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Abstract

A kind of nonlocal reaction-diffusion equations on an unbounded domain containing a frac-
tional Laplacian operator is analyzed. To be precise, we prove the convergence of solutions of the
equation governed by the fractional Laplacian to the solutions of the classical equation governed
by the standard Laplacian, when the fractional parameter grows to 1. The existence of global
attractors is investigated as well. The novelty of this paper is concerned with the convergence of
solutions when the fractional parameter varies, which, as far as the authors are aware, seems to

be the first result of this kind of problems in the literature.
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1 Introduction

For a given initial time 7 € R, our aim in this paper is to analyze several interesting aspects

related to the following problem on R (m > 1),

ou "
En + (=A)"u = f(t,x,u) + h(t,x), (z,t) € R™x (1,00), (L.1)

u(r,z) = ur(z), ze€R™,
where (—A)?, v € (0,1), stands for the fractional Laplacian operator, h € L2 (R; L?(R™)) and

f is a continuous function satisfying some appropriate assumptions as specified later. Precisely,

under the same assumptions imposed on f and h, we are interested in studying the convergence
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of solutions of (1.1), when ~ grows to 17, to the corresponding ones with v = 1, that is, the

classical reaction-diffusion problem (see, e.g., [2], [27]),

(a;tL —Au= f(t,z,u) + h(t,z), (x,t) € R"x(1,00), (1.2)

u(r,z) = u-(x), = eR™

The well-posedness of problem (1.1) has already been stated (for instance, in [15] it is proved for
a stochastic equation which contains our deterministic model as a particular case), as well as the
existence of global attractors (see also [8], [29, Theorem 2.3] for the case of bounded domains).
Several stochastic variants have also been studied (see [31, 32, 33] and the references therein), in
which the existence and upper-semicontinuity of random attractors were presented when some
parameters in the noise term vary. We are interested in the convergence of solutions when the
fractional parameter v goes to 1. This is an extremely challenging task which will be tackled
in the current paper successfully. We observe that in the papers [3] and [4] this question was
studied for an abstract parabolic equation and the Schrédinger equation, respectively. However,
as far as we are aware, there are no studies yet for the particular problem (1.1).

The behavior of the operator (—A)Y as v — 1~ has been studied for example in [8, 16, 20]. In
[20, Proposition 4.4] it is shown that (—A)Yu(z) converges to —Au(x) as v — 1, for all z € R™,
when v € C§°(R™). In [8, Proposition 2.3] the authors proved that for every v € Cg°(R™) and
ve Wy (0),

lim [ v(=A) udx = —/ vAudzx.
=17 Jo o

Also, in [16, Proposition 3.1.1] the convergence was established within the framework of the
equivalent definition of the fractional operators (—A)” given by Balakrishnan. We extend these
results, and several novel properties related to fractional Laplacian operators are established in
different phase spaces, which play a key role to demonstrate the main result in the present paper.

The reasons to study this kind of problems in our investigation are as follows. Fractional
problem (1.1) and its stationary version have been considered to illustrate and model the motion
of nonlinear deflects in crystals within the area of dislocation dynamics (see, for example, [5, 7,
12, 24, 25]). Also, in the phase-field and interfacial dynamics framework, this equation is usually
known as the fractional Allen-Cahn equation (see, for example, [9, 19]). However, it is necessary to
emphasize that, to analyze the problem of anomalous diffusion in physics, probability, finance and
other fields of science, the linear fractional parabolic equation dyu + (—A)Yu = 0 with v € (0,1)
is frequently used instead of the standard parabolic equation dyu — Au = 0 (see, for example,
[1, 6, 10, 17, 22, 34, 35, 36]). There is an interesting work dealing with different aspects of the
normal and anomalous diffusion, see [26] and the references therein. Therefore, we have a great
interest in knowing if the convergence of the anomalous diffusion problem to the normal one takes
place in a smooth and reasonable way. In our opinion, this would confirm that the mathematical

modeling of the problems is appropriate to describe the real phenomena.



It is worth highlighting that

€ (0,1), see [20, Corollary 4.2]. Conbequently, we cannot use the standard arguments when

( ) (cf. (2.4)) is not uniformly bounded with respect to

proving existence of weak solutions to obtain that u,, converges to u strongly in L?(7, T; L?>(R™)).
The lack of this strong convergence prevents us from taking the convergence of f even if f is a
continuous function. To overcome this difficulty, we have to pay a price, that is, suppose that f
is a sublinear function so that the solution of the limit problem is regular enough. In this way,
we fill the gap of showing the limit of f by applying a classical monotone method.

The outline of this paper is as follows. Section 2 is devoted to recall the concept of fractional
Laplacian operator, set up the problem, introduce hypotheses and notation, as well as the defin-
ition of weak solutions. In Section 3, we perform a rigorous analysis of the fractional Laplacian
operators (—A)Y with v € (0,1), which are the crucial tools used to prove the convergence of
solutions. Section 4 is fully dedicated to address the main theorems of the paper, concerning
the convergence of solutions to the equation governed by fractional Laplacian to the ones of
the classical reaction-diffusion equation as v — 17, when the external term f satisfies a sublin-
ear condition. Finally, Section 5 deals with the existence of global attractors to the fractional

reaction-diffusion equations, when f contains more general cases and h is independent of ¢.

2 Preliminaries

In this section, we will recall the concept of fractional Laplacian operator on R™, enumerate the
assumptions imposed on nonlinear terms f and h for the fractional PDEs under investigation and

introduce the definitions of solutions to problems (1.1) and (1.2), respectively.

2.1 Fractional setting

Let S be the Schwartz space of rapidly decaying C'*° functions on R™. For any fixed 0 < v < 1,
the fractional Laplacian operator (—A)” of u € S at the point x is defined by,

1 w(x +y) +ulz —y) — 2u(z)
_ v - __ m
(-A)u(w) = ~5C0m,) [ e dy,  weR", (21)
where C'(m, ) is a positive constant given by
AT m—+2y
Cm, ) = Loz ), (22)
m2T(1—7)

For any 0 < 7 < 1, the fractional Sobolev space WV’z(Rm) := H7(R™) is defined by

m m) u(y)?
H'(R )—{u€L2R /m/m \aj—y\m“V ———dxdy < oo ¢,

endowed with the norm

1
_ )2 u(y)[? >
1wl v mmy = (/R dw—i—/m /m |x— ‘m+2y da:dy) :
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From now on, we denote by |- | and || - ||, the norms in R™ and LP(R™) for p # 2, respectively,
whereas we denote the norm and the inner product of L?(R™) by | - || and (-,-), respectively.
With some abuse of notation, (-,-) will stand also for the pairing between L4(R™) and LP(R™),

where ¢ is the conjugate number of p. Moreover, the Gagliardo semi-norm of H7(R™), denoted

by || - HHW(RW)’ is written as
)‘Qd d HY(R™ 2.3
‘UHH"/ Rm m ’1’ _ y’m+27 4y y7 u € ( ) ( : )
Thus, ||u|\HW Rm) = = |lul® + ||uHHW(Rm) for all w € HY(R™). Note that H”(R™) is a Hilbert space

with the inner product
(s V) v (rm) = / u(x )v(:z:)dx
/ / ))(U(-%') - U(y))d.’l?dy, Vu,v e HW(Rm)

T

1
By [20], we know that the norm ||ul|g+®m) is equivalent to <||u|]2+ H(—A)%uHQ)2 for u €
H7(R™). More precisely, we have

(=A)zul?,  Vue H'R™). (2.4)

2 _ 2
Jullfn oy = 1l + s

We will use the notation V. = HY(R™), H = L*(R™), V,, = H?(R™), while their dual spaces
are denoted by V*, H* and V7, respectively. Moreover, the norms in V' and V, will be denoted
by [ - |lv and || - |ly,. It follows from [20] that the embeddings V' C V,, C V,, are continuous
for 0 < 71 < v < 1. Identifying H with its dual, we obtain the following chain of continuous
embeddings

VcVy,cH=HCV;cV* forye(01).

