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Abstract

The objective of the present thesis is studying multivalued dynamical systems. In
particular, we pretend to obtain results related with the structure of the attractors
in order to describe the behaviour of solutions for different equations. Therefore,

our research may be situated in the field of Applied Mathematics.

Specifically, Chapter 1 deals with robustness of dynamically gradient multi-
valued semiflows. As an application, we describe the dynamical properties of a
family of Chafee-Infante problems approximating a differential inclusion, proving
that the weak solutions of these problems generate a dynamically gradient multi-

valued semiflow with respect to suitable Morse sets.

Chapter 2 focus on a more general equation called nonlocal reaction-diffusion
equation in which the diffusion depends on the gradient of the solution. Firstly,
we prove the existence and uniqueness of regular and strong solutions. Secondly,
we obtain the existence of global attractors in both situations under rather weak
assumptions by defining a multivalued semiflow. We finish this section character-
izing the attractor either as the unstable manifold of the set of stationary points or
as the stable one when we consider solutions only in the set of bounded complete

trajectories.

In the last chapter we study the structure of the global attractor for the mul-
tivalued semiflow generated by a nonlocal reaction-diffusion equation in which we
cannot guarantee uniqueness of the Cauchy problem. We start analysing the exis-
tence and properties of stationary points, showing that the problem undergoes the

same cascade of bifurcations as in the Chafee-Infante equation. To conclude, we
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study the stability of the fixed points and establish that the semiflow is dynami-
cally gradient. Also, we prove that the attractor consists of the stationary points
and their heteroclinic connections and analyse some of the possible connections.
Apart from these three chapters, the manuscript contains an unnumbered sec-
tion, Introduction (and its Spanish version), as a preamble, where the work as
well as the objetives that we pretend to cover are exposed. Subsequently, we have
included the preliminary Chapter 0 in order to detail the framework and the pre-
vious results needed to achieve the proposed objectives. To end this work, we
have created two unnumbered sections, Appendiz A and Conclusions and future
work (and its Spanish version). In the first one, details about generalization of the
lap number property are given whilst in the other one main contributions of our

research and some comments on future research lines are summarized.
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Resumen

El objetivo de esta tesis es estudiar sistemas dinamicos multivaluados. En particu-
lar, pretendemos obtener resultados relacionados con la estructura de los atractores
para describir el comportamiento de las soluciones de diferentes ecuaciones. Por
tanto, nuestra investigacion puede situarse en el drea de Matematica Aplicada.

Mas concretamente, el Capitulo 1 versa sobre la robustez de los semiflujos mul-
tivaluados dindmicamente gradientes. Para aplicar este resultado describimos las
propiedades dindmicas de una familia de problemas Chafee-Infante aproximando
una inclusion diferencial, demostrando que las soluciones débiles de estos proble-
mas generan un semiflujo multivaluado dindmicamente gradiente con respecto a
unos conjuntos de Morse.

El Capitulo 2 se centra en una ecuaciéon mas general llamada ecuacién de
reaccion-difusion no local, donde el término de difusion depende del gradiente de
la solucién. En primer lugar, demostramos la existencia y unicidad de solucio-
nes regulares y fuertes. En segundo lugar, obtenemos la existencia de atractores
globales en ambas situaciones bajo supuestos bastante débiles al definir un semi-
flujo multivaluado. Terminamos esta seccién caracterizando al atractor como la
variedad inestable del conjunto de puntos estacionarios o como la estable cuando
consideramos soluciones sélo en el conjunto de trayectorias completas acotadas.

En el ultimo capitulo estudiamos la estructura del atractor global para el semi-
flujo multivaluado generado por una ecuaciéon de reaccion-difusion no local donde
no podemos garantizar la unicidad del problema de Cauchy. Comenzamos anali-

zando la existencia y propiedades de los puntos estacionarios, mostrando que el
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problema sufre la misma cascada de bifurcaciones que en la ecuacién de Chafee-
Infante. Para concluir, estudiamos la estabilidad de los puntos fijos y establecemos
que el semiflujo es dindmicamente gradiente. Ademas, probamos que el atractor
estd formado por los puntos estacionarios y sus conexiones heteroclinicas y anali-
zamos algunas de las posibles conexiones.

Ademaés de estos tres capitulos, este trabajo contiene un apartado no numerado,
Introduction (y su version en espanol), a modo de predAmbulo, donde se exponen
tanto el trabajo como los objetivos que pretendemos alcanzar. Posteriormente,
hemos incluido el Capitulo 0 preliminar para detallar el marco y los resultados
previos necesarios para obtener los objetivos propuestos. Para terminar el trabajo,
hemos creado dos secciones sin numerar, Appendiz A y Conclusions and future
work (y su version en espanol de esta altima). En el primero se dan detalles sobre
la generalizacion de la propiedad lap number mientras que en el otro se aportan
las principales contribuciones de nuestra investigacion y algunos comentarios sobre

futuras lineas de investigacion.
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Introduction

Differential equations play a more than very important role not only in Mathe-
matics but also in other sciences. They have been used for centuries in fields such
as Physics, Chemistry or Biology. There are two important equations which are
used to describe various processes occurring around us in this world. Most common
processes incorporate the variety of the concentration of at least one substance in
time and in space under the impact of two responses, which are, as the name
suggests, diffusion and reaction.

The diffusion equation stands for the procedure that makes things (molecules,
atoms, heat) move from a high concentration part to a low concentration part to
achieve balanced concentration. A simple example of diffusion in gases appears
when we spray a perfume and after a few minutes its smell spreads throughout
the room. Simple diffusion also occurs continuously in the human body while we
breathe, since gas exchange occurs between our lungs and the air that we breathe.
The term reaction refers to the procedure which changes the concentration of the
concerned substance.

®e — & —®
High Low
concentration ®+. . concentration
® — ® —®

Diffusion Diffusion

Diffusion process when two components interact. Here components A and B are
diffusing and at the same time they are reacting to produce a complex AB which
itself also diffuses.

A generalised formulation of the reaction-diffusion equation for a single subs-
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tance in one spatial dimension is as follows:

0 0

where C(x,t) is the concentration of the substance at a specifed z-coordinate and

0
time ¢, WC (x,t) represents the diffusive transport of the substance, R(C) is the
T

reaction function which represents the production or destruction of the substance
resulting from reactions among it, and D is the diffusion coefficient. This simple
case of the reaction-diffusion equation is known as the Kolmogorov-Petrovsky-
Piskunov equation [60].

Since in the classical works [60] and [48] the reaction-diffusion model was intro-
duced to describe the propagation of an advantageous gene within a population, a
great deal of work has been carried out to extend their model to take into account
other biological, chemical or physical factors.

In fact, applications in Economics can be found. In particular, capital accumu-
lation distribution in space and time following spatial extensions of the continuous
Ramsey model [74] by Brito [14-16] and others later uses the semilinear parabolic
equation

Ou — alAu = f(u) — c.

This spatiality introduces important issues about the steady states distribution as
well as the dynamic evolution, convergence, local interaction among local agents,
and so on.

One of the most beatiful and visual application of this model was obtained
by Turing in [82] where he described how patterns in nature, such as stripes and
spots, can arise naturally and autonomously from a homogeneous, uniform state.
In this work, Turing introduced the concept of pattern to study the behaviour of a
system in which two diffusible substances interact with each other. He found that
such a reaction-diffusion system is able to generate a spatially periodic pattern
even from a random or almost uniform initial condition.
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It is possible to find also applications in areas of medicine such as models about
cancer mechanism for cancer invasion [50]. Recently, research has been developed
and a reaction-diffusion model describing more accurately the spatial distribution
and temporal development of tumor tissue is presented (see [47| and references
therein).

In this line, there are models in epidemiology that make it possible to predict
the characteristics of the spreading of an infectious disease. A general modelling
technique are compartmental models where population is assigned to compart-
ments with labels. The SIR model is one of the simplest with three compartments:
S, the number of Susceptible individuals; I, the number of Infectious individuals;
and R, the number of Removed (and immune) or deceased individuals.

This model is reasonably predictive for infectious diseases that are transmitted
from human to human and try to predict things such as how a disease spreads,
the total number infected, the duration of an epidemic [91]. To allow for spatial
dynamics, disease-spreading theories such as the SIR model have been extended
to reaction—diffusion equations (see [43], [71], |9], [87], [12], [69], [73]).

Therefore, the main aim is to show how different public health interventions
may affect the outcome of the epidemic, e.g., which is the most efficient technique
for issuing a limited number of vaccines in a given population.

As it is well known, in December 2019, in the Chinese city of Wuhan, an
outbreak of a disease caused by a new coronavirus was reported. It rapidly spreaded
to other regions of China and the whole world. Subsequently, the World Health
Organization officially recognized the new coronavirus as SARS-CoV-2 and named
the disease COVID-19. Since then, the disease has caused millions of deaths.

Consequently, studies using reaction-diffusion models about the spreading trend,
long-term dynamic behavior, effects of social distancing, home quarantine or lock-
down were carried out to understand how these factors affect the epidemic sprea-
ding of the COVID-19 (see, e.g., [76], [78], [94], [95] and references therein). This
gives us an idea of the mathematical relevance of the reaction-diffusion model and
the need to continue deepening a broader knowledge of the equation.



Once several applications of the differential equations, specifically the reaction-
diffusion model, have been seen, it is necessary to focus on the technical part.
Hence, approaching the study part of this thesis, it should be noted that very
often it is important to know how the solutions of differential equations behave
with respect to some parameter and many interesting phenomena can be hidden

in such behavior.

As an example, we can mention various perturbations of differential equations
generating plenty of interesting and intriguing scenarios for the behavior of the
solution, studying of asymptotics of spectral characteristics for various differen-
tial operators, stability and bifurcations in dynamical systems, homogenization of

boundary value problems and many others.

In this thesis, we restrict our attention on reaction-diffusion equations without
uniqueness of solutions of the associated Cauchy problem. Afterward, we analyze
with more precision the structure of the attractor for equations of Chafee—Infante
type which has been extensively studied, starting with the article of the authors
who give name to this equation [33]. Its most interesting feature is a bifurcation
in the system parameter which considerably changes the dynamics. Existence and
regularity of its solutions have been investigated, as well as the fine structure of
the attractor. We refer to the classical books [80], [75], [54], [53] and the references

therein.

We recall some properties of its longtime dynamics and in particular the struc-
ture of its attractor following the classical Chafee-Infante equation, although in [54]
the reaction term is more general and all results are proved.

The equation is given by

ou

E—Aujt)\(u?’—u):(), t>0, xz€l0,1],
u(t,0) = u(t,1) =0, t >0,
u(0, ) = uy, x € [0,1].

Existence, uniqueness and regularity results are well known [80, pg. 84].
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The solution flow (¢, x) +— wu(t; z) is continuous in ¢ and x and defines a dynamical
system in HJ(0,1). Moreover, we have continuity with respect to the initial data
in H}(0,1).

As regards the main features of the steady states, a detailed exposition of the
bifurcation on the elliptic problem can be found in |75]. However, we summarize

them in the following result.

Theorem. Let be A\ < w2. Then there is a unique stable fived point v = 0. For
A > 72 there are always two stable fized points ¢ € C*([0,1]). More precisely, if
(nm)? < A< ((n+1)7)%,n € N there are 2 stable and (2n— 1) unstable fived points
{0, ¢*, ¢1i, ‘e ,gbf_l}. Thus, the set of steady states =y has the following shape

[ {0) 0<Ar<,
2xi=9 {067} T <A< (2m)?
! {0,¢%, 0=, .. ;v pdi}, | 1 (m)2 < X< (b D))2, n>2

Moreover, for any initial value ug € HJ(0,1) the trajectory ¢ — wu(t;ug) con-
verges to an element of =, [54]|. This fact relies on the existence of an energy
functional called Lyapunov function for the equation. This will be crucial for our
work as we well see.

We also have to focus on the properties of the global attractor of the system.
We need to further specify the fine structure of the attractor of the Chafee-Infante
equation. Note that it depends crucially on the bifurcation parameter A.

The dynamical system induced by the solution flow of Chafee-Infante equation
is well-known to have a global attractor A € L?(0,1),C([0,1]) and HJ(0,1) [80].
Let

M*"(v) := {ug € Hy(0,1) : there exists a global solution u(t) in H;(0,1)
such that 3ty € R : up = u(tp) and tlim u(t) = v}
——00

be the unstable manifold of v € =,.
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We define for v, w € =) the set of complete connecting orbits

C(v,w) := {ug € Hy(0,1) : there exists a solution u(t) in Hy(0,1)

such that 3ty € R: lim u(t) = w and lim wu(t) = v},
t—o00 t——00

when it is non-empty. If such an orbit does not exist, C'(v,w) = (.
The attractor A, consists of all fixed points and all global bounded trajectories

{u(t),t € R}. For v,w € Z),v # w, using the notation
v w — Clo,w) # 0,
from [42] we have

Av=E\U | M"(v), where M"(v)={v}U (] C(v,w),

'UEE)\ 'LUEE)\
v w

for A > 0.

In other words,

Av={o* 930 {vpu U Clo,w)

veEN\{¢T 07} WEEN
VW
As we will see later, a connection from a fixed point to another is allowed only
if the number of zeros of the first one is greater. By this way, it is possible to have

always a connection from the null equilibrium point to another equilibria.

If A passes (n7)? from the left, the connection structure of the elements of =, for
((n—1)m)? < X < (nm)? is retained in A, for A > (nm)? as a substructure, but two
new unstable fixed points qflil appear in =,. In addition, new connecting orbits
emerge in the attractor: 2(2n — 3) ones linking the 2n — 3 previously unstable fixed
points {0, ¢F, ..., ¢ ,} with each of the new ones {¢,” |, ¢, ,}, and 4 trajectories
directed from each the latter ones to each of the stable points {¢™, ¢~} and hence

4n — 2 newly connected orbits.
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In particular the number of connecting orbits for A € ((w(n — 1))?, (7n)?) is

exactly

3
—_

(4k —2) =2(n — 1)

1

i

We show in Figure 1 the qualitative shape of the attractor. For ((n1)? < X <

((n + 1)m)? the elements of =, as well as the entire set A, depend continuosly on

A

A R

A%

Figura 1: Sketch of A, for 7% < X < (27m)%, (27)% < A < (37)2, (37)? < X < (4m)%

As we have just seen, one of the main goals of the theory of dynamical sys-
tems is to characterize the structure of global attractors. It is possible to find a
wide literature about this problem for semigroups; however, it has been recently
when new results in this direction for multivalued dynamical systems have been
proved [7], [57], [58]. As one of the novelties, this thesis works with multivalued
dynamical systems where the uniqueness of the associated Cauchy problem cannot

be guaranteed.
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By this way and focusing now on what will be done throughout this work, the
first chapter is devoted to present definitions and basic results in the framework
of multivalued dynamical systems. We also describe some elements of the theory
of Morse decomposition which play an important role in this area of dynamical
systems. In fact, the existence of a Lyapunov function, the property of being a
dynamically gradient semiflow and the existence of a Morse decomposition are

shown to be equivalent for multivalued dynamical systems in [44].

The second chapter in this thesis focuses on showing under suitable assumptions

that a dynamically gradient multivalued semiflow is stable under perturbations.

For a fixed dynamically gradient multivalued semiflow with a global attractor
we also analyze the rearrangement of a pairwise disjoint finite family of isolated
weakly invariant sets, included in the attractor, in such a way that the dynamically

gradient property is satisfied in the stronger sense of [64].

These results extend previous ones in the single-valued framework in [5, 6, 30|
to the case where uniqueness of solution does not hold. Additionally, it is worth
saying that the m-semiflows here are not supposed to be general dynamical systems
as in |64], where a robustness theorem for Morse decompositions of multivalued

dynamical systems is also proved under a suitable continuity assumption.

We also apply this general robustness theorem in order to show that a family
of Chafee-Infante problems approximating a differential inclusion is dynamically

gradient if it is close enough to the original problem.

Moving onto next question tackled on this thesis, the reaction-diffusion models
studied before are generalized and we introduce a nonlocal term in the diffusion

coeficient.

The study of this model is motivated because in real applications there might
exist several nonlocal effects that influence the evolution of a system. For instance,
usually we do not have enough information about the systems under study and its
features at every point. In reality, the measurements are not made pointwise but
through some local average. Actually, during the last decades many mathemati-
cians have been studying nonlocal problems motivated by its various applications

in Physics, Biology or population dynamics [35-39,66].
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Firstly we might comment about extensions by using some nonlocal operators
acting in the right-hand side of the PDE and /or the boundary conditions as integral
operators, leading to integro-differential equations. Among others we can cite [4]
for a system coupling capital and pollution stock model (pollutants towards which

the environment has low absorptive capacity), a population dynamic model in [46]

o= adu=u (1w ~a [ ge-pulia).

the elliptic (stationary) counterpart in population/physics models as the Fischer-
KPP [1], or a logistic model [45]. Secondly, we wish to point out that the nonlocal
extensions have also been performed on the diffusion operators as well. The li-
terature about fractional laplacian is vast nowadays. However, let us concentrate
in an intermediate step. Coming originally from modeling of bacteria population
in Biology, the introduction of a nonlocal viscosity in front of the laplacian has
become an interesting problem for different applications and for its mathematical

study, as for example occurs in the equation
w = al [ gutt.v)dn)du = £)
Q

In this way, the spreading (or aggregating/concentrating) effects are given by the
increasing (resp. non-increasing) function a as a viscosity nonlocal coefficient.

In this sense, let consider the problem of finding a function u(¢, z) such that

uy — af [ u(t, x)dz)Au = g(t,u), in Q x (0, 00),
u=0 on 9N x (0,00), (1)
u(0) =up in Q.

Here 2 is a bounded open subset in R™, n > 1, with smooth boundary and a is
some function from R to (0, +00). In such equation u could describe the density of
a population subject to spreading. The diffusion coefficient a is then supposed to

depend on the entire population in the domain rather than on the local density.
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A wide literature with significant results about (1) has been developed du-
ring the last few decades (see for example [36,39,66]). However, it is possible to

distinguish two basic cases of the following more general equation

up — a(u)Au = g(t,u), t>0, x €,
u=20, on dQ x (0,00),
u(0,z) = up(x) x €.

Some authors consider a depending on a linear functional I(u), i.e.,

with

where ®(z) is a given function in L*(Q).
For g(t,u) = f(t) the existence and uniqueness of solutions and their asymptotic
behavior are studied for example in [37,38,40,93].
For g(t,u) = f(u) + h(t) the existence, uniqueness and asymptotic behaviour of
solutions are studied in [3,23,25,26]. Moreover, the authors prove the existence of
pullback attractors in L?(2) and H}(Q2). Extensions in this direction for equations
governed by the p-laplacian operator instead of the laplacian operator A are given
in [24, 27|, whereas nonclassical diffusion equations are considered in [72].

On the other hand, it is possible to consider a function a such that a (u) =

CL(HUH%%) The existence and uniqueness of solutions of the following problem

U — a(||u||§{5)Au =f t>0, ze€Q,
u =20, on 992 x (0,00),
u(0,2) = ug(x) x € Q.

is proved in [41,93], where f € L?(Q), up € H}(Q2) and a = a(s) is a continuous
function such that 0 < m < a(s) < M.
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By this way, the following problem will be considered throughout chapters two

and three

uy — af||ul[f) Au = f(u) + h(t), in Q x (0,00),
u=0 on dQ x (0,00), (2)
uw(0,z) =up (z) in Q,

where h € L*(0,T; L*(Q)), forall T > 0, a : R* — R is a continuous function such
that a (s) > m > 0 and f is a continuous function satisfying standard dissipative

and growth conditions (see (2.1.5)).
More precisely, the aim of the third chapter is three-fold. First, we will prove the

existence of solutions for problem (2) under different assumptions on the nonlinear
function f. Second, we will obtain the existence of attractors for the semiflows
generated by either regular or strong solutions in the autonomous case, that is,
when h does not depend on time. Third, we establish that the global attractor
can be characterized by the unstable manifold of the set of stationary points. It
is important to notice that the proof of this last fact requires the existence of a
Lyapunov function on the attractor, and for this aim the term a(HuH%{&) is crucial.
In the case when a(u) = a(l(u)) it is not known whether such a function exists or

not.

We prove the existence of strong solutions by assuming that either the function
f is continuously differentiable and f’(s) < n or that it satisfies a more strict
growth condition. Supposing additionaly that the function a has sublinear growth
we prove the existence of regular solutions as well. Moreover, when f’(s) < n and

the function s +— a (s?) s is non-decreasing, uniqueness is proved.

When studying the asymptotic behaviour of solutions, new challenging difficul-
ties arise for problem (2). For this problem we consider the autonomous situation,
that is, h € L? () does not depend on t.

If uniqueness holds, then we define classical semigroups (one for regular solu-
tions and one for strong solutions) and prove the existence of the global attractor.

Under some extra assumptions on the functions a, h we are able to obtain that the
global attractor is bounded in H? () and L*> (Q).
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If uniqueness is not known to be true, then we have to define a (possibly)
multivalued semiflow. Then the existence of the global attractor is proved for
regular solutions in the topology of the space L? (€2) and for strong solutions in
the topology of the space Hj () (or Hj (2) N LP (2)), extending in this way the

known results for the local problem [57].

The structure of the global attractor is an important feature as it gives us an
insight into the long-term dynamics of the solutions. In the multivalued situation it
is a challenging problem that has not been completely understood yet. So far in the
local case several results in this direction have been obtained for reaction-diffusion

equations without uniqueness |7, 18,57,58].

In our nonlocal problem for both situations (for regular and strong solutions)
we are able under some conditions to define a Lyapunov function on the attractor
and to prove that it is characterized as the unstable set of the stationary points.
Also, the attractor is equal to the stable set of the stationary points when we

consider solutions only in the set of bounded complete trajectories.

If we consider the general equation
ur — a(®Po(u(t))Au = f(u), (3)

equilibria are difficult to analyse. Here the functional g may represent a general

nonlocal functional acting over the whole domain 2, for instance

)y o [ gttty

Opposite to ordinary differential equations, the analysis of existence of statio-
nary states for the above problem is much more involved. Also, comparing with
reaction-diffusion equations with local diffusion, another difficulty is that in gene-
ral a Lyapunov functional is not known to exist in most cases. One should cite
Prof. Chipot and his collaborators [36-41, 93] among others for a detailed analy-
sis including existence, uniqueness, steady states and convergence of evolutionary

solutions to equilibria, in the particular case where f is constant.
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If we consider the non-local equation

ou s OPu
2 a2 = asw )

with Dirichlet boundary conditions, then it is possible to define a suitable Lyapu-
nov functional. As we shall see in the third chapter, regular and strong solutions
generate (possibly) multivalued semiflows having a global attractor which is des-

cribed by the unstable set of the stationary points.

Although this is already a good piece of information, our goal in the last chapter
of this thesis is to describe the structure of the attractor as accurately as possi-
ble. For this aim, in [20] we focus on studying the particular situation where the
domain is one-dimensional and the function f is of the type of the standard Chafee-
Infante problem, for which the dynamics inside the attractor has been completely
understood [55].

The first point in the last chapter studies the existence of strong solutions
of the Cauchy problem in the space Hj. As well, we prove that strong solutions
generate a multivalued semiflow in H} having a global attractor which is equal to

the unstable set of the stationary points.

When we study the structure of the attractor, we need to analyse the stationary
points. In the case where the function f is odd and equation (4) generates a
continuous semigroup the existence of fixed points of the type given in the Chafee-
Infante problem was established in [31]. Moreover, if a is non-decreasing, then they
coincide with the ones in the Chafee-Infante problem and, also, in [32] the stability

and hyperbolicity of the fixed points are studied.

In this fourth chapter we extend these results for a more general function f (not
necessarily odd and for which we do not known whether the Cauchy problem has a
unique solution or not), showing that equation (4) undergoes the same cascade of
bifurcations as the Chafee-Infante equation. Moreover, when we allow the function
a to decrease, though the problem possesses at least the same fixed points as
in the Chafee-Infante problem, we show that more equilibria can appear. For a

non-decreasing function a and an odd function f we prove also that even when
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uniqueness fails the stability of the fixed points is the same as for the corresponding
ones in the Chafee-Infante problem.

Finally, we are able to prove that in this last case the semiflow is dynamically
gradient with respect to the disjoint family of isolated weakly invariant sets gene-
rated by the equilibria, which is ordered by the number of zeros of the fixed points.
More precisely, the attractor consists of the set of equilibria and their heteroclinic
connections and a connection from a fixed point to another is allowed only if the

number of zeros of the first one is greater.
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Introduccion

Las ecuaciones diferenciales juegan un papel muy importante no solo en
Matematicas sino también en otras ciencias. Se han utilizado durante siglos en
campos como Fisica, Quimica o Biologia. Hay dos ecuaciones importantes que
se utilizan para describir varios procesos que ocurren a nuestro alrededor. Los
procesos mas comunes incorporan la variedad de concentracién de al menos una
sustancia en el tiempo y en el espacio bajo el impacto de dos respuestas, que son,
como su nombre indica, difusiéon y reaccion.

La ecuacion de difusion representa el procedimiento que hace que las sustancias
(moléculas, atomos, calor) se muevan desde altas a bajas concentraciones para lo-
grar una concentracion equilibrada. Un ejemplo simple de difusion en gases aparece
cuando rociamos un perfume y después de unos minutos su olor se esparce por toda
la estancia. La difusion simple también ocurre continuamente en el cuerpo humano
mientras respiramos, ya que el intercambio de gases se produce entre nuestros pul-
mones y el aire que respiramos. El termino reaccion se refiere al procedimiento que

cambia la concentracion de la sustancia en cuestion.

@ — @ —®
('011(:(:Afﬁ.:‘§(dén @"'. = (:011(:3‘.3:1‘];:1(:i(>11
® — ® —®

Difusion Difusion

Proceso de difusién cuando interactian dos componentes. Aqui los componentes
Ay B se difunden y al mismo tiempo reaccionan para producir un complejo AB
que también se difunde.
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Una formulacién generalizada de la ecuacion de reaccion-difusion para una sola

sustancia en una dimension es la siguiente:

0 0

donde C(z,t) es la concentracion de la sustancia en un punto z y un tiempo ¢

especificos, C(z,t) representa el transporte difusivo de la sustancia, R(C) es

0x?
la funcién de reacciéon que representa la produccion o destruccion de la sustancia
resultante de las reacciones, and D es el coeficiente de difusion. Este caso simple
de la ecuacion de reaccion-difusion se le conoce como la ecuacion de Kolmogorov-

Petrovsky-Piskunov [60].

Desde que en los trabajos cléasicos [60] y [48] el modelo de reaccion-difusion
fuera introducido para describir la propagacion de un gen predominante dentro de
una poblacién, se ha trabajado mucho en el modelo para tener en cuenta otros
factores biolégicos, quimicos o fisicos. De hecho, se pueden encontrar aplicaciones
en Economia. En particular, la distribucién de la acumulacion de capital en el
espacio y tiempo, siguiendo extensiones espaciales del modelo continuo de Ram-
sey |74] por Brito [14-16] y otros autores posteriores, usa la ecuacion semilineal

parabolica siguiente:
Ou — alAu = f(u) — c.

Esta espacialidad introduce cuestiones importantes sobre la distribucion de los
estados estacionarios, asi como sobre la evoluciéon dindmica, convergencia o la

interaccion local entre agentes locales.

Una de las aplicaciones més hermosas y visuales de este modelo fue obtenida por
Turing en [82] donde describié como patrones en la naturaleza, rayas y manchas,
pueden surgir de forma natural y autéonoma a partir de un estado homogéneo y
uniforme. En este trabajo, Turing introdujo el concepto de patron para estudiar
el comportamiento de un sistema en el que dos sustancias, que presentan difusion,
interactian entre si. Descubrié que tal sistema de reaccion-difusion es capaz de
generar un patréon espacialmente periédico incluso a partir de una condicién inicial

aleatoria o casi uniforme.
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También es posible encontrar aplicaciones en areas de la medicina, como mo-
delos sobre el mecanismo del cancer [50]. Recientemente, se ha desarrollado un
modelo de reaccion-difusion que describe con mayor precision la distribucion es-
pacial y el desarrollo temporal del tejido tumoral (ver [47] y las referencias en el
mismo).

En esta linea, existen modelos en epidemiologia que permiten predecir las ca-
racteristicas de la propagacion de una enfermedad infecciosa. Una técnica de mo-
delado general son los modelos compartimentales en los que la poblacién se asigna
a compartimentos con etiquetas. El modelo SIR es uno de los méas simples con tres
compartimentos: S, el nimero de individuos susceptibles a la infeccion; I, el niame-
ro de individuos infecciosos que infectan; y R, el nimero de personas recuperadas

(curados o fallecidos).

Este modelo predictivo para enfermedades infecciosas que se transmiten de
persona a persona trata de vaticinar como se propaga una enfermedad, el nimero
total de infectados o la duracion de una epidemia [91]. Para permitir un andlisis de
la dinamica espacial, las teorfas de propagacion de enfermedades como el modelo
SIR se han extendido a ecuaciones de reaccion-difusion (ver [43], [71], [9], [88], [12],
[69], [73])-

Por lo tanto, el objetivo principal es mostrar como las diferentes intervencio-
nes en la salud publica pueden afectar al resultado de la epidemia, por ejemplo,
implementar la técnica mas eficiente para emitir un nimero limitado de vacunas

en una poblacion determinada.

Como bien es sabido, en diciembre de 2019, en la ciudad china de Wuhan, se
reportd un brote de una enfermedad provocada por un nuevo coronavirus. Exten-
dida rapidamente a otras regiones de China y del mundo entero, la Organizacion
Mundial de la Salud reconocio oficialmente el nuevo coronavirus como SARS-CoV-
2 y nombr6 a la enfermedad COVID-19. Desde entonces, la enfermedad ha causado

millones de muertes.

En consecuencia, estudios que utilizan modelos de reaccion-difusion sobre la
tendencia de propagacién, comportamiento dindmico a largo plazo, efectos del

distanciamiento social, cuarentena domiciliaria o confinamientos se llevaron a cabo
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para comprender como estos factores afectan a la propagacion de la epidemia del
COVID-19 (ver, p. €j., [76], [78], [94], [95] y las referencias en los mismos). Esto nos
da una idea de la relevancia matemética del modelo de reaccion-difusion y de la
necesidad de seguir profundizando en un conocimiento mas amplio de la ecuacion.

Una vez vistas varias aplicaciones de las ecuaciones diferenciales, en particular
el modelo de reaccion difusion, es necesario centrarse en la parte técnica. En este
sentido, y acercandonos al contenido de esta tesis, conviene senalar la importancia
de saber cémo se comportan las soluciones de ecuaciones diferenciales con respecto
a algiin parametro y los muchos fenémenos interesantes que pueden esconderse en
dicho comportamiento.

Por ejemplo, podemos mencionar las perturbaciones de varias ecuaciones dife-
renciales que generan situaciones interesantes en el comportamiento de la solucion,
el estudio asintético de las caracteristicas espectrales para varios operadores dife-
renciales, estabilidad y bifurcaciones en sistemas dindmicos, homogeneizaciéon de
problemas de valores limite y muchos otros.

En esta tesis, fijamos nuestra atencion en las ecuaciones de reaccion-difusion sin
unicidad de soluciones del problema de Cauchy asociado. Posteriormente, analiza-
mos con mas precision la estructura del atractor para ecuaciones de tipo Chafee-
Infante que ha sido ampliamente estudiado, comenzando por el articulo de los
autores que dan nombre a esta ecuacion [33]. Su caracteristica mas interesante
es una bifurcacién en el pardmetro del sistema que cambia considerablemente la
dindmica. Existencia y regularidad de soluciones han sido estudiadas, asi como
la estructura fina del atractor. Para mas detalle, se pueden consultar las fuentes
clasicas [80], [75], [54], [53] v las referencias que contienen.

Vamos a recordar algunas propiedades de su dindmica a largo plazo y, en parti-
cular, la estructura de su atractor planteando la ecuacion clasica de Chafee-Infante,
aunque en [54] el término de reaccion es mas general y se prueban todos los resul-

tados.
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La ecuacion esta dada por

%—Aujt)\(u?’—u)zo, t>0, x€l0,1],
u(t,0) = u(t,1) =0, t>0,
u(0, ) = up, z € [0,1].

Resultados sobre existencia, unicidad y regularidad son bien conocidos [80, pg. 84].
El flujo que genera la solucion (¢,z) — wu(t;x) es continuo en t y en x y define
un sistema dinamico en el espacio Hj(0,1). Ademas, tenemos la propiedad de la
continuidad con respecto a la condicién inicial en H] (0, 1).

En cuanto a las caracteristicas principales de los estados estacionarios, se puede
encontrar una exposicion detallada de la bifurcacion en el problema eliptico en |75].

No obstante, en el siguiente resultado quedan recogidas.

Teorema. Sea A < 72. Entonces existe un tnico punto fijo estable v = 0. Para
A > 72 hay siempre dos puntos fijos estables ¢ € C*([0,1]). En concreto, si
(nm)?2 < X < ((n+ 1)m)%,n € N hay 2 puntos fijos estables y (2n — 1) inestables
{O,(bi,cbli, e ,gbff_l}. De esta forma, el conjunto de los estados estacionarios =

viene determinado por

({0} 0<\<n2,
2xi=9 {067} Tt <A< (27)%,
\ {0,0%,0F,...,,...,05 1}, (n)2<A<((n+1)7)? n>2.

Més atn, para cada valor inicial ug € H}(0,1) la trayectoria ¢ +— wu(t;ug)
converge a un elemento de =) [54]. Este hecho reside en la existencia de un funcional
de energia asociado a la ecuacién llamado funcién de Lyapunov. Como veremos

més adelante, esta propiedad sera crucial a lo largo de nuestro trabajo.
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También tenemos que centrarnos en las propiedades del atractor global del
sistema. Necesitamos especificar mas la estructura fina del atractor de la ecuaciéon
de Chafee-Infante, ya que depende fundamentalmente del parametro de bifurcaciéon
A

Se sabe que el sistema dinamico inducido por el flujo de la solucion de la ecua-
cion de Chafee-Infante tiene un atractor global A € L?(0,1),C([0,1]) y Hy(0,1)
[80]. Sea

M*"“(v) := {ug € H3(0,1) : existe una solucién global u(t) en Hy(0,1)
tal que Jtg € R :ug = u(ty) y th’m u(t) = v}
——0

la variedad inestable de v € =Z,. Definimos para v, w € =) el conjunto de las 6rbitas

completas y conectadas como

C(v,w) := {ug € Hy(0,1) : there exists a solution u(t) in H,(0,1)
such that Ity € R: lim u(¢t) = w and lim u(t) = v},
t—»00 t——o00
cuando el conjunto es no vacio. Si tal orbita no existiera, C'(v, w) = ().

El atractor A, estda formado por todos los puntos fijos y todas las trayectorias

globales y acotadas {u(t),t € R}. Para v,w € =, v # w, usando la notacion
v w — Co,w) £ 10,
en virtud de [42], tenemos que

Av=ZU [ M*(v), donde M*(v)={v}u | C(v,w),

VEE) WEE)
VAW

para A > 0. En otras palabras,

A=fsto 0 U {wu cww

veEx\{ot,07} WEE
VAW
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Como veremos posteriormente, las conexiones solo estan permitidas desde pun-
tos fijos con més ceros a otros con menos. De esta forma, siempre es posible tener

una conexion desde el punto de equilibrio nulo a otro cualquiera.

Si A excede (n7)?, la estructura de las conexiones de los elementos de =, para

2 como una subestructu-

((n—1)m)? < A < (nm)? se mantiene en Ay para A > (n)
ra, aunque dos nuevos puntos fijos inestables (/bff_l aparecen en =,. Ademas, nuevas
Orbitas conectadas aparecen en el atractor: 2(2n — 3) uniendo los 2n — 3 puntos
fijos inestables previos {0, ¢, ..., ¢ ,} con cada uno de los nuevos {¢,; ,, ¢, .},
y 4 trayectorias directas desde cada uno de los tltimos hacia los puntos estables
{¢T, ¢~} v, por tanto, 4n — 2 nuevas orbitas conectadas. En particular, el nimero

de orbitas conectadas para A € ((m(n —1))?, (7mn)?) es exactamente

i
L

(4k —2) = 2(n — 1)

3

En la Figura 2 se muestra la forma cualitativa del atractor. Para ((nm)? <
A < ((n+ 1)m)?, los elementos de =y asi como el conjunto completo Ay depende

continuamente de \.

+ ¢-
A%
/
Figura 2: Esquema de Ay para m2 <A< (2m)?%, (27)2 <A< (37)2, (3m)2 <A< (47)2
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Como acabamos de ver, uno de los principales objetivos de la teoria de los sis-
temas dindmicos es caracterizar la estructura de los atractores globales. Es posible
encontrar una amplia literatura sobre este problema para semigrupos; sin embar-
go, ha sido recientemente cuando nuevos resultados en esta direcciéon para sistemas
dindmicos multivaluados han sido obtenidos [7], [57], [58]. Una de las novedades
que pretende presentar esta tesis reside en la obtencion de resultados trabajando
con sistemas dinadmicos multivaluados, donde no se puede garantizar la unicidad
del problema de Cauchy asociado.

De esta manera y enfocandonos ahora en lo que se abordara a lo largo de es-
te trabajo, el primer capitulo esta dedicado a presentar definiciones y resultados
bésicos en el marco de sistemas dindmicos multivaluados. También describimos
algunos elementos de la teoria de la descomposicion de Morse que juegan un papel
importante en esta area de sistemas dindmicos. De hecho, se demuestra en [44]
que la existencia de una funcién de Lyapunov, la propiedad de ser un semiflu-
jo dindamicamente gradiente y la existencia de una descomposicion de Morse son
propiedades equivalentes para sistemas dinamicos multivaluados.

El segundo capitulo de esta tesis se centra en mostrar, bajo determinadas con-
diciones, que un semiflujo multivaluado dindAmicamente gradiente es estable bajo
perturbaciones; es decir, la familia de semiflujos multivaluados perturbados per-
manece dinamicamente gradiente.

Para un semiflujo multivaluado dinamicamente gradiente con un atractor glo-
bal, también analizamos el reordenamiento de una familia finita disjunta a pares de
conjuntos aislados débilmente invariantes, incluidos en el atractor, de tal manera
que la propiedad de ser dinamicamente gradiente se satisface en un sentido més
fuerte que en [64].

Estos resultados amplian los anteriores en el marco univaluado (ver [5,6,30])
al caso donde la unicidad de la solucién no se cumple. Ademas, los semiflujos
multivaluados aqui no se suponen sistemas dinamicos generales como en [64], donde
un teorema de robustez para la descomposicion de Morse de un sistema dinamico

multivaluado es obtenido bajo una condiciéon especifica de continuidad.
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Adicionalmente, aplicamos este teorema de robustez general para demostrar
que una familia de problemas de tipo Chafee-Infante que aproximan una inclusiéon
diferencial es dinAmicamente gradiente si esté lo suficientemente cerca del problema
original.

Pasando a la siguiente cuestion abordada en esta tesis, se generalizan los mo-
delos de reaccion-difusion estudiados anteriormente y se introduce un término no
local en el coeficiente de difusion.

El estudio de este modelo viene motivado porque en las aplicaciones reales
pueden existir varios efectos no locales que influyen en la evoluciéon de un sistema.
Por ejemplo, generalmente no tenemos suficiente informacion sobre los sistemas
en estudio y sus caracteristicas en cada punto. En realidad, las mediciones no se
realizan puntualmente sino a través de algin promedio local. De hecho, durante
las tltimas décadas muchos mateméticos han estado estudiando problemas no
locales motivados por sus diversas aplicaciones en Fisica, Biologia o dindmica de
poblaciones. [35-39,66].

En primer lugar, podriamos hablar acerca de las extensiones utilizando algunos
operadores no locales que actian en el lado derecho de la EDP y /o en las condicio-
nes de frontera como un operador integral, lo que lleva a unas ecuaciones de tipo
integro-diferencial. Entre otros, cabe mencionar a [4| para un sistema de capital
vinculado y un modelo de contaminantes de stock (contaminantes hacia los cuales
el ambiente tiene una baja capacidad de absorcion), [46] para un modelo dindmico
de poblaciones

du— alu =u (f(u) — oz/R g(x — y)U(y,t)dy> ;

N
el equivalente eliptico (estacionario) en modelos de poblaciones o en fisica como
el Fischer-KPP [1], o el modelo logistico [45]. En segundo lugar, senalar que las
extensiones no locales también se han realizado en los operadores de difusion. La
literatura sobre el laplaciano fraccionario es muy amplia. Sin embargo, vamos a

centrarnos en un paso intermedio.
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Originario del modelo poblacional de bacterias en el campo de la Biologia, la
introduccion de una viscosidad no local frente al laplaciano se ha convertido en un
interesante problema para diferentes aplicaciones y para su estudio matematico,

como ocurre por ejemplo en la siguiente ecuacion
w = a [ gly)utt.g)dy)su = f0),
Q

De esta manera, los efectos de propagacion (o agregacion/concentracion) estan da-
dos por la funcioén creciente (resp. no creciente) a como un coeficiente de viscosidad

no local.

En este sentido, considérese el problema de encontrar una funcion u(t,z) tal

que

a( Jqu(t,z)dz)Au = g(t,u), en Q x (0,00),
u=0 on dQ x (0,00), (5)
u(0) =ug en €.

Aqui Q2 es un subconjunto abierto y acotado de R™, n > 1, con frontera suave y a
es una funcion de R en (0, 4+00). En esta ecuacion u puede describir la densidad de
una poblacién sujeta a propagacion. Por tanto, el coeficiente de difusion a depende

de toda la poblacion del dominio, en lugar de depender de la densidad local.

En las dltimas décadas, una amplia literatura con resultados relevantes sobre
(5) ha sido desarrollada (ver por ejemplo [36, 39, 66]). Sin embargo, es posible

distinguir dos casos béasicos de la siguiente ecuacién mas general

u — a(u)Au = g(t,u), t>0, z€Q,
u=0, en dQ x (0,00),
u(0,z) = up(x) z €.

Algunos autores consideran a dependiendo de un funcional lineal [(u); es decir,



con

donde ®(z) es una funciéon dada en L?(Q).
Para g(t,u) = f(t), la existencia y unicidad de soluciones y el comportamiento
asintotico es estudiado, por ejemplo, en [37,38,40,93|.
Para g(t,u) = f(u)+ h(t), en [3,23,25,26] podemos encontrar los resultados sobre
existencia, unicidad y comportamiento asintotico de las soluciones. Ademas, los
autores prueban la existencia de atractores pullback en L*(2) y en Hj (). Exten-
siones en esta direcciéon para ecuaciones donde interviene el operador p-laplaciano
en lugar del operador laplaciano clasico A se pueden encontrar en [24,27], mientras
que en [72| se consideran ecuaciones de difusion no clasicas.

Por otra parte, es posible considerar la funcién a como a(u) = a(||u|\?qé) De

este modo, resultados acerca de la existencia y unicidad de soluciones del siguiente

problema
Uy — a(HuHIQqé)Au =f, t>0, z€Q,
u =0, en 99 x (0,00),
u(0,z) = ug(x) z €.
se pueden encontrar en [41,93], donde f € L*(Q), up € HL(Q) y a = a(s) es una
funcion continua tal que 0 < m < a(s) < M.
Vistos ambos casos, el siguiente problema se consideraré a lo largo de los capi-

tulos dos y tres

up — af[|ull3,) Au = f(u) + h(t), en Qx (0,00),
u=0 en 9N x (0,00), (6)
u(0,2) = ug (x) en Q,

donde h € L?(0,T; L*(QQ)), para todo T' > 0, a : R™ — R* es una funcién continua
tal que a(s) > m > 0y f es una funciéon continua que cumple condiciones de

disipacion y crecimiento estandar (ver (2.1.5)).

Maés precisamente, el objetivo del tercer capitulo es triple. Primero, probaremos

la existencia de soluciones del problema (6) bajo diferentes hipotesis en la funcion
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no lineal f. Seguidamente, obtendremos la existencia de atractores para los semi-
flujos generados por soluciones regulares o fuertes en el caso auténomo; es decir,
cuando h no depende del tiempo. Por tltimo, estableceremos una caracterizacion
para el atractor global en términos de las variedades inestables del conjunto de
puntos fijos. Es importante remarcar que la prueba de este tltimo hecho requiere
de la existencia de una funcién de Lyapunov definida en el atractor, y para este
objetivo el término a(HuH%&) resulta clave. En el caso cuando a(u) = a(l(u)) no se

sabe si existe o no una funciéon de Lyapunov.

Probamos la existencia de soluciones fuertes asumiendo que o bien la fun-
cion f es continuamente diferenciable y f’(s) < n o que satisface una condicion
de crecimiento mas estricta. Suponiendo adicionalmente que la funcién a tiene
un crecimiento sublineal, probamos la existencia de soluciones regulares. Ademas,
cuando f’(s) < n y la funcion s — a (s?) s es no decreciente, se tiene garantizada

la unicidad.

Cuando estudiamos el comportamiento asintotico de las soluciones, nuevas difi-
cultades desafiantes surgen para el problema (6). Para este problema, consideramos

la situacién auténoma, esto es, h € L? (Q) no depende de t.

Si la propiedad de unicidad se mantiene, entonces podemos definir un semigru-
po clasico (uno para soluciones regulares y otro para las fuertes) y es posible probar
la existencia del atractor global. Bajo condiciones adicionales en las funciones a, h

podemos obtener que el atractor global est4 acotado en H? () y en L™ (Q).

Si no se mantiene la propiedad de unicidad, entonces tenemos que definir un
(posible) semiflujo multivaluado. Por tanto, la existencia del atractor global se
prueba para soluciones regulares en la topologia del espacio L? (€2) y para solucio-
nes fuertes, en la topologfa del espacio H} () (o H} () NLP (), extendiendo de

esta manera los resultados conocidos para el local problema [57].

