typical measure of

he quality of reconstruction of a signal from a mixture of signals

lus noise (see for example [21] ). It is equivalent to the inverse of

he normalized estimation error. Conversely, the relative maximum

rror is a measure of the maximum deviation that will be experi-

nced from the actual data. 

The average results for both subjects are shown in Fig. 2 . Every

oint in this figure shows the obtained value of SIR averaged over

0 0 0 repetitions of the experiment, for a given number M of
unk 
issing channels. The axis on the RME plot ( Fig. 2 b) was inverted

o that both indicators are better with higher values. All meth-

ds experienced a decrease in interpolation performance as the

umber of missing electrodes increased. This worsening was more

arked for lower numbers of missing channels ( < 5) and then lev-

led off, with the exception of Spherical Splines, which degraded

uickly as the number of missing channels increased. The worst

esults were returned by Spherical Splines, Hermite and RFR, with

VM and PLS yielding intermediate results. On the other hand, the

roposed methods achieved the best results by a wide margin,

ith MAP + LMSE-ICAMM improving the result of LMSE-ICAMM.

hese trends were consistent across both indicators, with the re-

ults for the RME being more unstable due to the nonlinear nature

f the indicator. The only exception was Hermite, whose RME re-

ults were better than its SIR results (yet still worse than those of

he proposed methods). 

It is also relevant to mention that in the computation of LMSE-

CAMM in the experiment of Fig. 2 we considered R = L k in (13) .

his simply implies computing the sample mean of all the train-

ng sources s (l) = W k ( x 
(l) − b k ) l = 1 ... L k corresponding to class
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k , ( ̂  E [ s k | y , C k ] ≈ ˆ E [ s k | C k ] ), i.e., there is no need for searching the R -

NN, and computational load is significantly reduced. Actually, we

have performed experiments to compare the results obtained for

R < L k with those ones of R = L k . The results for R = 10 and R = L k
are showed in Fig. 3 , where SIR has been averaged over 100 repe-

titions. It can be seen that the curves are practically identical and

even slightly better if R = L k . This is because the whole training

subset s (l) 
k 

l = 1 ... L k is considered to obtain the sample estimate

in (13) , thus reducing the variance of the estimate. Similar results

were obtained with other values of R . 

Finally, Fig. 4 shows the estimation for a given time instant

from a case with 32 missing channels, and Fig. 5 shows the es-

timation error for the same time instant. The results are plotted as

“scalp maps,” topographical maps of EEG data over the scalp of the

subject. Electrodes are indicated by dots and missing channels are

indicated by stars. In concordance with the results in Fig. 2 , LMSE-

ICAMM and MAP + LMSE-ICAMM achieved a much lower estima-

tion error than the rest of the methods. For instance, RFR, SVR and

PLS all had a positive peak near the right occipital region that was

much larger than that of the actual data, while LMSE-ICAMM and

MAP + LMSE-ICAMM both correctly predicted that peak. Further-

more, the general distribution of the channel amplitudes (as in-

dicated by the contour lines) with the proposed methods is differ-

ent from that of the other considered method, with MAP + LMSE-

ICAMM achieving a distribution of amplitudes very similar to that

of the true data. 

4. Conclusions 

We have presented two new statistical estimators. Both are de-

rived assuming a non-Gaussian mixture model for the joint prob-

ability density of the observations (ICAMM). The versatility and

generality of ICAMM allows a wide scope of applications were the

new estimators, which are optimal for the assumed conditions, can

outperform other methods. MAP-ICAMM requires an iterative algo-

rithm, while LMSE-ICAMM admits a closed form solution. A natu-

ral way to combine both methods is to initialize MAP-ICAMM with

LMSE-ICAMM, which has come to be the best option in the per-

formed experiments. The experimental comparison has been made

in the context of recovering missing EEG channels. The superior-

ity of the new estimators with respect to several methods (Spher-

ical Splines, Hermite, Random Forest Regression, Support Vector

Regression and Partial Least Squares) has been evidenced. These

results and the generality of the underlying model encourage the

experimentation of the proposed methods in other areas of appli-

cation. 
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