Let by : V,, x V,, — R be a bilinear form given by

by(v1,02) = -Clm, / / (wn() = o y))(’mi(?j ) rdy, e v, (@25)

where C'(m, ) is the constant in (2.2). We associate the operator A : V, — V> with b, by
< A'Y('l)l)7'l}2 >(VA;‘,V7): by(vl,vg), Youi,v9 € VW?
where < -, - > (v, vs) is the duality pairing of V7 and V. Similarly, pairing between spaces V' and
V* will be denoted by < -, >+ y).
2.2 Setting of the problem

Throughout this paper, we assume that f: R x R™”xR — R is continuous, and such that for all
t,u € R and x € R™, f(t,z,)) € C}*(R) and

—=(t,z,u) <o, (2.6)



f(t,ZL‘,u)U < _:u’|u|2 + ¢1(t7$)7 (27)
where ;1> 0, 0 >0, ¢ € LL_(R; LX(R™)), oy € L (R; L®(R™)), b3 € L2 (R; LA(R™)) and ;

loc

are nonnegative for i = 1,2, 3.
Let us establish the definitions of weak solutions to problems (1.1)-(1.2)

Definition 2.1 Let 7 € R, u, € H, h € L (R;L*(R™)) and v € (0,1). The function u €
C([r,00), H) is said to be a weak solution to problem (1.1) if u(t) = ur, u € L3 (7,00; V),

du
— e L} (1,00; V) and u satisfies, for every § € V,,

dt
L e+ omey [ [ WD =MD 0

|:L‘ _ y|m+2’y

= /m (f(t,z,u(t,z)) + h(t,x)) & (x) dz, (2.9)

in the sense of scalar distributions on (T,00) .

It is known (see [15, Theorem 3.2]) that problem (1.1) possesses a unique weak solution for
each u, € H and v € (0,1), which is continuous with respect to the initial datum u,. Moreover,

it satisfies the energy equation,
||uH + C(m, 7)||uHH7(Rm = 2/ (ft,z,u(t,z)) + h(t,z))u(t,x)dz, fora.a.t>r.
an

Definition 2.2 Let 7 € R, u, € H, h € L} (R;L*(R™)) and v = 1. The function u €
C([r,00), H) is said to be a weak solution to problem (1.2) if u(t) = u., u € L} (1,00;V),

du
T € L2 (1,00; V*) and u satisfies, for every £ €V,

%(u,£)+ Vu-Veds — / (F(t, 2, ult, 7)) + h(t, 7)) € () da, (2.10)

RrRm m

in the sense of scalar distributions on (T,00) .

As before, it is also well known (see e.g. [28]) that problem (1.2) possesses a unique weak
solution for every w, € H, which is continuous with respect to the initial datum wu,. Also, it

satisfies the energy equation,
d
7 lul? + 2||ul? = 2/ (f(t,z,u(t,z)) + h(t,x))u(t,x)dz, for a.a.t>rT.
Rm

Let us define the function f: R x R™xR — R by

flt,zu) = f(t,z,u) — ou.



It is clear that

gi(t,az,u) <0, (2.11)
flt e, wyu < —(n+ o)lul® + i (t,2), (2.12)
|t w)] < (ot @) + 0)|u] + 3(t, ). (2.13)

In this way, problems (1.1) and (1.2) can be rewritten as

ou Y m
E + (_A)Vu —ou = f(t,$, ’LL) + h(tv$)v ($’t) € R™x (T’ OO) ’ (2.14)

u(t,z) =ur(x), =e€R™,

and
% — Au—ou=f(tz,u) + h(t,x), (2.t) € R™x (r,00), (2.15)

u(r,z) = ur(z), zeR™,

respectively. Further, we define the f : R x R™xR — R by
ft,z,v) = f(t,x, ve’)e .

Consequently, B
g;}j(t,x,v) <0, (2.16)

ft,z,v)v = f(t,z,ve” )ve

< —(p+ o) + (L, x)e >, (2.17)

If(t,z,v)| < (Yalt, ) + o)|v| + 3(t, 2)e " (2.18)

—ot

By performing the change of variable v = ue™?", problems (1.1) and (1.2) formally become

% + (—A)W’U = ?(t, z, ’U) + e_ath(ta $)7 (.I, t) € R™x (T’ OO) ’ (219)

v(r,z) = e Tur(z), xeR™,
and

ot (2.20)

0 A =TF(t,2,0) + e h(t,z),  (2,1) € R™x (7,00),
o(r,2) = e Tur(z), = ER™

—ot

Lemma 2.3 The function u (t) is a weak solution to problem (1.1) if and only if v (t) = u(t)e

is a weak solution to problem (2.19).



Proof. Let u(t) be a weak solution to problem (1.1). Then it is clear that v € C([r, ), H),

v(T) = e "Tur, v € LE (1,00, Vy), U ¢ L}, (7,00; V¥) and

dt

dv du _ _
— = e — ge .

dt dt

Hence,

L )+ omey [ [ WDt 4,

|£L‘ _ y‘m+2*y

_ / (b, o) + R, 2)) € () d

ot d ot ] (ut, ) — u(t, y))(€(z) — £(y))
=e a(u,f)—l—e 2C’(m,’y)/m /m =y dxdy

_ e”t/m oult, ) + f(t,,e”"v(t, 2)) + h(t,z) | € (z) da

=f(t,z,u(t,z))
=0.

The converse is proved in a similar way. =
Likewise we prove the analogous statement for problem (1.2).

Lemma 2.4 The function u (t) is a weak solution to problem (1.2) if and only if v (t) = u(t)e "

is a weak solution to problem (2.20).

3 Some properties of the fractional Laplacian operator (—A)”

We establish in this section several properties for the fractional Laplacian operator (—A)7, which
are the essential tools to prove the key result of this manuscript. Let C§°(X) be the space of
infinitely differentiable functions u : X — R with compact support. Denote by D’ the space of
distributions of D = C§°((7, 7 +T) x R™) and by < -,- >(pr py the duality pairing of D’ and D.
Besides, let us denote by Bp the ball in R™ centered at 0 with radius R.