La estructura del atractor global es una caracteristica importante ya que nos da
una idea de la dinamica a largo plazo de las soluciones. En el marco multivaluado
es un problema desafiante que todavia no ha sido entendido completamente. Hasta
ahora, en el caso local, se han obtenido varios resultados en esta direcciéon para

ecuaciones de reaccion-difusion sin unicidad [7,18,57,58|.

XXXIIT



En nuestro problema no local, para ambas situaciones (para soluciones regula-
res y fuertes) somos capaces, bajo algunas condiciones, de definir una funcién de
Lyapunov en el atractor y demostrar que se caracteriza como el conjunto inestable
de puntos estacionarios. Ademas, probamos que el atractor es igual al conjun-
to estable de los puntos estacionarios cuando consideramos soluciones sélo en el
conjunto de trayectorias completas acotadas.

Si consideramos la ecuacion general
u — a(®@o(u(t))Au = f(u) (7)

los puntos de equilibrio son dificiles de analizar. Aqui ®q puede representar un

funcional no local general actuando sobre todo el dominio €2, por ejemplo

)y o [ atwutt.nay

A diferencia de las ecuaciones diferenciales ordinarias, el anéalisis de la existen-
cia de estados estacionarios para el problema anterior es mucho més complicado.
Ademés, comparando con las ecuaciones de reaccion-difusion con difusion local,
otra dificultad es que, en general, no se sabe que exista una funcién de Lyapunov
en la mayoria de los casos. En este sentido, podemos citar al Prof. Chipot y sus
colaboradores [36—41,93], entre otros, para tener un analisis detallado, incluyendo
existencia, unicidad, puntos fijos y convergencia de las soluciones hacia los puntos
de equilibrio, en el caso particular en el que f es constante.

Si consideramos la ecuacién no local

0 02
5~ allulfy) 5= =A@ ®)

con condiciones de frontera tipo Dirichlet, entonces es posible definir un funcional
de Lyapunov adecuado. Como veremos en el tercer capitulo, soluciones regulares
y fuertes generan (posibles) semiflujos multivaluados teniendo un atractor global

que puede ser descrito por el conjunto inestable de puntos fijos.
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Aunque esto representa un buen avance en el estudio, nuestro objetivo en el
iltimo capitulo de esta tesis es describir la estructura del atractor con la mayor
precision posible. Para este objetivo, en [20] centramos el estudio en la situacion
particular en la que el dominio es unidimensional y la funcién f es del tipo del
problema estandar de Chafee-Infante, para el cual la dindmica dentro del atractor
se ha entendido completamente [55].

En el primer punto del ultimo capitulo se estudia la existencia de soluciones
fuertes del problema de Cauchy en el espacio Hj. Asimismo, se demuestra que las
soluciones fuertes generan un semiflujo multivaluado en el espacio Hg, teniendo
un atractor global que es igual al conjunto inestable de los puntos estacionarios.

Cuando estudiamos la estructura del atractor, necesitamos analizar los puntos
estacionarios. En el caso en el que la funciéon f es impar y la ecuacion (8) genera
un semigrupo continuo, en [31] se establece la existencia de puntos fijos del tipo
Chafee-Infante. Ademés, si a es no decreciente, entonces los puntos fijos coinciden
con los mismos del problema cléasico de Chafee-Infante y, adicionalmente, en [32]
se estudia la estabilidad e hiperbolicidad de los puntos fijos.

En este cuarto capitulo ampliamos estos resultados para una funcién mas ge-
neral f (no necesariamente impar y no sabemos si el problema de Cauchy asociado
tiene solucion tnica o no), mostrando que la ecuacion (8) sufre la misma cascada
de bifurcaciones que la ecuacion de Chafee-Infante. Ademaés, en el caso de que la
funcién a decrezca, aunque el problema posee al menos los mismos puntos fijos
como en el problema de Chafee-Infante, demostramos que pueden aparecer més
puntos fijos. Para una funcién no decreciente a y una funcién impar f, demostra-
mos también que incluso cuando la unicidad falla, la estabilidad de los puntos fijos
es la misma que para los correspondientes en el problema de Chafee-Infante.

Finalmente, podemos probar que en este tltimo caso el semiflujo es dindmica-
mente gradiente con respecto a la familia disjunta de conjuntos aislados débilmente
invariantes generados por los puntos fijos, que se ordena por el nimero de ceros de
los puntos fijos. Mas precisamente, el atractor consiste en el conjunto de puntos
de equilibrio y sus conexiones heteroclinicas, donde la conexién de un punto fijo a

otro solo se permite si el niimero de ceros del primero es mayor.

XXXV



Chapter O
Preliminaries

This chapter tries to present the definitions and basic results in the framework
of the multivalued dynamical systems. Also, in order to understand properties

related to attractors for multivalued semiflows other results are contemplated.

0.1. Abstract theory of multivalued dynamical sys-

tems

Firstly, we introduce basic concepts and properties related to fixed points,
complete trajectories and global attractors.

Consider a metric space (X, d) and a family of functions R C C(R; X). Denote
by P(X) the class of nonempty subsets of X. Then, define the multivalued map

G:Ry x X — P(X)
associated with the family R as follows
G(t,up) = {u(t) : u(-) € R,u(0) = up}. (0.1.1)

In this abstract setting, the multivalued map G is expected to satisfy some

properties that fit in the framework of multivalued dynamical systems.

1
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The first concept is given now, although a more axiomatic construction will be

provided below.

Definition 0.1. A multivalued map G : Ry x X — P(X) is a multivalued semiflow
(or m-semiflow) if G(0,z) =z for all x € X and G(t + s,x) C G(t,G(s,x)) for all
t,s >0and xr € X.

If the above inclusion is an equality, it is said that the m-semiflow is strict.

Once a multivalued semiflow is defined, we recall the concepts of invariance and

global attractor, with evident differences with respect to the single-valued case.

Definition 0.2. A map 7 : R — X is called a complete trajectory of R (resp. of
G) if y(- + ) |jp,00)€ R for all h € R (resp. if y(t +s) € G(t,7(s)) for all s € R
and t > 0).

Definition 0.3. A point z € X is a fixed point of R (resp. of G) if () =2z € R
(resp. z € G(t,z) for all t > 0).

Definition 0.4. Given an m-semiflow G on a metric space (X,d) a set B C X is
said to be negatively (positively) invariant if B C G(t,B) (G(t,B) C B) for all
t > 0, and strictly invariant (or, simply, invariant) if the above relation is not only

an inclusion but an equality.

Definition 0.5. The set B is said to be weakly invariant if for any x € B there
exists a complete trajectory v of R contained in B such that v(0) = z. We observe

that weak invariance implies negative invariance.

Definition 0.6. A closed weakly invariant set B of X is isolated if there is a
neighborhood O of B such that B is the maximal weakly invariant subset on O. If
B belongs to the global attractor A and A is compact, then it is compact. In this
case, it is equivalent to use a d-neighborhood Os(B) = {y € X : dist (y, B) < §}.

Remark 0.7. If in this definition we use the stronger conditions that O is a
d—neighborhood, then it follows from the proof of Lemma 19 in [44]| that B is

closed, so this assumption is not necessary.
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Definition 0.8. We say that G is asymptotically compact if every sequence y,, €
G(tn, B), where t,, — oo and B C X is bounded, is relatively compact.

Definition 0.9. A set A C X is called a global attractor for an m-semiflow if it is
negatively semi-invariant and it attracts all attainable sets through the m-semiflow

starting in bounded subsets, i.e.,
distx(G(t,B),A) -0 ast— oo,

where

distx (A, B) = sup inf d(a,b)

acA bEB

is the Hausdorff semidistance from the G(t, B) to A. When A is compact, it is

the minimal closed attracting set [68, Remark 5.

Definition 0.10. A subset A C A is a local attractor in A if for some € > 0 it
follows that w(O.(A) N A) = A.

Definition 0.11. Let A be a local attractor in A. Then its repeller A* is defined
by
A*={r e A:w(x)\A # 0}

Remark 0.12. A global attractor for an m-semiflow does not have to be unique,
nor a bounded set. However, if a global attractor is bounded and closed, it is min-
imal among all closed sets that attract bounded sets [68, Remark 5|. In particular,

a bounded and closed global attractor is unique.

In order to obtain a detailed characterization of the internal structure of a
global attractor, we introduce an axiomatic set of properties on the set R (see [10]
and [57]).

The set of axiomatic properties that we will deal with is the following.

(K1) For any x € X there exists at least one element ¢ € R such that ¢(0) = .

(K2) ¢,(-) :=p(-+7) € R for any 7 > 0 and ¢ € R (translation property).



0.1. Abstract theory 4

(K3) Let 1,92 € R be such that ¢5(0) = ¢;(s) for some s > 0. Then, the
function ¢ defined by

) ow(t) 0<t<s,
S”(t)_{soxt—s) i<t

belongs to R (concatenation property).

(K4) For any sequence {¢"} C R such that ¢"(0) — zp in X, there exist a
subsequence {¢™} and ¢ € R such that ¢"(t) — ¢(t) for all £ > 0.

In Chapter 1 we will need a stronger condition than (K4). Namely, we shall

consider the following stronger property.

(K4) For any sequence {p"} C R such that ¢"(0) — z¢ in X, there exists a
subsequence {¢"} and ¢ € R such that ¢" converges to ¢ uniformly in
bounded subsets of [0, c0).

Remark 0.13. If in assumption (K1), for every x € X, there exists a unique
¢ € R such that ¢(0) = x, then the set {¢ € R : ¢(0) = z} consists of a
single trajectory ¢, and the equality G(t,z) = ¢(t) defines a classical semigroup
G:R"xX — X.

It is immediate to observe |29, Proposition 2] or [59, Lemma 9| that R fulfilling
(K1) and (K2) gives rise to a m-semiflow G through (3.3.1), and if besides (K3)
holds, then this m-semiflow is strict. In such a case, a global bounded attractor,
supposing that it exists, is strictly invariant [68, Remark 8|.

Several properties concerning fixed points, complete trajectories and global

attractors are summarized in the following results [57].

Lemma 0.14. Let (K1)-(K2) be satisfied. Then every fized point (resp. complete
trajectory) of R is also a fized point (resp. complete trajectory) of G.

If R fulfills (K1)-(K4), then the fized points of R and G coincide. Besides, a
map v : R — X is a complete trajectory of R if and only if it is continuous and a
complete trajectory of G.
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The standard well-known result in the single-valued case for describing the
attractor as the union of bounded complete trajectories (see [61]) reads in the

multivalued case as follows.

Theorem 0.15. Consider R satisfying (K1) and (K2), and either (K3) or (K4).

Assume also that G possesses a compact global attractor A. Then

A={7(0) : v € K} = Urer{~(t) : v € K}, (0.1.2)

where K denotes the set of all bounded complete trajectories in R. Hence, A is

weakly invariant.

Before stating a general result about the existence of attractors, we need the

following definition.

Definition 0.16. The map ¢ — G(¢,x) is upper semicontinuous if for any z € X
and any neighborhood O(G(t,z)) in X there exists § > 0 such that if d(y, x) < 6,
then G(t,y) C O.

Theorem 0.17. [68, Theorem 4 and Remark 8] Let the map t — G(t,x) be upper
semicontinuous with closed values. If there exists a compact attracting set K, that
18,

distx(G(t,B),K) — 0, ast — +o0,
for any bounded set B, then G possesses a global compact attractor A, which is the

minimal closed attracting set. If, moreover, G is strict, then A is invariant.

We observe that, although in the papers [68], [57] the space X is assumed to
be complete, the results are true in a non-complete space.

Now we recall the definitions of some important sets in the literature of dy-
namical systems. Let B C X and let ¢ € R. We define the w—limit sets w(B) and

w(y) as follows:

w(B) ={y € X : there are sequences t,, — 00, y, € G(t,, B) such that y, — y},
w(p) ={y € X : there is a sequence t,, — oo such that o(t,) — y}.
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If v is a complete trajectory of R, then the a—limit set is defined by
a(y) ={y € X : there is a sequence t, — —oo such that y(t,) — y}.

Some useful properties of these sets [10, Lemma 3.4 and Proposition 4.1] are

summarized in the following lemma.

Lemma 0.18. Assume that (K1), (K2) and (K4) hold. Let G be asymptotically

compact. Then:

1. For any non-empty bounded set B,w(B) is non-empty, compact, weakly in-
variant and

distx(G(t, B),w(B)) = 0, ast — +oc.
2. For any ¢ € R, w(yp) is non-empty, compact, weakly invariant and

distx(p(t),w(p)) = 0, ast — +oo.

3. For any v € K, a(y) is non-empty, compact, weakly invariant and

distx(y(t),a(y)) — 0, ast — —c0.

4. For any ¢ € R, w(p) is connected. If 1 is a complete trajectory then a(i)

1s connected.

The following definition summarizes additional concepts. They are required in
order to give a more detailed description of the internal structure of the attractor

under special cases.

Definition 0.19. Consider a m-semiflow G.

1. We say that S = {=;,...,E,} is a disjoint finite family of isolated weakly

invariant sets if there exists § > 0 such that

Os(E)N0O0s(E;)) =0 forl<i<j<n,
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and each =; is the maximal weakly invariant subset in

Os5(E;) :={z € X : distx(x,=;) < 6}.

2. For an m-semiflow G on (X, d) with a global attractor A and a finite number

of weakly invariant sets S, a homoclinic orbit in A is a collection

{Zp)s - Zpm} © S

and a collection of complete trajectories {7;}1<i<x of R in A such that

(putting p(k + 1) := p(1))
tgznoo distx (i(t), Zpwy) = O,tliglo distx (7i(t), Zpirny) =0, 1 <i <k,
and for each 7 there exists t; € R such
%(t) & Epgi) U Eplita)-

3. We say that an m-semiflow G' on (X, d) with the global attractor A is dy-

namically gradient if the following two properties hold:

(G1) there exists a disjoint finite family S = {=,...,Z,} of isolated weakly
invariant sets in A with the property that any complete trajectory v of R in
A satisfies

lim distx(v(t),=;) =0, tlim distx(y(t),Z;) =0
—00

t——o00

for some 1 < 1,5 < n;

(G2) S does not contain homoclinic orbits.

Remark 0.20. It is possible to establish the definition of being dynamically gra-

dient in terms of «, w—limit sets. After reordering the sets =;, the two defi-
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nitions are equivalent, as will be shown in Chapter 1. We say the m-semiflow
G: Rt x X — P(X) is dynamically gradient with respect to the disjoint family of
isolated weakly invariant sets S = {Z;,..., =, } if for every complete and bounded

trajectory ¥ of R we have that either
P(R) C E;, for some j € {1,...,m},

or

with 1 <j <1< m.

Definition 0.21. A disjoint family of isolated weakly invariant sets
8:{51,...7En} CA

is a Morse decomposition of the global compact attractor A if there is a sequence

of local attractors

=A,CA C...CA,=A

such that for every k € {1,...,n} it holds
Er=ArNA;_.

Remark 0.22. The property of being a dynamically gradient semiflow and the
existence of a Morse decomposition are shown to be equivalent for multivalued
dynamical systems in [44] under conditions (K1)-(K3), (K4).

Remark 0.23. In the single-valued case, dynamically gradient semigroups have
been called also gradient-like semigroups [30]. Observe that the above definitions
are concerned with weakly invariant families, which need not to be unitary sets.
This is to deal with the more general concept of generalized gradient-like semi-
groups [30], in contrast with gradient-like semigroups (when the invariant sets are

unitary).

Now, we introduce the concept of unstable manifold, that will allow us to
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describe more precisely the structure of a global attractor of a dynamically gradient

m-semiflow.
Definition 0.24. Let G be an m-semiflow. The unstable manifold of a set = is

W*(Z) ={ug € X : there exists complete trajectory v of R such that
7(0) = up and tlim distx(y(t),Z) = 0}.
——00

Now the following result, relating the global attractor with unstable manifolds,
is standard. The first statement is straightforward to see. The second one, sup-
posing that the global attractor is compact, follows directly from the structure

described in Theorem 0.15 and the definition of dynamically gradient semiflows.

Lemma 0.25. Consider a family R C C(Ry; X) satisfying (K1) and (K2). Sup-
pose that the associated m-semiflow has a global attractor A. Then, for any
bounded set = C X, W*(Z) C A.

Moreover, assume that R satisfies either (K3) or (K4), and that the global
attractor A is compact. Suppose also that the associated m-semiflow G defined in

(3.5.1) is dynamically gradient. Then

A= Jw(E)). (0.1.3)

0.2. Notation

We end this chapter fixing basic questions about notation. Throughout this
work we will denote by ||-||, the norm in the Banach space X. Let 2 C R" be a
subset and 1/p+1/q = 1. Denote by (-,-) the scalar product in L*(€2) and || - || 2
the norm in HJ () associated to the scalar product of gradients in L*(€2) thanks to
Poincaré’s inequality. We also denote by (-,-) the duality product between LP(£2)
and L9(Q), where p is the conjugate exponent of q. As usual, let H~1(Q) be the
dual space to HJ(€2). Denote by (-, ) pairing between the space L ()N HJ () and
its dual L9(Q2) + H~1(Q). Note also that we will use (-,-) for the duality between
H (Q) and H (Q).
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Chapter 1

Robustness of dynamically gradient

multivalued dynamical systems

The basic theory about properties related to fixed points, complete trajectories
and global attractors has been introduced in Chapter 0. In this Chapter we present
the main result about robustness of dynamically gradient multivalued semiflows.
Further, we prove a theorem which allows us to reorder the family of weakly
invariants sets, thus establishing an equivalent definition of dynamically gradient
families.

Afterwards, we consider a Chafee-Infante problem, where the equivalence of
weak and strong solutions is established. Once the set of fixed points is analyzed,
we consider a family of Chafee-Infante equations, approximating the differential
inclusion tackled in [7]. We check that this family of Chafee-Infante equations
verifies the hypotheses of the robustness theorem in order to obtain, therefore,
that the multivalued semiflows generated by the solutions of the approximating
problems are dynamically gradient if this family is close enough to the original
one.

1.1. Robustness of dynamically gradient

m-semiflows

Our first main goal is to prove that a dynamically gradient multivalued semiflow
is stable under suitable perturbations, that is, a family of perturbed multivalued

semiflows remains dynamically gradient if it is close enough to the original semi-

11
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flow, generalizing the corresponding result in the single-valued case [30]. This is

rigorously formulated in the following theorem.

Theorem 1.1. Consider a complete metric space (X,d). Let n be a parameter
in [0,1], R, C C(Ry; X) fulfill (K1), (K2), (K3) and (K4), and let G, be the
corresponding m-semiflow on X having the global compact attractor A,. Assume
that

(H1) U A, is compact.
n€(0,1]
(H2) Gy is a dynamically gradient m-semiflow with a disjoint finite family of iso-

lated weakly invariant sets S° = {2, ... 20},

(H3) A, has a disjoint finite family of isolated weakly invariant sets S, = {=1,..., =1},
n € [0, 1], which satisfy

lim sup distx(Z],=)) = 0.
n—=01<i<n

(H4) Any sequence {v,} with v, € R, such that {v,(0)} converges for n — 0T,
possesses a subsequence {7, } that converges uniformly in bounded intervals
of [0,00) to v € Ry.

(H5) There exists 7 > 0 and neighborhoods V; of =Y such that =] is the mazimal

K3 (2

weakly invariant set for G, in'V; for anyi =1,...,n and for each 0 < n < 7.

Then there exists ng > 0 such that for all n < no, {G,} is a dynamically
gradient m-semiflow. In particular, the structure of A, is analogous to that given
in (0.1.3).

Proof. Observe that assumption (H5) concerning certain neighborhood V; of =¢
involves a hyperbolicity condition of Gy w.r.t. each =%, and as far as (H3) is also
77777 » such that Z7 C V; for all n < n(V;). W.lo.g.
assume that § > 0 is such that {x € X : distx(x,Z)) <6} C V;foralli=1,...,n.

By Theorem 0.15, we have that A, is composed by all the orbits of bounded

complete trajectories of R, K,.

assumed, there exist {n(V;)}i=1
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We are going to prove by contradiction arguments that there exists 7y € (0, 1]

such that {G,},<,, is dynamically gradient.

Step 1: There exists 1y > 0 such that for all n < 7y, any bounded complete
trajectory &, of R, satisfies that there exist i € {1,...,n} and ¢, such that for all
t > to, distx (&, (t),Z)) < 0.

After proving the above claim, we consider the sets
B, :={&(s):s >t} C A= {y:distx(y,E}) < 4}

and w(&,).
It follows that w(&,) C A, since

distx(&,(t),w(&,)) =0 ast — 4o0.

On the other hand, by Lemma 0.18 w(¢,) is a weakly invariant set of G,, contained
in V;. By assumption (H5) we have that w(&,) C Z, whence the ‘forward part’ of
property (G1) of a dynamically gradient m-semiflow will follow immediately.

We prove this Step 1 by contradiction. Suppose it does not hold. Then, there
exist a sequence 7, — 0 (as K — 0o) and bounded complete trajectories &, of R,,
(therefore, from A,, ) such that

sup distx (&,(t),S") > 6 Vt, € R. (1.1.1)

t>to

The set {£,(0)} C Uyep. A4, is relatively compact from assumption (H1). So,
there exists a converging subsequence (relabeled the same) in X. From (H4), there
exist a subsequence (relabeled the same, again) and & € Ry, such that {£;|j0,00)}
converges to & in bounded intervals of [0, 00). Actually, if we argue similarly not
for time 0, but now for times —1, —2,..., and use a diagonal argument, we have
that & = Yojo,.0) Where 7y € Ko, and the convergence of (a subsequence of) {{}

toward 7y holds uniformly in bounded intervals [a, b] of R.

Since Gy is dynamically gradient, there exists ¢ € {1,...,n} such that

distx(70(t),ZY) — 0 as t — oo.
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Therefore, for all » € N, there exist ¢, and k, such that
distx(&(t,),Z9) < 1/r  for all k > k,.

Indeed, this is done as follows: distx(7o(s),Z?) < 1/r for all s > ¢, (for some t,,
w.lo.g. t, > r > 1/0); now, combining this with the uniform convergence on [0, ¢,
of & toward -, the existence of k, follows.

However, from (1.1.1), there exists ¢ > t, such that distx (&, (¢),Z%) < 6 for
all t € [t,,t)) and distx (&, (t.),Z)) = 0.

Now we distinguish two cases and we will arrive to the same conclusion in both
of them.

Case (1la): Suppose that ¢, — ¢, — oo as r — oo (at least for a certain
subsequence).

Since {&, (¢,)} is also relatively compact (by (H1), again), and &, (-) = &, (t.+
-) is a bounded complete trajectory of Ry, , from (H4) we deduce that a subsequence
(relabeled the same) is converging on bounded time-intervals of [0, 00), i.e. v (t) :=
lim, o &, (t + ') holds for certain 73 € Ro. Moreover, as before, a diagonal
argument, using not t/. above, but t/ —1, ¢ —2, ... implies that v, can be extended to
the whole real line (the function will still be denoted the same; and the convergence
holds in bounded time-intervals of R), in particular, by (H1) and (H4), 91 € K.

Moreover, by its construction, we have that disty(yi(t),=Z%) < § for all ¢ < 0.
By Lemma 0.18 we have that the a-limit set a(v;) is weakly invariant.

0

As long as =;

is the biggest weakly invariant set contained in V;, we deduce
that distx(y1(7),Z%) — 0 when 7 — —oo0.

On the other hand, from (G1) and (G2) we have that distx(71(t),E}) — 0 as
t — oo for j # 1.

Case (1b): Suppose that there exists C' > 0 such that [t/ —t,| < C as r — oc.
(W.lo.g. we assume that ¢/ —t, — t,.)

Recall that distx (&, (t,),Z)) < 1/r. By [44, Lemma 19] =¥ is closed, so, up to
a subsequence

&, (t,) — y € 5.

Denote &}, (-) = &, (-+t,). From (H4), there exist a subsequence {¢; } and &' € Ry

with £'(0) = y such that &, converge towards &' uniformly in bounded intervals



15 1.1. Robustness of dynamically gradient m-semiflows

of [0, 00). In particular,
&, (8, —t:) = €' (t),

so that
distx (€(t,),ZY) > 6.

Since ZY is weakly invariant, there exists v € Ko with (0) = £'(0) and ~(¢) €

i

=Y for all ¢ € R. By (K3) consider the concatenation

) (), ift <0,
nlt) = { €L(t), if t > 0.

Then by (G1)-(G2) it follows that
distx(71(t),E)) =0 ast— oo

with j # 4. This is exactly the same conclusion we arrived in Case (1a).

Reasoning now with the subsequence {& ,iT}, and proceeding as above, we obtain
the existence of v, € K such that

distx (1(t),E)) 50 ast = —o0

and

distx(12(t),Z9) = 0 ast — oo,

with p & {4, j}.
Thus, in a finite number of steps we arrive to a contradiction, since G satisfies
(G2). Therefore, (1.1.1) is absurd, and Step 1 is proved.

Step 2: There exists 17, > 0 such that for all n < n;, any bounded com-
plete trajectory &, of R, satisfies that there exist j € {1,...,n} and ¢; such that
distx (&,(t),2]) < 6 forall t < t.

The above claim can be proved analogously as before, and since for any bounded
complete trajectory &, € K,, by Lemma 0.18, a(§,) is weakly invariant for G,,
and contained in some Vj, the ‘backward part’ of property (G1) of a dynamically

gradient m-semiflow will follow immediately. The same argument is valid for the



1.2. An equivalent definition of dynamically gradient families. 16

‘forward part’, and so, for all suitable small n, {G,(t) : t > 0} satisfies (G1).

Step 3: There exists 1, > 0 such that {G,},<,, satisfies (G2).
If not, there exist a sequence 7, — 0, with G, having an homoclinic structure.
We may suppose that the number of elements of weakly invariant subsets connected

on each homoclinic chain in S, is the same. Moreover, by assumption (H3) each
="Mk
=i
the homoclinics visiting the V; sets is the same.

is contained in V; for 7 small enough and w.l.o.g. the order in the route of

Therefore, for k > kg there exist a sequence of subsets EZ’(“D, . EZ’(“Z) in S,
(with p(I + 1) = p(1)), and a sequence of complete trajectories {{¢¥}!_,}1, each
with

collection of [ elements in the corresponding attractor A,, ,

im distx (& (1), Zy) =0, lim distx (& (1), Epiyyy) =0, 1<i <L
If we argue now as in the proof of (G1), we may construct a homoclinic structure
of Gy, getting a contradiction with the fact that the m-semiflow G is dynamically
gradient. O]

Remark 1.2. The above result also applies to the particular case of a dynami-
cally gradient m-semiflow when the weakly invariant families of the original and
perturbed problems are reduced to unitary sets (Remark 0.23 and [30, Theorem
1.5]).

1.2. An equivalent definition of dynamically

gradient families.

We will give an equivalent definition of dynamically gradient families. For
proving the main result in this section, we will need a stronger condition than
(K4), that is, the (K4) property defined in Chapter 0.

Remark 1.3. We have seen that the property of being dynamically gradient for
a disjoint family of isolated weakly invariant sets S = {Z;,...,=,} C A is stable
under perturbations. We observe that in [64] a slightly different definition was used

for dynamically gradients families. Namely, instead of conditions (G1)-(G2) it is
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assumed that any bounded complete trajectory 7(-) satisfies one of the following

properties:
L. {y(t) : t € R} C =; for some i.

2. There are i < j for which

() 2 Zi o), = Ej
These assumptions are clearly stronger than (G1)-(G2) and imply that the sets
=, are ordered. Our aim is to show that when S is a disjoint family of isolated
weakly invariant sets, these conditions are equivalent. For this, the concept of
local attractor and its repeller will be crucial. Therefore, some properties about

local attractors and its repeller as well as the proof of the following lemmas can
be found in [44].

Lemma 1.4. Assume that (K1)—(K4) hold. Then a local attractor A is invariant.

Remark 1.5. Although in [44] the stronger assumption (K4) is assumed, the
proof is valid for just (K4).

Lemma 1.6. Assume that (K1)-(K3), (K4) hold and that a global compact attrac-
tor A exists. Then the repeller A* of a local attractor A C A is weakly invariant

and compact.

Lemma 1.7. Assume that (K1)-(K3), (K4) hold and that a global compact at-
tractor A exists. Let us consider the sequences xy, € A, t;, — +00 and () € R
such that ¢x(0) = x. Then from the sequence of maps &(-) @ [—tg, +o0) = A
defined by

§k(t) = ot +t)

one can extract a subsequence converging to some ¥(-) € K uniformly on bounded
subsets of R.

In order to prove the equivalent definition of dynamically gradient families, we
have to ensure the existence of one local attractor in a family of isolated weakly

Invariant sets.
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Lemma 1.8. Assume that (K1)-(K3), (K4) hold and that a global compact at-
tractor A exists. Let S = {Z1,...,Z,} C A be a disjoint family of isolated weakly
invariant sets. If G is dynamically gradient with respect to S, then one of the sets

=; s a local attractor in A.

Proof. Let 6y > 0 be such that Os,(Z;) N Oy (Z;) = @ if i # j and Z; is the
maximal weakly invariant set in Oy, (Z;) for all j. First we will prove the existence
of j € {1,...,n} such that for all § € (0,dy) there exists ¢’ € (0,0) satisfying

UsoG(t, O (Z;) N A) C O5(Z;). (1.2.1)

If not, there would exist 0 < § < 9§y and for each j sequences ti € R, :cfC €A,
@l € R with ¢ (0) = 2], such that

Ll =l
di =< =

j
d(e}(),55) =6
d(pl(t),Z;) <& forallt€[0,t]).

[1]

We have to consider two cases: ti‘; — 400 or t{; < C.

Case 1: Let t{c — 400. We define the sequence
Vi) = @l (t + 1) for t € [~t], 00).

By Lemma 1.7 we obtain the existence of a complete trajectory of R, 17 (), such

that a subsequence of wi satisfies
Yl(t) — I (t)  for every t € R.

Hence,
d(¥(t),Z;) <5< & forallt <O.
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Therefore, as ¢’ € K, condition (G1) implies that
d(¥(t),Z;) =0 ast— —oo.

On the other hand, since d(¢’(0),Z;) = §, conditions (G1) — (G2) imply that
d(y?(t),Z;) =0 ast— +oo,

where ¢ # 7.

Case 2: Let now ti < . We can assume that
t. —t.

By (K4) we obtain the existence of ¢/ € R such that gp{% converges to ¢/ uniformly
on bounded sets of [0,00). It is clear then that d(¢?(#),=Z;) = d. As ¢?(0) € E;
and Z; is weakly invariant, there exists a complete trajectory of R, ¢; (), such
that ¥;(0) = ¢/(0) and ¢; (t) € Z; for all ¢ < 0. Concatenating 1; and ¢’/ we

define
§ = =tp()=ifit=ss;
wt)—{ S it 0,

which is a complete trajectory by (K3). Again, conditions (G1) — (G2) imply that
d(y’(t),Z;)) =0 ast— +oo,

where i # j.

We have obtained then a connection from =; to a different =;. Since this is
true for any =;, we would obtain a homoclinic structure, which contradicts (G2).
Therefore, (1.2.1) holds for some j. It follows that

w(O(;/(Ej) N A) C 05(3]) C 050(5]‘).

Since w(Oy(Z;)N.A) is weakly invariant, we obtain that w(Oy(=;)NA) C Z;. But
=, C G(t,Z;) C G(t,0s5(=25) N A) for any ¢t > 0 implies the converse inclusion, so
that 2; = w(Os(Z;) N A). Thus, Z; is a local attractor in A. O
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Now we prove the main result of this section which allows us to establish the

equivalent definition of dynamically gradient families.

Theorem 1.9. Assume that (K1)-(K3), (K4) hold and that a global compact
attractor A exists. Let S = {E1,...,2,} C A be a disjoint family of isolated
weakly invariant sets. Then G is dynamically gradient with respect to S in the
sense of Definition 0.19 if and only if S can be reordered in such a way that any

bounded complete trajectory () satisfies one of the following properties:

1. {~(t) : t e R} C E; for some i.
2. There are i < j for which

t—o00 t——o00

Proof. 1t is obvious that conditions 1-2 imply that G is dynamically gradient. We
shall prove the converse.
By Lemma 1.8 one of the sets Z; is a local attractor. After reordering the sets,

we can say that =; is the local attractor. Let
El={reA:w(x)\= # 2}

be its repeller, which is weakly invariant by Lemma 1.6. Since =; are closed (see
Definition 0.6), weakly invariant and disjoint, we obtain that =; C =} for j > 2.
We will consider only the dynamics inside the repeller =], that is, we define
the following set:
Ri={p eR:ot) € =fVt >0}

Since =} is weakly invariant, R, satisfies (K'1). Further, let
pr() = (- +7),
where p € Ry and 7 > 0. Then it is clear that

o-(t) € Ry, forallt>0
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and then (K2) holds.
If 1(-), @2(-) € Ry, it follows by (K 3) that the concatenation belongs also to R;.
Finally, if

Pn(0) = ¢o

with ©,(0) € Z} and ¢,(-) € Ry, then ¢y € =% (as ZF is closed) and by (?4)
passing to a subsequence

on(ty) — @(t), fort, —t>0,

where ¢ € R. Again, the closedness of =¥ implies that ¢ € R;. Hence, (K4) also
holds.

We can define then the multivalued semiflow G; : RT x Zf — P(E%) :
Gi(t,x) ={y € E] : y = (1) for some ¢ € Ry, ¢(0) = z},

which is strict by (K£3). This definition is equivalent to the following one:

Gi(t,x) = G(t,x) NE] for x € =7.

Indeed, G1(t,x) C Gy(t,x) is obvious. Conversely, let y € G;(t,7). Then, y =
o(t), p(-) € R, and y € =;. We state that

p(s)ezZ] forall 0 <s <t

Assume by contradiction that ¢(s) € = for 0 < s < t. Therefore, w(p(s)) C Z.
But then by (K3),

G(T,y) CG(T,G(t —s,0(s)) CG(T+t—s,p(s)) > =1 as T — 0,

which is a contradiction with y € Z%. Using again (K3) one can define a function
() € Ry such that ¥(0) = y, so that y € G1(¢, x).

It is clear that G| possesses a global compact attractor, which is the union of
all bounded complete trajectories of Ry, and that Gy is dynamically gradient with

respect to {Z,,...,Z,}. Then, again by Lemma 1.8 we can reorder the sets in



1.2. An equivalent definition of dynamically gradient families. 22

such a way that Z, is a local attractor in Zj. Let =5, be the repeller of Z in =7.
Then we restrict as before the dynamics to the set =5 ; and so on. Hence, we have
reordered the sets Z; in such a way that Z; is a local attractor and Z; is a local

attractor for the dynamics restricted to the repeller of the previous local attractor
Ei1jop forj =2,
and

where 2] j = =].
Now, if v(-) is a bounded complete trajectory such that

(8 =2 B ), = F
then we shall prove that ¢ < j. Moreover, if v(-) is not completely contained in
some =, then i < j.
If i = 1, then it is clear that j > 1. Also, if there exists y(to) & =, then j > 1, as

=1 is a local attractor.

Let i = 2. Then
v(t) € 27 forallt € R,
and then
10, = =

is forbidden. Hence, 7 > 2.
Again, if there exists y(ty) € Zo, then the fact that =5 is a local attractor in =3

implies that j > 2.

Further, note that if i > 3, then (¢) € = for all t € R. Also, by induction, it
follows that v(t) € Zj ,_, forall t € R and 2 < k < i — 1. Indeed, let

Y(t) €Ep 14 TforalteR

with 2 <k <i—1.
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Then

implies clearly that
v(t) € Eppy  forallt € R.

In particular,

v(t) €5, , forallteR.

Hence, Z; € =} |, 5, so that j > i. Finally, if there exists y(to) € =;, then j > i

as =Z; is a local attractor in =f ;,_,.

To finish this section, it is worth noting that under conditions (K1)-(K3),(K4),
Theorem 1.9 implies that the family S generates a Morse decomposition if and only

if G is dynamically gradient in view of Remark 0.22.

1.3. Application to a reaction-diffusion equation

In this section we will consider a Chafee-Infante problem where the reaction
term is continuous but only differentiable in the origin. In fact, we have replaced
the condition of being twice derivable by conditions of convexity and concavity

type. This had never been considered in the literature until now.

In order to see how the previous theory is applyied, a study of the fixed points
of this problem is needed. Later on, a family of Chafee-Infante problems depending
on a parameter will be considered. We will check that they fulfill the hypotheses
of Theorem 1.1. By this way, we will have seen that a dynamically gradient
multivalued semiflow generated by the solutions of this Chafee-Infante problem is

stable under perturbations.
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We will consider the following Chafee-Infante problem

ou  O*u
Tt fw), 150, 2 (0,1),

u(t,0) =0, u(t,1) =0, (1.3.1)
u(0, ) = up(x),

where f satisfies

(A1) f e C(R);

(A2) f(0) =0

(A3) f'(0) > 0 exists and is finite;

(A4) f is strictly concave if u > 0 and strictly convex if u < 0;

(A5) Growth condition:
|f(w)] < Cr + Calufr™,

where p > 2, C4,Cy > 0;

(A6) Dissipation condition:

a) Ifp>2:
f(u)u <(C5-— C'4]u|p, Cs,Cy > 0.

b) If p=2:
f(u)

limsup —= < 0.

u—doo U

Remark 1.10. Note that as a consequence of condition (A6)(b), we have that
fw)u < (A — Cs)u? + Cg, where Cs,Cs > 0 and A\; = 72 is the first eigenvalue of

the operator —% with Dirichlet boundary conditions.

Depending on the regularity, we can have different types of solutions.
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Definition 1.11. The function u(-) € C([0,T7], L*(€2)) is called a strong solution
of (1.3.1) on [0, 77 if:

1. u(0) = up;
2. u(-) is absolutely continuous on compact subsets of (0,7);
3. u(t) € HA(Q) N HI(Q), f(u(t)) € L*() for ae. t € (0,T) and

du(t)
dt

— Au = f(u(t)), ae. t€(0,T);

where the equality is understood in the sense of the space L?(12).

Definition 1.12. The function u(-) € C([0,T7], L*(©2)) is called a weak solution of
(1.3.1) on [0,T7 if:

1. uwe L*>(0,T; L*(Q));
2. we L*0,T; HY(Q)) N LP(0,T; LP(Q2));
3. The equality in (1.3.1) is understood in the weak sense, i.e.

d

—((t),0) = (Au,v) = (f(u(t),v), Yo € Hy(Q) N L (Q),

where the equality is understood in the sense of distributions.

Let us make some comments on the natural relation among the above two def-
initions. Let u(-) be a strong solution such that f(u(-)) € L*(0,T; L*(2)). In view
of |7, Proposition 2.2] we have that u € L*(0,T; H3()), so Au € L*(0,T; H1(Q))
and then % € L*(0,T; H~'(Q)). Hence, by [75, Lemma 7.4] we get

(O o)~ (Auv) = (F(ult)),v), Vo € HY(®)

Using [79, p.250] we obtain

d

7w 0) = (Au,v) = (f(u(h)),v), Yo € Hy (),
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so point 3 of Definition 1.12 is satisfied.
Finally, if p > 2 by condition (A6)(a) we have

Gy flult,2)u(t,2)
Cy Cy

Ju(t, z)[" <

Thus, f(u)u € L'((0,T) x Q) implies that u € LP((0,T) x Q) = LP(0,T; LP(Q)).
Hence, u(-) is a weak solution as well.

In view of [34, p.283], for any uy € L?(2) there exists at least one weak solution.
Moreover, if f(u(-)) € L*(0,T;L*(Q)), then putting g(-) = f(u(-)) we obtain
by |11, p.189] that the problem

dv
d_t — Av = .g(t)?
v(0) = uy,

possesses a unique strong solution v(+). Since this problem has also a unique weak
solution o(-) and the strong solution is a weak solution as well, then v(-) = o(:) =
u(-). Hence u(-) is also a strong solution of problem (1.3.1).

Therefore, we have checked that the sets of weak and strong solutions satisfying
f(u(-)) € L*(0,T; L*(2)) coincide.

1.3.1. Stationary points

We now focus on the properties of the stationary points. To this end, we have
followed the classic procedure from [33], [54] and [55]. Moreover, we have also
taken some ideas from [67].

Let R C C([0,00), L*(Q2)) be the set of all weak solutions of problem (1.3.1).
Properties (K1) — (K4) are satisfied (cf. [57]), so that a multivalued semiflow is
defined (see Section 0). It is shown in [57, Lemma 12| that v is a fixed point of R
(equivalently, of G) if and only if v € H}(Q) and

% + f(v) =0, in H1(Q). (1.3.2)
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The inclusion H}(Q) C L*°(Q) implies that f(v) € L>°(), so that v € H*(2)N
H} (). Therefore, v(-) is a strong solution as well.

Let consider the function F': R — R defined by

F(s) = /Osf(r)dr, sER.

We define
a_ =inf{s <0: sgn f(z) = sgnz, Vo;s <z <0}

and

ay =sup{s>0: sgn f(z) = sgnz, Vo;0 < x < s}.

If follows from conditions (A2) and (A3) of f that —co < a_ <0 < ay < 4o0.
Since f is positive on (0, a;) and negative on (a_,0), we have that F' is strictly
increasing on [0, a4 ), strictly decreasing on (a_, 0] and F'(0) = 0.

We consider E, E_ € [0, 00| defined by

E, = lim F(s),
S—a4

E_ = lim F(s).
s—a—

Then, F has the inverse functions U, : [0, Ey) — [0,ay), U- : [0, E_) — (a_,0].
We also define the following functions with domains (0, £) and (0, E_), re-

spectively, with values on [0, 00):

Ut (E)
7 (E) = / (E—F(u)™?du, 0 < E < E,
0

0
7_(E) = / (E—F(u)™?du, 0< E< E_.
U_(E)

Let us consider vy € R and a solution u of

ot + f(0) =0, (1.3.3)
u(0) = 0,4'(0) = vy. o
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Note that the solution of the problem (1.3.3) is unique, since f is convex for
u < 0 and concave for u > 0, so it is Lipschitz on compact intervals (see [89, p.4]
or [52, p.g]).

If we define £ = v3/2, then:

v ())?
% + Fu(z)) = E.
On the other hand, the functions 7, 7_ evaluated in E = v?/2 give us V2 the
x-time necessary to go from the initial condition «(0) = 0, with initial velocity

v, —vp respectively, to the point where v/ (T (FE)) = 0. Indeed, u(x) satisfies

SO
dx 1 1

du V2JE-FQ)

Since v/ (T (E)) = 0 for u = U, (F), then

T4 (E) Uy (E) 1
\/5/ L dzr = du = 7 (E).
0

0 \/E—F(u)

By symmetry with respect to the u axis, the z—time it takes for u(x) to go from
(U*(E),0) to (0,—vp) is T (E). Hence, if 2T (E) = 1, that is, 71 (E) = \/Lﬁ, then
u(+) is a solution satisfying the boundary conditions u(0) = u(1) = 0. Applying a
similar reasoning for 7~ (E), we obtain that u satisfies the boundary conditions if,

and only if, F satisfies for some k£ € N only one of the following conditions

ko (B) + (k= D7 (E) = % (1.3.4)

kr (E) + (k — 1)rs (E) = % (1.3.5)
1

kt (E)+kr_(E) = N (1.3.6)
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Remark 1.13. Note that if E satisfies (1.3.4) or (1.3.5) for a certain k, then u
has 2k zeros and if E satisfies (1.3.6), then u has 2k + 1 zeros. Our goal is to solve
these equations for F as a function of f/(0). To this end, we study the properties

of 7.

In order to obtain solutions of the equations (1.3.4), (1.3.5) and (1.3.6) it is
necessary to make a change of variable for the functions 7. Given E € (0, E.),
we put

Ey*=F(u), 0<y<1, 0<u<U.(E)

and
By’ =F(u), -1<y <0, U.(E)<u<0.

Hence, du = (2yE/f(u))dy and E — F(u) = E(1 —y?). By this change, we obtain

—2\/_/ 1/2ﬂdy,O<E<E+,u*UJr(Ey)OSySl;

T _2\/_/ 1/2ﬂdy,0<E<E_,u—U_(Ey2),—1§y§0.

The next results show some properties of these functions.

Theorem 1.14. The functions 7+ satisfy

Ell_%lJr T:I:(E> (Qf/(ﬂ))l/g

Proof. Since f'(0) > 0 and f(0) = 0, given € € (0, 1), there exists 6 > 0 such that

FO)(1=e)u < flu) < f/O)(L+e)u, 0<u<d.
1 u 1 (1.3.7)

f(0)(1+¢) = f(u) S f’(O)(l—g)’ 0<u<é.

Moreover, as U, (F) is continuous at 0, given 0 > 0, there exists n > 0 such that
for 0 < E <n, Uy (E) < 6. Now, if we integrate (3.5.5) between 0 and u we obtain
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the following inequality

/'(0)
2

(1 —e)u? < Fu) < (1+e)u? 0<u<o.

Using the change of variable Ey* = F(u), we have

, 1/2 / 1/2
(f<o>2<]13—s>) u§y<(%> u for 0<E<n 0<y<L

Dividing the previous expression by f(u) and using (3.5.5) we obtain

1_ 1 1/2
c re for 0<E<n, 0<y<l1.
)

(2Ef’(0)(1 ¥ e>2)1/2§ Ok (2Ef’(0)(1 —p

Now if we multiply by 2v/E(1 — y2)’% and integrate from 0 to 1, we get

l—¢ 2 l1+e 12
W(W) ST—F(E)SW(W) ,fOI' O<ES7]

Finally, taking ¢ — 0, the theorem follows. The proof for 7_ is analogous. m
Theorem 1.15. The functions T4 are strictly increasing on their domains.

Proof. Let consider the expression of 74 and 0 < E} < Fy < E. Then,

VE: VE!