Initially, recall the well-known limit result from [20, Proposition 4.4] that if u € C§°(R™),
then

lim (—A)"u(z) = —Au(z), forall x € R™. (3.1)
y—1~

Now, we will extend this convergence in several phase spaces.
Lemma 3.1 Foranyt € R, T >0 andu € Cg°((1,7+T) x R™), the following statement holds:

lim (—A)"u = —Au, strongly in LP((r,7+T) x R™), Vp > 1.
y—1—

In particular, lim,_,;- (—=A)Yu = —Awu in the sense of distributions in D'



Proof. Due to the singularity of the kernel (cf. (2.1)) of the fractional Laplacian operator (—A)7,
we will split the estimates into two parts.
(i) On the one hand, by [20, (4.14)], we have

Y
B

C(m”Y) |y|m+2'y

Wm—1 HUHC?((T,T+T)
2(1-7)

for some constants R; > 0 and 7o € (0, 1), where w,,—1 is the (m — 1)-dimensional measure of the

< C(m,~) xR™) <Ry, Vte(r,7+T), x € R™, v >, (3.2)

unit sphere S™~!. In order to obtain the last inequality, we have used the following result from

[20, Corollary 4.2]:

. C(m,~) 4m
lim = .
y—1— 1-— Y Wm—1

On the other hand, since u € C§°((7, 7+ T') x R™), there exists R > 0 such that,

—y)—2
/ u(t,r +y) +u(t,z —y) — 2ul(t, ) dy =0, for ¢ Bg. (3.3)
By

’y|m+2'y

Combining (3.2) and (3.3) to define

Rl, if ’.’IJ‘ < R,
vi(t,z) =
0, if |z| >R,

it is immediate to know that

/ u(t,x +y) +u(t,z —y) — 2u(t, =)
B1

C(ma '7) |y|m+27

dy‘ <w(t,x), fora.a. xzeR™,

and vy € LP((1,7+T) x R™).
(ii) Secondly, it follows from the Holder inequality that there exists a positive constant Rs

such that for all v > ~o with 79 € (0, 1), we have

u(t,z +y) +ult,x —y) — 2u(t, z)
C(m,y / W
( ) Rm\Bl |y|m+2’Y
ot 1
1 P (u(t,z +y) +u(t,z —y) — 2u(t,z))? !
< C(m, / ——=dy / @
(m, ) ( Ry [T ) ( R\ By y 2
p—1 ,
— p t ta — —2 t’ ? !
<, (w 1) v / (u( ,x+y)+u(mi2 y) — 2u(t, z)) dy | = wvs(t, ), (3.4)
2/'}/0 R™\ By ’y‘ o

forall t € (1,7 4+ T) and x € R™. Now, we will check vy € LP((7,7 + T') x R™). In light of the



Holder inequality, we deduce that there exist positive constants R3 and R4 such that,

T+T
/ / (v (1, ) [Pdacdt

1 T+T
SR/ / / u(t,z +y) +u(t,z —y) — 2u(t, z))? dedtd
[ e L 0 ) e =) 2t ) o

Wm—1

< Ry —_—.
270

p
[l Zo (s )

Hence, let v(t,x) = max{vy(t,x),v2(t,x)} for a.a. (t,z) € (1,7 +T) x R™, we deduce from (i)
and (ii) that v € LP((7,7+T) x R™), and

[(=A)7u(t,2)] <wvlt,z), ¥y =0

The first statement follows from (3.1) and Lebesgue’s theorem immediately.

Furthermore, for arbitrary ¢ € D, we obtain

(=A)"u+ Au, ) (p p /H_T/ A)u(t, x) + Au(t, x)) o(t, x)dxdt L.
The proof of this lemma is complete. m
Now, in a similar way we prove the following result.
Lemma 3.2 For any u € C°(R™), lim,,_,;- (=A)"u = —Au strongly in LP(R™) for any p > 1.
We next establish the continuity of the operator (—A)” with respect to the parameter ~.

Lemma 3.3 For any 7 € R, T > 0, u € C°((1,7+ T) x R™) and v € (0,1), the following
statement holds:

lim (—A)Yu = (=A)"u, strongly in LP((t,7+T) x R™), Vp > 1.

=0
Proof. Let v — 79 € (0,1). We first show lim, ., (=A)"u(t,z) = (—A)"u(t,z) for any
(t,z) € (1,7 +T) x R™. Tt is obvious that,

u(t,z+y) +ult,r —y) — 2u(t, ) =0 u(t,z+y) +ult,x —y) — 2u(t, )
[y [yl ’

for a.a. y € R™.

For v < 9 + «a, we have

u(t,x +y) +ult,z —y) — 2u(t,x) HD “HLO@(TTJFT)me) if Jy| <1
’y‘m—‘r?y |y|m+2 Yo—1+a) ’ Yy ’
and for v > y9 — a,
u (ta T+ y) + u(ta xr — y) — 2u(t? I‘) < 3 ||u||L°°((7—77-+T)><]Rm) if ’ ‘ > 1
’y|m+2’y ’y‘m-&-?(vo—a) ’ =45




where D?u stands for the matrix of second derivatives of u. Hence, (2.1), the continuity of Gamma,

function for positive part and Lebesgue’s theorem yield

u(t,z +y) +u(t,z —y) — 2u(t,x)
|y‘m+2’y

(-8 ultyz) = ~5C(m,) | dy

- 1 u(t,x+y)+ult,z —y) — 2u(t,x)
Y70 ) } )
N —Eo(m770) /m |y|m+270 dy

m

= (—A)°u(t,z).

In what follows, we check the above convergence is true in LP((r,7 +T) x R™). Take a small
a > 0 such that |y —v| < @, namely, 79 — @ < v < 7 + a. Let us proceed likewise as in the
proof of Lemma 3.1. Notice that

C(m,7)

/ U(t,{E—Fy) —|—U(t,.’E—y) —QU(t,l')d
Y
lyl<1 |yt

= C(m,y (3.5)

1 L opr
) /|y|<1 W /0 /r D?u(t,x + sy)y-ydsdrdy

1 1
< Kl/ / D?u(t, z + sy)| dsdy = vs(t, x),
|y|<1 |y|m+2(70—1+a) -1 | ‘

where K is a positive constant. Thanks to v € C§°((7,7 + 1) x R™), there exists a sufficiently
large R such that, for any y € By, s € [-1,1] and ¢ € [r, 7 + T7,

D?u(t,x + sy) =0, Vz & Bg.