() =B = F— [ U (E?) 0B Y

From [52, p.8] we have that the function f is differentiable almost everywhere

in R, so
VvVE
a(E) = w7
FUH(Ey?))
is differentiable as well. Hence,

AU (EY?)) - 2y Ef'(U* (Ey?))
2VE (U (Ey?))

d(E) =

Recall the change of variable F'(u) = Ey*. Consider the numerator of o, that is,
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B(u) = f2(u) — 2F(u) f'(u). Then we obtain

Blu) =2 / O (5) — Pu)ds, 0< s <.

Since f is strictly concave, if s < u, then f'(s) > f'(u) (cf. [89, p.5]). As a result,
B(u) > 0.

In order to finish the proof rigorously, we have to justify the previous calcula-
tions. Indeed, from [52, p.5|, we have that the function f is absolutely continuous
and from [11, p.16], f’ € L}, .. Therefore, o/ € L},. and o’ > 0 a.e., which implies
that a(FE) is strictly increasing and the proof is finished.

The claim for 7_(FE) follows analogously. ]

Theorem 1.16. The functions 7+ satisfy

li FE) =
A, ) =P

Then, 74 : (0, E+) — (W oo>.

Proof. Case a; < co. Then, we have f(a;) = 0 and u(z) = a4 is a constant

solution to the problem % + f(u) = 0. Let us consider £, = F(ay) and the

1
2

solution u to this problem satisfying the conditions u(0) = 0,4/(0) = vy, F va.
As a, is a constant solution, by uniqueness 7, (E") = oo. Therefore, given T > 0,
there exists 6 > 0 such that if £ > E, — ¢, then 7 (F) > T, which follows from
the continuity of u with respect to its initial conditions.

Case a;, = oo. Note that if p > 2, then a; < oo. Therefore, p = 2. In this
case, f(u) > 0 for all u € (0,00). From condition (A5), there exist «, 5 > 0 such

that f(u) < o+ Pu. For u > 0 we have

f(u)

u2

<

+2
u

:Ml o

Hence, f(u)/u®* — 0, as u — oo.
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On the other hand,

/Ou F(s)ds < /Oum + Bs) ds.

Thus, we have F(u) < au + fu*/2 and

F(u)

u3

0< <

N | ™

S

_|_

le o

Hence, F(u)/u® — 0, as u — o0o.

We claim that lim f(u)/u® = oo. Indeed, since f’(0) exists, for any ¢ €

u—0~t

(0, '(0)), there exists § > 0 such that
|f/(0) — f(u)/u| <e, forany |u| < d.

Thus, dividing by u?, we obtain

u(f(0) —¢) _ flu) _ ule+ f(0)

<
u? u2 u2

and the result follows.
Since
fu)/u* =0, asu— oo,

and

f(u)/u* = o0, asu— 0",

for any £ > 0, there exists a first value uy € (0,00) where f(ug)/u2 = €. Hence,

f(u)

u2

>e, 0<u < ug.

From the above expression, we have

/Ou f(s)ds > /Ou es’ds
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and
eu’/3 < F(u).
Then,
F(u)/u® > /3, if 0 <u < .
Since

F(u)/u® =0, asu— oo,

we deduce that there exists a first @ > wg such that F(u)/u® = ¢/3. Hence, we

have

with F(7) = %n?’.

Now, computing 7, in F = F(u), we have

+(E) = /OU+(E) \/EjT(u _)du il /Ou gﬂg 1_ T du

1

o N e
> ———du=— | —(———=du
0 /eud — g3 Ve Jo V@@ —ud

wlm
wlm

- | = Ve [ e

a1 [t
_é—u_gg/ ST (L-8)t s
u 0
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Taking ¢ — 0, by construction @ — oo. Therefore, from condition (A6)(b) we have

that lim, o f(u)/u <0, so the last expression tends to 0 and 7, (F) — co. [

Theorem 1.17. Consider

A\, = n’r2.

Then, for each n > 1, there exist two continuous functions EX : [\,,00) — [0, E)

with the following properties:

1. For each integer k > 1 and for f'(0) € [Aox_1,00) the only solution of the
equation (1.3.4) (resp. 1.3.5) is the value Ey;_(f'(0)) (resp. Ey,_,(f'(0)));

2. For each integer k > 1 and for f'(0) € [Ag,00) the only solution of the
equation (1.3.6) is the value Ey (f'(0)) = ES.(f'(0)) = Ea;

3. For each integer n > 1, EX(f(0)) =0, if f'(0) = \,.

Proof. Let be n > 1. If n is odd, then n = 2k — 1 for £ > 1. First, we prove that

we can define the function
E;—L ¢ [An,00) — [0, E4)

by putting EX(f/(0)) = E, where E satisfies k7o (F) + (k — 1)7=(E) = 1/v/2.

Consider the function

R (0, EL) — (nm/A/2£'(0), 00),

defined by h'} (F) := k1o (E) + (k— 1)7(E). If f'(0) > A, then, as hy is a strictly
increasing function, there exists a unique E3;_, € (0, E4) such that h%(E;, ) =
1/v/2.

Since hy has inverse, B3, = (h'L)7'(1/+/2) is the solution of the expressions
(1.3.4) and (1.3.5). Moreover, Ej,_,()\,) = 0 by construction.

Second, if n is even, then n = 2k for k > 1. As before, we consider h'} (E) :=
ki (E) + km+(F). Since it is an increasing function, for f'(0) > \,, there exists
a unique Ey, € (0, E1) such that A} (Fy) = 1/4/2. Analogously, we obtain the
solution of the expression (1.3.6), B, = (h%)~'(1/+/2), and Ej,_,()\,) = 0. O
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Theorem 1.18. For each n > 0 and f'(0) € [\,, 20), the equation (1.3.2) has two

new more solutions v with the following properties:
1. a_ <uf(z) <ay foralxel0,1];
2. If f'(0) = A\, then v =0;

3. For f'(0) € (\y,0), v has n + 1 zeros in [0,1]. Denoting these zeros by

af, ¢ =0,1,...,nwith 0 = 35 < a7y < xy <...<af =1, we have
(D)%t (x) > 0 for af <o <wx),,¢=0,1,...,n—1 and (=1)%, (z) <0
Jorxz, <z <z, 4,¢=0,1,...,n—1. Also, v = —v,, if [ is odd;

Proof. The first point follows from F(uf(z)) < E < E..

The second point follows from the third one of Theorem 1.17. Indeed, for each
n > 1 and f'(0) € [A\,,00) we have the values EX(f'(0)) by the above theorem.
Also, we have a solution of the equation (1.3.2) which is denoted by v. If f/(0) =
A, then EX(),) =0 and vg = 0, so v= = 0.

The third point follows by Remark 1.13. If f is odd, then —U~(E) = Ut (E),

7.(E) = 7_(F), so we have v} = —uv, . O

Corollary 1.19. If n*zr? < f(0) < (n+ 1)*7%,n € N, then there are 2n + 1 fized

points: 0, vf, ..., vF, where Uj.tpossesses Jj+ 1 zeros in [0, 1].

e Un s

1.3.2. Approximations

Once we have establish the properties of the fixed points, as it has been men-
tioned at the beginning of the section, we shall consider the following family of
Chafee-Infante equations

ou  O*u
5—@:]2@), t>0, xe€(0,1),
u(t,0) =0, u(t,1) =0, (1.3.8)
u(0, ) = ug(x),

where € € (0,1] is a small parameter and f. satisfies:
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(21) f- € C(R) and is non-decreasing;
(42) f.(0) =0;
(43) f2(0) > 0 exists, is finite, monotone in € and f! (0) —oo, as ¢ — 0F;

(A4) f. is strictly concave if u > 0 and strictly convex if u < 0;

(21/5) —1 < f.(s) <1, for all s, and

|fe(s) — Ho(s)| < ¢, if |s| > e, (1.3.9)
where
-1, it u<0,
Ho(u) =< [-1,1], if u=0,
1 if u>0,

is the Heaviside function.

Conditions (A1)-(A6) are satisfied with p = 2, so problem (1.3.8) is a particular
case of (1.3.1).

Our aim now is to prove that for ¢ sufficiently small the multivalued semiflow
G. generated by the weak solutions of problem (1.3.8) is dynamically gradient.
Problem (1.3.8) is an approximation of the following problem, governed by a dif-

ferential inclusion

ou  0*u

5 92 € Ho(u), on Q x (0,7),

u(0, ) = up(x).

This problem is widely studied in |7], where properties of fixed points, connections

between them and structure of the attractor is obtained.
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Definition 1.20. We say that the function u € C([0,T], L*(€2)) is a strong solution
of (1.3.10) if

1. u(0) = uo;

2. u(-) is absolutely continuous on (0,7) and u(t) € H?*(2) N H} () for a.e.
t € (0,7);

3. There exists a function g(-) such that g(¢) € L*(Q), a.e. on (0,T), g(t,z) €
Hoy(u(t, x)), for a.e. (t,x) € (0,T) x €, and

du  0%*u

i —g(t)=0, ae. t€(0,T).

In this case we put R as the set of all strong solutions such that the map g
belongs to L*(0,T; L*()). Conditions (K1)-(K4) are satisfied (cf. [44]) and the
map

GRIRL Q=B (BTN

defined by (3.3.1) is a strict multivalued semiflow possessing a global compact
attractor Ay (cf. [83]) in L2(£2), which is connected (cf. [84]). The structure of this
attractor is studied in [7]. It is shown that there exists an infinite (but countable)

number of fixed points

and that Ag consists of these fixed points and all bounded complete trajectories

¥(+), which always connect two fixed points, that is,

W(t) = 21 as t — oo, (13.11)
WY(t) — 29 as t — —o0, o

where z; = 0,2; = v} or z; = v, for some n > 1. Moreover, if ¥ is not a fixed
point, then either z = 0 and 2; = v, for some n > 1, or zo = v, z, = v with

k> n.
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We fix some Ny € N. Denote

Zny = (Uesmo{vi }) U {wo}

and define the sets
= ={vf,v )}, 1<k<N,—1,

—o _ ) y:3¢¥ € Ksuch that (1.3.11) holds with z; € Zn,,
o j=1,2and y = ¢(t) for some t € R ’

where as before K stands for the set of all bounded complete trajectories. We note
that set 2} contains the fixed points in Zy, and all bounded complete trajectories

connecting them.

Remark 1.21. It is known [44] that the family M = {=0,... 2}, } is a disjoint
family of isolated weakly invariant sets and that G is dynamically gradient with
respect to M in the sense of Remark 1.3. Hence, G is dynamically gradient with
respect to M in the sense of Definition 0.19.

Now our purpose is to adapt some lemmas from [7, p.2979] to problem (1.3.8).
In view of Theorems 1.17 and 1.18 and the third condition on f., there exists a
sequence g — 0, as k — oo, such that for every ¢ € (8;,2,41] and any k& > 1
problem (1.3.8) has exactly 2k + 1 fixed points {v§ = 0, {v];}¥_,} such that for
each 1 <n < k v, has n+1 zeros in [0,1].

Let us consider a sequence {e,,} converging to zero.

Lemma 1.22. Let n € N be fived. Then, v} . (resp. v_ ,) do not converge to 0
in Hy(0,1) as &, — 0.

Proof. Suppose that
vi = 0in Hj(0,1).

Em,N

Then
vt . —01in C([0,1]).

Em,N

By Remark 1.13, v has a unique maximum in a € (0, 27) and by the properties

+
of 7, described before a = %1 We may assume that z; does not converge to 0.
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Let x¢(emm) be the first point where U:mm(xg) = &, Or Ty = a if such a point does

not exist. We claim that z¢(e,,) — 0, as €,, — 0. It is clear that
821);7”/8332 = —fem(vjmyn) <0 in (0,27),

and then

v;_m,n (l’o)

z<vl (x) <em, Vzel0,z, (1.3.12)
) ’

by concavity. Hence, integrating first on (s,a) and then on (0,z) with x <z, we

have

iv* n(8) = /a fen (02 (7))dr, (1.3.13)

dx ™

ot (@) = / / fon (w2 (r))drds + / / fo(F (7))drds.
0 x0 0 S

Since f.(u) is concave, we have that f.(u)/u > f.(¢)/e, for all 0 < u < e.
Moreover, by assumption (A5) of f. we get f.(u) > 2y, for all 0 < u < e. Hence,
using (1.3.12) we have

‘ $01_m 11— mvg_nx ‘ o
U:_m,n(‘r) 2/ / 2 U;rmjn(T)deS Z ° ik ( O) Tdrds.

0 Em Em T 0 s
Thus,
1—¢, (20 23
1> o T
Em 2 GZL‘O

so it follows that o — 0, as €, — 0.
Let 91 < 0 < 0 be such that x¢(e,,) < 01 < dy < a(en,). Since vt | (z) >

Em,T

em YV € [xg,al, if we intregate (1.3.13) over (61, ) with §; < 2 < dy, we have

ot (@) — vt (61) = /5 / CFr L (r)drds > (1 e) /5 / " drds,

s

which implies a contradiction if v  — 0 in C([0, 1]).

The proof is similar for v_ . O
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Lemma 1.23. v | (resp. v_ ) converges to v (resp. vy ) in Hy(Q) as m — oo
for any k > 1.

Proof. It is easy to see that v . is bounded in H*(Q) N Hj(Q), so v . — v
strongly in Hj(2) and C'([0,1]) up to a subsequence. The proof will be finished
if we prove that v = v;}. We observe that since in such a case every subsequence
would have the same limit, the whole sequence would converge to v;"
It is clear that the functions g.,, = f, (v ) are bounded in L>(0,1).
Passing to a subsequence we can then assume that g. converges to some g
weakly in L?*(0,1). It is clear that —(9%v/0x?) = g and v is a fixed point if we

prove the inclusion
g(x) € Ho(v(z)) for a.e. z € (0,1).

By Masur’s theorem [92, p.120] there exist 2, € V, = conv(U%,,g:,) such
that z,, — g, as m — oo, strongly in L?(0,1). Taking a subsequence we have
zm(z) = g(z), a.e. in (0,1). Since zy € Vi, We get 2, = S Aigey,, Where
A €0,1], 327 \; =1 and k; > m, for all i.

Now (1.3.9) implies that |g., () — Ho(v(z))] — 0, as k — oo, for a.e. z.
Indeed, if v(z) = 0, then g, (z) € [—1,1] = Hy(v(x)). If v(x) > 0, then |g., (x) —
Ho(v(z))| = |fep(ve,(z)) — 1] — 0, as k — oo. If v(z) < 0, we apply a similar
argument.

() C la(z) -
9, b(x) + 6], for all &k > m, where [a(z),b(x)] = Ho(v(z)). Hence, z,(x) C [a(x) —
5,b(x) + ], as well. Passing to the limit we obtain g(z) € [a(x),b
(0,1).

To conclude the proof, we have to prove that v = v;". By Lemma 3.38 v # 0.

Hence, as v} ,(x) > 0 for all € (0,27 (g5)), v = v;} for some n € N. Since v;}

Thus, for any § > 0 and a.e. x there exists m(z,§) such that g., (=

(x)], a.e. on

has n + 1 zeros, the convergence v;rmk — o7 implies that v;rmk has n + 1 zeros for
m > N. But v , possesses k + 1 zeros. Thus, k = n.

For the sequence v_ , the proof is analogous. O
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Lemma 1.24. Let ¢,, — 0, ky, — 00 as m — oo. Then vl ,  (resp. v , )

converges to 0 as m — 00.

Proof. In the same way as in the proof of Lemma 1.23 we obtain that up to
a subsequence v} — v in Hg(Q) and C*([0,1]), where v is a fixed point of
problem (1.3.10). We will prove that v = 0 by contradiction. If not, then v = v
for some n € N. However, since v, has exactly n 4 1 zeros and v} , — v in
C1([0,1]), we have that U;m,km has n + 1 zeros for any m > M with M big enough.
This contradicts the fact that v:m k. bossesses kp, + 1 zeros and k,, — o0o. As the
limit is O for every converging subsequence, the whole sequence converges to 0.

For the sequence v_ , the proof is analogous. O

Once we have described the preliminary properties, we are now ready to check
that (1.3.8) satisfies the conditions given in Theorem 1.1 for certain families M..
We recall that [86, Theorem 10| guarantees the existence of the global compact
invariant attractors A., where each A, is the union of all bounded complete tra-
jectories.

Let us check assumptions (H1)-(H5) of Theorem 1.1.

As we have seen before, condition (H2) follows from Remark 1.21. Therefore,
we prove now condition (H1).

Multiplying the equation in (1.3.8) by u, we obtain

1d

1
gl + lully < [ ulde < Sl +c (1.314)

where we have used Poincaré’s inequality. Denoting \; the first eigenvalue of the

operator —A in H} (), we have

d
Zlullzz < =Aflulz: + K.

Gronwall’s lemma gives

K
lu()][7> < e u(0)[IZ> + N =0 (1.3.15)
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Integrating (1.3.14) over (t,t + r) with > 0 we have
t+r
luu(t + 7)1 72 +/ lullFyds < fu(®)|Z2 + 7K
t

Then by (1.3.15),

t+r 1
/ Hquqéds < ||u(0)]|72e M + ()\_ + 7") K. (1.3.16)
¢ 1

On the other hand, multiplying (1.3.8) by —Aw and using Young’s inequality

we obtain
d, o 2 2 2
gpllull + 2 Aulze < |l fe()llz> + | Aullz (1.3.17)
Since f.(u(-)) € L*(0,T; L*(2)),VT > 0, we obtain by |11, p.189] that

u e L>(n,T; Hy(2)),

d
d—?; e L*(n, T; L), YOo<n<T.

This regularity guarantees that the equality

1d du

5%”“”315 = <E, —Au), for a.e. t, (1.3.18)

is correct |77, p.102]. Then

d _
el < B+l

We apply the uniform Gronwall lemma [79, p. 91| with y(s) = ||u(s)]?

HY»
g(s) =1 and w(s) = K. Also, using (1.3.16) we obtain
w(O)[[Zoe™M + (= + 1)K
lu(t + )7 < (H Ol Sriad +Kr|e (1.3.19)
r

It follows from (1.3.15) that ||y||z2 < /\51 for any y € A., 0 < € < 1. Hence,
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Up<e<1.Ac is bounded in L?(€2). Since A. C G.(t,.A.) for any ¢ > 0, for any y € A.
there exists z € A, such that y € G.(1,z). Then using (1.3.19) with » = 1 and
t = 0 we obtain that

1 _
Ity < (1elie+ (5 +1) K+ K ) e

80 Ugce<1Ac is bounded in H(2). The compact embedding H}(Q2) C L*(Q)
implies that Up<.<1.A. is relatively compact in L?(€2). As the global attractor Ag
of the differential inclusion (1.3.10) is compact, the set Up<.<1.A. is compact in
L*(Q).

In order to establish that (1.3.8) satisfies the rest of conditions given in Theorem
1.1, we need to proof two previous results related to the convergence of solutions

of the approximations and the connections between fixed points.

Theorem 1.25. If u.,o — ug in L*(Q) as €, — 0, then for any sequence of solu-
tions of (1.8.8) ue, (+) with u., (0) = ue,o there exists a subsequence of £, such that
u., converges to some strong solution u of (1.3.10) in the space C([0,T], L*(2)),
for any T > 0.

Proof. We define ¢, (t) = f., (u., (t)) and u,(t) = u., (t). From (1.3.15) we have
that ||u,(t)]|r2 < Co, for all ¢ > 0, so that ||g,(t)||zz < Cy, for a.e. ¢ > 0. Hence,
there exists a subsequence such that u, — u weakly in L?(0,T; L*(2)). It follows
from (1.3.17) and ||g,(t)||r2 < C; that

T
[ I8ulads < CHT = 1) + a3y
Using (1.3.19) we obtain that

T
/ | Aun|ads < C(r).

Hence, %2 is bounded in L*(r,T;L*(Q)) for any 0 < r < T, so passing to a

subsequence %2 — 2 weakly in L2(r, T; L*(12)).
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Moreover, Ascoli-Arzela theorem implies that for any fixed r > 0 we have

u, — uwin C([r,T], L*(Q)) and u is absolutely continuous on [r, T].

Also, g,, converges to some g € L>(0,T; L*(2)) weakly star in L>(0, T; L*(2))
and weakly in L?(0,T’; L*(Q)). On the other hand, since —Au, = =22+ g, —Au,
converges to [(t) = —(%) + g weakly in L*(r, T; L*(2)).

Hence, we find at once that u satisfies

2—1: — Au(t) = g(t), a.e. on (0,7).

We need to prove that u(-) is a strong solution of (1.3.10). Now, we show that
g(t) € Ho(u(t)), a.e. in (0,T). For this, we shall prove first that for a.e. z € 2 and
s € (0,7)

lgn(s, ) — Ho(u(s,z))| — 0, as n — 0.
Indeed, if u(s,z) = 0, then
gn(s,x) = f., (u,(s,x)) € [-1,1] = Hy(u(s,x)), for all n,
so that the result is evident. If u(s,z) < 0, then
190(5,2) — Ho(u(5, )] = | fon (in(,2)) + 1] = 0, a5 1 00.

Finally, if u(s,z) > 0, then

lgn(s,z) — fo(u(s,x))| = |fe, (un(s,z)) — 1] — 0, as n — oo.

Now, by [81, Proposition 1.1] we have that for a.e. t € (0,7

g(t) € (Voo | ae(t).

n>0 k>n
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Then g(t) = lim y,(¢) strongly in L?(Q), where
n—oo

We note that for any ¢ € [0,7] and a.e. x € Q we can find n(e, z,t) such that if
k > n, then |gx(t,z) — Ho(u(t, z))| < e. Therefore,

[ya(t, @) = Ho(u(t, )| < D Ailgw, (t.2) — Ho(u(t, )| < e.

i=1

Hence, since we can assume that
yn(t,z) = g(t,z), for ae. (t,x) € (0,T) x Q,

it follows that g(t,z) € Ho(u(t,x)).

It remains to check that u is continuous as t — 0. Let @ be the unique solution
of

du
— —Au=0
a0
uloo = 0,
u(0) = o,
and let v, (t) = u,(t) — u(t).
Multiplying by v,, the equation
dvy,
% — Av, = fsn(un)a
we obtain
1d

1 1
5 ol ey < (e Con(t)), ) < SIS () s+ el

so that
[on()[172 < [loa(0)]172 + Kt.
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Hence, [[u(t) — @(t)]|72 = lim, o0 [|[Un(8)]|72 < K¢, for t > 0, and
[u(t) = wollz2 < Jlu(t) — a(®)l[r2 + [[a(t) — uollz2 <,

as soon as t < £(d). Therefore, u(-) is a strong solution.

Finally, if ¢,, — 0, then

[un(tn) = woll 2 < llva(tn)ll 2 + llultn) = woll 2

< Vw122 + Kt + [[ilta) — uoll 2 — 0.

Hence, u, — u in C([0,T], L*(Q2)). By a diagonal argument we obtain that the
result is true for every 7' > 0. O]

As a consequence of the last theorem, condition (H4) follows.

Remark 1.26. Let be u., (-) a bounded complete trajectory of (1.3.8). Fix 7" > 0.
Since Jy..<., Ae 1s precompact in L*(Q), ue,(=T) — y in L* up to a subsequence.
Theorem 1.25 implies that u., converges in C([0,T], L*(€)) to some solution u
of (1.3.10). If we choose successive subsequences for —27', —3T, ..., and apply
the standard diagonal procedure, we obtain that a subsequence u.  converges to
a complete trajectory w of (1.3.10) in C([-T,T], L*(Q?)) for any T > 0. Since
Up<e<1Ac is bounded in L*(Q) (in fact in HJ(Q)), it is clear that u is a bounded
complete trajectory of problem (1.3.10).

Now, we need to prove a previous lemma to obtain the convergence of solutions

of the approximations in the space C([0,T7], H}).

Lemma 1.27. Any sequence &, € A., with e, — 0 is relatively compact in H}(Q).

Proof. There exists a bounded complete trajectory 1., of (1.3.8) with ¢, (0) = &,.
Denote u,(-) = ., (—=T+-) and choose some T" > 0. Then &, = u,(T), u,(0) =
Ve, (to—T). In view of Remark 1.26 up to a subsequence u,, — u in C'([0, T, L*(Q2)),
where u is a strong solution of (1.3.10). On top of that, by (1.3.19) and the
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argument in the proof of Theorem 1.25 we obtain that for r > 0,

u, — u weakly star in L(r, T; H(Q)),

du,, du .19 T2
— weakly in L*(r, T L*(2)),

u, — u weakly in L?(r, T; H*(Q2)).
Therefore, by the Compactness Theorem [65, p.58| we have

u, — u strongly in L*(r, T, Hy (Q)),
u, (t) — u(t) in Hy(Q) for a.a. t € (r,T).

In addition, by standard results [77, p.102| we have that u,,,u € C([r, T], H}(Q)).
Multiplying (1.3.8) by ‘Zb—t" and using (1.3.18), we obtain

lun(®) 7 < llun()lfy + CE—5), C>0, t=s>7.

2
du,,

d
Sl < )l

LQ

Thus,
The same inequality is valid for the limit function u(-). Hence, the functions

Ju() = Jun ()l — Ct

and
J(t) = Ju()ll - Ct,

are continuous and non-increasing in [r, T'].
Moreover, J,(t) — J(t) for a.e. ¢t € (r,T). Take r < t,, < T such that t,, — T
and J,,(t,) = J(t,) for all m. Then

In(T) = J(T) < Jn(tm) = J(T) < [In(tm) = T ()| + [ (tm) — J(T)].

For any € > 0 there exist m(¢) and N(¢e) such that J,,(T)—J(T) < eifn > N. Then
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limsup J,,(T") < J(T'), so limsup ||u,(T)

in H} implies lim inf ||u,(T)

H?{(} < [[u(D)[[51- As un(T) — u(T) weakly

12,
122 > (T2, we obtain [lun(T)]%, — llu(T)]2.

so that u,(T) — u(T) strongly in Hj(f2). Hence, the result follows. O

Corollary 1.28. If u.g — ug in L*(Q), where u,y € A., ug € Ay, then for any

T > 0 there exists a subsequence €, such that u., converges to some strong solution
u of (1.8.10) in C([0,T), H}(£2)).

Proof. We know from Theorem 1.25 that there exists a subsequence such that
u., converges to some strong solution u of (1.3.10) in C([0,T], L*(2)). Then the

statement follows from the invariance of A, and Lemma 1.27. ]

Remark 1.29. Let u., (-) be a bounded complete trajectory of (1.3.8). Fix 7" > 0.
By Lemma 1.27 u., (—T) — y in H}(2) up to a subsequence. Corollary 1.28 implies
then that u., converges in C([0,T], Hj(€)) to some solution u of (1.3.10). If we
choose successive subsequences for —27, —37". .. and apply the standard diagonal
procedure we obtain that a subsequence u.,, converges to a complete trajectory u
of (1.3.10) in C([-T,T], H}($2)) for any T > 0. By Remark 1.26 this trajectory is
bounded.

Lemma 1.30. disty1(A:, Ag) = 0, as e — 0.
Proof. By contradiction let there exist 9 > 0 and a sequence y., € A., such that
diStH(% (y5n7 AO) > 0.

Hence, as y., = u.,(0), where u., is a bounded complete trajectory of problem
(1.3.8), using Remark 1.29 we obtain that up to a sequence, for every T' > 0, u,,
converges to a bounded complete trajectory u of the problem (1.3.10) in the spaces
C([-T,T),H}(Q)). Thus, u(t) € Ay for any t € R. We infer then that

Ye, = Ug, (0) — u(0) € Ay,

which is a contradiction. O
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We choose some ¢ > 0 such that
Os(Z) NOs(EY) =0 if i # j

and = are maximal weakly invariant.

For problem (1.3.8) let us define the sets

Mg = {v, v} for 1 <i < Ny,

€,1) Vet

Z5y = (Ureno{vi,}) U{0},

e U 3¢ € K* such that (1.3.11) holds with z; € Z5,,
No j=1,2and y = 1(t) for some t € R

where K¢ is the set of all bounded complete trajectories of (1.3.8).

In view of Lemma 1.23 we have
distg (M;,2]) =0, ase =0, 1<i< N
Lemma 1.31. dist i (Mg, ,Z},) — 0, as e — 0.

Proof. Suppose the opposite, that is, there exists 6 > 0 and a sequence y., € Mg*
such that

dist 1 (ye,., Z,) > 0 for all k. (1.3.20)

Let &, be a sequence of bounded complete trajectories of problem (1.3.8) such
that &, (0) = y., and

&, (1) — 28 ast — —oo,

&, (1) — zg as t — 0o,

where 2% |, 25 € Zf\}“o. By Lemmas 1.23 and 1.24, passing to a subsequence we have

that
¥ =z € Zny,i = —1,0.
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By Remark 1.29 we obtain that up to a subsequence &, converges to a complete
trajectory 1y of problem (1.3.10) in the spaces C([—T,T], H3(2)) for every T > 0,
80 Y-, — o(0) in HE(€). Thus, either vy is equal to a fixed point Zy # 0 or there
exist two fixed points of problem (1.3.10), denoted by Z_;,Z, such that

E(z_1) > E(Zo),

Uo(t) = Z_1 as t — —o0,
o(t) = Zp as t — oc.

If Zy = z, then Z_1,Zy € Zy,, which means that 19(0) € =%,. This would
imply a contradiction with (1.3.20). Therefore, we assume that Zg # 2. Also, it is
clear that Zy = v # 0, for some m € N.

Let r9 > 0 be such that O,,(Zo) N Oy, (20) # 0 and Oy, (Zy) does not contain
any other fixed point of problem (1.3.10). The previous convergences imply that
for each r < r( there exist a moment of time ¢, and k, such that & (t,) € O,(Zo)
for all k > k,. On the other hand, since &, (t) — 2§, as t — oo, and 2§ — z, there

exists ¢/ > ¢, such that
&, (1) € Oy (Zp) for all t € [t,, 1),

1€z, () — Zollz2 = 7o.
Let us consider two cases:
L.t —t, — oo,
2. |t —t.| <C.

We begin with the first case. We define the sequence of bounded complete
trajectories of problem (1.3.8) given by

&, (8) = &, (L + 1)

By Remark 1.29 we can extract a subsequence of this sequence converging to a



51 1.3. Application to a reaction-diffusion equation

bounded complete trajectory 1; of problem (1.3.10). Since ¢, —¢, — 0o, we obtain
that ¢ (t) € O,,(Zo) for all £ < 0. Since Oq,,(Zp) does not contain any other fixed
point of problem (1.3.10), it follows that

wl(t) — 20, as t — —oo.

But [|11(0) — Zo||z2 = 70, so ¢y is not a fixed point. Therefore, ¢ (t) — Z; as
t — oo, where Z; is a fixed point such that F(Z;) < E(Z)).

In the second case we define the sequence

&, (1) = &, (t+ ).
Passing to a subsequence we have that
&, (0) = %,

&, —t. > t.
As & converges to a solution &' of problem (1.3.10) uniformly in bounded subsets
from [0, c0) such that £'(0) = Zo, &, (. —t,) — £'(t'), so that

1€ (t) = Zoll 12 = mo.

We put

[ =it <o,
hil) = { £ (t) if t > 0.

Then 1)y is a bounded complete trajectory of problem (1.3.10) such that ¢, (t) — Z;

as t — 0o, where Z; is a fixed point satisfying E(z1) < E(Z).

Now, if Z; = 2y, then we have the chain of connections
Yo(t) = Z_1 as t — —o00,o(t) — Zp as t — +oo,

1(t) — Zg as t — —o00, 1 (t) = Z1 as t — +oo0,
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which implies that z_1,Zp,z; € Z,, an then 1y(0) € Z°. This would imply a
contradiction with (1.3.20).

However, if Z; # Zp, then we proceed in the same way and obtain a new
connection from the point Z; to another fixed point with less energy. Since the
number of fixed points with energy less than or equal to F(Zp) is finite, we will

finally obtain a chain of connections of the form
Yo(t) = Z_1 as t — —o0, Po(t) — Zg as t — +00,
Pi(t) = Zp as t = —oo, Py(t) = Z1 as t — 400,
Un(t) = Zypo1 as t — —00, Yp(t) = Z, = 20 as t — +00.
And again, this implies a contradiction with (1.3.20). O
These convergences imply the existence of £ such that if ¢ < gy, then
ME C O5(E)) for any 1 < i < N.
Further, let

— y : F € K* such that ¢(0) =y
- and () € O5(Z%) forall t e R |

These sets are clearly maximal weakly invariant for G, in Os(ZY), so condition
(H5) is satisfied for V; = Os(=?). As a consequence of Lemmas 1.23, 1.31, Remark
1.26 and the definition of § we have

distr2(Z5,2Y) = 0, as e — 0, for 1 <i < N,.

Therefore, condition (H3) is satisfied.
We also get by Remark 1.29 and the definition of § that

disty (E5,Z]) = 0, as ¢ = 0, for 1 <i < Nj.
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Moreover, M*® = {Z1,...,Z},} is a disjoint family of isolated weakly invariant
sets.

Applying Theorem 1.1 we obtain the following result.

Theorem 1.32. There exists 1 > 0 such that for all 0 < € < g1 the multivalued
semiflow G is dynamically gradient with respect to the family MEe.
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Chapter 2

Existence and characterization of
attractors for a nonlocal
reaction-diffusion equation with an

energy functional

Once robustness of multivalued semiflows is analyzed, we focus now on nonlocal
reaction-diffusion equation in which the diffusion depends on the gradient of the
solution.

Firstly, we prove the existence and uniqueness of regular and strong solutions.
Thereupon, we obtain the existence of global attractors in both situations under
rather weak assumptions by defining a multivalued semiflow.

Secondly, we characterize the attractor either as the unstable manifold of the
set of stationary points or as the stable one when we consider solutions only in the
set of bounded complete trajectories.
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2.1. Existence of solutions

We consider the following nonlocal reaction-diffusion equation

up — a(HuH%Ié)Au = f(u) + h(t), in Q x (0, 00),
u=0 on 9N x (0,00), (2.1.1)
u(0,2) = ug(x) in Q,

where (2 is a bounded open set of R™ with smooth boundary 0f2.

Let us consider the following conditions on the functions a, f, h :

h € L*(0,T; L*(Q)) VT >0, (2.1.2)

a € C(RT), feC(R), (2.1.3)

a(s) >m >0, (2.1.4)

—k — agls]” < f(s)s < Kk — aas]?, (2.1.5)

where m, a1, as > 0 and K > 0, p > 2. Observe that then there exists C' > 0
such that

1f(s)] < C(1+|s|P™Y) Vs eR, (2.1.6)
and that the function F(s) := [ f(r)dr satisfies
—agls|P — kK < F(s) <k —ay|s]? (2.1.7)
for certain positive constants a;, i = 1,2, and kK > 0, and
|F(s)| < C(1+]sP) VseR. (2.1.8)

Conditions (2.1.2)-(2.1.5) will be always assumed throughout the chapter. Some-
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times, some of the following additional assumptions will also be used:

f € CY(R) be such that f'(s) <7, Vs € R, (2.1.9)
2n — 2

p< :_2, if n > 3, (2.1.10)

a(s) < My + Mss, Vs > 0, (2.1.11)

s+ a(s?)s is non-decreasing, (2.1.12)

a(-) € C*(R") and d'(s) > 0, Vs >0, (2.1.13)

for some constants My, My, n > 0.

Remark 2.1. ¢/ (s) > 0 implies that (2.1.12) holds, so condition (2.1.13) is
stronger than (2.1.12). Assumption (2.1.12) is used to prove uniqueness of so-
lutions. Assumption (2.1.13) is used to obtain the H* (Q) regularity of the global

attractor.

Definition 2.2. A weak solution to (2.1.1) is a function u(-) such that u €
L>=(0,T; L*(2)) N L*(0,T; HY () N LP(0,T; LP(2)) for any T > 0 and satisfies

in the sense of scalar distributions the equality

o)+ alllu®l ) (Vult), Vo) = (Ful), o) + (hle)w)  (21.14)

for all v € HL(Q) N LP(Q).

We need to guarantee that the initial condition of the problem makes sense
for a weak solution. This can be achieved in a standard way assuming that the

function a has an upper bound, that is, there exists M > 0 such that

a(s) < M for all s > 0. (2.1.15)
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Indeed, if u is a weak solution to (2.1.1), taking into account (2.1.6) and (2.1.15)
it follows that

w = a(||ullp)Au+ f(u) +h € L*(0,T; H(Q)) + L9(0,T; L7(Q)).  (2.1.16)

Therefore, by [34, p.33] u € C([0,T], L*(Q?)) and the initial condition makes sense
when uy € L*(Q).

For the operator A = —A, thanks to the assumptions on the domain {2, it is
well known that D(A) = H*(Q) N H}(Q) [75, Proposition 6.19].

Definition 2.3. A regular solution to (2.1.1) is a weak solution with the extra
regularity u € L>(e, T; Hy(Q2)) and u € L*(¢,T; D(A)) for any 0 < e < T.

d
Remark 2.4. Since d—qz € L(e, T;L9(Q2)) for any regular solution, in this case

equality (2.1.14) is equivalent to the following one:

/gT/QdUE;I)f(W) dxdt—/faﬂ\u(t)Hi]g)/QAuﬁdxdt (2.1.17)

:/ET/Qf(u(t,:c)){(t,x)dxdtJr/;/Qh(t,x)ﬁ(t,x)dxdt,

forall0 <e < T and £ € L?(0,T; L* (92)).

Lemma 2.5. Letu € L? (¢, T; X), CCZZ—? € L1(e, T; X') for all0 < e < T, where X
is a reflexive and separable Banach space and X' denotes its dual space. Assume
that B € C(R™) is such that § € W1 (e, T;[8(¢),5(T)]) and 0 < B(e) < B(T)
forall0 < e <T. Thenw(:) =u(B(-) € LP(e,T; X), % € Li(e,T;X"), for
all0 <e < T, and

dw B du

dp
— (t) = o (B (1)) = (t) for a.a. t > 0. (2.1.18)

Proof. We fix 0 < & < T. There exists a sequence u, € C* ([ (g),5(T)], X) such
that w, — w in L? (B (e),B(T); X) and % — % in L1(B(e),B(T); X') 49,
Chapter IV]. We define w,, (t) = u, (8 (t)).
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Following the same proof of [13, Corollary VIII.10] we obtain that

wy () € WH (e, T3 X)

and P p 45
Wy = Lln a2
o (t) = 7 (B (1)) 7 (t) for a.a. t > 0.
du,, du .
It is clear that w, — win L? (¢,T; X') and s B() — o (B(-)in L (e, T; X").

Passing to the limit we obtain that

dw du dpg
E('):E(ﬁ()) dt<)

in the sense of distributions D’ (0, 4-00; X).

d d d
As u(ﬁ()) df()ELq( ,T;X’),d—Z}eLq(g,T;X’) and (2.1.18) holds true. [

dt

We would like to avoid a being uniformly bounded by above (i.e. to relax
assumption (2.1.15)). We can still prove the continuity in L? () of u for regular

solutions by assuming that a has at most linear growth.

Lemma 2.6. Assume that conditions (2.1.2)-(2.1.5), (2.1.11) hold. Then any
reqular solution satz’sﬁes that u € C([O T], L*(Q)) for all T > 0. Moreover, w (t) =

u (™t (t)), where a(t fo (||u(s) ds is a reqular solution to the problem

o f) b7 e)
A= T )
w=0 ondx(0,00),
w(0,x) = up(x) in Q.

, in 2 x (0, 00),
(2.1.19)

Proof. Condition (2.1.11) guarantees that if w € L? (0, T; Hy (Q2)), then
alul) %) € L 0,T)
We make the following time rescaling

u(t,x) = w(a(t), x).
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As a(Hu()HiIé) € L' (0,T), the function t — « (t) is continuous and 3 (-) = a™! (*)

satisfies the conditions of Lemma 2.5. It is clear that the function
w(t,x) =ula™ (t), )

belongs to the space L>(0,T; L*(2)) N L*(0,T; Hi(2)) N LP(0,T; LP(Q)) and also
to the spaces L>=(e,T; H}(Q2)) and L?(e,T; D(A)) for any 0 <& < T.
d
Moreover, d—:: € L1(e,T;L9(Q)) and Lemma 2.5 give
dw

— e L(e, T L7 (Q
e 11(e, T 17 (9)

and

dw du d du

_1 -1 _ -1 1
=7 (@) a7 () =" (a7 (1)

a<||w(t))”12%>7 for a.a. t. (2.1.20)

Equality (2.1.17) implies that

du

a1 ) —a (lula™ 0)3) Au @™ (1)) = f (u (0™ 1)) + A~ (1),

for a.a. ¢ > 0, so (2.1.20) gives

dw f(w(t)) h(a” (1))

A= e T @) "

Hence, w is a regular solution to problem (2.1.4119).

1 1
Since 0 < —— < —, we obtain that
a(s) = m

%’ € L*(0,T; H1(Q)) + LU0, T; L1(Q)).

Therefore, w € C([0,T], L*(Q2)), so that

u € C([0,T], L*(Q2)).
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Remark 2.7. Under assumptions (2.1.2)-(2.1.5) any regular solution w (-) sat-
d

isfies that d—? € Li(e,T;L7(Q2)) for all 0 < ¢ < T. Then by [34, p.33] u €

C([e, T), L2 (), t — |lu(t)||* is absolutely continuous on [e, T and

u
pr lu(®)||72 =2 (E,u) for a.a. t > e.

If the initial condition belongs to H} (Q2)NLP (), we can define strong solutions

as well.

Definition 2.8. A strong solution to (2.1.1) is a weak solution with the extra regu-
d

larity u € L>=(0,T; HY (Q) N LP(2)), u € L*(0,T; D(A)) and d_? € L*(0,T;L*(Q))

for any T' > 0.

We observe that if u is a strong solution, then u € C([0,T], H} (Q)) (see [77,
p.102]). Also, uw € L>(0,T;LP(Q)) and u € C([0,T],L*(2)) imply that u €
Cw([0,T], LP(2)) (see |79, p.263]). Thus, an initial condition in Hj () N L? ()
makes sense. Also, the equality f(u) = uw — a (Hu”?{é) Au — h implies that
fw) € L2 (0,7 17 ()

In addition, if u is a regular solution such that Cfl_? € L% (e, T; L*(Q)) for all
0<e<T,then ue C((0,T], H} ().

The phase space for regular solutions will be L?(Q), whereas for strong solu-
tions we will use the space H' (Q)NLF (Q) (or just H} (Q) when H} () C LP (Q)).

The following results will be proved in Theorems 2.9, 2.10, 2.11, 2.12, 2.14:

» Conditions (2.1.2)-(2.1.5), (2.1.9), (2.1.11) imply the existence of at least one
regular solution for any ug € L?(Q). If, in addition, (2.1.12) holds, then it is

the unique regular solution.

» Conditions (2.1.2)-(2.1.5), (2.1.9) imply the existence of at least one strong
solution for any ug € Hg(Q2) N LP(2). If, in addition, (2.1.12) holds, then it

is the unique strong solution.

» Conditions (2.1.2)-(2.1.5), (2.1.10) imply the existence of at least one strong
solution for any ug € H} ().
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» Conditions (2.1.2)-(2.1.5), (2.1.10), (2.1.15) imply the existence of at least

one regular solution for any uy € L?(Q).

To start with we prove the existence of regular solutions for initial conditions
in L2(Q).

Theorem 2.9. Assume that conditions (2.1.2)-(2.1.5), (2.1.9) and (2.1.11) hold.
Then, for any ug € L*(Y) there exists at least one reqular solution to (2.1.1).

Proof. We will prove the result by compactness and using Faedo-Galerkin approx-
imations.

Consider a fixed value 7" > 0. Let {w;};>1 be a sequence of eigenfunctions of
—A in H(Q) with homogeneous Dirichlet boundary conditions, which forms a
special basis of L*(Q2).

We need to ensure that the eigenfunctions are elements of LP(2). Indeed, by

the Sobolev embedding theorem, we have
H?(Q) C LP(Q2)  for s > n(p — 2)/2p.

Taking A = —A, we define the domain of a fractional power of A as
D(A?) ={u € L*(Q) : Y _ Nj(u,w;)* < oo},
j=1

where )\; is the eigenvalue associated to w;. Since the w’s are orthonormal, {w;} €
D(A*/?). If we assume €2 to be a bounded C* domain (smoothness condition on
the domain), by Theorem 6.18 in [75], we have that D(A*?) c H*(Q) and so

{wj} € LP<Q)
Therefore, we can consider {w;} C Hj(Q) N LP() a basis of L*(2), with
s > max{n(p —2)/2p,1}. By this way,

H3(Q) € Hy(Q) N LP(Q)

and the set U,enV, is dense in L%*(Q) and also in Hj(2) N LP(Q) [62], where

Vo, = spanfwy, . .., wy,].
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As usual, P, will be the orthogonal projection in L?(Q), that is

2= Pz = Y (50w, Yz € LHQ)

Jj=1

and \; will be the eigenvalues associated to the egienfunctions w;.

For each integer n > 1, we consider the Galerkin approximations
Un(t) = Z'an(t)wjﬁ
j=1
which satisfy the following nonlinear ODE system

d
un(0) = Pyuo.

(2.1.21)

where P,ug — ug in L*(Q).
Using the fact that the w)s are orthonormal, we obtain that (2.1.21) is equiv-

alent to the Cauchy problem

dup,
dt

= —a(lunlf) Astin, + (£ (un), w5) + (h(t), w;), (2.1.22)

(un(0), w;) = (up,w;), j=1,...,n,

where ); is the eigenvalue associated to the eigenfunction w; and the vector
(Unyy - - -y Up, ) is the unknown.

Since the right hand side of (2.1.22) is continuous in w,(t) this Cauchy problem
possesses a solution on some interval [0,t,),0 < t, < T |75, cf. p. 51].

We claim that for any 7" > 0 such a solution can be extended to the whole
interval [0, 7], which follows from a priori estimates in the space L?*(€2) of the
sequence {uy,}.

Multiplying by 7,:(f) and summing from i = 1 to n, we obtain

1d

5 77 1 Ol + alllunlG) len O = (f (un (), ua(®)) + (hy ualt)) - (21.23)
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for a.e. t € (0,t,).
Using (2.1.5) and the Young and Poincaré inequalities we deduce that
(f (un(t)), un(t)) < £[Q] = o [[un ()75,

(h(t)sun0) < 5 a0 + 550 (0

Hence, from (2.1.23) it follows that

1d m 1
5%”“71(25)”%2 + 5llun(t)||§{5 + anllun ()7, < KIQ| + mllh(t)lliz (2.1.24)

for a.e. t € (0,t,).
Then, integrating (2.1.24) from 0 to ¢t € (0,t,) we deduce

1 2 m (" 2 ' P
Sl + 5 [ ) gds +or [ (o) 1f,s
< ol + g [ IHEads + SOl (2.125)
- 2m Jo 2
< TE, + Ky(T) + ¢ [un(0)]3

Therefore, the sequence {u,} is well defined and bounded in L>(0,T; L*(Q2)) N
L*(0,T; H () N LP(0,T; LP(2)). Also, {—Auw,} is bounded in L*(0,T; H'(2)).

On the other hand, by (2.1.6) it follows that

T T
/ / F(u(e, £))|%dadt < 27 (CHQIT + C / ()|, ),
0 Q 0

with i + é = 1. Hence, since {u,} bounded in L?(0,T; LP(?)), f(u,) is bounded
in L9(0,T; L1(Q)).
On the other hand, multiplying (2.1.21) by A\i7,:(t) and summing from i = 1 to n,

we obtain

1d

5%”1%”?{3 + m”Aun||%2 < (f(un)a —Auy) + (h(t), —Aun)

1 m
< llunllzy + 5 - IR + 5 N Aun
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In this estimate we have assumed that f(0) = 0 when integrating by parts. This
can be done without loss of generality because f(u) + h(t) = f(u) — f(0) + h(t) =
f(u) + h(t), and f,h satisfy the same conditions as f, h.

Integrating the previous expression between s and ¢, with 0 < s < ¢ < T, and

using (2.1.9) we have

1 m [
Sy + 5 [ 1w 0)ladr

T (2.1.26)
9 1
< [ I+ Sty + 5 [ 100 s
0
Now, integrating in s between 0 and ¢, it follows that
T
tun(6)1y < (207 +1) [ ual)lydr + Ka(D)T
0
Hence,
2nT +1 (T K3(T)T
Jua (03 < J My + 225 @i

for all ¢t € [, T] with € € (0,7).
From the last inequality and (2.1.25) we deduce that

{llun(®)| g2 } is uniformly bounded in [e, T
and by the continuity of the function a we get that
{a(Hun(t)HiIé)} is bounded in [e, 7.
Also, it follows that

{u,} is bounded in L*(e, T; Hy()). (2.1.28)
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On the other hand, taking s = ¢ and t = T in (2.1.26), by (2.1.25) we obtain that
{u,} is bounded in L*(e, T; D(A)), (2.1.29)

so {—Au,} and {a(HunHi]&)Aun} are bounded in L*(e, T; L*(Q)).
Thus,

{ %} is bounded in L9(e, T; LU(Q)). (2.1.30)

Therefore, there exists u € L>®(e, T; H} (2)) N L*(0, T; H3 () N L>(0,T; L*(©2)) N
d

L*(e,T; D(A))NLF(0,T; LP(£2)) such that d_;t € Li(e,T; L (©2)) and a subsequence

{u,}, relabelled the same, such that

u, = uin L®(e,T; Hy(9)),
u, — uin L®(0,T; L*())
u, = u in L*(0,7T; Hy(R))
up, — win LP(0,T; LP(R2)),

)
Y

e = W FRENE DAY, (21.31)
du du

n . q . q
g Li(e, T; L)),

fun) = x in LU0, T; L1(52)),
a(l[unllfy) = bin L*(e,T),

*
for any 0 < ¢ < T, where — means weak convergence and — weak star conver-

gence.

Moreover, by (2.1.29)-(2.1.30) the Aubin-Lions Compactness Lemma gives that
u, — uin L?(e,T; H3 (), so u,(t) = u(t) in H} () a.e. on (¢,T) for any € > 0.
Consequently, there exists a subsequence {u,}, relabelled the same, such that
up (t,x) = u(t,z) a.e. in Q x (0,7) [75, Corollary 1.12]. Also, we know that
P, f(u,) — x (see |75, p.224]). Since f is continuous, it follows that f(u, (¢,x)) —
f(u(t,z)) a.e. in Q x (0,T). Therefore, in view of (2.1.31), by [65, Lemma 1.3] we
have that xy = f(u).
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As a consequence, by the continuity of a, we get that
a(lun(®)]2) = a(u(®)Zy)  ae. on (1),

Since the sequence is bounded, by the Lebesgue theorem this convergence takes
place in L*(e,T) and b = a(|[ul|3,) on (¢,T).

0
Thus,

) B = al [l D, i L2, T3 L) (2132

Finally, since {w;} is dense in HJ(2) N LP(Q), in view of (2.1.31) and (2.1.32),
we can pass to the limit in (2.1.21) and conclude that (2.1.14) holds for all v €
Hi () N LP(R).

To conclude the proof, we have to check that w(0) = ug. Indeed, let be
¢ € C'([0,T1); Hy(?) N LP(Q)),

with ¢(T') = 0, ¢(0) # 0.
We consider the functions w (t) = u(a™' (t)), w, (t) = u, (a;* (t)) (here a,(t) =

n

I3 a(|Jun (r) ||%,1dr)), which by Lemma 2.6 are regular solutions to problem (2.1.19)
0

with initial conditions w (0) = wuy and to the corresponding Galerkin approxima-
tions with initial condition w,, (0) = u, (0) = P,uo, respectively.

Since J

= € L(0.T H(Q) + LU0, T L()),

we can multiply the equation in (2.1.19) by ¢ and integrate by parts in the ¢

variable to obtain that

T T —1
| e w-@uo.smpa= [ (L2 o0 )ar w060 (21.33)
o , T ale®E)

/0 (7(11)n(t),¢’(t))7(Awn(t),¢(t)>)dt:./o. <P"f(w"(t))+gih(“ (t)),¢(t)> dt+ (w, (0).6(0) (2.1.34)

af[lwn(®)l17,)
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We can easily obtain by the previous convergences and (2.1.4) that

w, = w in L* (0,T; Hy (),

Aw, — Aw in L? (O,T; H! (Q)) ,

Pof(wa(t) + Puh (a'(t)  flw(?)) +h(a”(1))
a([|wn ()] 7) a(llw(®)I,)

in L7 (0,T; L9 ().

Passing to the limit in (2.1.34), taking in to account (2.1.33) and bearing in mind
wy, (0) = Pug — up we get

(w(0),¢(0)) = (uo, ¢ (0)) .

Since ¢ (0) € H}(Q2) N LP(Q) is arbitrary, we infer that w(0) = u (0) = u.

Hence, u is a regular solution to (2.1.1) satisfying u (0) = ug. O

Second, we will prove the existence of strong solutions for initial conditions in
H}(2) N LP(2). In this case, we do not need to impose the upper bound (2.1.11)

of the function a.

Theorem 2.10. Suppose that conditions (2.1.2)-(2.1.5) and (2.1.9) are fulfilled.
Then, for any ug € HY(Q2)NLP(Q) there exists at least a strong solution to (2.1.1).

Proof. We consider, as in Theorem 2.9, the Galerkin approximations {u,} and
an element u for which (2.1.31) holds. Under the aforementioned conditions, we
will obtain that w, converges to a strong solution to (2.1.1). In this proof it is
important to observe that

PHUO — Ug
in the spaces H} (Q) and LP (Q) [75, p.199 and 220]. Thus, the sequences ||Pnu0\|H01
and || P,uo||;, are bounded.

duy, :
First, we multiply the equation in (2.1.1) by % to obtain

1d du,,

d d
| 2@l + alllunlfy) 5 2 luallyy = E/Qﬂun)d“(h(t%g)-
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Introducing

we have

1,d d

SOl + 5 | 5401 — [ Fluntds] < a1

Now, integrating (2.1.36) we have

/ |5z s + 5 Al 01 / Flun(t)ds

(2.1.7) we get

Q [\3|>—t

From (2.1.4) an

m

0l + Slua Ol + 5 [ gl
Al O)3) + Talln O + K ()

Now, from (2.1.37) we obtain that

{%} is bounded in L*(0, T; L*()),

SO

(2.1.35)

(2.1.36)

(2.1.37)

(2.1.38)

(2.1.39)

On the other hand, the embedding H}(Q2) cC L*(2) and the Aubin-Lion Com-

pactness Lemma imply that

u, — u in L*(0,T; L*(2)).
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Hence,
u, — u for a.e. (z,t) € Qx (0,7).

Moreover, thanks to

2 d

2
[[un(t2) = un(ts)ll> = <l gwnllzzomzz@y 2=l Vh,t2 €[0,7],

ta
/t1 %un(s)ds

(2.1.37), (2.1.38) and H}(Q2) cC L*(Q), the Ascoli-Arzela theorem implies that
{un} converges strongly in the space C'([0,T]; L*(Q2)) for all T > 0.
Therefore, we obtain from (2.1.37) that

L2

u, () — u(t) in Hy(Q) N LP(Q),
for any ¢ > 0, and
u, = uin L®(0,T; HY(Q) N LP(Q)). (2.1.40)

Also, by the continuity of the function a, {a(Hun (t) H%l)} is uniformly bounded
0
in [0, 7). Multiplying (2.1.21) by Ai¥»i(t) and summing from ¢ = 1 to n, we obtain

1d

5l = Ay 32 = (), —Aewy) + (h(1), ~Auy)

m

I = Ay 7.
2

1

< g + 5B +
Integrating the previous expression between 0 and 7' it follows that
1 2 m [T 2 ! 2 1 2
Sl + 5 [ 180l <u [l Olgd+ 30l + KD, (2141)
Finally, taking into account (2.1.25), from (2.1.41) we deduce that

u,, is uniformly bounded in L*(0,T; D(A)),
SO

u, — u in L*(0,T; D(A)). (2.1.42)



71 2.1. Existence of solutions

Arguing as in Theorem 2.9 we also obtain that

u, —win L* (0,T; Hy (Q)),
@ (lualidy) = a (lully ) i 22 0,7,
F () = f (u) i L9 (0,75 L7 ().
a (Hunngé) Au, — a <Hu||§{é> Au in L0, T; L*(52)). (2.1.43)

Therefore, we can pass to the limit to conclude that u is a strong solution.

It remains to show that w(0) = wug. This can be done, in a similar way
as in Theorem 2.9, by multiplying the equation in (2.1.1) by a function ¢ €
CH[0,T7); HY(2) N LP(R2)), with ¢(T) = 0, ¢(0) # 0 for the Galerkin approx-
imations wu, and the limit function u and integrating by parts. Then taking
into account the above convergences and P,uy — uo in L? () we obtain that
u (0) = up. O

We can still ensure the existence of strong solutions without using condition
(2.1.9) by imposing extra assumptions on the parameter p. Indeed, if (2.1.10) is
satisfied, then the embedding H} (Q) C L*®P=Y(Q) C LP(Q) and (2.1.6) imply
that

1f (u@)F < 2001+ / [ut, )P Vde) < C (14 Ju®)l5 "), (2144)

SO
f(u) € L*(0,T; L*(Q)) (2.1.45)
provided that u € L>(0,T; H}(S)). Moreover, f (A) is bounded in L?(0,T; L*(£2)

if A is a bounded set of L>(0,T; H}(2)).

Theorem 2.11. Assume that (2.1.2)-(2.1.5) and (2.1.10) hold. Then for any
ug € HY(Q) there exists at least one strong solution to (2.1.1).

Proof. Reasoning as in Theorem 2.10 and considering as well the Galerkin scheme,
(2.1.31), (2.1.39) and (2.1.40) hold. We just need to check that (2.1.42) is also true

and then repeat the same lines of Theorem 2.10.
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Multiplying (2.1.21) by A\iv,:(t) and summing from ¢ = 1 to n, we obtain

1d
5 gz nllig + mllAunlze = (f (wn), =Awn) + ((t), —Au)

1
2l = Al + RO + 5 A

1 m m
< )+ o .

Integrating between 0 and T it follows that

1 9 m [T 9

Sl + % [ s (2.1.46)
< @) ot + L)1, + 1/T||h<t>||2 at
< g | 1 DIt + S lunOlg + - [ () 52t

In view of (2.1.40) and (2.1.44), we have that f (u) is bounded in L? (0, T; L? (Q)),
so from (2.1) we get that {u,} is bounded in L?(0,T; D(A)). Therefore,

u, — uin L*(0,T; D(A)), (2.1.47)

as required. O

Actually, in the case of regular solutions, we can get rid of the condition (2.1.9)

as well by imposing the extra assumption (2.1.10) on the constant p.

Theorem 2.12. Assume that (2.1.2)-(2.1.5), (2.1.10) and (2.1.15) hold. Then,

for any ug € L*(Q2) there exists at least one reqular solution to (2.1.1).

Proof. Let ufl € H}(2) be a sequence such that ul — ug in L*(€). By Theorem

2.11 there exists a strong solution u"(-) of (2.1.1) with u"(0) = wuf. Since u" €

L*(0,T;D(A)) and % € L*(0,T;L*(9Q)), from [77, p.102] the equality

d n n n
Sl = 2(-Au”, )

holds true for a.a. t > 0.
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Now, multiplying (2.1.1) by u™ and using (2.1.5) it follows that

1d
2dt
< 51O + At mOle < Kl 4 — RON2a + " ()12
< K[Q| + |h(O)]| z2]|u" (t) | 2 < K] Hm” ()HL2+§HU () Iz

la O3 + i [ + a1, (2.1.48)

u™()]|22 < [|u™(0)]|22 + K1 (T). (2.1.49)

Thus, integrating in (2.1.48) between ¢ and t + r we get

t+r t+r
o e+ ) [ () s 200 [t 9
. b ! (2.1.50)
<2nj0fr 4 o [ I ads + [0 O < " O) [ + Ka(T).
t

Also, by (2.1.7) and (2.1.15) we deduce that

t+r 1
[ (Gt - [ Fuo) i
t Q
M N SRS, 2.1.51
< [ (G as Rl ea [ el G
< K3(T) (1+ [[u"(0)][72) .
for all n > 0 and ¢ > 0. On the other hand, multiplying (2.1.1) by u} we have
1 n 2 d 1 n 2 n 1 2
Slluf )z + — { A" (Ol — [ F"@)de ) < Sl  (2.1.52)
2 dt \ 2 Y, 2

where the fact that ¢ — [, F(u"(t))dx is absolutely continuous on [0, 7] and

du™

%/Q]—"(u”(t))dx - (f (" (1)), S (t)) , for a.a. t >0,

is proved by regularization using the regularity of strong solutions and (2.1.44)
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(see Lemma 2.20). By the Uniform Gronwall Lemma [80] we obtain

Ks(T)(1 A+ [|u"(0)[I7)

%A(Hu"(tw)\@,&)—/f(un(t+r))dxg +Ky(T), (2.1.53)
Q

for all 0 <t <t+r, so that by (2.1.4) and (2.1.7) we have that

Ko(D)(1+ [0 O)3) |

lu™ (¢ + 7)1+ lu (¢ + )7 < - 6(T),  (2.1.54)

for all t > 0.
Therefore, the sequence u"(-) is bounded in L>(r,T; H}(Q)) for all 0 < r < T.
Consequently, a(]|u" (-) H?{(Q is bounded in [r, T7.

Integrating (2.1.52) over (r,T), from (2.1.4), (2.1.7) and (2.1.53) it follows that

1 g d n 2 m n 2 ~ n P
3/ I u" O lzadt + S llw™ (D) + @l (D20 — &I

<5 [ 1w Olfde+ JAG D) - [ Fur)is

<3 [ IOt 5A0C O = [ o)

<5 [ W+ KD ROl

(2.1.55)

+ Ky(T).

n

d
Thus % is bounded in L?(r,T; L*(2)) for all 0 < r < T.

Taking into account (2.1.44) and (2.1.54) we infer that f (u") is bounded in
L2 (r,T; L? (). By this way, the equality

a([lu”[Fy) Au™ = uf' — f(u") + h(t)
implies that
{u"} is bounded in L*(r,T; D(A)),

a(Hu"H?J&)Au" is bounded in L*(r, T; L*()),

foral0<r <T.
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By the compact embedding H}(2) C L*(2), we can apply the Ascoli-Arzela

theorem and obtain that, up to a sequence, there exists a function u such that

u™ 5w in L®(r, T; Hi (),

u” — u in C([r,T], L*(Q)),

u" — uin L*(r, T; D(A)),
du” d

_A_U 1 2 .72
p o in L°(r,T; L*(2)),

(2.1.56)

forall 0 <r <T.
On the other hand, from (2.1.50) we infer that

u™ is bounded in L>(0,T; L*(Q)) N L*(0,T; Hy () N LF(0,T; LF(Q)),

for all T > 0.

Therefore, there exists a subsequence u”, relabelled the same, such that
a™ = win L2(0,T; L%())
u" — win L*(0,T; Hy(S2))
u™ = in LP(0,T; LP(2)),

)
J

(2.1.57)

for all T > 0.

Moreover, arguing as in the proof of Theorem 2.9 we obtain that

f(u") = f(u) in L0, T; LU(2)),
u" — uin L*(r, T; Hy(Q)),
a(llu"ll3;) — allull,) in L*(0,T),
a([|u (t) 7)) Au™ — a((Ju(t)|[Fn)Au in L*(r, T; L*(Q2)).
Passing to the limit we obtain that w (-) is a regular solution.

Finally, by a similar argument as in the proof of Theorem 2.9 we establish that
u (0) = up. O
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Remark 2.13. Under the conditions of Theorem 2.12 any regular solution w (-)
satisfies from (2.1.44) that f (u) € L? (¢,T;L*(Q)) for all 0 < ¢ < T, and then

% € L?(e,T; L*(Q)) as well. Hence, u € C((0,T], Hy (Q2)) for all T > 0.

We finish this section by giving a sufficient condition ensuring the uniqueness

of solutions.

Theorem 2.14. Assume the conditions of Theorem 2.9 and additionally that
(2.1.12) is satisfied. Then there can ezists at most one reqular solution to the
Cauchy problem (2.1.1) for ug € L*(Q).

If, moreover, My = 0 in condition (2.1.11), then there can be at most one weak

solution.

Under the conditions of Theorem 2.10 and (2.1.12), there can exists al most
one strong solution to the Cauchy problem (2.1.1) for ug € H} ()N LP (Q) .

Proof. Suppose that u and v are two regular solutions to (2.1.1) with the same
initial condition ug = vy. Then by subtraction and multiplying by u — v we get by
Remark 2.7 that

1d 2 2 2 _
5 g e = vllze + (=alllu (®) izy) Au+ a(lv (€) [[773) Av, u =) = (f(u) = f(v), u—v).

Let us consider
I = (=alllu (t) ) Au+ al[lo (4 [3) v, u o).
After integrating by parts, we obtain

I= / (alllu (1) )|V ul® = alllu (61 Ve = a(Jo (6) [3) VuVo + alo (1) %) Vo) de

> (1) 3 )l 0) 3 — (alln (6) Wy + aller (9 5)) W () o ) g + il () )l ) 12
= (allu (¢) P2 )l 2 g = allo () ) (8 g ) (o 6) g = o (8 1y ) > 0,
(2.1.58)

where we have used (2.1.12) in the last inequality.
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Hence, from (2.1.58) and f'(s) <7, we infer

2 = ]2 < / (f(w) = () (u — v)da
= [ ro1as) = wyae <l ol

By Remark 2.7 it is correct to apply the Gronwall lemma over an arbitrary interval
(e,t), so
lu(t) = v(@)lI7: < [lue) —v(e) 72 2, t>0.

Since Lemma 2.6 implies that u,v € C([0,T], L? (©2)), we pass to the limit as e — 0
to get
lu(t) = v(®)llZ> < [|u(0) = v (0)[I2 €™, ¢ >0.

Hence, the uniqueness follows.
If My =0in (2.1.11), then by (2.1.16) the above argument is valid for weak
solutions as well.
The proof of the last statement is the same with the only difference that con-
dition (2.1.11) is not needed.
O

2.2. Existence and structure of attractors

In this section we will prove the existence of global attractors for the semiflows
generated by regular and strong solutions under different assumptions in the au-
tonomous case, that is, when the function h does not depend on t. We will also
establish that the attractor is equal to the unstable set of the stationary points or
to the stable one when we only consider solutions in the set of bounded complete
trajectories.

We consider the following condition instead of (2.1.2):

hel?*(Q). (2.2.1)
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Throughout this section, for a metric space X with metric p we will denote
by distx (C, D) the Hausdorff semidistance from C' to D, that is, distx(C, D) =
SUp.ec infaep p (¢, d).

It is important to observe that in the theorems of existence of solutions of the
previous section we have used either assumption (2.1.9) or (2.1.10). Now, when
we use condition (2.1.9) in some cases it is necessary to add a restriction on the
constant p given below in (2.2.23).

We summarize the main results of this section:

» Conditions (2.1.3)-(2.1.5), (2.1.9), (2.1.12), (2.1.15) and (2.2.1) imply that
the regular solutions generate a semigroup in the phase space L? () possess-
ing a global attractor, which is compact in H} (€) and bounded in L? (£2)
(Theorem 2.17 and Lemma 2.31). If, in addition, either h € L*(Q) or
p <2n/(n —2) for n > 3, then it is characterized by the unstable set of the
stationary points (Proposition 2.32). Moreover, condition (2.1.13) implies
that the attractor is bounded in H? () (Proposition 2.19).

» Conditions (2.1.3)-(2.1.5), (2.1.15), (2.2.1) and either (2.1.10) or (2.1.9),
(2.2.23) imply that the regular solutions generate a (possibly) multivalued
semiflow in the phase space L? () possessing a global attractor, which is
compact in H} () and L? (Q) and is equal to the unstable set of the sta-
tionary points (Theorems 2.25, 2.29).

» Conditions (2.1.3)-(2.1.5), (2.1.15), (2.2.1) and either (2.1.10) or (2.1.9),
(2.2.23) imply that the strong solutions generate a (possibly) multivalued
semiflow in the phase space H; (Q2) possessing a global attractor, which is
compact in H} () and L? (Q) and is equal to the unstable set of the sta-
tionary points (Theorems 2.37, 2.40).

» Conditions (2.1.3)-(2.1.5), (2.1.9), (2.1.12), (2.1.15), (2.2.1) and (2.2.23) im-
ply that the strong solutions generate a semigroup in the phase space H} (£2)
possessing a global attractor, which is compact in H} (2) and L? () and
is equal to the unstable set of the stationary points (Theorems 2.42, 2.45).
Moreover, condition (2.1.13) implies that the attractor is bounded in H? ()
(Proposition 2.46).
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» Conditions (2.1.3)-(2.1.5), (2.1.9), (2.1.12), (2.1.15) and (2.2.1) imply that
the strong solutions generate a semigroup in the phase space Hg () N L? (£2)
(endowed with the induced topology of Hj (€2)) possessing a global attractor,
which is compact in H} (2) and bounded in L? () (Theorem 2.49). If,
in addition, either h € L*(Q) or p < 2n/(n — 2) for n > 3, then it is
characterized by the unstable set of the stationary points (Theorem 2.52).
Moreover, condition (2.1.13) implies that the attractor is bounded in H? ()
(Proposition 2.53).

» In all the above situations h € L™ () implies that the global attractor is
bounded in L* () (Theorems 2.18, 2.28, 2.39, 2.51).

2.2.1. Regular solutions

We split this part into three subsections.

2.2.2. The case of uniqueness

If we assume conditions (2.1.3)-(2.1.5), (2.1.9), (2.1.11), (2.1.12), (2.2.1), then
by Theorems 2.9 and 2.14 we can define the following continuous semigroup 7, :
RT x L*(Q) — L*(Q) :

T (t, up) = u(t), (2.2.2)

where u (+) is the unique regular solution to (2.1.1). We denote by 2R the set of
fixed points of T,., that is, the points z such that 7,.(t,z) = z for any ¢ > 0.

We also observe that if we assume (2.1.15), then using the calculations in
(2.1.51)-(2.1.54) for the Galerkin approximations of any regular solution w ()
one can obtain that u € L™ (e,T;L?(Q2)), for all 0 < ¢ < T, and then u €
Cw((0,400), LP (£2)).

Our first purpose is to obtain a global attractor. We recall that the set A is a
global compact attractor for T, if it is compact, invariant (which means T,(¢, A4) =
A for any t > 0) and it attracts any bounded set B, that is,

dist;» (T,(t,B),A) — 0 as t = +o0.
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For this aim, we follow the classical procedure and we start with the existence of

an absorbing set.

Proposition 2.15. Let (2.1.3)-(2.1.5), (2.1.9), (2.1.11), (2.1.12) and (2.2.1)
hold. Then the semigroup T, has a bounded absorbing set in L?; that is, there
exists a constant K such that for any R > 0 there is a time to = to(R) such that

lu(®)||z < K forall t>t, (2.2.3)

where ||ug|| ;2 < R, u(t) =T,(t,up). Moreover, there is a constant L such that
t+1
/t Hu(s)H?{&ds <L forall t>t. (2.2.4)

Proof. Multiplying equation (2.1.1) by w and using (2.1.5) and Remark 2.7 we

have
1d m 1 K1
5 7 1Oz + S @y + eallw@lize < s192] + m”h\@ =5 (225
The Gronwall lemma and the inequality Hu(t)H%,é > M lu(t)]3. give
()22 < |lu(e)]|22e”MmE=2) 4 "L for any £ > 0.
)\1m
As u e C([0,T], L* (Q) by Lemma 2.6, passing to the limit we have
“\m K1
lu(®)[72 < u(0)[Z2e™ + o (2.2.6)

Hence, taking

1 )\1WR2
t>ty = 3 In
1m K1

we get (3.3.6) for K = % On the other hand, integrating (3.3.8) between ¢ and

t + 1 and using (2.2.6) we obtain

t+1
m [ () s < @)+
t
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and using the previous bound we get

t+1
2 K1 2Ky
/t ||U(3)||H5d3 < ™ + N2’ for all t > tg,

so that (2.2.4) follows. O

Proposition 2.16. Let (2.1.3)-(2.1.5), (2.1.9), (2.1.12), (2.1.15) and (2.2.1)
hold. Then there exists a bounded absorbing set in H} () N LP (Q); that is, there
is a constant M such that for any R > 0 there is a time t; = t1(R) such that

Hu(t)HHg +llu@)|l, <M forallt>ty,
where |Jugl| 2 < R, u(t) = Tu(t, ug).

Proof. The following calculations are formal but can be justified by the Galerkin
approximations. Arguing as in (2.1.51)-(2.1.54) we obtain the existence of a con-
stant C' such that

IT5(1,w () + 1T (1w (0))I[7, < C(A+ [u(0)IZ2).

Hence, the semigroup property 7,.(t + 1,ug) = T,.(1,T,.(t,up)) and (3.3.6) imply
that
1Tt + Louo) |7 + 1T (8 + L uo) |7, < C(L+ K2) Vit > o (R),

if ||ug|| ;2 < R, which proves the statement. O

Theorem 2.17. Let (2.1.3)-(2.1.5), (2.1.9), (2.1.12), (2.1.15) and (2.2.1). Then
equation (2.1.1) has a connected global compact attractor A,, which is bounded in
H} ()N LP ().

Proof. Since a bounded set in H}(Q) is relatively compact in L?(2) which is a
connected space, the result follows from Theorem 10.5 in [75] and Proposition
2.16.

O
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We will also obtain the boundedness of the attractor in the spaces L™ (€2) and
H?(Q).

First, we recall that a function ¢ : R — L?(Q) is a complete trajectory of the
semigroup 7T, if

¢ (t) =T(t — 5,0 (s))

for any t > s.
We say that ¢ is bounded if the set User¢ (s) is bounded. It is well known [61]
that the global attractor is characterized by

A, ={¢(0) : ¢ is a bounded complete trajectory}. (2.2.7)

Theorem 2.18. Let (2.1.3)-(2.1.5), (2.1.9), (2.1.12), (2.1.15) and (2.2.1) hold.
Then the global attractor A, is bounded in L>(2), provided that h € L>(£2).

Proof. We define v, = max{v,0}, v_ = —max{—v,0}. We multiply equation
(2.1.1) by (u — M), for some appropriate constant M and integrate over  to
obtain

1d

2dt / |(u=M).4 [*data([|u(t) ]| 7) / |V (u—M)|*dz = / (f(u(t))+h) (u— M) de,
Q Q 0

41 d 2 S
where we have used the equality 27 fQ |(u— M)y 2 de = (u, (u — M).), which is

proved by regularization.

Since h € L*>®(Q2), by (2.1.5) we deduce that
(f(u) +h)u <k —alul”.

It follows that

fu)+h <0 when u> (i)l/p = M.
a

Therefore, we have
(f(u) + h)(u — M), <0,
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Thus, by (2.1.4) and the the Poincaré inequality, we deduce that

/|u— )|Pdr < 2mA1/|u— M), |*dz.

Using the Gronwall inequality, we have

/| ) [Py < e~ /\ ). [2da.

For any y € A, there is by (2.2.7) a bounded complete trajectory ¢ such that
»(0) = y. Then taking t = 0 and 7 — —oo in the last inequality, we obtain
y(z) = ¢(0,2) < M, for a.a. = € Q. The same arguments can be applied to
(u — M)_, which shows that

lyllee < M, Wy e A,

O

If we assume (2.1.13), then it is possible to show that the global attractor is

more regular.

Proposition 2.19. Let (2.1.3)-(2.1.5), (2.1.9), (2.1.15) and (2.2.1) hold. If,
additionally, (2.1.13) is satisfied, then there exists an absorbing set in H? (Q) and
the global attractor is bounded in H?(Q).

Proof. We will prove the existence of an absorbing set in H? (£2). The boundedness
of the global attractor in this space follows then immediately. We proceed formally,
but the estimates can be justified via Galerkin approximations.

Let u(t) = T,.(t,up) with |lugl|;» < R. First, we differentiate the equation with

respect to ¢

d
= /() 2 ellg A = a(lfullfy ) A = £ ().

Multiplying by u; we get

1d

1
g gl + 5l Gl + k) ey = [ 7o) (ude. 2239
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By (2.1.4), @’ (s) > 0 and f’(s) < n we obtain

1d

thHUtHL2 +m||ut||H1 < g7z (2.2.9)

Second, multiplying (2.1.1) by u; and reordering terms, it follows that

et Uy
- luliy = [ Fluwyde — [ ia)udz ) -+l = Jully ol (2:2.10)

Proposition 2.16 implies that

d'(|12ll5) < v = supjy<ara’(s”)

if 2z belongs to the absorbing set in Hj (). On the other hand, multiplying the

equation by —Aw and using Proposition 2.16, we obtain
d 2 2 2 1 2
S [ulle + mllAu@)lz: < 2nllu(®)lz; + —lklz: < Ky VE 2 t(R).

Hence, by (2.2.10) and Proposition 2.16, it follows that

dt( el s —/]—' dr—/h(ﬂ«“)Ud$> + [luell7 < %KlMQ, vt > t(R). (2.2.11)

Multiplying both sides of the inequality f’(s) < n by s and integrating between 0

and s, we obtain

sf(s) < F(s)+ %277, Vs € R. (2.2.12)

Moreover, integrating f’(s) < n twice between 0 and s, we infer
F(s) < 727 2, Cs, VseR (2.2.13)

Now, we multiply (2.1.1) by w and integrate between ¢ and ¢ + 1 to obtain

e+ DI+ [ (alluli oy - [ sude - [ noyuas) ds = Sl (22.14)
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From (2.2.12), (2.2.14) and Proposition 2.15 it follows

/tt+1 (%HUH% —/Q]:(u)da:—/gh(x)udx) ds

, n [t s T ws
lu@®z2 + 5 lullz2ds < L, Vit = to.
t

The last inequality allows us to apply the Uniform Gronwall Lemma [80] to (2.2.11)

in order to obtain

allly) T
THUHH(% - Q]-"(u)dx -/ h(x)udx < L + §K1M , Vt>t+1. (2.2.15)

Using (2.1.4) and (2.2.13) we get

allully) A
T||u||Hé — Q}"(u)dx — Qh(m)udx > —§||u||L2 —COlul|g2.  (2.2.16)

Now, integrating (2.2.11) from ¢ to ¢ + 1, using (2.2.15), (2.2.16), by Proposition
2.15 we have

t+1 - y &
/ |us||32ds < L+ yK M? + ng +CK=p, Vt>t+1. (2.2.17)
t

Hence, the last equation allow us to apply to (2.2.9) the Uniform Gronwall Lemma

to obtain

du
I Ol < poi V=t 42, (2.2.18)

Finally, we multiply (2.1.1) by —Awu and use (2.1.4) to obtain
m 1 1
5 Aulze < nllullyy + —[1AIIZ + —ludllze-

Thus, by Proposition 2.16 and (2.2.18), we deduce that

lu()|Fe < ps VE>t +2.
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2.2.3. The case of non-uniqueness

We recall that the multivalued map G : Ry x X — P(X) associated with the
family R is defined as follows

G(t,uog) = {u(t) - u(-) € R,u(0) = up}, (2.2.19)

where R C C(R; X) is a family of functions satisfiying the set of axomatic prop-
erties described in Chapter 0. The set of all fixed points will be denoted by fRr.

In this section we will show that regular solutions genrate a multivalued semi-
flow possessing a global attractor.

If we do not assume the additional assumptions on the function a (-) of Section
2.2.2 ensuring uniqueness of the Cauchy problem, we have to define a multivalued
semiflow.

We have two possibilities: either to consider the conditions of Theorem 2.9 with
an extra growth assumption or to use the conditions of Theorem 2.12.

If we assume conditions (2.1.3)-(2.1.5), (2.1.10), (2.1.15) and (2.2.1), then by
Theorem 2.12 for any uy € L*(Q2) there exists at least one regular solution and
(2.1.44) implies that f(u) € L2(e,T;L*(Q)) for any regular solution, so Z—? €
L?(e,T; L*(2)) as well. In this case, as H} (2) C LP(), we have that u €
C((0,4+00), H} (R2)) € C ((0,+0) , LP (Q)) .

If we assume conditions (2.1.3)-(2.1.5), (2.1.9), (2.1.11) and (2.2.1) as well,
then we known by Theorem 2.9 that for any uy € L? (Q) there exists at least one
regular solution.

In order to obtain the necessary estimates leading to the existence of a global

attractor, we need to ensure that

fl—? € L*(e,T; L*(Q0)), forall 0 < e < T, (2.2.20)

holds, as by [77, p.102| we obtain that

d
EHUH?{(% = 2(—Au,u) for a.a. t. (2.2.21)

and u € C((0,+00), Hy (2)).
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We note that the set of regular solutions of that kind is non-empty if we assume
(2.1.15), as using inequalities (2.1.51)-(2.1.55) in the proof of Theorem 2.9 we prove
that the regular solution satisfies (2.2.20).

We also observe that we can force all the regular solutions to satisfy

du
— e L. T: L*(Q
— € L(e, T3 (@)

with an additional assumption on the constant p, which is weaker than (2.1.10).
This is achieved by obtaining that f(u) € L*(e,T; L*(€2)), which can be done by

using an interpolation inequality. Indeed, for
w € L>®(e,T; HY(Q)) N L*(e,T; D(A))

we have the interpolation inequality

2(y+1 2
HUHL(JV+1)>(5,T;L2<W+1)(Q)) < HUHLZO(E,T;LM(Q))Hu”%ﬁ(a,T;LPz(Q))? (2.2.22)
where v = ﬁ, p1 = %, Py = %, provided that n > 4; v <2, p1 =4, p, = %

ifn=4; v=3, pp =6, po =+ if n = 3; and v > 0 is arbitrary for n = 1,2. We
have used the embeddings H} () C L (Q), H*(Q) C LP2 () and [90, Lemma
I1.4.1, p. 72]. Thus, (2.1.6) implies that f(u) € L*(e,T; L*(Q)) if

p<~v+2 (2.2.23)

and also that

T T
1@ s = [ [ 1ftule)Pdutt < €40y [ [ futa ) Vs
(2.2.24)

Condition (2.2.23) also implies H} (2) C LP (2), so u € C((0,+00), LP(Q)).
Using the regularity of regular solutions and either (2.1.44) or (2.2.24), another

necessary property to obtain estimates is proved by regularization.
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Lemma 2.20. Assume condition (2.1.5) for f € (R) and one of the following
assumptions:

d
1.p <22 forn >3, ue LP0,T;LP(Q) N L>¥(e,T; Hy () and d—qz €

L*(e,T; L*(Q)), for all0 < e < T.

2. p < v+ 2 (where v comes from the interpolation), v € LP(0,T; LP(2)) N

L>=(e, T; HY () N L2(e, T; D(A)) and Z—;‘ € L*(e,T; L*()), for all0 < & <
T.

3. we L>(0,T; L>(Q)) and % € L*(e,T; L*(2)), for all0 <e < T,

Then the map t — [, F(u(t))dx is absolutely continuous on e, T for all0 < e < T
and the equality

%/Qf(wt))dfc - (f (u <t))’% (t)> . for a.a. t >0, (2.2.25)

1s true for any reqular solution.

Proof. Let first assume condition 1. Arguing as in [49, pp. 173-175] one can show

that there exists a sequence {u"} such that

u" € C*([0,00); LP(R2)), (2.2.26)
u™ — win LP(0,T; LP(2)), (2.2.27)
du™ du . 9
E — E in L (5,717 L (Q)), (2228)
{u"} is bounded in L*(e, T; Hy(R)), (2.2.29)
for all 0 < e <T. We can deduce that
d du™
— | F(u"(t,x))dx = | f(u"(t)),—(t) |, forallt>0. (2.2.30)
dt Jq dt

By (2.2.27) we have passing to a subsequence that u™(t,z) — u(t, x) for a.a. (¢, z).
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Hence, by (2.1.5) and the Lebesgue theorem we infer that
F(u™) = F(u) in L'(0,T; L (Q)),
S0
i/.7-"(1/‘(15 x))dx — i/}"(u(t x))dx
dt /g ’ dt J, » /)04%5

in the sense of distributions.

Finally, the inequality

(2.2.31)

(2.2.32)

I F(®)}: < 20 (1 -/ ru"<t,x>|2<“>dx) <C(1+ @I ™)

implies that
{f(u™} is bounded in L*(e, T; L*(Q2)),
which gives by a standard argument that
F(u") = f(u) in L*(e, T; L*(9)),
SO
(7). 5 0) > (fue). G0) n rie)
Passing to the limit we have

%/Q.F(u(~7x))dx = (f(u(-))%(?)

in the sense of distributions.

As (f(u(-)), %(-)) € L*(e,T) for all 0 < £ < T, we obtain that [, F(

is absolutely continuous on [¢,7] and (2.2.25) holds true.

(2.2.33)

(2.2.34)

(2.2.35)

(2.2.36)

u(t, z))dz
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Assuming now condition 2, as before, we obtain (2.2.26)-(2.2.32) and addition-
ally that
u" — uin L*(e,T; D(A)).

Hence, the inequalities (2.2.22), (2.2.24) and the embedding H}(Q) C L1 (),
H?(Q) C LP*(Q) imply that (2.2.33)-(2.2.36) hold and we finish the proof in the
same way.

Finally, for condition 3 we obtain as before that (2.2.26)-(2.2.28), (2.2.30)-
(2.2.32) hold. In addition,

{u"} is bounded in L*(0,T; L>(R)),

S0
{f(u™)} is bounded in L>(0,T; L*=(Q)).

The rest of the proof follows the same lines. n

Therefore, under either the conditions of Theorem 2.9 with the extra assump-

tion (2.2.23) or the conditions of Theorem 2.12 we define the set
R = K, :={u(-) : u is a regular solution of (2.1.1)}.
We define the (possibly multivalued) map G, : RT x L?(Q) — P(L*(Q)) by
G, (t,up) = {u(t) : v € K and u(0) = up}.

With respect to the axiomatic properties (K1) — (K4) given in Chapter 0, we
observe that obviously (K1) is true, and (K2) can be proved easily using equality
(2.1.17). Therefore, G, is a multivalued semiflow by the results of the previous
section. In this case we are not able to prove (K3), so G, could be non-strict.

Further we will prove that (K4) holds true.

Lemma 2.21. Let us assume (2.1.3)-(2.1.5), (2.1.15) and (2.2.1). Additionally,

assume one of the following assumptions:
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1. (2.1.9) and (2.2.23) hold;
2. (2.1.10) is true.

Given a sequence {u"} C K such that u™(0) — ug weakly in L*(Q), there
exists a subsequence of {u™} (relabeled the same) and u € K7, satisfying u(0) = ug,
such that

u™(t) — u(t) strongly in H3(Q) ¥t > 0.

Proof. We take an arbitrary 7' > 0. Arguing as in the proof of Theorem 2.9 we

obtain the existence of a subsequence of u™ such that

{u"} is bounded in L>(0,T; L*(Q2)),
{u"} is bounded in LP(0,T; L*(Q)), (2.2.37)
{f(u")} is bounded in L(0,T; LI(2)).

The only difference is that we obtain inequality (2.1.25) in an arbitrary interval
[e,T] and then pass to the limit as ¢ — 0 (see the proof of Proposition 2.15).
Since % € L*(e,T; L*(2)), for any € > 0, we have that u € C'((0,T], Hy ())
and we know that (2.2.21), (2.2.25) are true. Therefore, arguing as in the proofs of
Theorems 2.9 and 2.12 and using (2.2.24) and (2.1.44) there exists u € L (g, T; L*(2))N

L*(0,T; Hy(Q2)) and a subsequence {u"}, relabelled the same, such that

u, — u in L>®(0,T; L*(Q))

u, — uin L®(e,T; Hy(2))

u, — uin L*(0,T; Hy(2))

u, — win LP(0,T; LP(Q))

up — uin L*(e, T; D(A)), (2.2.38)

dup,  du . -
o T in L7(e,T; L*(92))

fun) = f(u) in L9(0, T L(€2)),
fun) = f(u) in L*(e, T; L* () ,
a([unl7gg) A = al|ullf) Au in L2 (e, T3 L*(Q)).
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In view of (2.2.38), the Aubin-Lions Compactness Lemma gives
u, — uin L*(e, T; Hy(S2)). (2.2.39)

Since the sequence {u"} is equicontinuous in L?*(Q2) on [¢,7] and bounded in
C([e, T], H}(S2)), by the compact embedding Hg(2) C L?(Q) and the Ascoli-Arzela

theorem, a subsequence fulfills
u" — win C([e, T], L*(Q)),

u(t) — u(t) in Hy(Y) Vt € [e,T).

By a similar argument as in the proof of Theorem 2.9 we establish that u € KT,
u (0) = wo.

Finally, we shall prove that u™(¢) — u(t) in H}(Q2) for all t € [e, T].
Multiplying (2.1.1) by u} and using (2.1.35), (2.2.21), and (2.2.25) we obtain

1 7/ 1 B L.
- el o n it = n < , =
5| i (34000 - [ Farwyie) < Gz = p

du™||*

dt

Thus,

A([Ju"(t ||H1 /]: ))dx < A(||u (s ||H1 /.7: s))dx + D(t — s),

wheret > s > ¢ > 0.

The same inequality is valid for the limit function u(-). We observe that the map

yH%LHMWW

is continuous in the topology of H} (2), which follows easily from Hj (Q) C LP (2)
and (2.1.8) using Lebesgue’s theorem.

Hence, the functions

Jo(t) = ZA(||u" (¢ HH1 /.7-" ))dx — Dt
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and

():—A ||lu(t HH1 /.7: ))dx — Dt
are continuous and non-increasing in [e, T'.
Moreover, from (2.2.39) we deduce that J,(t) — J(t) for a.e. ¢t € (¢,T). Take
e < t,, < T such that t,,, = T and J,(t,,) = J(t,,) for all m. Then
Jn(T) = J(T) < Jn(tm) — J(T) < [Jn(tm) — J(tm)] + [ (tm) — J(T)].

For any § > 0 there exist m(d) and N(m(d)) such that J"(T) — J(T) < ¢ if
n > N. Then limsup J,,(T) < J(T), so limsup||u"(T)||§{é < ||u(T)||§{3 (see the
explanation below).

As v™(T) — u(T) weakly in HJ(2) implies limianu"(T)Hilé > ||u(T)

obtain

HHlﬁ

(D) — (T3

so that u™(T') — u(T) strongly in HJ ().

In order to finish the proof rigorously, we have to justify that limsup J,(T) <
J(T') implies the inequality lim sup ||u"(T") H%’é < ||w(T) HJQLI(% First, we observe that
by (2.1.8) we have

/Q Flup (T, 2))dz

< C’/Q(1+ lun (T, x)") dx

so the boundedness of u, (T') in L? (Q) implies that — [, F(u, (T,z))dz < oo.
Also, (2.1.7) gives —F (u,, (T, x)) > —R, so by Fatou’s lemma we obtain

hmmf( / Flun (T, m))dm) > / lim inf (—F (u, (T, 2))) da

/]—“ (T, x))

where we have used that F(u, (T,z) — F(u(T,z)) for a.a. x € . By contradic-

tion let us assume that limsup [lu, (T)|| gz > [lu (T)]].
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Then using the continuity of the function A (s) we have

1
lim sup (—A <||u”(T)||?{1> — / F(uy, (T, x))dm)
2 0 Q
L@z,
> lim sup 5/ *a(s)ds+ liminf (— / F(uy, (T,.CE))diE)
0 0

1 plimsup[u(D)2
2—/ Oa(s)ds—/]:(un (T, z))dx
2 Jo 0

L @Iz,
> —/ “a(s)ds— / F(uy, (T, x))d,
2 Jo 0

which is a contradiction with limsup J,,(T") < J(T)). O

Corollary 2.22. Assume the conditions of Lemma 2.21. Then the set Kt satisfies
condition (K4).