Also, we find a positive constant Ko satisfying ’D2u(t, T+ sy)} < Kj. Thus, vs € LP((1,74+T) x
R™).
Similarly, for y € R\ By, there exists a positive constant K3 such that

C(m,7)

/ u(t,z +y) +ult,x —y) — 2u(t, z) p
Y
lyl>1 [y 2

(3.6)

< K3 y| == va(t, ),

u(t,z +y) + u(t,z —y) — 2u(t, z) p
ly[>1 ‘y|m+2'yo—2a

where the last inequality holds since

1 < 1
m+2y — |y|m+2('ygfa)’

if |y| > 1.
|yl

10



The function vy belongs to LP((7,7 + T) x R™). Indeed, by the Holder inequality, we derive

+T

/ / vl (t, x)dxdt

T / toa—y)—2ult,z)  \
< o [ty cute -y 20\
—Jr m O ly[>1 |y|m+2r0 2 Y

p—1
1 (3.7)
< K% / T2 Y
3 < yl>1 |y|m+27072a )

1 T+T
X /| 1 sza/ / (u(t,z +y) + u(t,z — y) — 2u(t, z))” dedtdy
Y= T m

< Ky ”uHiP((T,T—&-T)me) :

Thus, Lebesgue’s theorem, together with (3.5)-(3.7), concludes the proof of this lemma. m
In the same way, we can prove the following result.

Lemma 3.4 For any u € C§°(R™), lim
p>1andy € (0,1).

VH,YO_(—A)“YU = (=A)"°u strongly in LP(R™) for any

i
2

Our objective now is to obtain some properties of (—A)2u, v € (0, 1), regarding the fractional

Laplacian operators. Let
D, =D((-A)") = {u € L*(R™) : (-A) u € L*(R™)}.
Lemma 3.5 For any u € H*(R™) and v € (0,1), there exists a constant C, > 0 such that
I(=A)"ull < Cy llull g2@m) -
In particular, the embedding H*(R™) C D., is continuous.

Proof. For u € H%(R™), let u,, € C5° (R™) be a sequence converging to u in H2(R™). Observe
the Holder inequality implies that

2
41102(7”’7)/ / u(z +y) +:|S:+;y) — 2u(z) dy| do
i<t ) (3.8)
1 w(x +y) +ulz —y) — 2u(z))
< =C? m,’y)/ / / dydz.
4 ( ly|<1 !y\m+2 m Jyl<1 |y| 2+

If the last integral is well defined and can be bounded by a suitable estimate in terms of the norm
[[wll gr2(momy, the result of this lemma holds.
First, it is clear for a.a. x € R™ and y € B; that
(un (& + ) + n (@ =) = 2un())* noo (ul +y) +u(z — y) — 2u(x))*
|y|m+2+2 |y|mt20+2 :

11



On the one hand, making use of a similar idea as in Lemma 3.3, we infer that there exist some

positive constants C7 and C’gm such that

m Jyl<1

‘y|m+2'y+2

1 r 2

< _— D?u,(z + sy)y- dsdr) dydx

/m /|y|<1 |y’m+27+2 (/0 —-r ( y)y Y Y

1 1o, ?

< _— Déup(x + s ds) dydx

for [y s ([ 19t ol as)

1 1 9 2
< (i /|| ) |y|m+2’y1/ / ’D Un(x + sy)‘ dxdsdy
y < m

< Cl/ / / un dxdsdy
ly|<1 |y|m+2 m }

< Czﬁ/ | D?u,, (x)|*da.
Rm

Then, (3.9) and Fatou’s lemma imply that there exist positive constants Cs , such that

/m/<1 — +U($_y)_2U(x))2dyde

|y| 242
2
< liminf/ / (un(z +y) + un(z — y) = 2un(2)) dydx
= e m Jyl<1 ‘y’m+27+2 (310)

SCQ’VnHH;o/ ‘D2un(1:)‘ dx
— Rm

2
= CM/W |D?u(z)|" dz < C3 HUH?ﬂ(Rm)‘

On the other hand, by the Holder inequality, we know there exist some positive constants Cy
and Cj, such that

2
1 u(z +y) + ulx —y) — 2u(z)
~C*(m, / / dy| dx
Iy - ly|>1 ly[m 2
<1 / / / (u(z +y) + u(z — y) — 2u(x))?
ZC7(m dydx
RE R lyl>1 |y\m+27 1 ly[m 2 (3.11)

1 2
<a, /| L L, ) e ) — 20w dedy

2
Collecting together (3.8)-(3.11), we obtain that (—A)”u € L%(R™) and
1(~A) ull < C lull gz zomy

where C := max{Cs3,Csy}. The proof of this lemma is complete. m
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Lemma 3.6 Ifu € C§°(R™), then

u) =((-A)"u,u), for any v € (0,1).

Proof. By Proposition 3.6 in [20], for any u € V,, we have

X
2

((—A) u, (—A)? u) - H(—A)% uH2 _ %C(m, ) Nl gy

Meanwhile, it follows from (2.3) that

1 (y)|?
3Cm Dl oy = 500, [ [ =S
= (A7), )y, -

Hence, for u € C§°(R™), we have

((—A) u, (— A)2u>

|2
m Y /m /m ’.’13— ’m+2’y dwdy

= C(m,’y)/m u(x)P.V. Md dx

rm [T —y|m 2

X
2

= ((=4)"u,u).
Here P.V. is a commonly used abbreviation for “in the principal value sense", for more details,
see [20]. m
Lemma 3.7 Ifu € C°(R™), then H(—A)% uH = V]

Proof. Taking a sequence a, — 1~ as n — oo, making use of Lemma 3.2 and Lemma 3.6, we

obtain

A = (CA)F 1w (-8)F 0) = (21 ) = (—Auw) = |Vl

n—oo

Moreover, it follows from Lemma 3.4 that,

N

; ‘

o

2 ||-a)

n—00

We conclude the proof by the uniqueness of the limit. =

Lemma 3.8 Ifu € H*(R™), then H % H = [|Vul.

Proof. We take a sequence {u,} C C§°(R™) converging to u in H*(R™). First, it is easy to see
from Lemma 3.7 that
[CINER

= [[Vual -



Next, as u, — u in V, we immediately derive that
[Vun| == [ Vul| -
At last, we deduce from Lemma 3.5 that

st

= b

Therefore, (—A)% uH =|Vul. m

4 Convergence of solutions

This section is devoted to proving the solutions of problem (1.1) converge as v — 1~ to the
solutions of the limit problem with v = 1, that is, to the solution of the standard reaction-
diffusion equation (1.2). To that end, we begin by proving the hemicontinuity of function f.

For each t € R, let F(t,-) : H — H be the Nemytskii operator defined by y = F(t,u), if
y(x) =F(t,u)(z) := f(t,z,u(z)) for a.a. x € R™. In view of (2.8), we know that y € H ifu € H.

Hence, this operator is well defined.

Lemma 4.1 For each t € R, the function F(t,-) is hemicontinuous, i.e., the real map \ —

(F(t,u+ \v),w) is continuous for any u,v,w € H.
Proof. It is obvious that for a.a. z € R™,
[t z,u(x) + do(z)w(x) — f(t,z,u(x) + dov(x))w(z), as X — A € R.
By (2.8), we know that
[f(t @, u(@) + Av(z)w(z)| < (Y3, ) + Po(t, 2) (Ju(@)| + Alo(@)])) [w(z)|
=r(t,x), fora.a. xeR™,

where r(t,-) € L'(R™). Thus, the Lebesgue theorem implies that

(F(t,u+ \),w) = - ft, z,u(z) + Mv(z))w(x)de
gmey ft, z,u(x) + Xov(z))w(z)de = (F(t,u+ Av), w) .