Proposition 2.23. Assume the conditions of Lemma 2.21. The multivalued semi-
flow G, is upper semicontinuous for all t > 0, that is, for any neighborhood
O(G,(t,ug)) in L*(Q) there exists § > 0 such that if ||ug—wvo|| < &, then G,(t,v) C

O. Also, it has compact values.

Proof. We argue by contradiction. Assume that there exists ¢ > 0,uq € L*(9),
a neighbourhood O(G,(t,ug)) and a sequence {y,} which fulfills that each y, €
G, (t,ul), where uy converges strongly to ugy in L*(Q), and y,, ¢ O(G,(t,u,)) for
all n € N. Since y,, € G,.(t,uf}) for all n, there exists u™ € K., u™ (0) = ug, such
that y, = u"(t).

Now, since {uj} is a convergent sequence of initial data, making use of Lemma
2.21 there exists a subsequence of {u"} which converges to a function u € K.
Hence,

Yn — Y € Gr(t, up).

This is a contradiction because y,, ¢ O(G,(t,ug)) for any n € N. O

Proposition 2.24. Assume the conditions of Lemma 2.21. Then there exists an
absorbing set By for G,, which is compact in Hg (Q) and LP ().
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Proof. Reasoning as in Proposition 2.15, we obtain an absorbing set By in L? ().

Let K > 0 be such that ||y|]] < K for all y € By. Since le—l; € L(e,T; L* ()
and (2.2.25) holds, we are allowed to multiply (2.1.1) by w, use (2.2.21) and argue
as in (2.1.51)-(2.1.54) to obtain the existence of a constant C' such that

lu (D) 1 + e (W70 < O+ [[u(0)]]72), (2.2.40)

for any regular solution u (-) with initial condition u (0).

For any ug € L? (Q2) with ||ug||,» < R and any u € K, such that u (0) = uo, the
semiflow property G, (t+1,up) C G,(1,G.(t,up)) and G, (t,up) C By, if t >t (R),
imply that

[ (t+ 1) I3+ lu(t+ D)7, < C(L+ K?) V> 1o (R).

Then there exists M > 0 such that the closed ball By, in H} () centered at 0
with radius M is absorbing for G,.

By Lemma 2.21 the set By = G, (1, By;) is an absorbing set which is compact
in H} (Q). The embedding H} (©2) € LP(S2) implies that it is compact in L? (Q) as
well. O

Theorem 2.25. Assume the conditions of Lemma 2.21. Then the multivalued

semiflow G, possesses a global compact attractor A,.. Moreover, for any set B
bounded in L*(Q)) we have

distyy (G.(t,B),A;) =0 ast— oo. (2.2.41)
Also A, is compact in H}(Q2) and L? (Q).

Proof. From Propositions 2.23 and 2.24 we deduce that the multivalued semiflow
G, is upper semicontinuous with closed values and the existence of an absorbing
which is compact in Hj (Q) and L? (). Therefore, by Theorem 0.17 the existence
of the global attractor and its compactness in H} (2) and L? (Q2) follow.

The proof of (2.2.41) is analogous to that in Theorem 29 in [57]. O
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The set of all complete trajectories of K, (see Definition 0.2) will be denoted
by F,. Moreover, we write K, as the set of all complete trajectories which are
bounded in L*(Q2), and K! as the ones bounded in H} ().

Lemma 2.26. Assume the conditions of Lemma 2.21. Then the sets defined above
coincide, that is, K, = K.

Proof. Let v(-) € K,. Then there is C' such that ||y (¢)||;. < C for any t € R. Let

u, (-) = v (- + 7) for any 7, which is a regular solution. Since

du

— € L*(e,T; L*(2

A )]

for any € > 0, the equality (2.2.21) holds true. Also, (2.2.25) is satisfied. Therefore,
we can multiply the equation in (2.1.1) by u; and apply again similar arguments

as in Theorem 2.12 to deduce that

Ky (T) (1 + [[w(0)]72)

lu(t + 1)l < + Ky (T) forany 0 <r <T. (2.2.42)

Denote B, = Ucry(t). Therefore,
B, CG.(1,B,)

and (2.2.42) implies that B, is bounded in Hg (), so 7(-) € K;.

The other inclusion is obvious. O

In view of Corollary 2.22 and Theorem 0.15, the global attractor is character-

ized in terms of bounded complete trajectories:

A= {7(0) : v(-) € K, } = {7(0) : 7(-) € K}}
= U{’Y(t) () eK} = U{’y(t) cy(h) € Ki}

teR teR

(2.2.43)

The set R+ was defined at the beginning of this section as the set of fixed
points of K7, which means that z € 93+ if the function u (-) defined by u (t) = 2,

for all ¢ > 0, belongs to K. This set can be characterized as follows.
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Lemma 2.27. Assume the conditions of Lemma 2.21. Let R be the set of z €
H?(Q) N HL(Q) such that

—a(HzH?{&)AZ = f(2) +hin L*(Q). (2.2.44)
Then Ry+ = R.

Proof. If z € R+, then u () = z € K7. Thus, u (-) satisfies (2.1.17) and

du .
i 0in L* (0,T; L* (2))

so (2.2.44) is satisfied.
Let z € AR. Then the map u (t) = z satisfies (2.2.44) for any ¢ > 0 and

du .
i 0in L* (0,73 L* (2)),

so (2.1.17) holds true. O

The following result is proved exactly as Theorem 2.18.

Theorem 2.28. Assume the conditions of Lemma 2.21. Then the global attractor
A is bounded in L>(S2), provided that h € L*>(QQ).

We are now ready to obtain the characterization of the global attractor.

Theorem 2.29. Assume the conditions of Lemma 2.21. Then it holds that
A, = MI(R) = M:(R),

where
M:(R) ={z: () € K,, v(0) = 2, distr2)(y(t),R) =0, t = +oo}, (2.2.45)

MY(R) = {z:Iv() € Fr, v(0) =2, dist r2)(v(t),R) = 0, t = —o0}. (2.2.46)
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Remark 2.30. In the definition of M"(R) we can replace F, by K,. Also, as the
global attractor A is compact in H} (), in the definitions of M?(R) and M“(R),
it is equivalent to write H} () instead of L? ().

Proof. We consider the function £ : 4, — R

B(y) = s A(lyl%) /f dx—/h(x)y(ac) dz, (2.2.47)

where A(r) = [ a(
We observe that £ (y) is continuous in H} (). Indeed, the maps

1
v S AUyl

o fheo

are obviously continuous in H} (Q).
On the other hand, both conditions (2.1.10) and (2.2.23) imply that

and

Hy (Q) € L7 (9),

so making use of the Lebesgue theorem the continuity of
v | Flyes
Q
follows as well.

d
Since d_? € L?(g,T; L*(Q)) and (2.2.25) holds for any u € K. and 0 < e < T,

we obtain the energy equality
t g
/ | [Fadr + B(u(t)) = Bu(s)) forall £ > 5> 0. (2.2.48)
s T

Hence, E (u (t)) is non-increasing and, by (2.1.4) and (2.1.7), bounded from below.
Thus, E(u(t)) — [, as t — 400, for some [ € R.
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Let z € A, and v (0) = z, where v € K,. We reason by contradiction, so let
suppose that there exists € > 0 and a sequence 7(t,), t,, — -+o0, such that

dist r20)(v(tn), R) > ¢.

In view of Theorem 2.25, A, is compact in H}(f2), so we can take a converging
subsequence (relabeled the same) such that y(t,) — y in H}(Q), where t,, — +oc0.
Since the function E : H}(Q) — R is continuous, it follows that E(y) = . We
obtain a contradiction by proving that y € 9R. In view of Lemma 2.21, there
exists v € K& and a subsequence v, (-) = (- + t,) such that v(0) = y and
va(t) — v(t) = z in HY(Q) for t > 0. Thus, E(v,(t)) — F(z) implies that
E(z) = 1. Also, v(-) satisfies the energy equality for all 0 < s < ¢, so that

n / v 2adr = B(2) + / v |Badr = E(u(0)) = E(y) = 1

d
Therefore, d_:(t) = 0 for a.a. ¢, and then by Lemma 2.27 we have y € Ry+=R.

As a consequence, A, C M?(R). The converse inclusion follows from (2.2.43).

For the second equality we observe that for any v € F, the energy equality
(2.2.48) is satisfied for all —co < s < t. Let z € A, and let v € K, = K! (cf.
Lemma 2.26) be such that v(0) = z. Since the second term of the energy function
is bounded from above by (2.1.7), E(v(t)) — [, as t — —o0o, for some [ € R. We
reason as before, so let suppose that there exists ¢ > 0 and a sequence ~y(—t,),
t, — oo, such that

dist 12i0)(7(—tn), R) > ¢,

and we have that y(—t,) — y in H}(Q), E(y) = I. Moreover, for a fixed t > 0,
there exists v € K and a subsequence of v,(-) = v(- — t,,) (relabeled the same)
such that v(0) = y and v,(t) — v(t) = z in H}(Q). Therefore, E(v,(t)) — E(2)
implies that E(z) = [ and reasoning as before we get a contradiction since it
follows that y € ;. Hence, A, C M"(R) and the converse inclusion follows from
(2.2.43). O
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We can improve the regularity of the global attractor of the semigroup 7, of

Section 2.2.2 and obtain its characterization

Lemma 2.31. Let the conditions of Theorem 2.17 hold. Then the global attractor
A, of the semigroup T, is compact in H} (Q), bounded in L? () and the conver-
gence takes place in the topology of H} (2), that is,

distyyo)(T:(t, B), A) = 0, as t — +o0,
for any set B bounded in L* ().

Proof. The estimates of Lemma 2.21 can be justified for 7T, via Galerkin approx-
imations, so in this case we do not need to impose assumption (2.2.23) in order
to use (2.2.25). Thus, the proof follows the same lines as in Proposition 2.24 and
Theorem 2.25. O

Proposition 2.32. Let the conditions of Theorem 2.17 hold. Also, assume one of

the following conditions:

1. he L™ (Q);
2. p< 2 ifn>3
Then the global attractor A, can be characterized as follows:
Ay = M (R) = M7 (R),
where M?(R), M"(R) are defined in (2.2.45)-(2.2.46).

Proof. We recall that a function £ : A — R is a Lyapunov functional if F is
continuous (with respect to the topology of Hj (Q2)), for any uy € A the map
t — E(T,(t,up)) is non-increasing and E(T,(7,up)) = E(up), for some 7 > 0,
implies that u () is a fixed point. We estate that the function E given in (2.2.47)

is a Lyapunov functional for the semigroup 7.
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We prove that E (y) is continuous. First, the maps

1
v S AUy,

and

y|—>/ﬂh(ac)y(x)dx

are obviously continuous in H} (€2). Second, if h € L* (), taking into account
that A is bounded in L* (£2) by Theorem 2.18, it follows that

y1(z)
/ / f(s)dsdx
Q Jya(z)

s/amm—meSQM—mm
Q

/Q]:(yl) — F(yz)dx

SO

ywﬁf@me

is continuous as well. In the case of the second condition, this result follows from
the embedding H} (2) C L? (Q) and the Lebesgue theorem.

Multiplying the equation in (2.1.1) by u; we obtain the energy inequality
tod
/ ng(r)H%gdr + E(u(t)) < E(u(s)), forallt> s,

if u () is a bounded complete trajectory of T,. This calculation is rigorous when
h € L>*(Q) as the boundedness of the solutions in L (R; L>(2)) implies by

Lemma 2.20 that (2.2.25) is true. Under the second condition, the calculations
are formal but can be justified via Galerkin approximations. Hence, E(u(t)) is

non-increasing as a function of t. Also, if E(u(7)) = E (ug), then

du
15 (1) 32 = 0

for a.a. 0 <t < 7, so u must be a fixed point.

The result follows then from |8, p.160]. O
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2.2.4. Strong solutions

We split this part into two cases.

2.2.5. Attractor in the phase space H] (Q2)

If we assume conditions (2.1.3)-(2.1.5), (2.2.1) and that either p satisfies (2.1.10)
or that (2.1.9) is satisfied, then we know by Theorems 2.10 and 2.11 that for any
ug € HY (Q) N LP (Q) there exists at least one strong solution u ().

In the first case, H) () C L () implies that Hj (Q) N LP (Q) = Hy (Q). This
is also true in the second case if we assume additionally that (2.2.23) holds true.
Under such assumptions we define then the set

R = K} := {u(-) : u is a strong solution of (2.1.1) with u (0) € Hy (2)}.

We define the (possibly multivalued) map G, : RT x H} (Q) — P(H} (Q2)) by
Go(t,ug) = {u(t) : v € K and u(0) = up}.

With respect to the axiomatic properties (K1) —(K4) given in Chapter 0, property
(K1) is obviously true, and (K2) — (K3) can be proved easily using equality
(2.1.17). Therefore, Gy is a strict multivalued semiflow by the results of Chapter
0.

We shall obtain a similar result as in Lemma 2.21.

Lemma 2.33. Let assume conditions (2.1.3)-(2.1.5), (2.2.1). Additionally, as-

sume one of the following assumptions:

1. (2.1.9) and (2.2.23) hold;
2. (2.1.10) is true.

Given a sequence {u™} C K} such that u™(0) — uy weakly in H}(Q), there
ezists a subsequence of {u"} (relabeled the same) and w € K, satisfying u(0) = uy,
such that

u"(t) — u(t) in Hy(Q), ¥t > 0.
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n

d
Proof. Since % € L?(0,T; L% () and (2.2.25) hold, we can use (2.2.21) and
multiplying (2.1.1) by u; and integrating between s and ¢ we obtain

t
d
/ 1= lu(r)lz2dr + E(u(t) = E(u(s))  forallt > s >0,
where E was defined in (2.2.47). Therefore, by (2.1.4) and (2.1.7) we have that

¢ d 2 m 2 ~ p
) Eadr + @)y + @),

A([u(0) 1) + @2llu(0)1Z, + K1 [lu (0)||72 + K

(2.2.49)
<

N | —

holds for all ¢t > 0.

In the first case, multiplying by —Auw, integrating over (0,7") and using (2.2.49)
it follows that

1! m [T
DIy + 5 [ I8 ads
. (2.2.50)

T
1
<o [ lu)lyds + 5luO) + Ko < Ki (1),
0

for all 7' > 0. In the second case, combining (2.2.49) with (2.1.44) the boundedness
of f(u™) in L*(0,T; L*(Q)) follows for any 7" > 0. Hence, the equality
du”
2 _aun Ly
a (llully ) Au= = = F (@) = h
and (2.1.4) imply that u" is bounded in L? (0,T; D(A)).

Thus, the sequence
u" is bounded in L>(0,T; Hy(Q)) N L*(0,T; D(A))

and
du™

0 f (u™) are bounded in L*(0, T; L*(92)),

for all T > 0.
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Therefore, there is u such that

u" = in L®(0,T; Hy (Q)),
u" — u in L*(0,T; D(A)),
ul' — uy in L*(0,T; L*(Q)).

Arguing in a similar way as in Theorem 2.9 we have

u, — u in L*(0,T; Hy(Q2)),
un(t,z) = u(t,z) a.e. on (0,7) x Q,
f ") = f(u) in L*(0,T; L*(9)),
a(l[unll7py) Auy — a(llul|Fy) Au in L*(0, T L*()).

Hence, we can pass to the limit and obtain that « € K. Following the same lines
of Theorem 2.10 we check that u (0) = wuo.

Moreover, arguing as in Lemma 2.21 we obtain
u"(t) — u(t) in Hy(Q) for all ¢ > 0.
O]

Corollary 2.34. Assume the conditions of Lemma 2.33. Then the set K} satisfies
condition (K4).

Using Lemma 2.33 and reasoning as before the following result holds.

Proposition 2.35. Assume the conditions of Lemma 2.33. Then the map G5 (t, -)

is upper semicontinuous for all t > 0 with compact values.

Proposition 2.36. Assume the conditions of Lemma 2.33 and (2.1.15). Then
there exists an absorbing set By for G, which is compact in H} () and LP (Q).

Proof. The proof follows the same lines of that in Proposition 2.24 but using
Lemma 2.33. O
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From these results and Theorem 0.17 we obtain the existence of the global

attractor.

Theorem 2.37. Assume the conditions of Lemma 2.33 and (2.1.15). Then the
multivalued semiflow G4 possesses a global compact invariant attractor Ay, which

is compact in LP (Q).

Lemma 2.38. Assume the conditions of Lemma 2.33 and (2.1.15). Then Ay =
A,., where A, is the global attractor in Theorem 2.25.

Proof. Since G (t,uq) C G, (t,up) for all ug € Hj (), it is clear that A, is a
compact attracting set. Hence, the minimality of the global attractor gives A, C
A,.

Let z € A,. Since z = 7 (0), where v € K}, and 7 |5 1) is a strong solution of
(2.1.1) for any s € R, we get that z € G4(t,, v (—t,)) for t,, = +oo. Hence,

dist (z, As) < dist (Gy(tn, v (—t)), As) = 0 as n — oo,

so z € A,. O

The set of all complete trajectories of K (see Definition 0.2) will be denoted
by F,. Let K, be the set of all complete trajectories which are bounded in HJ ().
In view of Theorem 0.15, the global attractor is characterized in terms of

bounded complete trajectories:

Ay ={7(0) 1 v() € K} = [ J{v(®) 1 () € Ky} (2.2.51)

teR

In the same way as in Lemma 2.27 we obtain that R+ =R,

Reasoning as in Theorem 2.18 we obtain the following result.

Theorem 2.39. Assume the conditions of Lemma 2.33 and (2.1.15)). Then the
global attractor A is bounded in L*>(Q2), provided that h € L*>(Q).

Following the same procedure of Theorem 2.29 we can prove an analogous

characterization of the global attractor.
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Theorem 2.40. Assume the conditions of Lemma 2.33 and (2.1.15). Then it
holds that
As = MI(R) = M(R),

where

M;(R) ={z:3() €K, 7(0) =z, dist gra(y(t),R) =0, t = +o0},
(2.2.52)

MJR) ={z:3() €F,, 7(0) = 2, distyzo(v(t),R) =0, t = —oc}.
(2.2.53)

Remark 2.41. In the definition of M¥(R) we can replace F, by K,.

Let us consider now the particular situation when Gy is single-valued semi-
group. Under the conditions (2.1.3)-(2.1.5), (2.1.9), (2.2.1), (2.2.23), if we assume
additionally that (2.1.12) is satisfied, then by Theorem 2.14 for any uy € Hy ()
there exists a unique strong solution w (). Then we can define the following semi-
group Ty : RT x H} (Q) — H} () :

Ts(t, up) = u(t),

where u (-) is the unique strong solution to (2.1.1). We recall also that u €
C([0,T), H} (Q)) for any T" > 0. Also, by Lemma 2.33 if uj — wuy weakly in
Hi (), then Ty(t,ul) — T (t,up) in Hy (Q) for all ¢ > 0.

Since Ty = G, by Theorems 2.37, 2.39, 2.40 and Lemma 2.38 we obtain the

following results.

Theorem 2.42. Assume the conditions (2.1.3)-(2.1.5), (2.1.9), (2.1.12), (2.1.15),
(2.2.1) and (2.2.23). Then the semigroup Ty possesses a global invariant attractor
Ay, which is compact in Hy () and L? (2).
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Lemma 2.43. Under the conditions of Theorem 2.42, A, = A,, where A, is the
attractor of Theorem 2.17.

Theorem 2.44. Assume the conditions of Theorem 2.42. Then the global attractor
Ay is bounded in L*>®°(Q) provided that h € L>().

As before, we denote by R the set of fixed points of T,. Also, the global

attractor is the union of all bounded complete trajectories
As ={¢(0) : ¢ is a bounded complete trajectory of T;}.

Theorem 2.45. Assume the conditions of Theorem 2.42. Then the global attractor

As can be characterized as follows
where the sets M*(R), M2(R) are defined in (2.2.52)-(2.2.53).

In this case we can obtain additionally that the attractor is bounded in H? (€2) .

Proposition 2.46. Assume the conditions of Theorem 2.42 and also that (2.1.13)
holds true. Then A, is bounded in H* ().

Proof. The proof follows the same lines as in Proposition 2.19, so we omit it. [

2.2.6. Attractor in the phase space H] (Q) N LP ()

We consider the metric space X = H} () N L? (Q) endowed with the induced
topology of the space H} (9).

If we assume conditions (2.1.3)-(2.1.5), (2.1.9), (2.1.12) and (2.2.1), then by
Theorems 2.10 and 2.14 for any uy € Hj (2) N LP (Q) there exists a unique strong

solution u (+). Then we can define the following semigroup Ty : R x X — X :

Ts(t,ug) = u(t),
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where u (-) is the unique strong solution to (2.1.1). We recall also that u €
C([0,T), H ()N C,, ([0,T], LP (R2)) for any T > 0.

Lemma 2.47. Assume conditions (2.1.3)-(2.1.5), (2.1.9), (2.1.12) and (2.2.1).
If uff — ug weakly in HY (Q)NLP (Q), then Ty(t,ul) — Ty(t, uo) strongly in Hy ()
and weakly in LP () for any t > 0.

Proof. Repeating the same proof of Lemma 2.33 we obtain that Ti(t,uj) —
T,(t, up) strongly in Hj () for all £ > 0. We observe that in this case the es-
timates are justified via Galerkin approximations, so we do not need condition
(2.2.23) in order to provide property (2.2.25).

Finally, by the Ascoli-Arzela theorem we deduce

u" — win C([0, 7], L*(2))
and combining this with (2.2.49) we infer that
u™ (t) = w(t) in LP (Q) Vit > 0.
[

Proposition 2.48. Assume the conditions of Lemma 2.47 and (2.1.15). Then
there exists an absorbing set By for Ty, which is compact in Hg (Q) and bounded

L* ().

Proof. Following the same lines of that in Proposition 2.24 (and justifying the
estimates via Galerkin approximations), we obtain that there exists M > 0 such
that the closed ball By in Hi (Q)NLP () centered at 0 with radius M is absorbing
for T;. By Lemma 2.47 the set B; = m is an absorbing set which is compact
in H} (©) and bounded in L (). O

Theorem 2.49. We assume the conditions of Lemma 2.47 and (2.1.15). Then the
semigroup T, possesses a global attractor As, which is compact in X and bounded

in LP (£2).
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Proof. We cannot apply directly the general theory of attractors for semigroup
because we do not know whether the semigroup 7 is continuous with respect to

the initial datum in X.

We state that
As =w (By1) ={y: 3t, = 400, Yy, € T (t,, B1) such that y, — y in X}

is a global compact attractor. The fact that set w (B;) is non-empty, compact
and the minimal closed set attracting B; can be proved in a standard way (see
for example Theorem 10.5 in [75]). Since By is absorbing, w (Bj) attracts any
bounded set B. As w (By) C By, A; is bounded in L (£2).

We need to prove that it is invariant.
First, we prove that it is negatively invariant. Let y € A, and t > 0 be
arbitrary. We take a sequence y,, € T (t,, By) such that

Unk=dU, Ml B =2 509!

Since T (t,, B1) = Ts(t, Ts(t, — t, By)), there are z, € Ty(t, — t, By) such that
Yn = Ts(t, z,). As for n large Ti(t, — t, By) C By, the sequence {z,} is bounded
in L? () and relatively compact in Hj (). Hence, there exists € A, such that

up to a subsequence

zr, = xin LP (),

z, — xin Hy (Q).
We deduce by Lemma 2.47 that

Ts (t,z,) — Ts(t,z) in LP (Q),
T, (t,x,) — Ty(t,z) in Hy ().

Thus, y = Ts(t,z) C Ts (t, As) .

Second, we prove that it is positively invariant. As A, = Ty(7, A,) for any
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7 > 0, this follows from

distx (T, (8, A, Ay) = distx (Ty (£, Tu(, A)) s Ay) = distx (T, (t+ 7,4, , A)  — 0.

T—+00

O

Lemma 2.50. Under the conditions of Theorem 2.49, A, = A,, where A, is the
attractor of Theorem 2.17.

Proof. Since T, (t,ug) = T (t,ug) for any ug € X, we have

d’iStL2 (AS, Ar) = d?:StLQ (Ts(t, AS), AT) = diStLQ (Tr(t, As), Ar) — 0,

t—+00

so A, C A,. In the same way,

distx (A, As) = distx (T,(t, A,), As) = distx (Ts(t, A,), As) — 0,

t—-+o00

and then A, C A,. O

The following two theorems are proved in the same way as Theorem 2.18 and

Proposition 2.32

Theorem 2.51. Assume the conditions of Theorem 2.49. Then the global attractor
Ay is bounded in L*>(Q) provided that h € L>®(Q).

As before, we denote by 9 the set of fixed points of Ts. Also, the global

attractor is the union of all bounded complete trajectories
As ={¢(0) : ¢ is a bounded complete trajectory of Ty}.

Theorem 2.52. We assume the conditions of Theorem 2.49 and one of the fol-

lowing assumptions:
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Then the global attractor Ag can be characterized as follows
As = M (R) = M2 (R),

where the sets M*(R), MZ(R) are defined in (2.2.45)-(2.2.46).
We obtain additionally that the attractor is bounded in H? ().

Proposition 2.53. Assume the conditions of Theorem 2.49 and also that (2.1.153)
is satisfied. Then A, is bounded in H* (Q).

Proof. The proof follows the same lines as in Proposition 2.19, so we omit it. [
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Chapter 3

Structure of attractors for a

nonlocal Chafee-Infante problem

In this chapter, we study the structure of the global attractor for the multi-
valued semiflow generated by a nonlocal reaction-diffusion equation in which we
cannot guarantee uniqueness of the Cauchy problem.

The main aim consists in describing in as much detail as possible the internal
structure of the global attractor in a similar way as for the classical Chafee-Infante
equation.

First, we analyse the existence and properties of stationary points, showing
that the problem undergoes the same cascade of bifurcations as in the Chafee-
Infante equation. Second, we study the stability of the fixed points and establish
that the semiflow is dynamically gradient. We prove that the attractor consists of
the stationary points and their heteroclinic connections and analyse some of the
possible connections.

3.1. Setting of the problem

Let us consider the following problem

o 2
o alluly) T = Af) 4 h(e), >0z e,

(t, 0) = u(t,1) =0, (3.1.1)
u(0, ) = uo(z),

113
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where Q = (0,1) and A > 0.
Throughout the chapter we will use the following conditions (but not all of them
at the same time):

(A1) f e C(R).

(A2) f(0) = 0.

(A3) f'(0) exists and f'(0) = 1.

(A4) f is strictly concave if u > 0 and strictly convex if u < 0.

(A5) Growth and dissipation conditions: for p > 2, C; >0, i = 1,..,4, we have

|[f(w)] < Cy + Coluf™, (3.1.2)
fu)u < C3 — Cylul?, if p > 2, (3.1.3)
lim sup M <0, if ne= 2. (3.1.4)

u—>2o0 u

(A6) The function a € C'(R™) satisfies:

a(s) >m > 0.

(A7) The function a € C'(R™) satisfies:
a(s) < My, Vs>0,
where M; > 0.
(A8) The function a € C(R™) is non-decreasing.
(A9) he Lj, (0,400; L* ().

(A10) h does not depend on time and h € L? ().
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As usual, defining the function F(u) = fou f(s)ds, we observe that from (3.1.2)
we have

|F(s)| < C(1+]s) VseR, (3.1.5)
whereas (3.1.3) implies
F(s) <k —ayls|’. (3.1.6)

Also, from condition (3.1.4) it follows that for all € > 0, there exists a constant
M > 0 such that £ < ¢, for all |u| > M. Hence, there exists m. > 0 such that

u

flwu < m, +eu?, VYueR, (3.1.7)

In addition, it follows that
Flu) <eu®+C., (3.1.8)

where C; > 0. These two inequaities are also true under condition (3.1.3).

Some of these conditions will be used all the time, whereas other ones will be
used only in certain results. In particular, the function h will be considered as a
time-dependent function satisfying (A9) only for establishing the existence of so-
lution for problem (3.1.1). However, since we will study the asymptotic behaviour
of solutions in the autonomous situation, for the second part concerning the exis-
tence and properties of global attractors the function A will be time-independent,
so assumption (A10) will be used instead. Finally, in order to study the struc-
ture of the global attractors in terms of the stationary points and their possible
heteroclinic connections we will assume that h = 0.

3.2. Existence of solutions

In this section we will establish the existence of strong solutions for problem
(3.1.1) with initial condition in the phase space Hj (2). Although we will follow
the same lines of a similar result given in Chapter 2, we would like to point out
that in the present case, as we are working in a one-dimensional problem, the
assumptions on the function f are much weaker. In particular, we do not need to
impose a growth assumption of any kind.

Definition 3.1. For uy € L*(2), a weak solution to (3.1.1) is an element u €
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L>=(0,T; L*(2)) N L*(0,T; Hy (2)), for any T > 0, such that

%(u,v) + a(||u||§1é)(Vu, Vo) = A(f(u),v) + (h(t),v) Vv € Hy(Q), (3.2.1)

where the equation is understood in the sense of distributions.

As before, let A : D(A) — H, D(A) = H*(Q) N H, (), be the operator

2

A= o with Dirichlet boundary conditions. This operator is the generator of
x
a Co-semigroup T'(t) = e~

Definition 3.2. For uy € H}(Q), a strong solution to (3.1.1) is a weak solution

d
with the extra regularity v € L*°(0,T; H}(Q)), v € L*(0,T; D(A)) and d_th €
L*(0,T; L*(Q)) for any T > 0.

Remark 3.3. We observe that if u is a strong solution, then v € C([0,T]; H}(€2))
(see [77, p.102]). By this way, the initial condition makes sense.

d
Remark 3.4. Since d—? € L?(0,T; L*(Q)) for any strong solution, in this case
equality (3.2.1) is equivalent to the following one:

T 1 du(t,) T 0*u
/0 /Q WD) et 0) dudt - /0 lut)liy) [ Gaedd (322

dt

:/OTAAf(u(t,x))g(t,x)dxdt+/OT/Qh(t,x)g@,x)dxdz,

for all £ € L*(0,T; L*(Q)).

Theorem 3.5. Assume conditions (A1), (A6) and (A9). Assume also the exis-
tence of constants B,y > 0 such that

fu)u <~y + pu? for all u € R. (3.2.3)
Then, for any ug € Hg(Q2) problem (3.1.1) has at least one strong solution.
Remark 3.6. Assumption (3.2.3) is weaker than the dissipative property (3.1.7)

as the constant ¢ is arbitrarily small. Due to the fact that we are working in a one-
dimensional domain, no growth condition of the type given in (A5) is necessary in
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order to prove existence of solutions. Also, (3.2.3) implies that

F(u) <7+ Bu® (3.2.4)

for some constants 7, E > 0.

Proof. Consider a fixed value T" > 0. In order to use the Faedo-Galerkin method
let {w;};>1 be the sequence of eigenfunctions of —A in Hj(Q2) with homogeneous
Dirichlet boundary conditions, which forms a special basis of L*(2). Since ( is
a bounded regular domain, it is known that {w;} C Hg(Q2) and that U,enV;, is
dense in the spaces L*(Q) and H}(Q), where V,, = span[w, ..., w,).

As usual, P, will be the orthogonal projection in L?(Q), that is

and \; will be the eigenvalues associated to the eigenfunctions w;.

For each integer n > 1, we consider the Galerkin approximations
Un(t) = Zan(t)wjﬁ
j=1
which are given by the following nonlinear ODE system

dt
un(0) = Puug.

d 9 _ P
{ o) allnlFy ) (Vs W) = N(F ), ) 4 () Wi=1om

We observe that P,ug — ug in H}(Q).

This Cauchy problem possesses a solution on some interval [0,t,) and by the
estimates in the space L*(€) of the sequence {u,} given below for any T' > 0 such
a solution can be extended to the whole interval [0, 7] (cf. Theorem 2.9).

Firstly, multiplying the equation in (3.2.5) by 7,:(t) and summing from i = 1
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to n, we obtain

1d

5 77 en (D122 + alllwnll ) Ten Ol = A (wn(8), wn(t)) + (D), un(1)), (3.2.6)

for a.e. t € (0,t,).
Using the Young and Poincaré inequalities we deduce that

(h(t)sun(0) < 5 un(0)g + 5 B0

where m is the constant from (A6).
Hence, from (A6), (3.2.3) and (3.2.6) it follows that

1d 9 m 9 9 1 9
P~ 2 T < ||Un 1 < n 2T T 2.

We infer that

& 1
o < o 2 + [ 369 (213101 + IR ) ds
0 1

(3.2.7)
< lun (0|72 7 + Ko (T) .
Therefore, the solution exists on any given interval [0, 7] and
{u,} is bounded in L>(0,T; L*(12)). (3.2.8)
: : duy, :
Now, we multiply the equation (3.1.1) by — to obtain
duy, , o , \1d s  d duy,
1= Oz + alllwall) 5 2 luallzy = E/ﬂ)‘]:(un)dx_’_ (A(8), —)-
Introducing

A(s) = /08 a(r)dr (3.2.9)
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we have

IS0l + 5 (340l - [ AF(w)ie) < SIb0IE-

Integrating the previous expression between 0 and ¢ we get

SN Ol) + A [ Flun(o)de + 3 / 1Lt (s) 22
t (3.2.10)
1 1
< AU Ol + A [ Flu(t)de+ 3 / 1))
By (A6), (3.2.4) and (3.2.7) it follows that
e ||H1+)\/]-"un D + /|| 9)|[2ads
1 JLe
< S AU (0)17) + ABllun(1)l[72 + AF10 + Ko(T) (3.2.11)

1 L.
< SA(lun(0)17) + A3 |y (0)[[72 + K(T).

Since dim(Q2) = 1, H3(Q) C L>=(Q), so uy, (0) is bounded in L>(Q). Thus, as f
maps bounded sets of R into bounded ones, F (u, (0)) is bounded in L*>(2) as

well. Therefore, we deduce that
{u,} is bounded in L>(0,T; Hy(Q2))

and

du, . .
% is bounded in L*(0,T; L*(9)). (3.2.12)

Using again the embedding HJ(2) C L>(Q) we obtain that w, is bounded in the
space L>(0,T; L*>(2)). Thus,

f(uy) is bounded in L*(0,7"; L*=(R2)). (3.2.13)
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Also, we deduce that |lu,(t)|3,: is uniformly bounded in [0,7] and then by the
0

continuity of the function a (-) we get that the sequence a (Hun (t)H?{&) is also

uniformly bounded in [0, 7.

Finally, multiplying (3.2.5) by A;v,(f) and summing from ¢ = 1 to n we obtain

1d

2 < A (0,), ~ D) + (D), o).
By (3.2.13) and applying the Young inequality, we get

1d

A2
5 gz 1wl + mllAunllze < — |1 (un)llz2 + HAunHm + —Hh( i+ HAUHLz

Integrating the previous expression between 0 and ¢, it follows that

t
|Mﬁm;+m/WA%@mws

2\
< un(O) 7 +— Hfun \|L2d8+— Hh )Z2ds.

Taking into account (3.2.13), the last inequality implies that
u, is bounded in L*(0,T; D(A)), (3.2.14)

so {—Au,} and {a(||u,||3:)Au,} are bounded in L*(0, T; L*(9)).
0
As a consequence, there exists u € L>(0,T; H}(Q)) and a subsequence u,, (rela-

beled the same) such that

u, — uin L®(0,T; Hy (),
u, — u in L*(0,T; D(A)),
(3.2.15)
flun) = x in L¥(0, 75 L(Q)),

allluall) = b in L(0,T),
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where — (=) stands for the weak (weak star) convergence.

By (3.2.12) and (3.2.14) the Aubin-Lions Compactness Lemma gives that
u, — u in L*(0,T; Hy(Q)),

SO

U, (t) — u(t) in Hy(Q), a.e. on (0,7).

Consequently, there exists a subsequence u,,, relabelled the same, such that

un(t,z) = u(t,x) a.e. in Q x (0,7).

Moreover, thanks to the inequality

to d
/tl &un(s)ds

(3.2.11), (3.2.12) and H}(Q) cC L*(Q2), the Ascoli-Arzela theorem implies that

2

d
< H%un”%Q(O,T;LQ(Q)) [ts — t1],  Vti,t2 € (0,7,

[t (t2) — wn(t1)||72 = }
{u,} — uin C([0,T); L*(Q)),

for all T > 0.
Therefore, we obtain from (3.2.11) that

unlt) = u(t) in HA(9),
for any ¢ > 0.
Also, by (3.2.15) we have that
Pof(un)) = x in L0, T; L9(52)),

for any ¢ > 1 (see |75, p.224]).
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Since f is continuous, it follows that
flun(t,z)) = f(u(t,z)) ae. in Qx(0,7).

Therefore, in view of (3.2.15), by |65, Lemma 1.3] we have that x = f(u).

As a consequence, by the continuity of a we get that
allun(®)2) = a(lu(®lZ;) ac. on (0,T).

Since the sequence is uniformly bounded, by Lebesgue’s theorem this convergence
takes place in L?(0,T), so b = a(||ul|3,,). Thus,
0

A7) A = al|ullf) Au in L*(0,T; L*(€2)).

Therefore, we can pass to the limit to conclude that u is a strong solution.

It remains to show that u(0) = u which makes sense since u € C([0,T]; H}(2))
(see Remark 4). Indeed, let be ¢ € C'([0,T]; H}(Q)) with ¢(T) = 0, ¢(0) # 0.
We multiply the equation in (3.1.1) and (3.2.5) by ¢ and integrate by parts in the

t variable to obtain that
| (Fut.60) - aluol@uw.om) e @217
= | tute) + hie) )t + (u(0), 60))

[ (0 0.610) = allun@) g (a0, 0101 ) (3.2.18)
_ / (M (nt)) + h(2), &(1))dt + (un(0), 6(0)).

In view of the previous convergences, we can pass to the limit in (3.2.18). Taking
into account (3.2.17) and bearing in mind u, (0) = P,uq — uo, since ¢ (0) € H3(Q)

is arbitrary, we infer that u(0) = wy. O
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3.3. Existence and structure of attractors

In this section, we will prove the existence of a global attractor for the semiflow
generated by strong solutions in the autonomous case. Thus, the function A will
be an independent of time function satisfying (A10) instead of (A9). Also, we will
establish that the attractor is equal to the unstable set of the stationary points
(see the definition in (3.3.18)).

Recall that for a metric space X with metric d, we denote by distx (C, D) the

Hausdorff semidistance from C' to D, that is,

distx(C, D) = igg églf)p (c,d).

Let us consider the phase space X = H} () and the sets

K (up) = {u(-) : u is a strong solution of (3.1.1) such that u (0) = o},
Rzl shi o)
ug€X

Denote by P(X) the class of nonempty subsets of X. We define the (possibly
multivalued) map G : RT x X — P(X) by

G(t,up) = {u(t) : w € R and u(0) = up}. (3.3.1)

In order to study the map G and for the convenience of the reader, let us recall

the axiomatic properties of the set R described in Chapter 0:

(K1) For every x € X there is ¢ € R satisfying ¢(0) = z.
(K2) ¢,() :==¢(-+7) € R for every 7 > 0 and ¢ € R (translation property).

(K3) Let ¢1, 2 € R be such that ¢2(0) = ¢;(s) for some s > 0. Then, the function
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¢ defined by
() 0<t<s,
W)_{ lt—s) s<t,

belongs to R (concatenation property).

(K4) For every sequence {¢"} C R satisfying ¢™(0) — zo in X, there is a subse-
quence {¢™} and ¢ € R such that ¢™(t) — ¢(t) for every ¢t > 0.

We shall obtain that the set R defined above satisfies properties (K1) — (K4).
Firstly, assuming conditions (A1), (A6), (A10) and (3.2.3) property (K1) follows
from Theorem 3.5, whereas (K2)-(K3) can be proved easily using equality (3.2.2).
As we have seen in Chapter 0, we know that R fulfilling (K1) and (K2) gives rise
to a multivalued semiflow G through (3.3.1) (m-semiflow for short), which means
that:

» G(0,2) =z for all z € X;
» G(t+s,2) C G(t,G(s,z)) for all t,s > 0 and = € X.

Moreover, (K3) implies that the m-semiflow is strict, that is,
G(t+s,x) =G(t,G(s, 7))

forall t,s > 0 and x € X.
Finally, in order to show that property (K4) is satisfied, we will show first that

the m-semiflow G possesses a bounded absorbing set in the space L? ().

Lemma 3.7. Assume conditions (A1), (A6), (A10) and (3.2.3). Given {u"} C R,
u™(0) — uo weakly in H(QY), there exists a subsequence of {u"} (relabeled the
same) and u € K(ug) such that

u"(t) — u(t) in Hy(Q), ¥t > 0.
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Also, if u™(0) — ug strongly in H}(Y), then fort, — 0 we get u™(t,) — ug strongly
in H} ().

d n
Proof. Since % € L*(0,T; L*(Q)) and u" € L*(0,T; H}(Q)), we have by [77, pg.
102| that

d
pr ]u"”f% = 2(—Au",uy) for a.a.t (3.3.2)

and u™ € C([0,T]; Hy(Q)).
Also, by Lemma 2.20 (F(u"(t)),1) is an absolutely continuous function on [0, T

and

E(F(u”(t)), W) Sr{feaiE %) for a.a. ¢t > 0. (3.3.3)

By a similar argument as in Theorem 3.5, there is a subsequence of u" such
that

u" is bounded in L>(0,T; L>(Q2)),

u" is bounded in L>(0,T; Hy(Q2))
f(u") is bounded in L*(0,T; L*(Q2))

u" is bounded in L*(0,T; D(A)).

(3.3.4)

)
Y

Therefore, arguing as in the proof of Theorem 3.5, there exists u € K (ug) and
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a subsequence u", relabelled the same, such that

u™ = win L0, T; Hy ()
u, — u in L*(0,T; D(A))
F@") = f(u) in L0, T; L=(Q))
% R ‘(% in 12(0, T: L2(Q)) 535
a3 A = alfully) A in L2(0,T; LA(),
u™ — uin L*(0,T; Hy (S
u" — w in C([0,T], L*(Q
u"(t) — u(t) in Hy(Q) Vvt e (0,T).

),
)

Y

We also need to prove that
u"(t) — u(t) in Hy(Q)

for all t € (0, 7.
For this end, we multiply (3.1.1) by u} and using (A10), (3.3.2) and (3.3.4) we

have )
. d
2 dt

1

du™
2

dt

(4w r)) <c.

Thus, we obtain
Al (1)) < Al (8) ) +2C( — ), t2 5> 0.
Since this inequality is also true for u(-), the functions
Qult) = Al (D)%) — 201

and

Q1) = A(lu(t)[) — 21
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are continuous and non-increasing in [0, 7). Moreover, from (3.3.5) we deduce that
Qn(t) — Q(t) forae. te (0,7T).

Take 0 <t < T and 0 < t; <t such that t; — ¢ and Q,(¢t;) — Q(t;) for all j.
Then

Qn(t) — Q1) < Qn(ty) — Q) < |@n(t)) — Q)] + Q) — Q)]

For any 6 > 0 there exist j(4) and N(j(0)) such that @,(t) — Q(¢t) < if n > N.
Then limsup Q,(t) < Q(t), so lim sup||u”(t)||§{é < ||u(t)||§{é, which follows by
contradiction using the continuity of the function A(s). As u"(t) — u(t) weakly

in Hg(Q) implies that lim inf |[u"(t)||3, > ||u(t)||%,, we obtain
0

2
HY»
)1 — )]s,

so that u™(t) — u(t) strongly in HJ ().
Finally, if u"(0) — ug strongly in Hj(Q2) and we take ¢, — 0, then

Qulta) — Q(0) < Qu(0) — Q(0) = Al (0) %) — AllluollZy) =0,
so limsup @, (t,) < Q(0). Repeating the above argument, we infer that u"(t,) —

ug strongly in H}(Q). O

Corollary 3.8. Assume the conditions of Lemma 3.7. Then the set R satisfies
condition (K4).

The map ¢ — G(t, z) satisfies the important property of being upper semicon-

tinuous, which is fundamental to establish the existence of a global attractor.

Proposition 3.9. Assume the conditions of Lemma 3.7. The multivalued semiflow

G is upper semicontinuous for all t > 0. Also, it has compact values.

Proof. By contradiction let us assume that there exist ¢ > 0, ug € Hj(2), a
neighbourhood O(G(t, ug)) and sequences {y,}, {ug} such that y, € G(¢,uy), uf



3.3. Existence and structure of attractors 128

converges strongly to ug in H}(Q) and y,, ¢ O(G(t,u,)) for all n € N. Thus, there
exist u" € K (ug) such that y,, = u"(¢). From Lemma 3.7 there exists a subsequence
of y,, which converges to some y € G(t,up). This contradicts y, ¢ O(G(t, ug)) for
any n € N. O

In order to prove the existence of an absorbing set in the space L? () we need

to use the stronger condition (A5) instead of (3.2.3).

Proposition 3.10. Assume that conditions (A1), (A5), (A6) and (A10) hold.
Then the m-semiflow G has a bounded absorbing set in L? (), that is, there exists

a constant K > 0 such that for any R > 0 there is a time ty = to(R) such that
lyllze < K forall t>ty, ye G(t uo), (3.3.6)

where ||ug|| 2 < R. Moreover, there is L > 0 such that
t+1
/ Hu(s)HiIéds <L  forall t>ty, u€ K (up). (3.3.7)
t
Proof. Multiplying equation (3.1.1) by u and using (A6) and (3.1.7) we get

L u(t) 2 + milu(t) 12, < (£, w) + () (3.38)

2dt
1 )\1m
< me|Qf + ellu(t)||7. + mHhH%? + T”UH%%

Using the Poincaré inequality it follows that
i||u||22 < 2m. |0 + 2(e — 2 Jult) |22 + —— B2 = —dllu(®) |2 +
g’ =T 2 Eam ! L ’

where § = mA; — 2¢, & = 2m.[Q| + - [|h]|7.. We take ¢ > 0 small enough, so

0 > 0. Then Gronwall’s lemma gives

_ K
lu(®)]1Z> < u(O)l[72e™" + 5 (3.3.9)
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Hence, taking

we get (3.3.6) for K = /2.

On the other hand, using again the Poincaré inequality from (3.3.8) we get

d mA; — 2¢
IOl + () ol <

and integrating from ¢ to t + 1 we obtain

mA; — 2¢ t+1
(A—) / u(s) [3pds < [lu(t)[32 + 5.
t

Therefore, applying (3.3.6), (3.3.7) follows. O

Further, in order to obtain an absorbing set in Hj (Q) we need to assume
additionally that either the function a(-) is bounded above or that it is non-

decreasing.

Proposition 3.11. Assume the conditions in Proposition 3.10 and that either
(A7) or (A8) holds true. Then there exists an absorbing set By for G, which is
compact in H}(Q).

Proof. In view of Proposition 3.10 we have an absorbing set By in L*(Q). Let
K > 0 be such that [|y|| < K for all y € By.
Multiplying (3.1.1) by w and using (3.1.7) and (3.3.9) we get

d 1
@l +a (I\U(t)H?{g) lu(®)llF < 2melQf + 2elu(t)l|Z> + A7n||h||i2 < Ky + Fallu(0)|7:-

Thus, integrating between t and ¢+, 0 < r < 1, we deduce by using (3.3.9) again
that

t+r
Jue+ 0z + [ a (o)1) Tl
t

< Ky + Ka[u(0) [ + [[u(t)|Z: < Ksllu(0)[|7: + K.

(3.3.10)
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Also, if p > 2 in (Ab), we multiply again by (3.1.1) by u and use (3.1.3) and (A6)

to obtain
)2 + 2 + Callu (O, < Cot 5 ]2
L2 9 H(% 4 Lpr = Y3 2>\1m L2-
Integrating over (t,t+ r) we have
t+r
lut +r)lIZ> + 204/ lu (s)II70 ds < K5 + [Ju(®) 72 < Ko+ [[u(0)]|7:-
t
If we assume (A7), by (3.3.10) and (A6) we have that
t+r t+r
| Alas < [ du(s)yds < K1+ [u)2).
t t
If we assume (A8), by (3.3.10) we obtain

t+r t+r ||U(5)||§{1
/ A(flu(s)||32)ds = / / a(r)drds
¢ 3 ¢ 0
+

t+r
< [ (I lu)lds < Kol + Ko
t

On the other hand, by (3.1.5) we get

—/QF(u (t)) dw > —5/(1+\u(t) [P)d.

Q

Using (3.3.2) and (3.3.3) we can argue as in Theorem 3.5 to obtain

1, ., df1 \ 1,
- 2 — | =z 1 — n S— 2.
sl + 5 (AU = [ aFw)ds ) < Gale

Since (3.3.11)-(3.3.14) imply that

/tHT (%A(”U(S)H%{g - /Q AF (u (s))daz) ds < Ks 4 Ky|u(0)]|%,

(3.3.11)

(3.3.12)

(3.3.13)

(3.3.14)
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we can apply the Uniform Gronwall Lemma to get

< Ky + Kol|u(0)
r

2
Iz + Ky, forallt>0,

1
§A(||u(t+7“)||§{é)—/ AF(u(t+r))dx
Q
so by condition (A6), (3.1.8) and (3.3.9) it follows that
[t + Dl < Kix+ Kol [u(0)2:,

for all ¢t > 0.
In particular,
lu(MlIFy < Kix+ Kol [u(0)]1Z,

for any strong solution u(-) with initial condition u(0).
For any uy € H} () with ||u0||Hé < R and any u € R such that u (0) = u,

the semiflow property
G(t+1,ug) C G(1,G(t,up)) and G(t,ug) C By, if t >ty (R),

imply that
lu(t+1) 5 <CO+K*) Yt > 1 (R).

Then there exists M > 0 such that the closed ball By, in H] () centered at 0
with radius M is absorbing for G. By Lemma 3.7 the set By = G(1, By) is an
absorbing set which is compact in Hj ().

[l

Now, the conditions to ensure the existence of a global attractor have been

established.

Theorem 3.12. Assume the conditions of Proposition 3.11. Then the multivalued

semiflow G possesses a global compact invariant attractor A.

Proof. From Propositions 3.9 and 3.11 we deduce that the multivalued semiflow

GG is upper semicontinuous with closed values and the existence of an absorbing
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which is compact in H] (€2). Therefore, by Theorem 0.17 the existence of the
global invariant attractor and its compactness in H} () follow.

]

Recalling Theorem 0.15, the global attractor can be characterized as the union

of bounded complete trajectories, i.e.

A={7(0): v € K} = Uer{r(t) : v € K}, (3.3.15)

where K denotes the set of all bounded complete trajectories in R. As R satisfies
(K3) and (K4) by Corollary 3.8, (3.3.15) follows.

Moreover, since the set B is said to be weakly invariant if for any x € B
there exists a complete trajectory v of R contained in B such that v(0) = =z,
characterization (3.3.15) implies that the attractor A is weakly invariant.

As before, we denote the set of all fixed points by fiz. It can be characterized

as follows.

Lemma 3.13. Assume the conditions of Lemma 3.7. Let R be the set of z €
H?(Q) N HY () such that

—a(y\z\@é)% =\f(z)+h in L*(Q). (3.3.16)

Then Rp = R.

Proof. If z € Ry, then u(t) = z € R. Thus, u(-) satisfies (3.2.2) and

d
d—:f —0in L2(0,T; LX(Q)),

so (3.3.16) is satisfied.
Let z € RR. Then the map u(t) = z satisfies (3.3.16) for any ¢ > 0 and

‘fl_;‘ =0 in L*(0,T; L3(Q)),
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so (3.2.2) holds true.
[

Finally, we shall obtain the characterization of the global attractor in terms of

the unstable and stable sets of the stationary points.

Theorem 3.14. Assume the conditions of Proposition 3.11. Then it holds that
A=M"(R) =M (R),
where

M (R) ={z:3() €K, 7(0) = 2, dist g3 (7(t),R) =0, t = +o0}, (3.3.17)

M~ (R) ={z:3() €F, v(0) =2, dist j2(7(t),R) =0, t = —oc}, (3.3.18)
and F denotes the set of all complete trajectories of R (see Definition 0.2).

Remark 3.15. In (3.3.18) it is equivalent to use K instead of F because all the

solutions are bounded forward in time.
Proof. We consider the function £ : A — R

By) = 3AUEy) = | Fu@)ts = [ naad. (3319

Note that F(y) is continuous in H}(Q). Indeed, the maps

1
g SAlllE,)

and

yt—>/ﬂh(m)y(m)dw

are obviously continuous in H} ().
On the other hand, by the embedding Hj(Q2) C L*(2) and using Lebesgue’s
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theorem, the continuity of
v [ Fly)is
Q
follows.

d
Using (3.3.2)-(3.3.3) and multiplying the equation (3.1.1) by d—? for any u € R

we can obtain the following energy equality
tod
/ Hd—u(r)Higdr + E(u(t)) = E(u(s)) forallt>s>0.
s dr
Hence, E(u(t)) is non-increasing and by (A6), (3.1.8) and the boundedness of A,
it is bounded from below. Thus E(u(t)) — [, as t — +oo, for some [ € R.
Let z € A and u € K be such that u(0) = z. By contradiction, suppose the
existence of € > 0 and u(t,), where t,, — 400, for which

distys (u(t,),R) > e.

Since A is compact in Hj(§2), we can take a converging subsequence (relabeled the

same) such that
u(t,) — y in Hy(Q),

where t,, — oo. By the continuity of the function F, it follows that E(y) = .
We will obtain a contradiction by proving that y € . Define v, (-) = u(- + t,).
By Lemma 3.7, there exist v € R and a subsequence satisfying v(0) = y and

v, (t) — v(t) in Hy(Q)

for t > 0.

Thus, from E(v,(t)) — E(v(t)) we infer that E(v (t)) = [. Also, v(-) satisfies
the energy equality, so that

Z+Anmmmzmwm+énm@m=mwsz@=L

Therefore,

d
d—?(s) =0 for a.a. s
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and then by Lemma 3.13 we have y € Rg = R. As a consequence, A C MT(R).

The converse inclusion follows from (3.3.15).

As before, take arbitrary z € A and u € K satisfying «(0) = z. Since by the
embedding H}(Q) C C([0,1]) the energy function is bounded from above in A,
E(u(t)) — I, as t — —o0, for some [ € R. Suppose that there are ¢ > 0 and u(t,),

where ¢,, — 400, such that
distys (u(—t,),R) > e.

Up to a subsequence we have that u(—t,) — y in H}(Q), E(y) = . Moreover, for
vn(+) = u(- — t,,) there are v € R and a subsequence such that v(0) = y and

v, (t) — v(t) in HY (D)

for t > 0.

Therefore, E(v,(t)) — E(v(t)) gives E(v(t)) = [ and then by the above argu-
ments we get a contradiction because y € . Hence, A C M~ (R) and we deduce

the converse inclusion from (3.3.15).

Finally, we are able to obtain that the global attractor is compact in the space
C' ([0,1]). This property will be important in order to study a more precise struc-
ture of the global attractor in terms of the stationary points and their heteroclinic

connections.

We define the function w (t) = u (o™ (t)), where

o) = [ alu))ds

which is under the conditions of Proposition 3.11 (see [19] for more details) a strong
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solution to the problem
ow  Pw _ fw)+h
ot 0x? a(||w||§1,6)7
w=0 on (0,00) x 09,
w(0,x) = up(xz) in Q.

in (0,00) X €,
(3.3.20)

Let V2" = D(A"), r > 0. We will prove that the attractor is compact in any

space V? with 0 < r < 1. For this aim we will need the concept of mild solution.

Definition 3.16. Let consider the auxiliary problem

dv
Dy Av(t)y=g(t), t>0
g TAV) =g(t), £>0, (3.3.21)

v (0) = wo,

where g € L2 (0, +00; L?(2)). The function u € C([0,4+00), L?(R)) is called a

loc

mild solution to problem (3.3.21) if
¢
v (t) = ey —|—/ e A= g(s)ds, ¥Vt > 0. (3.3.22)
0

Remark 3.17. In the same way as in Lemma 2 in [85] we obtain that a strong

solution to problem (3.3.20) is a mild solution to problem (3.3.21) with
g ()= (f(w(®) +h) /a(w () [I)-

Lemma 3.18. Assume the conditions of Proposition 3.11. Then the global attrac-

tor A is compact in V" for every 0 < r < 1.

Proof. Let z € A be arbitrary. Since A is invariant, there exist ug € A and u € R

such that 2 = u (1) and u(t) € A for all t > 0. Since w (t) = u(a~'(t)) is a

mild solution of (3.3.21) with g (t) = (f(w (t)) + h) /a(|lw (¢) ||3,1), the variation of
0
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constants formula (3.3.22) gives
a(1)
z=w(a (1)) = e AWy, + / e~ AMM=9) g (5)ds.
0

As Ais bounded in H{ () (and then in L (2)), condition (A6) and the continuity
of f imply that

[uollz <€ and HgHLOO(O,a(l);LZ(Q)) <C,

where C' > 0 does not depend on z. The standard estimate He
Mt "e~ " M,, a > 0|77, Theorem 37.5|, implies that

A HE(LQ(Q),D(AT)) <

a(1)
5l < e, [ a0,
0
a(l)
< Mye *Wa (1) C + MTC’/ (a(1) —s) " ds,
0

so A is bounded in V2" for every 0 < r < 1.

From the compact embedding V¢ C V¥, for a > f3, and the fact that A is

closed in any V2" we obtain the result.

]

Corollary 3.19. Assume the conditions of Proposition 3.11. Then the global
attractor A is compact in C*([0,1]).

Proof. We obtain by Lemma 37.8 in [77] the continuous embedding
2r 1 : 3
Ve c ¢(]o, 1)) 1f7“>Z.

Hence, the statement follows from Lemma 3.18.
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3.4. Fixed points

In this section we are interested in studying the fixed points of problem (3.1.1)

when h = 0, that is, the solutions of the boundary-value problem

d’u
“allully) G5 = M@, 0 <2 <1, 341
u(0) =u (1) =0.

For this aim we will use the properties of the fixed points of the standard Chafee-
Infante equation. In order to do that, for any d > 0 we will study the following
boundary-value problem

d2

—@(d)d—;g = Af(u), 0<z <1,

u(0)=u (1) =0,

(3.4.2)

as it is obvious that w (-) is solution to problem (3.4.1) if and only if u (-) is a

solution to problem (3.4.2) with d = ||ul|%,.
0

3.4.1. Dependence on the parameters of the fixed points for

the Chafee-Infante equation

~ A
Denoting A\ = —— problem (3.4.2) becomes

a(d)
d2u . X 1
5= flu), 0 <z <1, (3.4.3)
u (0) =u (1) =0.

Assuming conditions (A1)-(A5), it is known [18] that if n27% < X < (n+ 1)* 72,
then this problem has exactly 2n 4 1 solutions, denoted by vy = 0, vf, ..., =, The
function v has k + 1 simple zeros in [0, 1].

We need to study the dependence of the norm of these fixed points on the
parameter by First, we will show that the H'-norm of the fixed points of problem

(3.4.3) is strictly increasing with respect to the parameter X
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Lemma 3.20. Assume conditions (A1)-(A5). Let vi = v, v2 = vy, with

k*m* < A < Ag. Then ”U1HH3 < HUZHH(% :

Proof. We consider the equivalent norm in Hj (2) given by |[v/||;.. The fixed

points are the solutions of the initial value problem

d*u  ~
gz TN W =0 (3.4.4)
u(0) =0, «'(0) = vy
such that u (1) = 0. The solutions of (3.4.4) satisfy the relation
! 2 - .
W) | S Pu() =3B, 0 <z <1, (3.4.5)

2

for some constant £ > 0.

Denote u; = v];"x. By Theorem 7 in [18] we have that uy is associated with a

unique value E = E;"(\) > 0. Moreover, E;f ()\) is a solution of one of the following

equations:

m7y(E) + (m — 1)r2(E) =

m(E) + (m — 1)7(E) =

ST

m7}(E) +mm(E) = —=, (3.4.6)
where either k = 2m — 1 or k = 2m and
- _ Ut (E)
A(E) = 31 /O (E — F(u))"? du, (3.4.7)
- ~ 0
™E) = )\‘1/2/ (E — F(u))™Y? du, (3.4.8)
U_(E)

being U, (E) (U-(F)) the positive (negative) inverse of ' at E. It is obvious that

for E fixed the functions TJXF(E), T2(E) are strictly decreasing with respect to .
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Then from (3.4.6) we deduce that the root £, ()) is strictly increasing with respect
to \. Thus, If \; < Ay, we have

V2M(E () = F(w) < /20a(Bf (A) — F(u)), (3.4.9)

for U (B (M) < u < U (B (\)).

We will prove now that HUIXHLQ is strictly increasing in .
The function uy has k + 1 simple zeros in [0,1] and wuy is positive in the first
subinterval. Let T’ (E;()\)) be the z-time necessary to go from the initial condition
u(0) = 0 to the point where u} (T’ (E;"(A\))) = 0. Then the length of the first
subinterval is 277, (E,(\)) [18]. By (3.4.5),

(uh (2))2 = VI B () — Flus () 1 (a),

A

so we have

T (B (V) BN o —
/0 (v ())?dz = / VOB Q) — Flus(e)) h(x)da.

0

By the change of variable v = u3(x) we obtain

T4 (EF (V) UHEL V) — = -
/0 ' (u§(x))2dx:/o VW E () = F(v) do = g(V).

Since

X UN(EF(V)
is strictly increasing and using (3.4.9), we conclude that the function g(}) is strictly
increasing. Hence, putting z;(\) = 2T+(E;(X)) we obtain that the norm of us in
the first subinterval, HU,X” L2(0.21 () 18 strictly increasing. Arguing in the same way

in the other subintervals we obtain that
A= HUIXH 12

is strictly increasing. O]
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Let us prove the same result but with respect to the norm HUXH rp With p > 1.

Lemma 3.21. Assume conditions (A1)-(A5) and let f be odd. Letvy = v, , vy =
Upn, With B2m* < Xy < Xg. Then ||vi|| 1 < [Jvall, for any p > 1.

Proof. As in the previous lemma, denote u; = U;X. The function uy has k + 1

zeros in [0, 1] at the points
O<r <a9< ... <Tp1 < 1.

When f is odd, by symmetry, the length of all subintervals has to be the same, so

T = % regardless the value of A

We shall prove that in the first subinterval we have that uy, (z) < u,, (x), for

all z € (0,4). By (3.4.5) for z € [0, 5] we have

z ux ()

so (3.4.9) yields

Uxg (CL‘) U ($)

du du
V2o (Bf (o) = F (u) V2 (B () = F ()

0

d
> “ , ifxe(0

V2o (Bf (o) = F (u)

7%]

0

Thus, uy, (z) < uy, (z), for all z € (0,5]. By symmetry we obtain that the

inequality is true in (O, %)

Repeating the same argument in the other subintervals we get that
lun, (z)| < |uy, ()] for all x € (0,1), = # %, j=1..k—1

This implies that [Juy, ||, < ||ur,]|;» for any p > 1. O
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Remark 3.22. The statements in Lemmas 3.20-3.21 are also true for U5 because

- + 1 - +
v ~(x) =v"~(1 —x), so the H; and LP norms of v~ and v~ are the same.
kN ( ) kX ( >’ 0 kA kX

Lemma 3.23. Assume conditions (A1)-(A5). Then ||,U]—:X||H(% and ||lv [|my are

contiunous with respect .

Proof. For A > (7k)? put ¢5 = U:,X'

Let us to show that if A, — g € ((7k)2, 00), we must have that

l¢5, — @5,z — 0.

Since

(65)aa(r) + Af(¢5) =0 (3.4.10)

and

fw)

limsup —= < 0
[u| =400 U

we have that there is a constant M > 0 such that
1 ! _
[ @y = [ senes <3ur
Therefore, the family
((rk)?,00) 2 X = ¢5 € HL(0,1)

is bounded in bounded subsets of ((7k)?, 00). Since H} (0, ) < C([0, 7)), it is also
uniformly bounded in C'([0, 71]) uniformly in bounded subsets of (52, c0).

From the continuity of f, the same is true for

((7k)?,00) 3 X+ fo g5 € C([0,1))
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and, using (3.4.10), for

((7k)?,00)X = (¢5)2a € C([0,1]).

It follows from the compact embedding of H?(0,1) into H3(0,1) that there is
a subsequence {Xnk} of {\} such that

¢x X win HY(0,1).
ny

Now, since

[ s, 0u =3 [ 1605, 00

for all v € H}(0,1), passing to the limit as &k — oo we have that

/ e / 'l

and w is a weak solution of (3.4.10).

Hence, since w also converges in the C'([0, 1]) norm, we deduce that

w=0orw=agy5,.
To see that w # 0 we recall that
_ 1
(. 0) 33 [ (6.

is an strictly increasing function of A

This shows the continuity of the function

((mk)?,00) 3 X = ¢5 € HL(0,1).
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3.4.2. Nonlocal fixed points

Although we are mainly interested in problem (3.1.1), we will study the ex-
istence of stationary points for an elliptic problem with a more general nonlocal

term than in (3.4.1). Namely, let us consider the following problem:

—a (l(u) gz = Af (u), 0 <z <1, (3.4.11)
u(0) = u(1) =0, B
where
L(u) = [Jullf
L(u) = [ull7,

for p>1,r>0.

Let
di = sup{d : A > a (d) 7°k* Vd < d}.

Then for any d < dj, there exists the fixed point u{ of (3.4.2), where u¢ is either

equal to u; or uy .

It is obvious that any solution of (3.4.11) is a solution of (3.4.2) with d =1 (u).
Therefore, all the solutions to problem (3.4.11) have to be solutions u{ to problem
(3.4.2) for a suitable d.

In the same line as for the classical Chafee-Infante equation (see [33]), we
are now interested in analyzing how many equilibria there are. In this case, the
nonlocal term will play an important role since it is crucial when the behaviour
of the bifurcations is studied. We want to construct a sequence of bifurcations
similar to the one in Theorem 1.18 where as long as the parameter A > 0 increases,

a bifurcation from 0 happens.
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Theorem 3.24. Assume conditions (A1)-(A6) and, additionally, that
a(0)m?k? <\ (3.4.12)
Then:

» For any 1 < j < k there exists d; < dy such that uj; is a fized point of
problem (3.4.11).

s If A< a(0)n?(k+1)° and a(0) = mingo{a(s)}, there are no fived points
for j > k.

» If N > k is the first integer such that A < inf,so{a (s) 7 (N +1)*}, there
are no fized points for j > N.

w Ifl(u) = ||u]|7];,5, A < a(0)n?(k+1)* and a is non-decreasing, there are
exactly 2k + 1 solutions to problem (3.4.11): 0, ufdi, ""uki,d;;‘

s Ifl(u) = |ull},, A < a(0)7®(k+1)%, f is odd and a is non-decreasing, there
+

are exactly 2k + 1 solutions to problem (3.4.11): 0, ufdi, oy Upg -
Proof. For the first statement, it is enough to prove the result for j = k. By
condition (3.4.12) we have that dj, € (0, +oc].
Consider first the case where d;, is finite. We need to obtain the existence of
dj. < dj, such that [ (uZZ> = d;. When d = 0 it is clear that [ (u)) > 0. Also, we

know that [ (ui’“) = 0. Multiplying (3.4.2) by u¢ and using (3.1.7), (A6) and the
Poincaré inequality we obtain

| ()’

2

=)

2

A 1 /
(f (uf) i) < = (me+e[uf]}.) < Kt 5 | ()

2’

s0, by using the embedding H{ () € L> (), I (uf) is bounded in d. This implies
that the function g (d) = [ (ug) has to intersect the line y (d) = d at some point dj.

d
— Ost \
kS strongly

in H} (Q). Indeed, as u¢ is bounded in H} (£2), there exist v and a sequence {qu }

It remains to check that dj < dj. For this aim we prove first that u
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such that u{’ — v in L2 (Q). The embedding HZ () C C ([0, 1]) and the continuity
of the function f (u) imply that {f(uij)} is bounded in C([0, 1]), so from

1) = e @), = 2 ) (a2)

we deduce that {uij} is bounded in H? (). Hence, uzj — v in H} (Q) and
C'([0,1]). Also, f(u)’) — f(v) in C ([0,1]). Therefore, for any ¢ € H} () we

have that /
() o) = 2 (7 () )

\ 4
W) = ().,

<C

L2

L2

which implies that v is a solution to problem (3.4.2) with d = dj. But from uzj — v
in C'([0,1]) it follows that v cannot be a point with less than k + 1 simple zeros
in [0,1] and then A/a (dy) = k*7? implies that v = 0. As the limit is the same

for every converging subsequence, u¢ —2 0 strongly in H} (2). Thus, dj, > 0 and
—a

.
()

Second, let d = +00. Then the existence of dj < 400 follows by the same

limg_,q, = 0 imply that dj, < d.

argument as before.

The second and third statements are a consequence of
A<a(0)7?(k+1)? <a(d)n?(k+1)° for any d >0

and
A < inf{a(s)}n? (N +1)* < a(d) 7 (N +1)* for any d > 0,

5>0
respectively, because in such a case for problem (3.4.2) the fixed points v]j-E, Jj>k
(respectively j > N), do not exist.

The last two statements are a consequence of the first two statements and of
the fact that the points of intersection of the functions g (d) = (uf) and y (d) = d
has to be unique, because if a is non-decreasing, then ¢(d) is non-increasing by
Lemmas 3.20 and 3.21. O
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In view of this theorem, we have exactly the same equilibria and bifurcations
as in the classical Chafee-Infante equation (see [18] and [55]) when the function
a(d) is non-decreasing, because in this case in view of the monotone dependence
between the functions a(d) and g(d), there is only one intersection point of the
function ¢ (d) with the bisector, as it is shown in Figure 3.1. This follows from
the fact that g(d) — d is strictly decreasing, but there may be weaker conditions
on a () that would lead g(d) — d to be strictly decreasing.

T2 k2

Figure 3.1: a(d) non-decreasing

When the function a (+) is not assumed to be monotone, an interesting situation
appears. More precisely, it is possible to have more than two equilibria with the
same number of zeros. If [ (u) = ||“||12ng7 for the equilibria with & + 1 zeros in [0, 1]

this happens when the equation

duf(z) |”

d:
dx

dz = g(d) (3.4.13)
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has more than one solution. For instance, if a(0) = a(d) for some 0 < d < ¢(0),
then g(0) = g(d). Assuming that there are 0 < dj, < d? < d such that a(d?) =
a(d}) = =3, there must exist 0 < dj < d} < d} < dj < d such that g(d}) = d;.
Now, by the argument in Theorem 3.24, there must exist a dj > d such that
g(d}) = dj, obtaining six fixed points with k + 1 zeros in [0, 1]. This situation is
shown in Figure 3.2, where d}, d5 and dj are solutions of (3.4.13), that is, there are
three intersection points with the bisector. We notice that when a(d) > \/(7?k?),
the function g(d) is not defined since the condition for such equilibria to exist is not
satisfied, but we can make this function continuous by putting g (d) = 0 whenever
a(d) > \/(m*k?). This procedure establishes that, having fixed a natural number
k, for any j € N we may construct a(-) in such a way that we have 2(2j + 1)
equilibria with & + 1 zeros in [0, 1].

2 k2

o(d) = [[uf 12,

dr dj, di 4 di d

Figure 3.2: a(d) whatever

At least there is always one intersection point with the bisector, but the function

g(d) could be even tangent to the bisector at some point or not cut it again.
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3.4.3. Lap number and some forbidden connections

With Theorem 3.24 at hand we can improve the description of the global at-
tractor given in Theorem 3.14.
Under conditions (A1)-(A6), (A8) and h = 0, if

a(0)m®n? < A <a(0)n?(n+1)° (3.4.14)

then problem (3.1.1) possesses exactly 2n + 1 fixed points: vy = 0, ufd{, U

aey TL,d;kl'

Let ¢ be a bounded complete trajectory. We know by Theorem 3.14 that
distya(¢ (1), R) — 0, as t — Foo.

As the number of fixed points is finite, we will prove that in fact the solution has
to converge to one fixed point forwards and backwards. We recall the omega and

alpha limit sets of ¢, given by

w (¢) = {y : 3t,, — 400 such that ¢ (t,) = y},
a(¢) ={y: 3, — —oo such that ¢ (t,) — y},

are non-empty, compact and connected (cf. Lemma 0.18). Also, we have that
distyy (6(1).(0)) | =0, disty (9(t),0(6)) | —_ 0. Since w(6),a () C R
and fR is finite, the only possibility is that w (¢) = 21 € R, a (@) = 22 € K.

Thus, we have established the following result.

Theorem 3.25. Let assume conditions (A1)-(A6), (A8), (5.4.14) and h = 0.
Then

2n+1 2n+1
A=J M) = M (),
k=0 k=0

where n is gwen in (3.4.14) and vo =0, v; = ude, U2 = U ges -
In other words, the global attractor A consists of the set of stationary points
R (which has 2n+ 1 elements) and the bounded complete trajectories that connect

them (the heteroclinic connections).



3.4. Fixed points 150

Remark 3.26. As the Lyapunov function (3.3.19) is strictly decreasing along a
trajectory ¢ which is not a fixed point, then there cannot exist homoclinic connec-

tions for any fixed point. This implies in particular that if n = 0, then A4 = {0}.

Remark 3.27. If we use condition (A7) instead of (A8), then we cannot guarantee
that the number of fixed points is finite. But if we suppose that this is the case,
then the result remains valid. In this situation, there could be more than two fixed

points with the same number of zeros.

Using the concept of lap number of the solutions we can discard some hetero-
clinic connections.

We consider the function w (t) = u(a™' (t)), which is a strong solution to
problem (3.3.20). For any strong solution u (-) conditions (A1), (A3), (A6) and
u € C([0,+00), H}(€2)) imply that the function

A fwia)
) = e O wite)

is continuous and w (-) is a solution of the linear equation

ow  0*w
Thus, by Theorem A.3 in the Appendix A (see also Theorem C in [2]) the
number of zeros of w () in [0, 1] is a nonincreasing function of t. Since o' () is

an increasing function of time, the result is also true for the solution w (-). Making

use of this property we will prove the following result.

Lemma 3.28. Let assume conditions (A1)-(A6), h =0 and either (A7) or (AS8).
Then if n > k, there cannot exist a connection from the fized point uidz to the
fixed point uid;, that s, there cannot exist a bounded complete trajectory ¢ such
that

o(t) — uid;i as t — +o0,

o(t) — uki,d,’; as t — —oo.
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Proof. By contradiction assume that such complete trajectory exists. Denote by
[ (z) the number of zeros of z in [0, 1]. Using the compactness of the attractor in
C1([0,1]) (see Corollary 3.19) we obtain that

o(t) — uidz in C*([0,1]) as t — +o0,

o(t) — uid: in C*([0,1]) as t — —o0.
Then, as the zeros are simple, we can choose t; > 0 large enough such that

(6 (1)) =1 (u;gd) —k+1.

Put u (t) = ¢ (t — t1), which is a strong solution of (3.1.1). Now we choose t5 > 0
such that

L(u(t)) =1 (uj;d;) Y

Therefore,
[(u(0)=k+1
and

l(u(t) =n+1>k+1.

This contradicts the fact that the number of zeros of u () is non-increasing.
O

Lemma 3.29. Let assume conditions (A1)-(A6), h =0 and either (A7) or (A8).
Let u,tdz,u,;dz be a pair of fized points corresponding to the same value dj. Then

there cannot be an heteroclinic connection between them.

Proof. Let k be even. The function v (x) = u;dz (1 —x) is a fixed point corre-

sponding to dj as

_@( ) = _éﬁu;d;’;
0x? = 0x?

(1—xz)=

SO Up g () =v(x) = U;d;; (1—x).
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The equalities

L[ Ouy, a ? L ouf a 2 L[ ouf a ?
/0<ax <x>> to= [ FEa-a) - [ (G w
1 U (z) 1 u;* (1—=z) 1 u:;* (y)
// * f(s)dsdx:// g f(s)dsdx:// " f(s)dsdy
o Jo o Jo o Jo

imply that E(uy, dZ) =F <uz dZ)’ where F is the Lyapunov function (3.3.19). Since

this function is strictly decreasing along a trajectory ¢ which is not a fixed point,

there cannot exist a heteroclinic connection between these two points.

When £ is odd, we make use of the lap-number property. For a global solution
u(-) let

Q) = {2€(0,1):u(t,z) >0},
Q () = {x€(0,1):u(tx) <0}

In the proof of Theorem A.3 in the Appendix A it is shown that if ¢; > t,, then
there is an injective map for the connected components of Q% (t1) (Q~ (¢1)) to
connected components of QT (¢y) (Q~ (t9)). Let, for example, u(-) be a global

solution such that

u (t) 2 Oray u(t) e ¢k+.d;;‘

Since we have convergence in C'([0,7]), there are ¢, < ¢; such that the number
of components of QT (¢y) is equal to (j — 1) /2 and the number of components of
Q" (t1) is equal to (j + 1) /2. This contradicts the existence of the above injective
map. Thus, such heteroclinic connection is impossible. A similar argument (but

using Q~ (t)) is valid for the connection from ¢, a; 1o o ar-

]

Remark 3.30. In the case where condition (A7) is assumed, there could be more
than two equilibria with k + 1 zeros in [0, 1]. In this case there could exist connec-

tions between fixed points with different values of the constant d.
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3.5. Morse decomposition

In this section we study in more detail the structure of the global attactor in the
case where the function f is odd. More precisely, we obtain that the m-semiflow
G is dynamically gradient, which is equivalent to saying that there is a Morse

decomposition of the attractor [44], and study the stability of the fixed points.

3.5.1. Aproximations

We consider now the situation when conditions (A1)-(A6), h = 0 and either
(A7) or (A8) are satisfied and, moreover, the function f is odd.
In this section we consider the following problems:

ou 9 82u -
o7~ llullfy) 7 = Ae,(w), >0, 2 €(0,1),
u(t,0) =0, u(t,1) =0, (3.5.1)

u(0,x) = ug(x),

where the function f. is defined below and ¢, — 0, as n — oo.
Let set up the convolution. We consider the mollifier p. (-) in R with the

explicit construction

exp (=—), if |z| < en;
CNC) where 1), (x) = P <$2—5n> 2]

pan (ZU) T ?
Jg Ve 0, otherwise.

We define the function
fr(u) = / Pe, (8) f(u— s)ds.
R

It is well known that fe»(-) € C*°(R) and that for any compact subset A C R, fe~

converges uniformly to f,
1/ = flleo =0,

as £, — 0 (see [51]).

It is clear that for u > ¢,, the function f°~ (u) is strictly concave.
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We need the approximation to fulfil (A2)-(A3). For that end, we consider the
approximation except on the interval [—¢,,¢&,], for any &, > 0. There exists a

polynomial of sixth degree p(z) such that

PO)=0,  pled) = (),
FO)=1 Pl =),
FO=0,  ple) =)
#(0) = 1.

We choose v > 0 such that p” (s) < 0 for all s € (0,~]. We can assume that €, <

for all n.

Thus, by construction the function

—for(—z) if < —ep,
) —p(=2)  if —en <2 <0,

feu(@) = - (3.5.2)

p(z) if 0<z<e,

Hesz) if Bach,

approximates the function f uniformly in compact sets, that is, for any [—M, M]|

and ¢ > 0 there exists ng(M, d) € N such that
|f(z) — f. (x)] <6, forallmn>mngy, e [-M, M. (3.5.3)
Also, it satisfies the following properties:
(B1) 1., € C*(R);
(B2) 1.,(0)=0,
(B3) f,(0) =1
(B4) f., is strictly concave if u > 0 and strictly convex if u < 0;

(B5) f., is odd.
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Lemma 3.31. Let f satisfy (A5). Then the functions f., satisfy condition (A5)
and (3.1.7) with independent constants of &,,.

Proof. We assume without loss of generality that €, < 1. In order to check (3.1.2)-
(3.1.3) we only need to consider u outside the interval [—1, 1], because the sequence
{fe,} is uniformly bounded in any compact set of R. Then for u ¢ [—1,1] the
Hélder inequality and [, p., (s)ds =1 give

|fen (u)] =

/Rf (u—3)pe, (s)ds
SAJCrH%W—ﬂ“UPm@V“

< O+ Cy2? (/ (’“|p_1 + |5|p_1) Pe, (5) ds)

—En

Sévw—ﬂ&AQ%

< Cy+ Colul ™.
If f satisfies (3.1.3), then
foru= [ £u=9)w=9)p, ()ds+ [ flu=s)sp.,(5)ds
R R
< / (C5 — Cylu — sfP) pe,, (s)ds + / (C1+ Calu — s[P") spe, (s)ds
R R
<K= Cu [ (@7 - [sP) pe, ()
R

- 022;02/ (JuP~" +1s]P7") spe,, (s) ds
R

S 63 - 54|u|p7

where we have used |ul” < 2P~ (|s?| + |u — s|”) and the Young inequality.

For (3.1.7) we put in the above inequality p = 2, C3 = m., Cy = —¢ and obtain
Jen <u> u < me + 5u2a

which obviously implies (3.1.4).
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Our next aim is to focus on the convergence of solutions of the approximations.

Theorem 3.32. Let conditions (A1)-(A6), h = 0 and either (A7) or (A8) be
satisfied and let, moreover, the function f be odd. If u.,o — ug in H(Q) as
en — 0, then for any sequence of solutions of (3.5.1) u., (-) with u.,(0) = u., o
there exists a subsequence of €, such that u., converges to some strong solution

u(-) of (5.1.1) in the space C([0,T], H}(2)), for any T > 0.

Proof. Using (3.3.2) and (3.3.3) we can repeat the same lines of the proof of Theo-
rem 3.5 and obtain the existence of a function u () and a subsequence of u., such
that

e, S in L(0,T5 HA(Q)),

u., — u in L*(0,T; D(A)),

due,  du ., o
7 dt in L (OaTaL (Q))7

ue, — u in C([0, T]; L*(2)),
u., = uin L*(0,T; Hy(Q)),
Jeu(tn,) = f(u) in L(0,T; L*(Q)),
a([[ue,|[3) Aue, — allullp) Auin L*(0,T; L*(Q)).
Also, in the same way we prove that u (-) is a strong solution to problem (3.1.1)
such that u (0) = uy.
The uniform estimate in the space Hj (£2) implies also that if ¢, — ¢y, then
ue, (tn) — u(tp) in HY(Q). We need to prove that this convergence is in fact

strong, proving then the convergence in C'([0,T], H}(Q2)) for any T > 0.

In the same way as in the proof of Lemma 3.7 we deduce that for some C' > 0

the functions

Qu(t) = Allluz, (8)|2) — 2C1,
Q1) = A(lu(®)[1%) — 2Ct

are continuous and non-increasing in [0, 7.
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Moreover,
Qn(t) — Q(t) for a.e. t € (0,7).

Let first t5 > 0. Then we take 0 < t; < o such that t; — to and Q,,(¢;) = Q(¢;)
for all j. Then

Qn(tn) = Q(to) < @n(ty) = Qto) < |Qu(t;) — Q)| +[Q(L;) — Q(to)] for L, > 1.

For any 6 > 0 there exist j(d) and N(j(0)) such that @Q,(t,) — Q(ty) < ¢ if

n > N, so limsup @Q,(t,) < Q(ty). Hence, a contradiction argument using the

continuity of A(s) shows that limsup ||uc, (t,)]|5: < |lu(to)]|?,:. This, together
0 0

with lim inf ||u., (t")Hl%Ié > Hu(to)H%{é, implies that

luae, (Ea)l7rg = o)l

so that
u., (t,) — u(ty) in Hy(Q).

For the case when ¢ty = 0 we use the same argument as in Lemma 3.7.
O

We denote by A., the global attractor for the semiflow G, corresponding to
problem (3.5.1).

Lemma 3.33. Assume the condition of Theorem 3.32. Then U, _ A, is bounded
in H} (). Hence, the set UpenA., is compact in L*(€2).

Proof. By Lemma 3.31 inequality (3.1.7) is satisfied for any n with constants which
are independent of ¢, so inequality (3.3.9) holds true with constants independent
of &,. Thus, there a exists a common absorbing ball By in L? () (with radius K >
0) for problems (3.5.1). Further, by repeating the same steps as in Proposition 3.11
we obtain a common absorbing ball in H} () (with radius K > 0) as by Lemma
3.31 the constants which are involved are independent of €,,. Thus, ||y|| m < K for

any y € U _ A, .

neN

]
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Lemma 3.34. Assume the condition of Theorem 3.32. Then U, _ A, is bounded
in V" for any 0 <r < 1. Hence, U, A., is compact in V* and C*([0,1]).

Proof. Using Lemma 3.33 we obtain the boundedness of U, _ A, in V*" by repeat-
ing the same lines in Lemma 3.18. The rest of the proof follows from the compact
embedding V* C VP «a > 3, and the continuous embedding V?" C C([0,1]) if
r > %. [

Corollary 3.35. Assume the condition of Theorem 3.32. Then any sequence
&, € A, with €, — 0 is relatively compact in C*([0,1]).

Lemma 3.36. Assume the condition of Theorem 3.32. Then up to a subsequence
any bounded complete trajectory u., of (3.5.1) converges to a bounded complete
tragectory u of (3.1.1) in C([=T,T), H (Q)) for any T > 0. On top of that, if
yn € A.,, then passing to a subsequence y, —y € A in H (). Hence,

distp (Ae,, A) = 0 as n — oo. (3.5.4)
Proof. Let fix T' > 0. Up to a subsequence, by Corollary 3.35 we have
u., (=T) — y in Hy ().

Theorem 3.32 implies that u., converges in C([-T,T], H}(€2)) to some solution u
of (3.1.1). If we choose successive subsequences for —27', —3T ... and apply the
standard diagonal procedure, we obtain that a subsequence u., converges to a
complete trajectory u of (3.1.1) in C'([-T,T], Hj(2)) for any T' > 0. Finally, from
Lemma 3.33 this trajectory is bounded.

Ify, € A, , by Corollary 3.35 we can extract a subsequence converging to some
y. If we take a sequence of bounded complete trajectories ¢, (-) of (3.5.1) such
that ¢, (0) = y,, then by the previous result it converges in C([-T,T], Hy(Q2)) to
some bounded complete trajectory ¢ (-) of (3.1.1), so y € A.

Finally, if (3.5.4) was not true, there would exist 6 > 0 and a sequence y,, € A,
such that distp (y, A) > §. But passing to a subsequence y,, — y € A, which is a

contradiction. O
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Lemma 3.37. Assume the conditions of Theorem 3.32. Let Ti"’a" be the functions
(3.4.7)-(3.4.8) for problem (3.4.2) but replacing f by f., andd by d,. Letd,, E, —

0 asn — oco. Then

: dn & CL(O)’YT
v (By,) = ——.
Tim 74 (Ey) N
Proof. Let us consider
fdnyan (u) - a(dn) °

In view of property (54) and (3.5.3), since f. (0) = f'(0) = 1 and f., (0) = f(0) =
0, given v € (0,1) there exists 6 > 0 (independent of ,,) such that

(1-— 7)u < fe(u) < (1 +9)u, for any u € (0,0).

1 u 1 (3.5.5)
, forany u € (0,0).

| A

The sequence F., (-) converges uniformly to F (-) in compact sets. Moreover,
as U, (FE) is continuous and using [70, p. 60|, given § > 0, there exists n > 0 such
that

Ur(E) <9, forany 0 < E <.

Now, if we integrate the first inequality in (3.5.5) between 0 and u we obtain

%(1—7)u2§}"€n( )< =(1+y)u? forany 0 <u<d.

l\.’)lr—t

Using the change of variable E,y? = F., (u), we have

1_'7 1/2 1+'Y 1/2 .
<y< fO<E,<n 0<y<l.
(552) wevs(55)) w wo<m<nosys

Dividing the previous expression by , /@ fa, ., (u) and using (3.5.5) we obtain

(a(dn)(l— > Va(d,)y 1+7)

1/2
f0< B, <n 0<y<l1.
DB +7)2)  ~ Vfao(w) <2AE( )2> H0<Enzn 0=y
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Now if we multiply by 2v/E, (1 — 42)~2 and integrate from 0 to 1, we get

a(d) (=N _ ., ald) 1+ )\
(Srrr) seE s (Gaay) - woshs

Then the theorem follows as a (d,) — a (0) when n — 0.

The proof for 75" is analogous.

Under the conditions of Theorem 3.32, if (A8) is satisfied and
a(0)m k2 <A<a(0)7*(k+1)?, keZ, k>0, (3.5.7)

holds, then by Theorem 3.24 problem (3.5.1) has exactly 2k + 1 fixed points (de-

noted by vy = 0, Uitdi"’ ""Uij:dfn) and vi g has m + 1 zeros in [0,1] for each
s 3G sAm
1 <m < k. The same is valid for problem (3.1.1) and we denote the 2k + 1 fixed

points by vy = 0, ufdﬁf, ""utd,’;‘

Lemma 3.38. Assume the conditions of Theorem 3.32, (A8) and (3.5.7). Let
meN, 1 <m <k, be fized. Then U:;d;? (resp. v
H} () as e, — 0.

myd%) do not converge to 0 in

Proof. Assume that v ., — 0 in H} (0,1). Then it converges to 0 in C ([0, 1])

m7d7[::7”7:L

and the equality
P M (vhr @)
dx? B a(den)

implies that
vt .. — in C?([0,1]).

m,d

In particular,
dvm £
— (0) - 0
dx

and

der = Hv+ . -0

m 7d77’{7‘
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+

The value £, corresponding to the fixed point v ., is equal to

a (dz) dvy, e
2\ dz

(0),

so B, — 0. We will show that this is not possible. We know by Lemma 3.37 that

lim " (EB,)

100 NG

Also, since U;; 4n 18 a fixed point with d = d:7 one of the following conditions has

to be satisfied (see (3.4.6)):

. cn En . o En 1 2
gt (By) + (5 — 1) e (B,) = (5) : (3.5.8)
e : dtbo & =B b e Ay
g7 (En)=-G—="1) 7™ (E,) = 5 1 G ifim =25+ 1 (3.5.9)
3 dsn e . d5n £ 1 % . -
T (E) 4T () = (5 ) ifm =25 (3.5.10)

Since E, — 0 and X > k?m2a(0) > m*7?a(0), there exists e,, such that

eng 1
7 (B) < v
m

Hence, neither of (3.5.8)-(3.5.10) is possible.

Lemma 3.39. Assume the conditions of Theorem 3.32, (A8) and (3.5.7). Let
m € N, 1 <m <k, be fired. Then v:;den (resp. v +

converges t0 Uy, 4« N
Hy(Q) (resp. u,, 4 ) as e, — 0.

)
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_l’_

En
m,dp,

_l’_

. In view of Corollary 3.35, v ., is relatively compact

Proof. We consider v
in C'([0,1]), so up to a subsequence

vt . = vin C'([0,1])
and

diy — d" = |[o][3: -

The proof will be finished if we prove that v = u) ... We observe that since
in such a case every subsequence would have the same limit, the whole sequence

Jr
would converge to u,, ,

* .
m

In view of (3.5.3), we get that

fE7L<v7—:;7d%L) — f (U) n O([()? 1])

It follows that
@2y | P

927~ a(|lo]%)

and v is a solution of (3.4.1), so v is a fixed point of (3.1.1).