]Rm

Therefore, F'(t,-) is hemicontinuous. ®

Theorem 4.2 Let u — u, in H as n — oo, and let uy(-) be the solution of problem (1.1)
for v = v, € (0,1) with initial value u?. If v, — 17 as n — oo, then, u, — u weak-star in
L®(7,7+T; H) and weakly in L*>(7,7+T; H) asn — oo for any T > 0, where u (+) is the unique
solution of problem (1.1) with v = 1. Moreover, for any sequence t, € [r,7 + T| converging to
to € [1, 7+ T, we have

Un(tn) — u (to) weakly in H.

14



Proof. Assume first that ¢ = 0 in (2.6). Let 7, € (0,1) and 7, — 17 as n — oo. Denote by
Uy (+) the unique solution to problem (1.1) with initial condition . Multiplying equation (1.1)
by u,, making use of (2. 7) and the Young inequality, we have

1d

Sdt HunH Tt ”unH + C(m ’Yn)HunHHw(Rm) / (U1(t,z) + h(t, z)) un(t, z)dz

(4.1)

1 2 M 2
< — — .
< /. Y1(t, x)dx + 2 1RGN + 5 [lwnll

Consequently,
d 1
Gl g el + O )l By oy <2 [ r(ti)dn+ % IR0

Multiplying the above inequality by e#® and integrating it over (7,t) with ¢t > 7, we obtain
t t
(i ot 1 (it
Jun ) < 220 2 om0 [y ydads 5 e ngs) 2 ds. (42)
T R™ KJr
Subsequently, for T > 0, there exist two positive constants My (which depends on T') and MT,%
(which depends on T" and +,), such that

sup  |lun(t)]] < My, (4.3)
te|r,7+T)
and
T+T .
Clmrn) [ Nunl) 2 s < W (4.0

Thus, {u,} is bounded in L (7, 7+T; H). It also follows from (4.4) that {(—A)= u,} is bounded
in L2(r,7 + T; H), therefore {A7 (u,)} is bounded in L2(7,7 + T;V*). Moreover, by (4.3)
and (2.8), we infer that {F(-,u,)} is bounded in L*(7,7 + T; H). Hence, {©x} is bounded in
L2(7,7 4 T;V*). Then there exist functions u, x and ¢ such that, up to a subsequence (relabeled

the same), the following convergences take place,
un, — u weak-star in L®(7,7 + T H), (4.5)
U, — u weakly in L2(r,7 + T; H), (4.6)
F(-,u,) — x weakly in L*(r,7 + T; H), (4.7)
A" (uy,) — ¢ weakly in L*(1,7 4+ T;V*), (4.8)
(4.9)
3.1

du, du . 9 s
o @ weakly in L*(r,7 4+ T; V™).

Let us first check ¢ = —Aw. To this end, for any ¢ € C§°((7,7 +T) x R™), by Lemma

we have

)

T+T
<A™ (up), 0 >prpy= / < A (up), @ >+ vy di
T+T T+T
= / < tp, AT(p) >y dt = / / Un (—A) " pdxdt
’Yn_>17 T+T T+T
/ / A)pdzdt = / < U, (=A)p >+ dt =< (=A)u, ¢ > p),
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where the above convergence follows from the facts that wu, — u weakly in L?(r,7 + T; H) and
(=A)"p — (=A)p in L?(7,7 + T; H). Therefore, A7 (u,) — —Au as ¥ — 17 in the sense
of distributions, which implies that ¢ = —Au. Therefore, for any n € L?(1,7 + T; V), the above
convergences (4.5)-(4.9) imply that

T+T duy, T+T T+T
/ < W,T] >(V*,V) dt —|—/ < An (un),n >(V*,V) dt — / (F(t,un) + h(t),?])dt

Yn—17
—_

n—oo

T+T du T+T T+T
/ < E,n >(V*,V) dt+/ < —Au,n >(V*,V) dt—/ (X+h,n)dt:0

This equality is equivalent to (2.9) (for more details on this fact, see, e.g., [11, p.43]).
In addition, we know that
uwe L>®(r, 7+ T;H),
d
e L(r T+ TV,

—Au € L*(r,7+T; V*).
Notice that, since —Au(t) € V* for a.a. t € (17,7 +T), we obtain that u (t) € V. Therefore,
IVu)* =< =Au(t), ult) >wv- 1)< [Au®)lly. [Va@)]
which implies,
u € LA(r, 7+ T;V).

Thus, u is the unique weak solution of the problem

o ~Du=g(), (x.1) €R™ x (r,00), (4.10)

u(z, 7) =ur(x), =eR™,
where g(t) = x(t) + h(t) € L*(7,7 + T; H).
Further, we need to prove that for any sequence t,, € [r,7 + T| converging to to € [r,7 + T],
we have

Un(tn) — u(ty) weakly in H.

It is clear that there is a subsequence {uy, (t,,)} and y € H such that uy, (t,,) — y weakly in
H. If we prove that y = u(tg), then the result follows by a standard contradiction argument.
For any R > 0, let us consider the spaces Hi(Br), L?(Bgr), (Hi(Br))*. Then we have the

following chains of continuous embeddings,
HY(Br)cV C H CV*cC (H}BRg)),

Hg(Br) C L*(Br) C (Hg(Br))",
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where we consider that z € H}(Bg) is an element of V by setting z (z) = 0 for * ¢ Bg. Let
Lgz be the projection of 2 € H onto L?(Bg). Since the embedding L?(Br) C (H}(Bg))* is
compact, in view of estimate (4.2), we know that the sequence {Lgu,(t)} is relatively compact
in (H}(BRr))* for any t € (1,7 + T). Furthermore, by means of the fact that {dugt(t)} is bounded
in L2(1,7 +T;V*) C L?(1,7 + T; (H} (BRg))*), we infer there exists a constant C, such that

du,

TH drSC’(t—s)%.
dt g )

Jun6) = 05 gy < [

Hence, the sequence {Lgu,(-)} is equicontinuous in (H}(Bgr))*. The Ascoli-Arzela theorem
shows that, up to a subsequence (relabeled the same), Lgu, — Lgu in C([r,7 + T, (H}(Bg))*).
By the compact embedding L?(Bg) C (H}(Bgr))* and a diagonal argument, we deduce that
Lrun, (tn,) — Lru(to), LRun,(tn,) — Lry in (H}(Bg))* for any R > 0. Therefore, Lru(tg) =
Lry in (HE(Bgr))* for any R > 0. We obtain then immediately that u(tp) and y are the same
distribution, hence, y = u(tp).

At last, let us prove that x = F(-,u(-)). If ur € V, it is known (see Lemma 4.4 below) that
the unique solution u (-) to problem (4.10) belongs to L?(r,7 + T; H2(R™)) N L (7,7 + T; V).
As the unique weak solution w (-) of (4.10) satisfies that u (t) € V for a.a. t € (1,74 T), it is easy
to see that

u € L*(1 + 0,7+ T; H*(R™)), Vée (0,T). (4.11)
Now multiplying (1.1) by u,, we obtain
1d
2dt
Then, integrating the above equality over (7,7 + T'), we find

1
lanl® + 5. 0m )l gy = (Bt 1 (5) + Dt ), un (1))

T+T 1 ) 1 ,
/ (8 un()), un(t)) dt = 5 |lun(T + D7 = 5 [lun(7)]
T+T
+;C(m,%)/ Hun(t)\@m(Rm)dt (4.12)

T+T
- / (h(t,z), un(t)) dt.

For every v € L?(7,7 + T; H), define the sequence

T+T
X, ;:/ (F(t, un(t)) — F(t, 0(t)), un(t) — v(t)) dt.

Therefore, it follows from (4.12) and the above equality that

_ 1 2 1 ni2 1 s 2 d
Xo = g e+ DI = 5 1021+ 5C0m ) [ @B oyt

+T T+T T+T
- / (h(t), un(£)) dt — / (F (¢, un(1)), v(t)) dt — / (F (£, 0(8)), un(t) — v(1)) dt.

17



On the one hand, by (2.6), (4.6), (4.7), u? — u, in H and u, (7 +7T) — u(t +T') weakly in H as

n — 00, we obtain

T+T
0 > liminf X,, > fHu(T—l—T)H - f|| ur|? —|—7hm1nf0(m yn)/ || un ( )HH% Rm

n_jiT +T T+T
- / (h(t), u(t)) dt — / (x(8), w(t)) dt — / (F(t,o(t)), u(t) — v(t)) dt.

On the other hand, multiplying (4.10) by v and integrating it over (7,7 + T'), we have

4T T+T T+T
Sl DIE=F P [ o= [ ey [ 1valae

Thus, combining (4.13) with (4.14), we deduce
+T
0= [ (x(t) = Ft.vlt)) u(t) ~ oft)) de

1 T+T 1 T+T )
+gtmint Cm) [ un®lBy, gt =5 [ IVulde

n—oo

Observe that, for any € > 0, there exists d(¢) > 0 such that

1 T+0
2/ |Vu|?dt < e.
-

Thus, (4.15) and the above inequality imply that
T+T
e> [T (o) - Ftvle)ule) - o) de

1 T+T 5 1 T+T || H2
+ = liminf C(m,~, / Un ()] 5, oy A — / Vul|” dt.
* 3 gt olm ) T+5 I Hom@7 2 oy

Next, we want to show that
T+T 5 T+T
[ vl e < timint Comva) [ Ol
746 oo T+6

It follows from (4.4) and (2.4) that, up to a subsequence, as vy, — 1~ and n — oo,

In

(—A)2 u, —y, weakly in LQ(T,T + T H).

(4.13)

(4.14)

(4.15)

(4.16)

(4.17)

(4.18)

If we are able to prove that ||y (¢)|| = ||Vu (t)| for a.a. t € (1 + 9,7+ T), then (4.16) follows. To

this end, for any ¢ € C§°((r, 7+ T') x R™), we have

T+T

/T:T <(_A)%n “n(t)ﬂ(t)) dt = /T+6 (un(t), (-A)% 19(15)) dt.

18
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On the one hand, by (4.18), we derive
T+T o T+T
/ ((—A)T un(t),ﬁ(t)) dt — / (y(£),9(8))dt, as v — 17 (n — o). (4.20)
T+0 T+0
On the other hand, we deduce from Lemma 3.3 that
T+T . T+T 1
/ (un(t),(—A)Tﬁ(t)) dt —>/ (u(t),(—A)w(t)) dt, as -y, — 1" (n— o00). (4.21)
T+6 T+6

Moreover, by (4.11), we know that u (t) € H*(R™) for a.a. t € (7 + d,7 + T), which, together
with Lemma 3.5, imply that (—A)% u (t) € H. Therefore,

/:+T (u(t), (—A)2 19(15)) dt — /T:T ((7&% u(t),ﬁ(t)> gt (4.22)

+4

Thus, (4.19)-(4.22) yield y = (—A)% win L?(7 + 6,7+ T; H). Then Lemma 3.8 shows
IVu®ll = [[(=2)7 u(t)| = ly(®)ll, foraa. te (r+6,7+T),
as desired.
Thus, from (4.16) and (4.17), we infer that

T+T
/ (x(t) = F(t,0(t)), u(t) —v(t)) dt <&, for any & >0,

which implies,
T+T
/ (x(t) — F(t,v(t)),u(t) — v(t)) dt < 0.

Letting v (t) = u(t) — 0z (t), where 0 > 0 and 2 € L?(7,7 + T; H), we have

T+T
/ (x(t) = F(t,u(t) — 0z (t)),2(t))dt <0.

Since F'(t,-) is hemicontinuous (see Lemma 4.1), passing to the limit as § — 0 and using the

Lebesgue theorem, we derive

T+T
/ (x(t) — F(t,u(t)),2(t)) dt < 0.

As z is arbitrary, we deduce that x = F(-,u()).

Therefore, u (-) is the weak solution to problem (1.1) with v = 1. Since every converging
subsequence has the same limit, the whole sequence satisfies the above convergences.

If o > 0 in (2.6), then by Lemma 2.3 we consider the sequence of solutions vy, (t) = u, (t)e~
of problem (2.19) which, by the above, converges to the unique solution v (-) to problem (2.20)
with v (7) = u;e7?7 in the sense given in the statement. Hence, by Lemma 2.4 it readily follows

that the convergences are true for the sequence {u,(-)} as well. m

By a standard contradiction argument, we deduce the following result.
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Corollary 4.3 Let u) — u; as v — 17. Let uy(-) be the solution to problem (1.1) with initial
value w). Then uy — w as v — 17 in the sense giwen in Theorem 4.2, where u(-) is the unique

solution to problem (1.1) with initial value u, and v = 1.

Lemma 4.4 If u; € V, then the unique solution u(-) to problem (4.10) belongs to L*(t,T +
T; H2R™)) N L®(r,7 + T; V).

Proof. Making use of the standard procedures (see, e.g., the proof of [18, Theorem 5]), we can
approximate the solution u (-) by solutions of the problem in a bounded domain with Dirichlet

boundary conditions. Precisely, let us consider the following parabolic equation, for any R > 0,

OU_ Au=g(0). (0.0) € Bax (r,00)
u = 0’ (IL‘,t) € 8BR X (7—7 OO), (423)

u(z,7) = uf(x), =€ Bg,

where uf(2) = Yr(|z|)u(2), with ¥ being a smooth function such that
1, if 0<s<R-—1,
Yr(s) =< 0<&(s) <1, if R—1<s<R,
0, if s> R,

and [¢Y(s)], [¢k(s)] < L, for all s > 0, R > 0 and a positive constant L. If u, € H, then
problem (4.23) has a unique weak solution up (-). We extend the function ug to the whole space

by defining

_ Yr(|z))ur(z), if z € Bg,
ug(x) = {

0, otherwise.

Then, using the same arguments as in [18], we obtain

urp — u weak-star in L>®(r,7+T; H),
up — u weakly in L®(r,7 4+ T;V),
as R — +o0.