We need to prove that v = u?! .. From Lemma 3.38, it follows that v # 0,

m,d¥,
and then

v = u;.fd;_, for some 1 < j < k.

Since u;-—Ld* has j + 1 simple zeros, the convergence
e

vt o — u;fd; in ([0, 1])

m,d
implies that ’U:; gon has j + 1 zeros for n > N. But v; 4on Possesses m + 1 zeros in
[0,1]. Thus, m = j.

For the sequence v the proof is analogous.

5
m,d!
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3.5.2. Instability

We will prove that the fixed points 0 and uf d k > 2, are unstable under some
additional assumptions on the functions f and a. For this aim we need to use the

approximative problems (3.5.1).

Theorem 3.40. Assume that the conditions (A1)-(A8), h =0, (3.5.7) with k >
1 are satisfied and let, moreover, the function f(-) be odd and a(-) be globally
Lipschitz continuous. Then the equilibria vg = 0 and ufd,f, 2< i<k (ifk>2),

are unstable.

Remark 3.41. The condition that a (-) is globally Lipschitz continuous could be
dropped, as we can replace a (-) in (3.5.1) by a sequence a., (-) of globally Lipschitz

continuous functions.

Proof. Problem (3.5.1) generates a single-valued semigroup {7, (t);t > 0} with a

finite number of fixed points: vy = 0, vli g vki sn [32]. We know by Theorems
sty s
3.5 and 3.6 in [32] that for any v;.Ldgn with j > 2 and v, there exists a bounded
4

complete trajectory u®" such that

u(t) — v;“dgn ast — —oo, fork>2
=)
SO Vg, v;.“ 4 are unstable. The same is valid for Vi gen - On the other hand, by
v} ]
Lemma 3.39 we have
+ +
Vidn ™ Wiy (3.5.11)

where ufd; is a fixed point of problem (3.1.1) with j + 1 zeros in [0, 1]. We prove
the result for u;.fd;_. For u;d; and vy the proof is the same.

By Lemma 3.36 we obtain that up to a subsequence u** converges to a bounded
complete trajectory u of problem (3.1.1) in the space C([-T,T], H}(Q)) for every
T > 0. Thus, either u(-) is a fixed point v_; or by Theorem 3.14 there exists a

fixed point v_; of problem (3.1.1) such that

u(t) = v, ast— —ooin Hy(Q).
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In the second case, if v_; = u;rd*, the proof would be finished, so let assume the
]

opposite.

Assume first that either u (-) is not a fixed point or it is a fixed point but
vy # u;fd§. We consider 79 > 0 such that the neighborhood Oy, (v_1) does not
contain any other fixed point of problem (3.1.1). For any r < ry we can choose
t, — —oo and n, such that u®"(¢,) € O,(v_y) for all n > n,. On the other hand,
since u*"(t) — U;'tdj"’ as t — —oo, and U;‘,rdjn — uId; ¢ Ba,,(v_1), there exists
t. < t, such that

u (£) € Oy (v_y) for t € (., 1,],
[u=r (t,) = vl = 7o.

Let first t; — . — +o0o. We define the sequence u;" (t) = ur(t + t.), which
passing to a subsequence converges to a bounded complete trajectory ¢ (¢) such
that ¢ (t) € O,,(v_1) for all t > 0. As there is no other fixed point in Oy, (v_1),
¢ (t) = v_gast — 4oo0. But [|¢ (0) — v_1]| = 70, s0 ¢ (+) is not a fixed point. Then
¢ (t) = v_g as t - —oo, where v_5 is a fixed point different from v_;. Second, let
[t; — .| < C. Then put u]" (t) = u®r (t + t,). Passing to a subsequence we have
that

ul" (0) = v_q,

tr —t —tg, as r — 0.

Also, u;™ (-) converges to a bounded complete trajectory u! () of problem (3.1.1)
such that u'(0) = v_;. Let

Yi(t) =

V-1 if ¢ Z 0.

{ ul (1) if ¢ <0,

We note that [|u'(—to) — v_1||;;; = ro implies that u' (-) is not a fixed point. Then
11 is a bounded complete trajectory of problem (3.1.1) such that () — v_y #

vy ast — —oo. If vy = u,., the proof is finished.
v}

If vy # ujd*, we continue constructing by the same procedure a chain of
4
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connections in which the new fixed point is always different from the previous
ones, because the existence of the Lyapunov function (3.3.19) avoids the existence
of a cyclic chain of connections. Since the number of fixed points is finite, at some

moment we obtain a bounded complete trajectory ¢ (-) such that
o (t) — ujd*, as t — —oo,
g

proving that ujd,f is unstable.
g

Now let u (-) = vy = u 4. Defining the neighborhood Oy, (v_1) as before, for

any r < ro we can choose n, such that u*(0) € O,(v_;) for all n > n,. Also, since
u(t) = 2y, ast— 4oo,
where z{ # vj 4o 18 a fixed point of (3.5.1), there exists £, > 0 such that
4

W () € Opy(v_y)  for t € [0,,),

[usr () — voill gy = o

The sequence {t,} cannot be bounded. Indeed, if ¢, — ¢, then
u"r () = u(tg) = v_q,

which is a contradiction with ||u® () — “—IHHg = 19. Then ¢, — +o00. We
define the functions u]"" (t) = u®r (t + t,), which satisfy that ui" (t) € O,,(v_1)
for all t € [—t,,0). Passing to a subsequence it converges to a bounded complete
trajectory ¢ (-) such that ¢ (t) € O,,(v_1) for all ¢ < 0. This trajectory is not a
fixed point as [[¢(0) — v_y| 1 = 7o and

¢(t) = ujy ast— —oo,
)

SO ujd* is unstable.
d;
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Further, we will prove that there is also a connection from 0 to the point uf d: -

Theorem 3.42. Assume the conditions of Theorem 3.40. Then there exists a

bounded complete trajectory ¢ (-) such that ¢ (t) L 0, ¢ (t)
——00

same is valid for u,;dz). Thus, E(0) =0 > E(uz—:dz).

+
— U] . (and the
t—+o00 k.dj, (

Proof. We start with the case £ = 1. We have three fixed points: 0, de*puid;-
By Theorem 3.40 there exists a bounded complete trajectory ¢ (-) such that

¢(t) = 0

t——o00

whereas Theorem 3.14 and Remark 3.26 imply that it has to converge forward
to a fixed point different from 0, that is, to either ufdi Or Uy 4. If, for example,
o (t) 3 ufdik, then as the function f is odd, ¥ (f) = —¢ () is another bounded
—+00 )
. _ + . —
complete trajectory and 1 (t) LT UL = gy

Further we consider the problem

du 0?u
E_a(”u’ﬁ{é)@:)‘fk(u% t>0,0<z <y,
u(t,0) = u(t, £) =0, (3.5.12)

(0, z) = ug(x),

where fi(u) = VEf (u/ﬂ) satisfies (A1)-(A5). In this problem, condition (3.5.7)

implies that there are again three fixed points: 0, u1+ g 10U g 1- By the above
L1k L1k
argument there is a connection @1 (-) from 0 to uy . , (also to w, , ,). Since the
A1 [ans S
function f is odd, u;dz (x) is equal to \/Lguid?% (z) on [0, 1], to —ﬁuid?% (z—1)
on [+, 2], etc. Then the function ¢ (-) such that ¢ (t,z) = %qﬁ% (t,z— 1) on
1

[%, =], 7 =0,1,...,k — 1, is a bounded complete trajectory of problem (3.1.1)
which goes from 0 to u; g

]

Remark 3.43. When k£ = 1 the structure of the global attractor is the same as

in the Chafee-Infante equation.



167 3.5. Morse decomposition

3.5.3. Gradient structure

We will obtain that the m-semiflow G is dynamically gradient (see Definition
0.19).
Let us consider the case when the conditions of Theorem 3.40 hold. Then

(3.1.1) possesses exactly 2k 4 1 fixed points:

+ -
v9 =0, U gz ooy U g
Also, as f is odd, ujd,f = —u; 4 for any j. We define the following sets:
g )
M, = {uid§7uid{}v ey My = {“Zd;’uéd;% M1 = {0}. (3.5.13)

They are weakly invariant and using Lemma 3.29 we deduce easily that they are
isolated. Then the family M = {M,..., M1} is a finite disjoint family of

isolated weakly invariant sets.

Proposition 3.44. Assume the conditions of Theorem 3.40. Then G is dynami-
cally gradient with respect to the family (5.5.13) after (possibly) reordering them.

Proof. We reorder the family (3.5.13) in such a way that if the value of the Lya-
punov function E given in (3.3.19) is equal to L; for the set ]\Z, then L; < L,
for j < n. Then Theorem 25 in [44] implies that G is dynamically gradient with
respect to this family.

0

We will obtain then that the fixed points uf dp» Upqr Ar€ asymptotically stable.
The compact set M C A is a local attractor for G in X if there is ¢ > 0 such that
w (O(M)) = M, where

w(B) ={y: 3, = +00, yu € G(t,, B) such that y, — y}

is the w-limit set of B. By Lemma 14 in [44] if M is a local attractor in X, then

it is stable. Thus, a local attractor is asymptotically stable.
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Theorem 3.45. Assume the conditions of Theorem 5.40. Then the stationary

points ufd{,ui a; ore asymptotically stable.

Proof. By |44, Theorem 23 and Lemma 15| M is a local attractor in X, so it is
asymptotically stable. By Theorem 3.40 the sets M;, j > 2, are unstable. Thus,
Ml = M;. As M, consists of the two elements ufdi,uid? which are obviously

disjoint, they are asymptotically stable as well.
O

We will prove that there is a connection from 0 to any other fixed point u;.td*_.
)

Theorem 3.46. Assume the conditions of Theorem 3.40. Then there exists a
bounded complete trajectory ¢ (-) such that ¢ (t) L 0, () — ujd% for all
——00 I

t——4o00
1 <j <k (and the same is valid for u;d*).
]

Proof. Let us consider problem (3.5.12) with k£ = j. The function

U2 (@) = V3w (@), @ €[0,1/]],

is the unique positive fixed point of problem (3.5.12).
Let
XF = {uc HY0,1/j) + u()>0 Va € [0,1/]]}

be the positive cone of H}(0,1/5). If we consider the restriction of the semigroup
En 3 3 o + En,+

T;" (-) of problem (3.5.1) in the interval (0,1/5) to X ", denoted by 75" (), then

there exists a global attractor A}, [31]. Since 0 and

+ _ it
Uragn 1t = Vi Viaen lio.2y

are the unique fixed points of T;"’Jr, At ; 1s connected, U;'_ son 1 1s stable [32] and
’ M1y
A:[’ ; consists of the fixed points and their heteroclinic connections, there must exist

+
en 1-
Ld;™,5

By Lemma 3.36 up to a subsequence it converges to a bounded complete trajectory
¢; (+) of problem (3.5.12) with k& = j such that ¢; (t) > 0 for all t € R.

a bounded complete trajectory gb;” (+) of T;"’Jr which goes from 0 to v
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Since by Theorem 3.45 the fixed point uf 41 1s stable, the only possibility is
b j? 5
that '
¢; (t) =0, ast— —oo,

Lar 1o as t — +00.
7j7;

Then the function ¢ (-) such that

¢(t,x):(_—1,y¢j (t,x—i), on {1,1+ ], i=0,1,....,7—1,

Vi J Jg

is a bounded complete trajectory of problem (3.1.1) which goes from 0 to u;rd*.
]
For u; ;., noting that u ;. = —u;rd*_, the result follows by choosing the bounded
i . g i
complete trajectory o(t) = —¢ (t).
O

As a consequence we obtain that the order of the family M has to be the one
given in (3.5.13).

Theorem 3.47. The semiflow G s dynamically gradient with respect to the family
M in the order given in (3.5.13), that is, M, = M, for any 1.

Proof. As by Theorem 3.46 there is a connection from 0 to u;.'fd,f, 1 <j <k, we
have proved that M, = {0} = Mj,1. The fact that the order of the other sets is

the one given in (3.5.13) follows from Lemma 3.28.

]
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Conclusions and future work

This thesis begins obtaining a theoretical result about the robustness of dynam-
ically gradient multivalued semiflows. By this way, Theorem 1.1 generalizes the
previous results where the solution is unique. Subsequently, it is applied to (1.3.8),
a family of problems of the Chafee-Infante type. To do this, we have analyzed the
properties of the fixed points of (1.3.1), a Chafee-Infante problem with more gen-
eral conditions than those usual in the literature in the reaction term, f.

The growth and dissipation conditions of the reaction term are maintained
throughout the Chapter 2. In this part, we focus on the equation

us — al[ullfy)Au = £(u) + h(t),

a nonlocal problem in view of the structure of the diffusion coefficient which is
given by the function a( Hu||§{3) This leads to a number of mathematical difficulties
which make the analysis of the problem particularly interesting.

In this sense, one of the problems left open consists on obtaining analogous
results to those of the Chapter 2 relaxing conditions on the nonlinear term f(u),
without imposing upper bounds.

Actually in [3] existence of solutions and global attractor is proved for a very
large class of nonlinearities that in particular covers those contemplated in this
thesis. Nevertheless, the authors work with a nonlocal term a(l(u)) which depends
on a continuous functional defined in L?(12).

Therefore, it is an open and very stimulating problem that involves obtaining
new results to try to adapt this theory to the conditions of the nonlocal term used
in this thesis.

171
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It should be noted that, when the study of the fixed points in Chapter 1 is
carried out, the derivative of the function f is finite in 0. In addition, this condition
is also imposed in Chapter 3 when the non-local case is analyzed. Therefore, there
is much to know about the subject when this condition does not fulfill and we can

assume

limm— ys

u—0 u
i.e. the derivative of f does not exist in 0. It would be very interesting to be
able to describe the properties of fixed points, analyze their connections and study
their stability.

On the other hand, we have obtained another robustness result. Specifically,
in [21] we consider a parametric family of reaction-diffusion equations with nonlocal
viscosity depending of the continuous functional defined in L*(2). In this work
we obtain a robustness result of the attractors toward the corresponding minimal
pullback attractor of the limiting problem. This result extends the ones obtained
in [28]. Actually here all terms (reactions, external forces and nonlocal viscosity
functions) may vary with the parameter. Consequently, the problem remains open
for the other type of nonlocal term.

As we have seen in Chapter 3, when the function a(-) is not assumed to be
monotone, an interesting situation appears. In fact, it is possible to have more than
two equilibria with the same number of zeros, as it is shown on Figure 3.2. Under
these conditions, we propose as a future work the problem about the behavior or
the connections of the fixed points, even studying the structure that may exist
between equilibria of the same level.

One of the questions to be addressed in this section would be to raise the
equation from the point of view of stochastic dynamical systems. Indeed, in [22] we
have proved the existence of weak pullback mean random attractors for a non-local
stochastic reaction-diffusion equation with a nonlinear multiplicative noise. The
existence and uniqueness of solutions and weak pullback mean random attractors
is also established for a deterministic non-local reaction-diffusion equations with

random initial data.
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We apply the theory of weak mean-square random attractors developed in [87]

to the following stochastic non-local reaction-diffusion problem

du = (a(HuH?{é)Au + f(u) + h(t,z))dt + o (u) dw (t) in (1,00) X O,
u=0 on (1,00) X 00,
u(r,x) = u,(z) forz e O.

The question that remains open is to obtain analogous results for a function
a(l(u)). The difficulty is that we have not been able to find a Lyapunov function
for the solutions. This makes the structure of the attractor difficult to analyze.

Therefore, an important problem due to the theoretical implications (see e.g.
Theorem 2.29) consists on proving the existence of a Lyapunov function for the
nonlocal problem with a(l(w)). This problem could be addressed from the results

in [63], although some authors suggest that such a function does not exist.
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Conclusiones y trabajo futuro

Esta tesis comienza con la obtencion de un resultado teérico acerca de la robus-
tez de los semiflujos multivaluados dinamicamente gradientes. De esta manera,
el Teorema 1.1 generaliza los resultados previos en los que se tiene unicidad del
problema. Posteriormente, se aplica a (1.3.8), una familia de problemas de tipo
Chafee-Infante. Para ello, se analiza en profundidad las propiedades de los pun-
tos fijos de (1.3.1), un problema de tipo Chafee-Infante con unas condiciones més
generales que las habituales en la literatura en el término de reacciéon, f.

Las condiciones de crecimiento y disipacion del término de reacciéon se mantie-

nen a lo largo del Capitulo 2. En esta parte, consideramos la ecuacién
wy — af[|ull3) Au = f(u) + h(1),

un problema no local cuyo coeficiente de difusion viene dado por la funcién a( HuH?{& ).
Esto conduce a una serie de dificultades mateméticas que hacen que el anélisis del
problema sea particularmente interesante. En este sentido, uno de los problemas
que se dejan abiertos consiste en obtener resultados analogos a los del Capitu-
lo 2 relajando las condiciones en el término no lineal f(u), no imponiendo cotas
superiores.

De hecho, en [3] se prueba la existencia de soluciones y de atractor global para
una amplia classe de no linearidades que, en particular, incluyen las contempladas
en esta tesis. No obstante, los autores manejan el funcional continuo definido en
L*(Q), a(l(u)). Por tanto, es un problema abierto y muy estimulante que involucra
obtener resultados nuevos para intentar adaptar esta teoria a las condiciones del

término no local que se maneja en esta tesis.
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Cabe destacar que, cuando se realiza el estudio de los puntos fijos en el Capitulo
1, la derivada de la funciéon f es finita en el origen. Ademés, también se impone
esta condicion en el Capitulo 3 cuando se analiza el caso no local. Por tanto, queda
mucho por conocer sobre el tema cuando esta condiciéon no se cumple y podemos

suponer
lim _f(u) =00

u—0 U

es decir, la derivada de f no existe en 0. Serfa muy interesante poder describir las
propiedades de los puntos fijos, analizar sus conexiones y estudiar su estabilidad.

Por otra parte, hemos obtenido otro resultado de robustez. Concretamente,
en [21] consideramos una familia paramétrica de ecuaciones de reaccion-difusion
con una viscosidad no local dependiendo de un funcional continuo definido en
L?(Q). En este trabajo obtenemos un resultado de robustez de los atractores hacia
el correspondiente atractor pullback minimal del problema limite. Este resultado
extiende los obtenidos en [28]. De hecho, aqui todos los términos (reaccion, fuerzas
externas y funciones de viscosidad no local) pueden variar con el parametro. En
consecuencia, el problema queda abierto para el otro tipo de término no local.

Como hemos visto en el Capitulo 3, cuando la funcién a (-) no se asume mono-
tona, aparece una interesante situacion. En concreto, es posible tener mas de dos
puntos de equilibrio con el mismo ntmero de ceros, como se puede ver en la Figura
3.2. Bajo estas condiciones, planteamos como trabajo futuro el problema sobre el
comportamiento o las conexiones de los puntos fijos, incluso estudiar la estructura
que puede haber entre puntos de un mismo nivel.

Una de las cuestiones que abordar en este apartado consistiria en plantear
la ecuacién desde un punto de vista de los sistemas dinamicos estocasticos. Sin
embargo, en [22] hemos probado la existencia de atractores débiles aleatorio tipo
pullback en media cuadratica para una ecuacion de reaccidon-difusion no local con
un ruido multiplicativo no lineal. La existencia y unicidad de soluciones y atractores
pullback débiles aleatorios en media también se obtiene para una ecuaciéon de

reaccion-difusion no local y deterministica con una condicién inicial aleatoria.
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Aplicamos la teorfa de los atractores pullback débiles aleatorios en media de-

sarrollada en [87] al siguiente problema de reaccién-difusion no local y estocastico

du = (a(||u||zé)Au + f(u) + h(t,z))dt + o (u) dw (t) en (1,00) x O,
u=0 en (1,00) x 00,
u(r,x) = u,(xr) paraz e O.

La cuestion que queda abierta es obtener resultados analogos para una funcién
a(l(u)). La dificultad reside en que no hemos sido capaces de encontrar una funcion
de Lyapunov para las soluciones. Esto hace que la estructura del atractor sea dificil
de analizar.

Por tanto, un problema importante por las implicaciones teoéricas que tiene
(ver por ejemplo Teorema 2.29) consiste en probar la existencia de una funciéon de
Lyapunov para el problema no local con a(l(u)). Este problema podria enfrentarse
a partir de los resultados de [63], aunque algunos autores sugieren que tal funcion

no existe.
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Appendix A

In this appendix we generalize the lap number property of solutions of linear
equations proved in [55] to the case when we do not have classical solutions. For
this we will use a maximum principle for non-smooth functions from [56].

Let O be a region in R? and let (¢, z0) € O and p,o > 0. We denote

Qp,a - {(t,l’) :te (tO — 0, tO)? |‘T - I0| < p}a

where we assume that ¢y, xg, p, o are such that @pﬁ c O.
We denote by W the space of all functions from L? (O) such that

/O (|u(t,x)|2+ l%(t,x)

As a particular case of Theorem 6.4 in [56] we obtain the following maximum

2
)d,u< +o0.

and minimum principles.
Theorem A.1. (Mazximum principle) Let w € W be such that

ou 0%u

in the sense of distributions. If

sup ess(tﬁx)erwlu(t, x) =M,

for some v, 0 < v <1, and any o1, where 0 < o1 < o, then u(t,x) = M for a.a.

(t,x) € Qpyp-
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Theorem A.2. (Minimum principle) Let u € W be such that

ou 0%*u

in the sense of distributions. If
inf ess(t,m)eQmalu(zﬁ, x) =M,

for some v, 0 < v <1, and any o1, where 0 < o1 < o, then u(t,z) = M for a.a.

(t,2) € Qpo-

We are ready to prove the lap-number property, saying that the number of
zeros is a non-increasing function of time.
Theorem A.3. Let r (t,x) be a continuous function and u € C([ty,t1], Hy (Q)) N
d
L? (to,t1; H* () be such that d—? € L? (to,t1; L* (Q)) and satisfies the equation
ou  0%u

E—m:r(t,a:)u, DR B o "Dl Ty (A.0.3)
iy

Then the number of components of
{z:0<z<1, u(t,z)#0}

s a non-increasing function of t.

Proof. We follow similar lines as in [55, Theorem 6.

Denote
Q) ={xe€(0,1):u(t,z) #0}.

We need to show that there is an injective map from the components of @ (¢;) to
the components of @ (¢o) if t; > to. If we denote by C' a component of @ (¢1) and
by Se¢ the component of [tg,t1] x (0,1) N{u (t,x) # 0)} which contains C, then in

order to obtain the injective map it is necessary to prove two facts:
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1. SC N Q(to) 7é @;

2. If C1, Cy are two components of @ (t1), then S¢, NS¢, = 2.

Let us prove the first statement by contradiction, so assume that Sc N Q(tg) =
@. We can assume without loss of generality that r (¢, ) < 0, because this property
is satisfied for the function W (¢,z) = u (¢, 7) e~ with A > 0 large enough and the
components of these two functions coincide. Consider for example that u (¢, ) > 0
in Sc. Let M = max(es. v (t,x). By hypothesis and the Dirichlet boundary
conditions this maximum has to be attained at a point (¢, 2’) such that ¢y < t’ < t;,
0 < 2/ < 1. Also, there has to be an € > 0 such that if (¢,z2) € S and tg < t <
to + €, then u (t,z) < M, as otherwise there would be a sequence (t,,x,) € S¢,
tn > to, such that ¢, — to and u (t,,x,) = M. By the continuity of u this would
imply that w (tg,z9) = M for some (to,x¢) € S, which is a contradiction. Then
we can choose t' as the first time when the maximum is attained, so u (t,z) < M
for all (t,x) € S¢, to < t < t'. By the continuity of u there exists a rectangle
R =[t' —0,t'] x [ —~,2" + 7] such that R belongs to Sc. In order to apply
Theorem A.1 we put O = R and

Qs ={(t,x):te ' —o,t), |z -1 <~}

We have that

sup  u(t,z) =M,
(t,2)EQuy,0q

for some 0 < v < 1 and any 0 < o7 < §. Since u satisfies (A.0.1), we conclude
from Theorem A.1 that u (¢,z) = M for all (t,z) € @,,, which is a contradiction.

For the second statement suppose the existence of two disjoints components
C1,Cy of @ (t1) such that S¢, N Se, # &, which implies in fact that S, = Se,.
In this case we can assume that r (¢,z) > 0, being this justified by the function
W (t,z) = u(t,z)eM with A > 0 large enough. Let for example u (¢,z) > 0 in
Sc, and assume that the interval C has lesser values than the interval C5. Also,
it is clear that between C; and Cy there must exist a point (¢1,x¢) such that
u (t1,29) = 0. On the other hand, the set S¢, N (to,t1) X [0, 1] is path connected.
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Thus, there exists a simple path & such that one end point is in {t;} x C} and the
other one is in {#;} x Cy. Let us consider the set L of all points which are above
the curve ¢ and such that the function v vanishes at them. This set is non-empty
because (t1,x9) € L. Since L is compact, the function g : L — [to,t1] given by
g (t,x) = t attains it minimum at a certain point (#',2’) € L such that t, < t'.
Then there exists a set R = [t' — 0,t') x [z’ — ~,2" + 7] which belongs to S¢,. Let
O =R and
Qs ={(t,x):te (' —ot) |Jx—a| <~}

We have that
inf  w(t,x) =0,

(t,2)EQur,0q
for some 0 < v < 1 and any 0 < 07 < J. Since u satisfies (A.0.2), we conclude
from Theorem A.2 that w (¢t,2) = 0 for all (¢,z) € Q,,, which is a contradiction.
O
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In this section, we include the original manuscripts of [18], [19] and [20].
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2 R. CABALLERO, A. N. CARVALHO, P. MARIN-RUBIO AND J. VALERO

1. Introduction. One of the main goals of the theory of dynamical systems is to
characterize the structure of global attractors. It is possible to find a wide literature
about this problem for semigroups; however, it has been recently when new results
in this direction for multivalued dynamical systems have been proved [3], [13], [14].

In this sense, the theory of Morse decomposition plays an important role. In fact,
the existence of a Lyapunov function, the property of being a dynamically gradient
semiflow and the existence of a Morse decomposition are shown to be equivalent for
multivalued dynamical systems in [9].

In this work we show under suitable assumptions that a dynamically gradient
multivalued semiflow is stable under perturbations, that is, the family of perturbed
multivalued semiflows remains dynamically gradient.

For a fixed dynamically gradient multivalued semiflow with a global attractor
we also analyze the rearrangement of a pairwise disjoint finite family of isolated
weakly invariant sets, included in the attractor, in such a way that the dynamically
gradient property is satisfied in the stronger sense of [16].

These results extend previous ones in the single-valued framework in [7, 1, 2]
to the case where uniqueness of solution does not hold. Additionally, it is worth
saying that the m-semiflows here are not supposed to be general dynamical systems
as in [16], where a robustness theorem for Morse decompositions of multivalued
dynamical systems is also proved under a suitable continuity assumption.

We also apply this general robustness theorem in order to show that a family
of Chafee-Infante problems approximating a differential inclusion is dynamically
gradient if it is close enough to the original problem.

This paper is organized as follows.

Firstly, we introduce in Section 2 basic concepts and properties related to fixed
points, complete trajectories and global attractors. In this way we are able to
present in Section 3 the main result about robustness of dynamically gradient mul-
tivalued semiflows. Further, in Section 4 we prove a theorem which allows us to
reorder the family of weakly invariants sets, thus establishing an equivalent defini-
tion of dynamically gradient families.

Afterwards, we consider a Chafee-Infante problem in Section 5, where the equi-
valence of weak and strong solutions is established. Once the set of fixed points
is analyzed, we consider a family of Chafee-Infante equations, approximating the
differential inclusion tackled in [3]. We check that this family of Chafee-Infante
equations verifies the hypotheses of the robustness theorem in order to obtain,
therefore, that the multivalued semiflows generated by the solutions of the approx-
imating problems are dynamically gradient if this family is close enough to the
original one.

2. Preliminaries. Consider a metric space (X,d) and a family of functions R C
C(R4; X). Denote by P(X) the class of nonempty subsets of X. Then, define the
multivalued map G : Ry x X — P(X) associated with the family R as follows

G(t,uo) = {u(t) : u(-) € R,u(0) = ug}. (1)

In this abstract setting, the multivalued map G is expected to satisfy some prop-
erties that fit in the framework of multivalued dynamical systems. The first concept
is given now, although a more axiomatic construction will be provided below.

Definition 1. Let (X, d) be a metric space. A multivalued map G : Ry x X —
P(X) is a multivalued semiflow (or m-semiflow) if G(0,z) = z for all x € X and
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G(t+s,z) C G(t,G(s,x)) for all t,s > 0 and = € X.
If the above is not only an inclusion, but an equality, it is said that the m-semiflow
is strict.

Once a multivalued semiflow is defined, we recall the concepts of invariance and
global attractor, with evident differences with respect to the single-valued case.

Definition 2. A map v: R — X is called a complete trajectory of R (resp. of G)
if ¥(- + ) |j0,00)€ R for all h € R (resp. if y(t + s) € G(t,7(s)) for all s € R and
t>0).

A point z € X is a fixed point of R (resp. of G) if p(-) = z € R (resp. z € G(t, 2)
for all ¢t > 0).

Definition 3. Given an m-semiflow G on a metric space (X, d) a set B C X is said
to be negatively invariant if B C G(t, B) for all t > 0, and strictly invariant (or,
simply, invariant) if the above relation is not only an inclusion but an equality.

The set B is said to be weakly invariant if for any = € B there exists a complete
trajectory v of R contained in B such that y(0) = xz. We observe that weak
invariance implies negative invariance.

A set A C X is called a global attractor for an m-semiflow if it is negatively
semi-invariant and it attracts all attainable sets through the m-semiflow starting
in bounded subsets, i.e., distx(G(t,B), A) — 0 as t — oo, where distx(A,B) =
SUP,c 4 infrep d(a, b).

Remark 1. A global attractor for an m-semiflow does not have to be unique, nor
a bounded set. However, if a global attractor is bounded and closed, it is minimal
among all closed sets that attract bounded sets [19]. In particular, a bounded and
closed global attractor is unique.

In order to obtain a detailed characterization of the internal structure of a global
attractor, we introduce an axiomatic set of properties on the set R (see [4] and
[13]).

The set of axiomatic properties that we will deal with is the following.

(K1) For any x € X there exists at least one element ¢ € R such that p(0) = .
(K2) ¢o-(-) :=¢(-+7) € R for any 7 > 0 and ¢ € R (translation property).
(K3) Let o1, p2 € R be such that ¢2(0) = ¢1(s) for some s > 0. Then, the function
@ defined by
_f oei(t) 0<t<s,
wlt) = { pa(t—s) s<t,

belongs to R (concatenation property).
(K4) For any sequence {¢"} C R such that ¢"(0) — x¢ in X, there exist a sub-
sequence {¢"™*} and ¢ € R such that ¢™*(t) = ¢(t) for all ¢ > 0.

It is immediate to observe [6, Proposition 2] or [15, Lemma 9] that R fulfilling
(K1) and (K2) gives rise to an m-semiflow G through (1), and if besides (K3) holds,
then this m-semiflow is strict. In such a case, a global bounded attractor, supposing
that it exists, is strictly invariant [19, Remark 8§].

Several properties concerning fixed points, complete trajectories and global at-
tractors are summarized in the following results [13].

Lemma 1. Let (K1)-(K2) be satisfied. Then every fized point (resp. complete
trajectory) of R is also a fixed point (resp. complete trajectory) of G.
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If R fulfills (K1)-(K/), then the fized points of R and G coincide. Besides, a
map v : R — X is a complete trajectory of R if and only if it is continuous and a
complete trajectory of G.

The standard well-known result in the single-valued case for describing the at-
tractor as the union of bounded complete trajectories reads in the multivalued case
as follows.

Theorem 1. Consider R satisfying (K1) and (K2), and either (K3) or (K4).
Assume also that G possesses a compact global attractor A. Then
A={7(0): 7 € K} = Urer{r(t) : v € K}, (2)
where K denotes the set of all bounded complete trajectories in R.
Now we recall the definitions of some important sets in the literature of dynamical

systems. Let B C X and let ¢ € R. We define the w—limit sets w(B) and w(y) as
follows:

w(B) ={y € X : there are sequences t, — 00,y, € G(t,, B) such that y, — y},
w(p) ={y € X : there is a sequence ¢, — oo such that ¢(t,) — y}.
If v is a complete trajectory of R, then the a—limit set is defined by
a(y) ={y € X : there is a sequence t,, — —oo such that v(t,) — y}.

Some useful properties of these sets [4, Lemma 3.4] are summarized in the fol-
lowing lemma.

Lemma 2. Assume that (K1), (K2) and (K4) hold. Let G be asymptotically com-
pact, that is, every sequence y, € G(t,, B), where t,, — co and B C X is bounded,
is relatively compact. Then:

1. For any non-empty bounded set B,w(B) is non-empty, compact, weakly in-
variant and
distx (G(t,B),w(B)) = 0, ast — +o0.
2. For any ¢ € R, w(p) is non-empty, compact, weakly invariant and
distx (p(t),w(p)) = 0, ast — +oo.
3. For any v € K, a(y) is non-empty, compact, weakly invariant and

distx (v(t),a(y)) = 0, ast — —oo.

In order to give a more detailed description of the internal structure of the at-
tractor under special cases, additional concepts are required.

Definition 4. Consider a metric space (X, d) and an m-semiflow G.

1. We say that S = {E;,...,=2,} is a family of isolated weakly invariant sets
if there exists § > 0 such that Os(Z;) N Os5(Z;) = 0 for 1 < i < j < n,
and each Z; is the maximal weakly invariant subset in Os(Z;) = {z € X :
distx (z,Z;) < 6}.

2. For an m-semiflow G on (X, d) with a global attractor A and a finite number of
weakly invariant sets S, a homoclinic orbit in A is a collection {Z,1y, ..., Ep) }
C S and a collection of complete trajectories {v;}1<i<r of R in A such that
(putting p(k + 1) := p(1))

t_l}ir_noo distx (vi(t), Epay) = O,tlir(r)lO distx (7i(t), Epitny) =0, 1 <i <k,
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and
for each 4 there exists ¢; € R such that v;(t;) ¢ Zp) U Ep(ist1)-

3. We say that an m-semiflow G on (X, d) with the global attractor A is dynam-
ically gradient if the following two properties hold:
(G1) there exists a finite family S = {=,...,Z,} of isolated weakly invariant
sets in A with the property that any complete trajectory v of R in A satisfies

t—I:I—HDO distx(v(t),E;) =0, tli)rgo distx(y(t),2;) =0

for some 1 <i,j < mn;
(G2) S does not contain homoclinic orbits.

Remark 2. In the single-valued case, dynamically gradient semigroups have been
called also gradient-like semigroups [7]. Observe that the above definitions are
concerned with weakly invariant families, which need not to be unitary sets. This
is to deal with the more general concept of generalized gradient-like semigroups [7],
in contrast with gradient-like semigroups (when the invariant sets are unitary).

Now, we introduce the concept of unstable manifold, that will allow us to describe
more precisely the structure of a global attractor of a dynamically gradient m-
semiflow.

Definition 5. Let G be an m-semiflow on a metric space (X,d). The unstable
manifold of a set = is

W¥(E) = {up € X : there exists complete trajectory v of R such that
~(0) = up and tiizn distx(v(t),E) = 0}.

Now the following result, relating the global attractor with unstable manifolds, is
standard. The first statement is straightforward to see. The second one, supposing
that the global attractor is compact, follows directly from the structure described
in Theorem 1 and the definition of dynamically gradient semiflows.

Lemma 3. Consider a complete metric space (X,d) and a family R C C(Ry; X)
satisfying (K1) and (K2). Suppose that the associated m-semiflow has a global
attractor A. Then, for any bounded set Z C X, W*(Z) C A.

Moreover, assume that R satisfies either (K3) or (K/), and that the global at-
tractor A is compact. Suppose also that the associated m-semiflow G defined in (1)
is dynamically gradient. Then

A=W E). (3)

3. Robustness of dynamically gradient m-semiflows. Our first main goal is
to prove that a dynamically gradient multivalued semiflow is stable under suitable
perturbations, that is, a family of perturbed multivalued semiflows remains dy-
namically gradient if it is close enough to the original semiflow, generalizing the
corresponding result in the single-valued case [7]. This is rigorously formulated in
the following theorem.

Theorem 2. Consider a complete metric space (X,d). Let n be a parameter in
[0.1], R,, C C(R4; X)) fulfill (K1), (K2), (K3) and (K4), and let G, be the corres-
ponding m-semiflow on X having the global compact attractor A,. Assume that
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(H1) U A, is compact.

n€lo,1]

(H2) Go is a dynamically gradient m-semiflow with finitely many isolated weakly
invariant sets S® = {27,...,2%}.

(H3) A, has a finite number of isolated weakly invariant sets S,, = {E},..., 21},

1 € [0, 1], which satisfy

lim sup distx(Z7,2%) = 0.
=0 1§i£n X( 70— )

(H4) Any sequence {v,} with v, € R, such that {v,(0)} converges for n — 0%,
possesses a subsequence {7y, } that converges uniformly in bounded intervals
of [0,00) to v € Ryo.

(H5) There exists 1] > 0 and neighborhoods V; of Z9 such that Z! is the mazimal
weakly invariant set for G, in V; for anyi=1,...,n and for each 0 <n < 7.

Then there exists ng > 0 such that for alln < no, {G,} is a dynamically gradient

m-semiflow. In particular, the structure of A, is analogous to that given in (3).

Proof. Observe that assumption (H5) concerning certain neighborhood V; of =Y
involves a hyperbolicity condition of Gy w.r.t. each =Y, and as far as (H3) is also
assumed, there exist {n(V;)}i=1, . such that Z] C V; for all n < n(V;). W.Lo.g.
assume that § > 0 is such that {z € X : distx(2,Z9) <} C V; foralli=1,...,n.

By Theorem 1, we have that .A,, is composed by all the orbits of bounded complete
trajectories of R, K,,.

We are going to prove by contradiction arguments that there exists ny € (0, 1]
such that {G,},<p, is dynamically gradient.

Step 1: There exists 19 > 0 such that for all n < 79, any bounded complete
trajectory &, of R, satisfies that there exist ¢ € {1,...,n} and ¢y such that for all
t > to, distx(&,(t),2?) < 4.

After proving the above claim, we consider the sets B, := {&,(s) : s > {0} C A =
{y : distx(y,E9) < 6} and w(E,). It follows that w(&,) C A, since distx (&,(t), w(&,))
goes to 0 as t — +o00. On the other hand, by Lemma 2 w(§,) is a weakly invariant
set of G, contained in V;. By assumption (H5) we have that w(,) C Z], whence
the ‘forward part’ of property (G1) of a dynamically gradient m-semiflow will follow
immediately.

We prove this Step 1 by contradiction. Suppose it does not hold. Then, there
exist a sequence n; — 0 (as k — 0o0) and bounded complete trajectories & of R,
(therefore, from A,, ) such that

sup distx (&,(t),S%) > 0 Vty € R. (4)

t>t0

The set {£x(0)} C Uyepo,1) A, is relatively compact from assumption (H1). So,
there exists a converging subsequence (relabeled the same) in X. From (H4), there
exist a subsequence (relabeled the same, again) and & € Ry, such that {£x]j,00)}
converges to &y in bounded intervals of [0,00). Actually, if we argue similarly not
for time 0, but now for times —1, —2,..., and use a diagonal argument, we have
that o = 70l[,00) Where 7o € Ko, and the convergence of (a subsequence of) {&x}
toward -y holds uniformly in bounded intervals [a, b] of R.
Since Gy is dynamically gradient, there exists ¢ € {1,...,n} such that

distx (y0(t),Z?) — 0 as t — oo.
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Therefore, for all r € N, there exist ¢, and k, such that distx (&x(t,),Z9) < 1/r for
all k > k,.. Indeed, this is done as follows: distx (70(s),Z9) < 1/r for all s > ¢, (for
some t., w.lo.g. t, > r > 1/§); now, combining this with the uniform convergence
on [0,¢,] of & toward -y, the existence of k, follows.

However, from (4), there exists t/. > ¢, such that distx (&, (),ZY) < § for all
t € [tr,t.) and distx (&, (t)),2Y) = 5.

Now we distinguish two cases and we will arrive to the same conclusion in both
of them.

Case (1a): Suppose that t/. — t, — 0o as r — oo (at least for a certain sub-
sequence).

Since {¢, (t,.)} is also relatively compact (by (H1), again), and &, (-) = &, (t.+)
is a bounded complete trajectory of Ry, from (H4) we deduce that a subsequence
(relabeled the same) is converging on bounded time-intervals of [0, 00), i.e. 1 (¢) :=
lim, o &k, (t + ¢..) holds for certain 1 € Ro. Moreover, as before, a diagonal argu-
ment, using not ¢/, above, but ¢. — 1, ¢/ — 2, ... implies that 7, can be extended to
the whole real line (the function will still be denoted the same; and the convergence
holds in bounded time-intervals of R), in particular, by (H1) and (H4), 11 € Ko.

Moreover, by its construction, we have that distx (y1(t),Z9) < § for all ¢ < 0.
By Lemma 2 we have that the a-limit set a(v;) is weakly invariant.

As long as ¥ is the biggest weakly invariant set contained in V;, we deduce that
distx (71(7),Z?) = 0 when 7 — —o0.

On the other hand, from (G1) and (G2) we have that distx(y1(t),E9) — 0 as
t — oo for j # 1.

Case (1b): Suppose that there exists C' > 0 such that |t]. — ¢,.| < C as r — oo.
(W.lo.g. we assume that ¢ — tr — ty.)

Recall that distx (&, (t,.),Z9) < 1/r. By [9, Lemma 19] Z{ is closed, so, up to a
subsequence &, () — y € E). Denote & (-) = &, (- + ). From (H4), there exist
a subsequence {¢} } and £' € Ro with £'(0) = y such that £, converge towards
¢' uniformly in bounded intervals of [0,00). In particular, &, (¢, —t,.) = £'(t.), so
that distx (€1(t.),ZY) > 6.

Since =¥ is weakly invariant, there exists v € Ko with v(0) = £1(0) and ~(¢) € =9
for all t € R. By (K3) consider the concatenation

(t) if t <0,
M(t) = { €l(t), if t > 0.

Then v, # &', and by (G1)-(G2) it follows that distx (v1(t), E}) — 0 as t — oo with
j # 4. This is exactly the same conclusion we arrived in Case (1a).

Reasoning now with the subsequence {5,;}, and proceeding as above, we ob-
tain the existence of 7, € Ko such that distx(y2(t),2}) — 0 as t — —oo and
distx (72(t),29) — 0 as t — oo, with p & {4, j}.

Thus, in a finite number of steps we arrive to a contradiction, since G satisfies
(G2). Therefore, (4) is absurd, and Step 1 is proved.

Step 2: There exists n; > 0 such that for all n < 7;, any bounded com-
plete trajectory &, of R, satisfies that there exist j € {1,...,n} and ¢; such that
distx (&,(t),29) < 8 for all t < t;.

The above claim can be proved analogously as before, and since for any bounded
complete trajectory &, € K, by Lemma 2, a(&,) is weakly invariant for G,,, and
contained in some V}, the ‘backward part’ of property (G1) of a dynamically gradient



8 R. CABALLERO, A. N. CARVALHO, P. MARIN-RUBIO AND J. VALERO

m-semiflow will follow immediately. The same argument is valid for the ‘forward
part’, and so, for all suitable small , {G,(t) : t > 0} satisfies (G1).

Step 3: There exists 72 > 0 such that {Gy,},<,, satisfies (G2).

If not, there exist a sequence 7, — 0, with G, having an homoclinic structure.
We may suppose that the number of elements of weakly invariant subsets connected
on each homoclinic chain in S, is the same. Moreover, by assumption (H3) each
E;““ is contained in Vj for 1, small enough and w.l.o.g. the order in the route of the
homoclinics visiting the V; sets is the same.

Therefore, for k > kg there exist a sequence of subsets EZ’(“D, e EZ’(“Z) in S, (with
p(l+1) = p(1)), and a sequence of complete trajectories {{£¥}!_, }, each collection
of | elements in the corresponding attractor A,, , with

Jim_dist x (EF (), EN) =0, Jim disty (EF (), B0 1) = 0,1 <i <.

If we argue now as in the proof of (G1), we may construct a homoclinic structure
of Gy, getting a contradiction with the fact that the m-semiflow Gy is dynamically
gradient. O

Remark 3. The above result also applies to the particular case of a dynamically
gradient m-semiflow when the weakly invariant families of the original and per-
turbed problems are reduced to unitary sets (Remark 2 and [7, Theorem 1.5]).

4. An equivalent definition of dynamically gradient families. We will give
an equivalent definition of dynamically gradient families. For proving the main
result in this section we will need a stronger condition than (K4). Namely, we shall
consider the following stronger condition:

(K4) For any sequence {¢"} C R such that ¢"(0) — zo in X, there exists a sub-
sequence {¢"} and ¢ € R such that ¢™ converges to ¢ uniformly in bounded
subsets of [0, c0).

Remark 4. We have seen that the property of being dynamically gradient for
a disjoint family of isolated weakly invariant sets S = {E1,...,=2,} C A is stable
under perturbations. We observe that in the paper [16] a slightly different definition
was used for dynamically gradients families. Namely, instead of conditions (G1)-
(G2) it is assumed that any bounded complete trajectory () satisfies one of the
following properties:

1. {y(t) : t € R} C E; for some 3.

2. There are i < j for which

(), 2 Ei ), = Ej

These assumptions are clearly stronger than (G1)-(G2) and imply that the sets
E; are ordered. Our aim is to show that when S is a disjoint family of isolated
weakly invariant sets, these conditions are equivalent. For this we will need to
introduce the concept of local attractor and its repeller and study their properties.