If u, € V, then ug (-) € L®(r,7 + T; H}(Bg)) N L?(1,7 + T; H*(Bg) N H}(BR)) (see, for
example, [23, p.70]). Multiplying the equation in (4.23) by —Aupg, we obtain

d
2 ur iy ) + 1 Burl L2, < N9®)72(5y) -

Therefore, there exists a constant K > 0 such that,

T+

T+T T
2
urOlgm + [ 180y ds < [l my + [ 19 s, ds < K
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It follows that Tg is bounded in L>®(7,7 + T; V) N L?(1,7 + T; H?(R™)). Hence,

ur — u weak-star in L>®(r,7+T;V),

Up — u weakly in L*(r,7 4+ T; H*(R™)),

as R — +oo, and the result follows. m

5 Existence of global attractors

We will focus on the existence of global attractors to problem (1.1) in this section for a more
general nonlinear term f. To show the main ideas, assume that the functions h € H and f :
R™ x R — R do not depend on time ¢. Namely, we will study the autonomous case of (1.1) and
take 7 = 0. In addition, suppose that f is a continuous function such that, for all x € R™ and
u€R, f(z,-) € CL(R) and o

%(:L‘,u) <o, (5.1)
[l u)u < =Blul” + (), (5-2)
|f (@, u)] < ea(@)ul’~" + v3(x), (5:3)

where 8 > 0, ¢ > 0, p > 2 are constants, 11 € L'(R™), 1o € L>®°(R™), 13 € L4(R™) and q is the
conjugate number of p, that is, 1/p+1/q = 1.
Define the Nemytskii operator F' : LP(R™) — L%(R™) by y = F(u), if y(z) = f(x,u(x)) for

a.a. x € R™. Now, we consider the problem

ou m
5 + (=A)u+ pu = f(z,u) + h(z), (z,t) € R™x(0,00), (5.4)

u(z,0) = up(z), =e€R™,
where 1 > 0.

Definition 5.1 Let ug € H and v € (0,1). A continuous function u : [0,00) — H is said
to be a weak solution of problem (5.4) if u(0) = wug, u € L2 (0,00;V,) N LY (0,00; LP(R™)),

loc loc

Ccll—z: € L}, .(0,00; V) + L1, (0,00; LY(R™)), and u satisfies, for every & € Vo, N LP(R™),
d 1 — —

- [ tleutt.) + hw)€ @) da,

in the sense of scalar distributions in (0,00) .
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It is known (see, for example, [15, Theorem 3.2]) that problem (5.4) possesses a unique weak
solution for any ug € H and 7 € (0,1), which is continuous with respect to the initial datum wy.

For any v € (0,1), let us define the family of operators T}, : RT x H — H, given by
T’Y(ta U’O) = u’Y(t)v

where u.(-) is the unique weak solution to problem (5.4) with initial datum w (0) = ug. It is not
difficult to see that the map (t,ug) — T (t,uo) is continuous.
Before showing the main results, let us first recall some definitions which are essential for our

proofs.

Definition 5.2 The compact set A, is said to be a global attractor for T, if the following con-
ditions are fulfilled:

1. T,(t,A,) = Ay, for all t > 0 (invariance);
2. A, attracts any bounded set B of H, that is:
dist(T,(t,B), A,) — 0 as t — 400,
where dist(C, D) = sup,ccinfycp ||z —y| is the Hausdorff semidistance in H.

Definition 5.3 The map ¢ : R — H is called a complete trajectory of T, if p(t) = T, (t—s, ¢(s))
for any t > s.

Lemma 5.4 Any solution u () of (5.4) satisfies

12>
2 (59

t
s 9
J@)1? + Cm) [l s < ol e+ 2 [ y(a)da+
Proof. Multiplying equation (5.4) by u, making using of (5.2) and the Young inequality, we have
4 lull + g l® + C(my )l 12l <2 [ wn@)de+ - ||n)? (5.7)
dt ’ Y (R™) p= 7 : :

Multiplying the above inequality by e#* and integrating over (0,t¢) with ¢ > 0, we obtain (5.6). m

Lemma 5.5 For any Ry > 0, there exists T(R1) > 0 such that,

2 h||?
Hﬂ@wWSRm:¢LHL h@de+ 5w

RTYL

for any ug satisfying ||uo| < Rj.

Proof. This lemma follows easily from (5.6), so we omit the details of the proof here. m
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Remark 5.6 The constants T(Ry1) and Ry do not depend on .

It follows from Lemma 5.5 that the ball By = {z : ||z| < Rp} is absorbing for T’,. Next, we

will obtain an estimate of the tails of solutions.

Lemma 5.7 For any Ry > 0, € > 0, there are T'(e, R1) and K (e, R1) such that, any solution
u(-) of (5.4) starting at Br, satisfies

/ lu(t,z))?de <e, forallt>T, k> K.
|z| >k

Proof. Let # : RT™ — R™T be a smooth function such that

. 1

0, if 0<s< =,

0(5): 2
1, if s>1.

Multiplying the equation in (5.4) by 6 (' |) u, we obtain

;i/ée(@>|@x)dx+u/m00?>WWdow (58

x Iyl u(t, u(t,z) — u(t,
””/m/m u(t2) =0 (W) u(t,y) (u(t,2) D)

’x o y’m-i-?'y

+/;9<i>(ﬂ%u@m»+h@DML@¢u

For the first term of right hand side of (5.8), by the Holder inequality, we have

(ta) =0 () u(t,y)) (ult, 2) — u(t,y))
[, el e e,
i — M Uu\t, r) — ult, U\,
- /m (o (% e(k,p_(y,(:wz)v it
L — |y‘ u r)—u ? %
< u(®)|| / / ‘0 ( k> 9|< _>J|Jn+t27 " y)‘d:p dy
|z |yl :
<ol | [ / mfgﬂ‘ w '“ffj;ﬂf;i’)ﬁdm

Since |0'(s)| < Ly for some Ly > 0, by means of the change of variable z = £, we know that there

exists a constant Ly > 0 such that,

JRCRICIH

‘.%' . y‘m+27
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g a0 ()1 leler -0 (B)[

- Y
B Jam s — 3" B Jon e
L2 1 1 1 Lo

< =L d§+/ —df < —.
k2 Jig<a €2 k2 Jigi=1 €] k2

Thus, the above estimate and Lemma 5.4 imply that there exists a constant L3 > 0, such that

u(t,e) =0 () ult.y)) (ult,2) — u(t,y))
m y Y /m /m <1' )y’erQ'y) dyd.’B
< g,;am DI 1)y
< 8D (3 )2 ) - (59)

For the second term of right hand side of (5.8), using (5.2) and the Young inequality, we find

/m 0 (“”') (F(z, u(t,z)) + h(z))ult, z)dz (5.10)

gg/R (' |>|u(t z)|? da:+/Rm9<‘z|> 1 (2)dz +21M Rm0<|$|)\h( )2 da.

Since 91 € LY(R™) and h € H, we deduce that for &’ > 0, there exists K (&) > 0 such that for all

k > K, we have
/ <'”C’> r(2)de < &,

o o (5 mras <

2,[,L Rm

L3 L3C(m)7) !

Collecting (5.8)-(5.11), it yields

d T
i Lo () ueoras e [ o5 o s < 6 + 22 Cm ) e,

Multiplying the above inequality by e*® and integrating it over (0,t), together with estimate

(5.6), we infer there exists a positive constant L4 such that,

/ﬂ(‘i') u(t, )2 das<e_“t/m ( |> o (2)[? dz

6’ i
+ 7 +2¢'C(m, ’y)/o HU( )HHw ]Rm)

Se“t/ 0 (?) ug(z)|? dz + Lye’.
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We can choose T'(¢') > 0 such that e # [, 0 (%) lug(z)|? dz < & for all t > T, and ¢’ satisfies
(14 Ly) e’ < e. Therefore,

/ lu(t, z)|? do < / 6 <|$’) lu(t,z)]*de <e, Vt>TVk>K.
2>k g\ K

The proof is complete. m

Lemma 5.8 The operator T, is asymptotically compact, that is, for any bounded set B € H,

every sequence yy = T, (tn, xn) with x, € B is relatively compact in H when t, — 400.

Proof. In view of (5.6), the sequence {y} is bounded in H. Hence, up to a subsequence (relabeled
the same), yy — y weakly in H. We need to prove that the convergence is in fact strong. As

yy = T,(1,T,(tn, — 1,25)), there exist solutions uf (-) such that u7(0) = 27 = T, (¢, — 1,2,) and

n converges weakly in H to some z as well.

o

(1) = y4. The sequence 27

It follows from (5.6)-(5.7) that there is M > 0 such that,

u

sup [luly(1)]| < M,
te(0,1]

1
| (6 oy + 268 [55) ) s < .

Thus, {u”} is bounded in L>(0,1; H) N LP(0,1; LP(R™)) N L*(0,1;V;). It also follows that

n . . 2 . * n . .
{A7(u)} is bounded in L (O,rill, V). Moreover, by (5.3), we deduce that {F'(u})} is bounded in

du
L9(0,1; LY(R™)). Hence, {d:} is bounded in L4(0, 1; L4(R™)) + L?(0, 1; V). Then, using the

Aubin-Lions lemma, there exists a function u, € L>(0,1; H)NLP(0, 1; LP(R™))NL?(0, 1; V*) with
d
e L4(0,1; LY(R™)) + L%(0, 1; V) and x € L(0,1; LY(R™)), such that, up to a subsequence

(relabeled the same), the following convergences hold:

uy — u,, weak-star in L>°(0,1; H), (5.12)

uy — uy weakly in L*(0,1;V3), (5.13)

uy, — u,, weakly in LP(0, 1; LP(R™)), (5.14)

AV (uy) — A7(u,) weakly in L*(0, 1; V), (5.15)

d;; — % weakly in L9(0,1; LY(R™)) 4+ L*(0,1; V), (5.16)
F(u}) — x weakly in L7(0, 1; LY(R™)). (5.17)

We need to prove that u, () is a weak solution of problem (5.4) satisfying u, (0) = z and

n
’y?

L?(Bg) is defined by Lgv(z) = v(z) for a.a. x € Bg. It is easy to see that the above convergences

uy(1) = y. To this end, for R > 0, we define the projections ul p = Lru where Lp : H —

25



(5.12)-(5.17) still hold, if we replace u’; by u) g, Uy by Lruy, R™ by Bg, H by L*(Bg), V, by
H7(Bg), V; by (H7(BRr))* and x by LgY, respectively.

Since the embedding H~(Br) C L*(Bg) is compact (cf. [20]) and the embedding L?(Bg) C
(HY(Bgr) N LP(BR))* is continuous, a standard Compactness Theorem [21, Theorem 8.1] implies
that

uy, p — LRru, strongly in L*(0,1; L*(BRr)), (5.18)

uy p(t,x) — Lpu,(t,z) for a.a. t € (0,1),x € Bg. (5.19)

Hence, f(z,u] p(t,z)) — f(z,Lruy(t,z)) for a.a. t € (0,1) and = € Bg. It follows from [14,
Lemma 1.3] that Lrx = Fr(Lru~), where Fg : LP(Br) — L4(Bpg) is the corresponding Nemytskii
operator associated to f. In a standard way (see, e.g., [18, Lemma 8]), one can show that u,
satisfies the equality in (5.4) in the sense of distributions. Then equality (5.5) is true as well, so
u, is a solution of (5.4).

Further, we need to prove that u, (O)n: z and u,(1) = y. As the embedding L?*(Br) C
(HY(Br) N LP(BR))* is compact and ah;’R is bounded in L%(0,1; (HY(Bgr) N LP(BRr))*), the
Ascoli-Arzela Theorem implies that u] p — Lgu, strongly in C([0,1], (H"(Bg) N LP(Br))").
From this and (5.6), we deduce immediately that ul p(0) — Lru,(0), u] (1) — Lru,(1) weakly
in L?(Bg). Hence, Lrz = Lru,(0) and Lry = Lgu,(1) for any R > 0. Thus, the result follows.

On the one hand, integrating in (5.7) over (0,¢) with ¢t > 0, we find that there exists a constant
C > 0 such that the functions J(t) = |ju, (t)||* — Ct, Ju(t) = Huﬁ(t)H2 — C't are non-increasing,.
On the other hand, in terms of (5.18), for any R > 0, we have that Lgu’(t) — Lru(t) in L?(Bg)
for a.a. t € (0,1). For any ¢ > 0, Lemma 5.7 implies the existence of Ra(¢) > 0 and Ny(¢) > 0
such that

/ !uZ(s,a:)‘de <eg, forall sel0,1] and n > Nj.
‘1‘|>R2

Take a sequence t,, — 1~ such that Lrul(tm) — Lgu(ty) in L*(Bg) for any t,, € (0,1). Then
by the monotonicity and the continuity of J,, and J, we infer that there is Na(e) > Ni(e) such
that,

Jn(l) - J(l) = Jn(l) - Jn(tm) + Jn(tm) - J(tm) + J(tm) - J(l)

<2+ / ‘u?(tm,xﬂzdx—/ |ty (tm, ) |* d
|z| <Rz |z| <Rz
+/ ‘u:(tm,m)fd:z:—i-/ |ty (t, )| daz
|z|>Ra ||>Ro
< 5e.

Hence, limsup,,_,o, Jn(1) < J(1), which implies that limsup,,_,, ||uf;(1)H < luy(1)||. Since
llyll < liminf, . ||yn|, we obtain that y, — y strongly in H. m
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Theorem 5.9 T, has a connected global attractor A, which is characterized by
A, ={¢(0) : ¢ is a bounded complete trajectory of T,}.
Moreover, it is the minimal closed set attracting every bounded set.

Proof. In view of Lemmas 5.5 and 5.8, it follows from standard results (see e.g. [13, Theorem
31]). =

Lemma 5.10 The set Uyg(o,1)Ay is bounded in H.

Proof. It follows from the inclusion A, C By for any v € (0,1). m
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