We say that A C A is a local attractor in A if for some € > 0 we have that
w(O:(A)NA) = A. Let A be alocal attractor in A. Then its repeller A* is defined
by

A" ={zx e A:w(x)\A # 0}.

Some properties about local attractors and its repeller as well as the proof of the

following lemmas can be found in [9].
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Lemma 4. Assume that (K1) — (K4) hold. Then a local attractor A is invariant.

Remark 5. Although in [9] the stronger assumption (K4) is assumed, the proof is
valid for just (K4).

Lemma 5. Assume that (K1)-(K3), (K4) hold and that a global compact attractor
A exists. Then the repeller A* of a local attractor A C A is weakly invariant and
compact.

Lemma 6. Assume that (K1)-(K3), (K4) hold and that a global compact attractor
A exists. Let us consider the sequences xy, € A, t — +00 and @i () € R such that
0k (0) = xg. Then from the sequence of maps &k (-) : [—tx, +00) — A defined by

§e(t) = or(t +tr)

one can extract a subsequence converging to some ¥(-) € K uniformly on bounded
subsets of R.

In order to prove the equivalent definition of dynamically gradient families, we
have to ensure the existence of one local attractor in a family of isolated weakly
invariant sets.

Lemma 7. Assume that (K1)-(K3), (K4) hold and that a global compact attractor
A exists. Let S = {Z1,...,2,} C A be a disjoint family of isolated weakly invariant
sets. If G 1is dynamically gradient with respect to S, then one of the sets Z; is a
local attractor in A.

Proof. Let 6o > 0 be such that Os,(Z;) N O5,(E;) = @ if ¢ # j and E; is the
maximal weakly invariant set in Os,(Z;) for all j. First we will prove the existence
of j € {1,...,n} such that for all § € (0,dp) there exists ¢’ € (0,) satisfying

U>o G(t, Og: (E.j) n .A) C Og(Ej). (5)

If not, there would exist 0 < § < &g and for each j sequences ti € RT, xi € A,
¢ € R with ¢7(0) = ], such that

for all ¢ € [0,]).

‘We have to consider two cases: ti — +00 or ti <C.

Let t] — +o00. We define the sequence

VL(t) = pl(t +t]) for t € [—t],00).

By Lemma 6 we obtain the existence of a complete trajectory of R, ¥7(-), such that a
subsequence of ] satisfies 17, (t) — ¢ (t) for every t € R. Hence, d(¢7(t),E;) <6 <
8o for all ¢ < 0. Therefore, as ¥ € K, condition (G1) implies that d(¢7(¢),Z;) — 0
as t — —oo. On the other hand, since d(17(0),Z;) = §, conditions (G1) — (G2)
imply that d(¢7(t),Z;) = 0 as t — 400, where i # j.

Let now #] < C. We can assume that ], — /. By (K4) we obtain the existence

of 7 € R such that goi converges to ¢/ uniformly on bounded sets of [0, 00). It is
clear then that d(¢’(t7),E;) = §. As ¢/(0) € E; and E; is weakly invariant, there
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exists a complete trajectory of R, ¢; (), such that ¢, (0) = ©7(0) and Vi (t) € Ej
for all £ < 0. Concatenating ¢; and ¢’ we define

G s () ift <o,
v (t)_{ @Jf(t) ift >0,

which is a complete trajectory by (K3). Again, conditions (G1) — (G2) imply that
d(y3(t),Z;) — 0 as t — +o0, where i # j.

We have obtained then a connection from =Z; to a different Z;. Since this is
true for any Z;, we would obtain a homoclinic structure, which contradicts (G2).
Therefore, (5) holds for some j. It follows that

w(Os (Z5) NA) C Os5(25) C Os,y (Z5).
Since w(Os(Z;) N.A) is weakly invariant, we obtain that w(Os (2;) NA) C E;. But
E; C G(t,E;) C G(t,0s(=;) N A) for any t > 0 implies the converse inclusion, so
that =; = w(O0s(Z;) N A). Thus, Z; is a local attractor in A. O

Now we prove the main result of this section which allows us to establish the
equivalent definition of dynamically gradient families.

Theorem 3. Assume that (K1)-(K3), (K 4) hold and that a global compact attractor
A exists. Let S = {E1,...,2,} C A be a disjoint family of isolated weakly invariant
sets. Then G is dynamically gradient with respect to S in the sense of Definition 4
if and only if S can be reordered in such a way that any bounded complete trajectory
~(+) satisfies one of the following properties:

1. {y(t) : t e R} C E; for some i.

2. There are i < j for which

V()= S (), 2 Ej

Proof. 1t is obvious that conditions 1-2 imply that G is dynamically gradient. We
shall prove the converse.

By Lemma 7 one of the sets Z; is a local attractor. After reordering the sets, we
can say that Z; is the local attractor. Let

El={reA:w(x)\=, # o}

be its repeller, which is weakly invariant by Lemma 5. Since Z; are closed (cf. [9,
Lemma 19]), weakly invariant and disjoint, we obtain that =; C Z for j > 2.

We will consider only the dynamics inside the repeller =7, that is, we define the
following set:

Ri={peR:p(t) € =]Vt >0}

Since Z7 is weakly invariant, R; satisfies (K'1). Further, let ¢, (-) = ¢(- +7), where
¢ € Ry and 7 > 0. Then it is clear that ¢, (t) € Ry for all ¢ > 0, and then (K2)
holds. If ¢1(-), ¢a(+) € Ry, it follows by (K3) that the concatenation belongs also
to Ry. Finally, if ¢,(0) = @o with ©,(0) € ZF and ¢, (-) € R, then ¢ € Z5 (as
=% is closed) and by (K4) passing to a subsequence @, (t,) — ©(t), for t, —t >0,
where ¢ € R. Again, the closedness of =} implies that ¢ € R;. Hence, (K4) also
holds. We can define then the multivalued semiflow G : RT x 2} — P(E7) :

Git,x) = {y € =} 1y = p(t) for some ¢ € Ry, p(0) = a},
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which is strict by (K3). This definition is equivalent to the following one:
Gi(t,z) = G(t,x) N E] for z € =5.

Indeed, Gi(t,x) C G(t, ) is obvious. Conversely, let y € Gi(t,z). Then, y =
o(t), o(-) € R, and y € Zf. We state that p(s) € Zf for all 0 < s < t. Assume by
contradiction that ¢(s) & =} for 0 < s < t. Therefore, w(p(s)) C E;. But then by
(K3),

G(T,y) CGT,G(t—s,¢(s)) CGT+t—s,¢(s)) > E1 as T — o0,

which is a contradiction with y € Z}. Using again (K3) one can define a function
¥(-) € Ry such that ¥(0) =y, so that y € G (¢, z).

It is clear that G; possesses a global compact attractor, which is the union of
all bounded complete trajectories of R1, and that G is dynamically gradient with
respect to {Ea,...,E,}. Then, again by Lemma 7 we can reorder the sets in such a
way that 2 is a local attractor in . Let =5 | be the repeller of =5 in Zj. Then we
restrict as before the dynamics to the set =3 ; and so on. Hence, we have reordered
the sets Z; in such a way that =; is a local attractor and Z; is a local attractor for
the dynamics restricted to the repeller of the previous local attractor Z7_; ;o for
j>2,and =; C E;—l,j—2 if ¢ > j, where E’l‘)o =

Now, if v() is a bounded complete trajectory such that

(@), 2 Ei (), 2 Fj,
then we shall prove that ¢ < j. Moreover, if v(-) is not completely contained in
some =, then i < j.

If i = 1, then it is clear that j > 1. Also, if there exists v(to) € Z1, then j > 1,
as = is a local attractor.

Let ¢ = 2. Then v(t) € Ef for all ¢ € R, and then () R =, is forbidden.

Hence, j > 2. Again, if there exists y(ty) € Za, then the fact that E; is a local
attractor in =] implies that j > 2.

Further, note that if ¢ > 3, then ~(t) € =% for all t € R. Also, by induction, it
follows that v(t) € Ef ;_, forallt € Rand 2 <k <i—1. Indeed, let y(t) € E}_; ; ,
forallt € Rwith2 < k <i—1. Then (t) o E; implies clearly that y(t) € Zf

for all t € R. In particular, v(t) € Zf_; ; , for all £ € R. Hence, Z; € Z} ;, 5, so

that j > ¢. Finally, if there exists y(tg) € Z;, then j > i as E; is a local attractor in

g .. O
i—1,i—2

To finish this section, we recall that the disjoint family of isolated weakly invariant
sets S = {E4,...,E,} C Ais a Morse decomposition of the global compact attractor
A if there is a sequence of local attractors ) = Ag C A; C ... C A,, = A such that
for every k € {1,...,n} it holds

= = AN Azfl'

It is well known [16] that for general dynamical systems conditions 1-2 in Theorem
3 are equivalent to the fact that S generates a Morse decomposition. This fact can
be proved also under conditions (K1)-(K3), (K4) [9].

Thus, Theorem 3 implies that under conditions (K1)-(K3),(K4) the family S
generates a Morse decomposition if and only if G is dynamically gradient.
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5. Application to a reaction-diffusion equation. We will consider the Chafee-
Infante problem

ou  0%*u
T = f(u), t>0, xe(o,l),
ot 8x(2 )_0 u( 1) = (6)

where f satisfies

)feC()
()

2)

) f(0) > O exists and is finite;

) f is strictly concave if u > 0 and strictly convex if u < 0;
) Growth condition:

(A
(A
(A3
(A4
(A5
[f(w)] < C1 + ColulP ™,
where p > 2,C,Cy > 0;
(A6) Dissipation condition:
(a) If p > 2:
flwu < C5 — CylulP, Cs,C4 > 0.
(b) If p=2:
lim sup M <0
u—too U
Remark 6. Note that as a consequence of condition (A6)(b), we have that f(u)u <
(M —05)U2+CG, where Cs, Cs > 0 and A; = 72 is the first eigenvalue of the operator

g % with Dirichlet boundary conditions.

Let Q@ =(0,1) and 1/p+ 1/¢ = 1. Denote by (-,-) and || - ||z the scalar product
and norm in L?(), by | - || zg the norm in H}(Q) associated to the scalar product
of gradients in L?(Q) thanks to Poincaré’s inequality. As usual, let H~1(Q) be the
dual space to HE(€2). Denote by (-, -) pairing between the space LP(2) N H}(Q) and
its dual L4(Q) N H~1(Q).

Definition 6. The function u(-) € C([0,T], L?(£2)) is called a strong solution of (6)
on [0,T] if:

1. u(0) = up;

2. u(-) is absolutely continuous on compact subsets of (0,7);
3. u(t) € H2(Q) N HE(Q), f(u(t)) € L*(Q) for a.e. t € (0,T) and
dle(tt) — Au = f(u(t)), a.e. t € (0,T);

where the equality is understood in the sense of the space L?(2).

Definition 7. The function u(-) € C([0,7T], L?(£2)) is called a weak solution of (6)
on [0,T] if:
1. ue L°°(0,T;L (Q);
2. u e L2(0,T; H(Q)) N LP(0,T; LP(Q));
3. The equality in (6) is understood in the weak sense, i.e.
d
dt
where the equality is understood in the sense of distributions.

<u(t)7v> - <AU,U> = <.f(u(t))7v>7 Vv € H(}(Q) N LP(Q)a
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Let us make some comments on the natural relation among the above two defin-
itions. Let u(-) be a strong solution such that f(u(-)) € L*(0,T; L*(2)). In view of
[3, Proposition 2.2] we have that u € L%(0,T; H}(2)), so Au € L?(0,T; H=(Q))
and then % € L2(0,T; H~'()). Hence, by [20, Lemma 7.4] we get

(B ) — (B, 0) = (F(ult),0), Vo€ HY(©).

Using [22, p.250] we obtain

a
dt
so point 3 of Definition 7 is satisfied.

Finally, if p > 2 by condition (A6)(a) we have

Cy Cy
Thus, f(u)u € LY((0,T) x Q) implies that u € LP((0,T) x Q) = L?(0,T; LP(£2)).
Hence, u(-) is a weak solution as well.

In view of [8, p.283], for any ug € L*(Q) there exists at least one weak solution.
Moreover, if f(u(-)) € L*(0,T; L?(£2)), then putting g(-) = f(u(-)) we obtain by [5,
p.189] that the problem

d
{ ' B Av = g(t)a

(u,v) = (Au,v) = (f(u()),v), Yo € Hy(Q),

dt
v(0) = wo,
possesses a unique strong solution v(-). Since this problem has also a unique weak
solution o(-) and the strong solution is a weak solution as well, then v(-) = o(-) =
u(+). Hence u(-) is also a strong solution of problem (6).
Therefore, we have checked that the sets of weak and strong solutions satisfying

f(u(-)) € L*(0,T; L*(2)) coincide.

5.1. Stationary points. We now focus on the properties of the stationary points.
To this end, we have followed the classic procedure from [11] and [12]. Moreover,
we have also taken some ideas from [18].

Let R C C([0,00), L?(£2)) be the set of all weak solutions of problem (6). Proper-
ties (K1) — (K4) are satisfied [cf. [13]], so that a multivalued semiflow is defined (see
Section 2). It is shown in [13, Lemma 12| that v is a fixed point of R (equivalently,
of G) if and only if v € H () and

2
) =0, i B (). (7)

The inclusion H}(Q) C L () implies that f(v) € L>°(Q), so that v € H2(Q) N
H} (). Therefore, v(-) is a strong solution as well.

Let consider the function F': R — R defined by

F(s) :/ f(r)dr, seR.
0
We define
a_=inf{s<0: sgn f(z) = sgn z, Vo;s <z <0}
and
ay =sup{s>0: sgn f(z) = sgn z, Vz;0 < x < s}.
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If follows from conditions (A2) and (A3) of f that —oco < a_ <0 < ag < +o0.
Since f is positive on (0,a4) and negative on (a—,0), we have that F is strictly
increasing on [0,a), strictly decreasing on (a_,0] and F(0) = 0. We consider
E,,E_ €0,00] defined by

E, = lim F(s),

s—a4

Then, F has the inverse functions Uy : [0, E4) — [0,a4), U- : [0,E_) — (a—,0].
We also define the following functions with domains (0, £ ) and (0, E_), respect-
ively, with values on [0, 00):

Ui (E)
T+(E):/O (E—F(u)™"%du, 0 < E < E,,

0
T_(E) = / (E—F(u)™Y?du, 0< E<E_.
U_(E)
Let us consider vy € R and a solution u of
2
% + f(u) =0, (8)
u(0) = 0,4/(0) = wp.

Note that the solution of the problem (8) is unique, since f is convex for u < 0
and concave for u > 0, so it is Lipschitz on compact intervals (see [27, p.4] or [10,

p.8]).
If we define E = v3/2, then:

u'(x))?
( (2 ) + F(u(z)) = E.
On the other hand, the functions 7, 7_ evaluated in E = v3/2 give us V2 the
x-time necessary to go from the initial condition w(0) = 0, with initial velocity
vg, —Vg Trespectively, to the point where «/(T(F)) = 0. Indeed, u(x) satisfies

W@Z 4 Pu(e) = B, so 4= = %\/E%F(u). Since /(T (E)) = 0 for u = U, (E),

then
\/§/T+(f) dz e ! du =74 (F)
0 0 VE — F(u) * )

By symmetry with respect to the u axis, the x—time it takes for u(z) to go from
(U*(E),0) to (0, —vg) is Ty (E). By this way, if 27, (E) = 1, that is, 77(E) = %
then u(-) is a solution satisfying the boundary conditions «(0) = u(1) = 0. Applying
a similar reasoning for 77 (E), we obtain that u satisfies the boundary conditions
if, and only if, F satisfies for some k € N only one of the following conditions:

kT (E) + (k= )7 (E) = 9)

Sl Sl

kr_(E) + (k — 1)74(E) = (10)

1
kT (E)+ k1 (F) = —. 11
+(E) (E) 7 (11)
Remark 7. Note that if E satisfies (9) or (10) for a certain k, then u has 2k zeros
and if E satisfies (11), then u has 2k + 1 zeros. Our goal is to solve these equations
for E as a function of f’(0). To this end, we study the properties of 7.
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In order to obtain solutions of the equations (9), (10) and (11) it is necessary to
make a change of variable for the functions 71. Given F € (0, F1), we put

Ey*=F(u), 0<y<1, 0<u<U(E)

and
Ey* =F(u), -1<y <0, U_(E)<u<0.

Hence, du = (2yE/f(u))dy and E — F(u) = E(1 — y?). By this change, we obtain
1

(BE)=2VE | (1- yz)*l/zﬁdy,() <E<E;; u=U.(Ey*),0<y<1;
0

0
7_(E) = 2@/ (1- y2)_1/2%dy,0 <E<E_ ;u=U_(Ey?*),-1<y<0.
—1

The next results show some properties of these functions.

Theorem 4. The functions 74+ satisfy
7r
li E)=——.
N CTIOE
Proof. Since f'(0) > 0 and f(0) =0, given € € (0, 1), there exists § > 0 such that
FO0)A—e)u< flu) < f(0)(L+e)u, 0<u<d
1 U 1 (12)
< < , 0<u <o
fO)A+e) = flu) = f0)(1—e)
Moreover, as Uy (FE) is continuous at 0, given § > 0, there exists 7 > 0 such that
for 0 < E <1, Uy (FE) <§. Now, if we integrate (12) between 0 and u we obtain
the following inequality

f'(0) f'(0)
2 2
Using the change of variable Ey? = F(u), we have

(f’(0)2%€)>1/2u << (f’(0)2(;:+6)

(1—e)u? < F(u) < (1+¢e)u?, 0<u<o.

1/2
< > u, for 0O<E<n 0<y<l1.
Dividing the previous expression by f(u) and using (12) we obtain

1—¢ 1/2 Y 1+e¢ 1/2
(sronrer) <7< (GErma=) o o<BsnosysL

Now if we multiply by 2/E(1 — 2)~2 and integrate from 0 to 1, we get

1/2 1/2
1—¢ 1+¢
_— < E) < _— yfor 0 < E<n.
(arorer) @< (o) o o<Esy
Finally, taking ¢ — 0, the theorem follows. The proof for 7_ is analogous. O

Theorem 5. The functions T4 are strictly increasing on their domains.

Proof. Let consider the expression of 74 and 0 < Fy; < Es < Ey. Then,

B 1 2y \/E _ \/E
>—T+<E1)‘/o Ji-y? [f<U+<E2y2)) f(UﬂEw?)de'

T+ (B2
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From [10, p.8] we have that the function f is differentiable almost everywhere in

_VE
f(UT(Ey?))

R, so a(E) = is differentiable as well. Hence,

Ut (Ey?) — 2°Ef' (UT (Ey?))
2VE(U(By?)) '

Recall the change of variable F(u) = Ey?. Consider the numerator of o, that is,
B(u) = f2(u) — 2F(u)f'(u). Then we obtain

8u) =2 [ SO ) - s, 0< s <

Since f is strictly concave, if s < u, then f’(s) > f'(u) (cf. [27, p.5]). As a result,
B(u) > 0.

In order to finish the proof rigorously, we have to justify the previous calculations.
Indeed, from [10, p.5], we have that the function f is absolutely continuous and from
5, p.16], f € L},.. Therefore, o/ € L} . and o’ > 0 a.e., which implies that a(E)

is strictly increasing and the proof is finished.
The claim for 7_(E) follows analogously. O

Theorem 6. The functions T+ satisfy

li E) =
SE@IN

™

Then, 74 : (0, EF) = | ——p, 5

on 72 05 = (g )
Proof. Case a; < oco. Then, we have f(ay) = 0 and @(xz) = ay is a constant
solution to the problem % + f(u) = 0. Let us consider E; = F(a4) and the
solution u to this problem satisfying the conditions u(0) = 0,u’(0) = vo, E = $v2.
As a4 is a constant solution, by uniqueness 7, (ET) = co. Therefore, given T' > 0,
there exists ¢ > 0 such that if £ > FE, —§, then 71 (F) > T, which follows from the
continuity of u with respect to its initial conditions.

Case ay = oo. Note that if p > 2, then a4 < co. Therefore, p = 2. In this case,
f(u) > 0 for all u € (0,00). From condition (A5), there exist «, 3 > 0 such that
fw) < a+ Bu. For u > 0 we have

fw)

<4y
u?z T ou?

& o

Hence, f(u)/u? — 0, as u — oo.
On the other hand, [ f(s)ds < [ (a+8s) ds. Thus, we have F(u) < au+Su”/2

and

F(u)

0<
=73

<=+

o™

:M‘Q
S

Hence, F(u)/u® — 0, as u — oo.
We claim that lin(f)l+ f(u)/u® = oco. Indeed, since f’(0) exists, for any e €
uU—
(0, f7(0)), there exists § > 0 such that |f'(0) — f(u)/u| < e, for any |u] < 4.
Thus, dividing by 42, we obtain
u(f'(0) —e) _ flu) _ ule+ f(0))

< <
u? u2 u?

and the result follows.
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Since f(u)/u?> — 0, as u — oo, and f(u)/u?® — oo, as u — 0T, for any € > 0,
there exists a first value ug € (0,00) where f(ug)/u3 = . Hence,
LZ) >e, 0<u<ug.
u
From the above expression, we have [ f(s)ds > [, es?ds and eu®/3 < F(u).
Then, F(u)/u® > ¢/3, if 0 < u < ug. Since F( )/u? — 0, as u — oo, we deduce
that there exists a first @ > ug such that F(u)/u® = ¢/3. Hence, we have
Fu) _ ¢
> —
u? 3’

0<u<mu,

with F(u) = £u°.
Now, computing 7, in E = F(u), we have

du-

Ut (E) 1
/ B / [ew
U
w 1 N 1
> —_——du = — ——du
0\ JewP — gu vVedo Vad —ud

—vo=n Fu3AE 38 H /)
Vedo VBt VEV@ Jo

1/1 H1-s)
33 o S S

“ a8 ()

(1- t?’)_% dt

w\»—

SIS
3-

@\
O

Recall that eu® = 3F (7). Then,

Eu = 3F£;¢ ) .
u
Taking € — 0, by construction 7 — oo. Therefore, from condition (A6)(b) we have
that lim, o f(u)/u <0, so the last expression tends to 0 and 74 (E£) — oo. O
Theorem 7. Consider
A, = n?n?.
Then, for each n > 1, there exist two continuous functions EF : [\,,00) — [0, E1)

with the following properties:
1. For each integer k > 1 and for f'(0 ) [A2k—1,00) the only solution of the
equation (9) (resp. 10) is the value Ej,_(f'(0)) (resp. Ey ,(f'(0)));
2. For each integer k > 1 and for f'(0) € [Aak,00) the only solution of the
equation (11) is the value Ey, (f'(0)) = ES, (f'(0)) = Eax;
3. For each integer n > 1, EX(f'(0)) =0, if f/(0) = A

Proof. Let be n > 1. If n is odd, then n = 2k — 1 for £k > 1. First, we prove that
we can define the function

E,f : [Ap,00) — [0, E1)
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by putting EX(f/(0)) = E, where E satisfies k7 (E) + (k — 1)7¢(E) = 1/v/2.
Consider the function

hi (0, Bx) — (nm//2f7(0), 00
defined by %} (E) == k1 (E) + (k — 1) (E). If f'(0) > )\n then, as h4 is a strictly
increasing function, there exists a unique E3;, , € (0, Fx) such that h%} (B3, |) =
1/V2.

Since hy has inverse, E5,_, = (ht)~'(1/v/2) is the solution of the expressions
(9) and (10). Moreover, E3;_,(\,) = 0 by construction.

Second, if n is even, then n = 2k for k > 1. As before, we consider h'} (E) :=
kT (E) + kr=(E). Since it is an increasing function, for f’(0) > A, there exists
a unique Ey, € (0, E1) such that h% (Fs) = 1/v/2. Analogously, we obtain the
solution of the expression (11), B3, = (h)~'(1/v2), and E3._,(\,) = 0. O

Theorem 8. For each n > 0 and f'(0) € [An,00), the equation (7) has two new
more solutions v:F with the following properties:

1 a_ <uf(x )<aJr for all z € 10,1];

2. If f'(0) = \,, then vf =0;

3. For f'(0) € (An,00), v has n + 1 zeros in [0,1]. Denoting these zeros by

mqi, q = 0,1,....n with 0 = xa—L < mli < :ch < o< xf = 1, we have
(=) (z) > 0 for zF <z < &}, 1,0 =10,1,70, 0 =1 and (= 1)%05(x) < 0
forzg <z <z,,,¢=0,1,...,n—1. Also, v = —v, if f is odd;

Proof. The first point follows from F(ul(z)) < E < Ex.

The second point follows from the third one of Theorem 7. Indeed, for each n > 1
and f’(0) € [\, 00) we have the values EX(f’(0)) by the above theorem. Also, we
have a solution of the equation (7) which is denoted by v. If f/(0) = \,, then
EX(\,) =0and vo =0, so v} =

The third point follows by Remark 7. If f is odd, then —U~(E) = Ut (E),

7+(F) = 7_(E), so we have v} = —v. O
Corollary 1. If n?7% < f'(0) < (n + 1)272,n € N, then there are 2n + 1 fized
points: 0, vit, ...,v,ﬁf, where vjipossesses j+1 zeros in [0, 1].

5.2. Approximations. From now on, we shall consider the following family of
Chafee-Infante equations

0 0?
U2 p ), t>0, 2 €(0,1),
u(t,0) =0, u(t,1) =0,
u(0,z) = uo(x),
where e € (0,1] is a small parameter and f. satisfies
(A1) f. € C(R ) and is non-decreasing;
(42) f.(0) =
(A3) 7(0) > 0 exists, is finite, monotone in ¢ and f! (0) —o0, as € — 07;
(A4) fe is strictly concave if uw > 0 and strictly convex if v < 0;
(A5) —1 < f.(s) <1, for all 5, and
|[fe(s) = Ho(s)| <&, if [s| > e, (14)

where
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-1, if u <0,
Hy(u) =< [-1,1], if uw=0,
1, if u>0,

is the Heaviside function.

Conditions (A1)-(A6) are satisfied with p = 2, so problem (13) is a particular
case of (6).

Our aim now is to prove that for e sufficiently small the multivalued semiflow
G. generated by the weak solutions of problem (13) is dynamically gradient. Prob-
lem (13) is an approximation of the following problem, governed by a differential
inclusion

2
gu _Ou € Hoy(u), on Q x (0,7,
ulon = 0,
u(0,x) = up(x).
We say that the function u € C([0, 7], L?(£2)) is a strong solution of (15) if
1. u(0) = uop;
2. u(+) is absolutely continuous on (0,7) and u(t) € H*(Q) N HL(Q) for a.e.
t e (0,7);
3. There exists a function g(-) such that g(¢t) € L*(Q), a.e. on (0,7), g(t,z) €
Hy(u(t,x)), for a.e. (t,x) € (0,T) x 2, and
du  9*u
it o227
In this case we put R as the set of all strong solutions such that the map g
belongs to L%(0,T;L?(f2)). Conditions (K1)-(K4) are satisfied (cf. [9]) and the
map G : R, x L3(Q) — P(L?*(f2)) defined by (1) is a strict multivalued semiflow
possessing a global compact attractor Ag (cf. [24]) in L?(Q), which is connected
(cf. [25]). The structure of this attractor is studied in [3]. It is shown that there
exists an infinite (but countable) number of fixed points

—0.vF o + -
vo=0,v],07 ,...,0,, V-,

(t)=0, ae. te(0,7).

and that Ay consists of these fixed points and all bounded complete trajectories
¥(+), which always connect two fixed points, that is,

Y(t) — 21 as t — oo,

P(t) = 29 as t = —o0, (16)

where z; = 0,2; = v} or z; = v, for some n > 1. Moreover, if v is not a fixed
point, then either zo = 0 and 21 = vf, for some n > 1, or 29 = vi 21 = v;f with
k> n.

We fix some Ny € N. Denote

Zny = (Uksno{oi }) U {vo}
and define the sets
Ep={vl o} 1<k<No—1,
-0 _ { y : I € K such that (16) holds with z; € Zn,, }
—No j=1,2and y = ¢(t) for some t € R ’
where K stands for the set of all bounded complete trajectories. We note that

set E?VO contains the fixed points in Zy, and all bounded complete trajectories
connecting them.
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Remark 8. It is known [9] that the family M = {Z}, ..., E(J]VO} is a disjoint family
of isolated weakly invariant sets and that G is dynamically gradient with respect
to M in the sense of Remark 4. Hence, Gy is dynamically gradient with respect to
M in the sense of Definition 4.

Now our purpose is to adapt some lemmas from [3, p.2979] to problem (13). In
view of Theorems 7 and 8 and the third condition on f., there exists a sequence
g — 0, as k — oo, such that for every e € (£j,8x41] and any k > 1 problem (13)
has exactly 2k + 1 fixed points {v§ = 0, {v:,j "7?:1} such that for each 1 <n < k
v, has n+ 1 zeros in [0, 1].

Let us consider a sequence {&,,} converging to zero.

Lemma 8. Let n € N be fived. Then, v} n (resp. vz ) do not converge to 0 in
H}(0,1) as e, — 0.

Proof. Suppose that v} — 0in Hj(0,1). Then v  — 0in C([0,1]). By Remark
7,vF , has a unique maximum in a € (0,2 ) and by the properties of 7 described

o
before @ = “-. We may assume that x; does not converge to 0. Let x¢(s,,) be the
first point Where vl . (x0) = em or zg = a if such a point does not exist. We claim
that zo(e,m) — 0, as e, — 0. It is clear that 020} | /02® = —f. (vf ) < 0in
(0,z7), and then
+
v x
Vemn ), vi (x) <em, Yz €0, (17)
xo mo

by concavity. Hence, integrating first on (s,a) and then on (0, z) with z < x¢, we
have

) = [ fen i, e (19)

vt (@) = /O ’ /m for(WF, o (7))drds + /O / for (WF o (7))drds.

Since fc(u) is concave, we have that fc(u)/u > fe(e)/e, ¥V 0 < u < e. Moreover,
by assumption (A5) of f. we get f-(u) > 1=2u, for all 0 < u < £. Hence, using (17)
we have

1— m ’U+ (T x )
vl / / n(T)drds > Em Vepon O)/ / Tdrds.
" Em Zo 0 s

Thus,
> Loem oz 2P
- Em 2 6:]']0

so it follows that g — 0, as &, — 0.
Let ;1 < 0 < 43 be such that zo(e,,) < 01 < d2 < alen). Since v (z) >
Em VX € [zg, al, if we intregate (18) over (41, ) with &; < 2 < b9, we have

v;rn(w) Em,n /6/f Smn ))drds > (1 —ep) /6 / drds,
1 s 1 s

which implies a contradiction if v} . — 0 in C([0, 1]).

The proof is similar for v_ . 0

Lemma 9. v ~  (resp. v_ ) converges to v (resp. vy ) in HY(Q) as m — oo
for any k > 1.
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Proof. 1t is easy to see that v}  is bounded in H?(Q)NH (), so v} | — v strongly
in H}(Q) and C([0,1]) up to a subsequence. The proof will be finished if we prove
that v = v,;". We observe that since in such a case every subsequence would have
the same limit, the whole sequence would converge to v,j

It is clear that the functions g. , = f., (vjm ) are bounded in L>°(0,1).

Passing to a subsequence we can then assume that g., converges to some g weakly
in L2(0,1). It is clear that —(9%v/0x?) = g and v is a fixed point if we prove the
inclusion g(z) € Ho(v(x)) for a.e. x € (0,1). By Masur’s theorem [28, p.120] there
exist zy, € Vp = conv(U3S,, ge, ) such that z,, — g, as m — oo, strongly in L?(0,1).
Taking a subsequence we have z,,(z) — g(z), a.e. in (0,1). Since z,, € V,,,, we get
Zm = Zf\;"i Aigey, » where \; € [0, 1], Zfi”i Ai =1 and k; > m, for all 1.

Now (14) implies that |g., () — Ho(v(x))| — 0, as k — oo, for a.e. x. Indeed, if
v(z) =0, then g, (z) € [-1,1] = Ho(v(z)). If v(z) > 0, then |gc, () — Ho(v(z))| =
|fer (Ve () — 1] = 0, as k — oo. If v(z) < 0, we apply a similar argument.

Thus, for any 6 > 0 and a.e. x there exists m(z,d) such that g., (z) C [a(z)
3,b(x) + 0], for all k > m, where [a(z),b(z)] = Ho(v(x)). Hence, z,(z) C [a(zx)
0,b(x) + 6], as well. Passing to the limit we obtain g(z) € [a(x), b(x)], a.e. on (0,1).

To conclude the proof, we have to prove that v = vz,r. By Lemma 8 v # 0. Hence,
as v} () >0 for all z € (0,27 (emm)), v = v,} for some n € N. Since v} has n+ 1

zeros, the convergence vjmk — v, implies that v:m . has n + 1 zeros for m > N.
But v;“ « possesses k 4 1 zeros. Thus, k£ = n.
For the sequence v_ , the proof is analogous. O

+

Em,

Lemma 10. Let &,, — 0, k,, — o0 as m — oco. Then v
converges to 0 as m — oo.

K, (resp. v_ )

Em Rm

Proof. In the same way as in the proof of Lemma 9 we obtain that up to a sub-
sequence Ujm,km — v in H(Q) and C(]0,1]), where v is a fixed point of problem
(15). We will prove that v = 0 by contradiction. If not, then v = v for some
n € N. However, since vX has exactly n + 1 zeros and vjmkm — v in C([0,1]),

we have that v:m k, has n+1 zeros for any m > M with M big enough. This

contradicts the fact that v:m k,, Dossesses kn, + 1 zeros and ki, — oo. As the limit
is 0 for every converging subsequence, the whole sequence converges to 0.
For the sequence v_ , the proof is analogous. O

Once we have described the preliminary properties, we are now ready to check
that (13) satisfies the conditions given in Theorem 2 for certain families M.. We
recall that [26, Theorem 10] guarantees the existence of the global compact invariant
attractors A., where each A. is the union of all bounded complete trajectories.

Let us check assumptions (H1)-(H5) of Theorem 2.

As we have seen before, condition (H2) follows from Remark 8. Therefore, we
prove now condition (H1).

Multiplying the equation in (13) by u, we obtain

1d
gl + iy < [ oo

1
< Sl + €, (19)



22 R. CABALLERO, A. N. CARVALHO, P. MARIN-RUBIO AND J. VALERO

where we have used Poincaré’s inequality. Denoting A\; the first eigenvalue of the
operator —A in H}(Q2), we have

d
Sz < =MllullZ: + K.

Gronwall’s lemma gives
K
lu@®)lIZ: < e u(0)]72 + o 20 (20)
1

Integrating (19) over (¢,¢+ r) with r > 0 we have
t+r
Jutt+ )+ [ Nullyds < u@) s + r
t

Then by (20),

t+r
1
/ lullF2ds < [lu(0) 7262 + (A - 7“) K. (21)
t 1

On the other hand, multiplying (13) by —Awu and using Young’s inequality we
obtain

Dl + 2080l < I F)32 + 1Al (22
Since f.(u(+)) € L?(0,T; L*(Q)),VYT > 0, we obtain by [5, p.189] that
we L¥(.T: HY(9),
du

% S LAl a.<o.< B

This regularity guarantees that the equality
1d, o du
5@””“}1& = <E’_
is correct [21, p.102]. Then

Au), for a.e. t, (23)

d —
—llully < K+ [l

We apply the uniform Gronwall lemma [22, p. 91] with y(s) = [Ju(s)]|%,., g(s) =1
_ 0
and w(s) = K. Also, using (21) we obtain

w(0)||2e M+ (L + 1K __
O+ G 4K

- (24)

nw+w%s(

It follows from (20) that ||y||L2 < 51 forany y € A., 0 < e < 1. Hence, Upce<1Ae
is bounded in L?(). Since A. C G.(t,A.) for any t > 0, for any y € A, there
exists z € A, such that y € G.(1,%). Then using (24) with r = 1 and ¢t = 0 we

obtain that
1 _
|W#S<d%+<+QK+K%g
0 )\1

50 Up<e<1Ae is bounded in Hg (). The compact embedding H} (2) C L*(Q) implies
that Up<.<1.A. is relatively compact in L?(£2). As the global attractor Ag of the
differential inclusion (15) is compact, the set Up<.<1A: is compact in L*(Q).

In order to establish that (13) satisfies the rest of conditions given in Theorem
2, we need to proof two previous results related to the convergence of solutions of
the approximations and the connections between fixed points.
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Theorem 9. If u.,o — ug in L2(Q) as e, — 0, then for any sequence of solutions
of (13) ue, () with ue,(0) = ue, o there exists a subsequence of €, such that ue,
converges to some strong solution u of (15) in the space C([0,T], L3(S2)), for any
T > 0.

Proof. We define g, (t) = f, (uc, (t)) and u,(t) = uc, (). From (20) we have that
|lun(®)||r2 < Co, for all t > 0, so that ||g,(t)||r2 < Ci, for a.e. ¢ > 0. Hence, there
exists a subsequence such that u, — u weakly in L2(0,T; L*(Q2)). It follows from

(22) and ||gn(t)]|Lz < C; that frT |Aul.ds < C3(T — 1) + |Jun(r)||3,, . Using (24)
0

we obtain that fTT | Auy,||2,ds < C(r). Hence, %% is bounded in L?(r, T; L*(€2)) for

any 0 < r < T, so passing to a subsequence d:l‘t” — % weakly in L2(r, T; L?(52)).

Moreover, Ascoli-Arzela theorem implies that for any fixed » > 0 we have u,, — u
in C([r,T], L*()) and u is absolutely continuous on [r, T].

Also, g, converges to some g € L>(0,T; L*(Q)) weakly star in L°(0,T; L?(Q2))
and weakly in L2(0,7; L?(£2)). On the other hand, since —Au,, = fd:;—; +gn, —Au,
converges to [(t) = —(%) + g weakly in L?(r, T; L*(2)). Hence, we find at once that
u satisfies

T Au(t) = g(¢), a.e. on (0,T).

We need to prove that u(-) is a strong solution of (15). Now, we show that
g(t) € Ho(u(t)), a.e. in (0,T). For this, we shall prove first that for a.e. z €  and
s€(0,T)

|gn (s, ) — Ho(u(s,x))| — 0, as n — co.
Indeed, if u(s,z) = 0, then g,(s,x) = fe, (un(s,z)) =0 € [-1,1] = Ho(u(s,x)),
for all n, so that the result is evident. If u(s,z) < 0, then
lgn (s, 2) — Ho(u(s,x))| = |fe, (un(s,z)) + 1| = 0, as n — oo.
Finally, if u(s,x) > 0, then
|gn (s, 2) = fo(u(s, z))| = [fe, (un(s,2)) = 1] = 0, as n — oo.
Now, by [23, Proposition 1.1] we have that for a.e. ¢t € (0,T)
gt)e (@ | J al®)-
n>0  k>n

Then g(t) = lim y,(t) strongly in L?(f2), where
n— oo

M M
un() = g (), > X =1,k >n
1 =1

We note that for any ¢ € [0,7] and a.e. x €  we can find n(e, z,t) such that if
k > n, then |gi(t,z) — Ho(u(t,z))| < . Therefore,

M

|yn(t7w) - Ho(u(t,.%'))| < Z )\ilgki (L:L‘) - H()(u(t,l')” <e.
i=1

Hence, since we can assume that for a.e. (t,z) € (0,T) x Q,yn(t,x) — g(t,x), it
follows that g(¢,z) € Ho(u(t, z)).
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It remains to check that u is continuous as ¢ — 07. Let 4 be the unique solution
of

du

N Au=0

dt b ’
ulog =0,
u(0) = uy,

and let vy, (t) = u,(t) — 4(t). Multiplying by v,, the equation

dv,,
W - Avn = fen(un)v
we obtain
1d 9 9
3 gglvnllze + llonllzy < (e, (un(t)), vn) (25)
1 1
< Sl fen ) B + S llonE, (26)
so that

[vn (1172 < loa(0)lI72 + Kt.
Hence, |Ju(t) — @(t)||2, = lim,—yo0 |0 (t)[|32 < K¢, for ¢t > 0, and
[u(t) = uoll2 < l|lu(t) — a(®)|L2 + [|4() — uollL> <6,

as soon as t < ¢(d). Therefore, u(-) is a strong solution.
Finally, if ¢,, — 0, then

l|tn (tn) — u0||L2 < an(tn)HLz + [[u(ts) — UOHLQ

< Va0 + Kty + [[i(tn) - uoll 2 — 0.

Hence, u,, — u in C([0,T],L?(Q2)). By a diagonal argument we obtain that the
result is true for every 7" > 0. O

As a consequence of the last theorem, condition (H4) follows.

Remark 9. Let be u., (-) a bounded complete trajectory of (13). Fix T" > 0.
Since Uy, <., “Ae is precompact in L3(Q), ue, (=T) — y in L? up to a subsequence.
Theorem 9 implies that u., converges in C([0,T], L()) to some solution u of (15).
If we choose successive subsequences for —27, —3T, ..., and apply the standard
diagonal procedure, we obtain that a subsequence u., converges to a complete
trajectory u of (15) in C([-T,T], L*(Q2)) for any T' > 0. Since Up<e<1.A is bounded
in L2(2) (in fact in HE(Q)), it is clear that u is a bounded complete trajectory of
problem (15).

Now, we need to prove a previous lemma to obtain the convergence of solutions
of the approximations in the space C([0,7], H}).

Lemma 11. Any sequence &, € A., with e, — 0 is relatively compact in Hg ().

Proof. There exists a bounded complete trajectory 1. of (13) with ¢, (0) = &,.
Denote uy,(-) = e, (—T+-) and choose some T" > 0. Then &, = un(T), un(0) =
e, (to — T). In view of Remark 9 up to a subsequence u,, — u in C([0,T], L?(£2)),
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where u is a strong solution of (15). On top of that, by (24) and the argument in
the proof of Theorem 9 we obtain that for r > 0,

U, — u weakly star in L (r, T; Hy (),
du, d
% — di; weakly in L?(r, T; L*(Q)),
U, — u weakly in L?(r, T; H*(Q)).
Therefore, by the Compactness Theorem [17, p.58] we have
U, — u strongly in L*(r, T, Hy(Q)),
un(t) — u(t) in HY(Q) for a.a. t € (r,T).
In addition, by standard results [21, p.102] we have that u,,u € C([r,T], H}(Q)).
Multiplying (13) by dgt" and using (23), we obtain

||Un(f)H?qg < Hun(s)H%{é +C(t—s), C>0,t>s>r.

2
du,

d 2 2
T %HUHHH(} < [Ife (un) I Z2-

L2
Thus,

The same inequality is valid for the limit function u(-). Hence, the functions J, (t) =
||un(t)H§{é —Ct,J(t) = Hu(t)||§lé — Ct, are continuous and non-increasing in [r, 7.
Moreover, J,(t) — J(t) for a.e. t € (r,T). Take r < t,, < T such that ¢,, — T and
In(tm) = J(tm) for all m. Then

In(T) = J(T) < Jn(tm) = J(T) < [Jn(tm) = I (tm)] + | (tm) = J(T)].

For any € > 0 there exist m(e) and N(e) such that J,(T) — J(T) < e if n > N.
Then limsup J,,(T) < J(T), so limsup [[un (T)[|3: < [[u(T)|3:. As un(T) — u(T)
0 0
weakly in Hj implies lim inf ||u,, (T))||3, > [[u(T)||3,., we obtain
0 0
lun (T 2y = (D)%
so that u, (T) — u(T) strongly in H}(Q). Hence, the result follows. O

Corollary 2. If ucg — ug in L*(Q), where uco € Ae, ug € Ay, then for any T > 0

there exists a subsequence €y, such that u., converges to some strong solution u of
(15) in C([0,T], Hy(92)).

Proof. We know from Theorem 9 that there exists a subsequence such that u.,
converges to some strong solution u of (15) in C([0, 7], L?(£2)). Then the statement
follows from the invariance of A, and Lemma 11. O

Remark 10. Let u., (-) be a bounded complete trajectory of (13). Fix T' > 0. By
Lemma 11 u., (=T) — y in H}(Q) up to a subsequence. Corollary 2 implies then
that u., converges in C([0,T], H}(2)) to some solution u of (15). If we choose suc-
cessive subsequences for —27, —3T'... and apply the standard diagonal procedure

we obtain that a subsequence u., converges to a complete trajectory u of (15) in
C([-T,T), H}(Q)) for any T > 0. By Remark 9 this trajectory is bounded.

Lemma 12. disty(A., Ag) — 0, ase — 0.
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Proof. By contradiction let there exist § > 0 and a sequence y., € A., such that
diStH(} (yf':'n ) AO) > 0.

Hence, as y., = ue,(0), where u., is a bounded complete trajectory of problem
(13), using Remark 10 we obtain that up to a sequence u,, converges to a bounded
complete trajectory u of the problem (15) in the spaces C([—T,T], H}(Q)) for every
T > 0. Thus, u(t) € Ag for any ¢t € R. We infer then that

Ye,, = U, (0) = u(0) € Ay,
which is a contradiction. O

We choose some § > 0 such that
O5(Z)) NOs(E)) =0 if i # j

and Z) are maximal weakly invariant.
For problem (13) let us define the sets

Mf = {vF, v} for 1 <i < N,

87 Vet
ZN, = (UkzNo {Uf,k}) u{0},

Me = d v 3¢ € K¢ such that (16) holds with z; € Z5,,
No j=1,2and y =(t) for some t € R
where K¢ is the set of all bounded complete trajectories of (13).
In view of Lemma 9 we have

distyy (M;,2)) =0, ase -0, 1<i<No
Lemma 13. disty (Mg, 2%,) =0, ase = 0.

Proof. Suppose the opposite, that is, there exists § > 0 and a sequence y., € M3*
such that
distypy (Yo, E,) > 6 for all k. (27)

Let &, be a sequence of bounded complete trajectories of problem (13) such that
&, (0) =y, and
£ (1) = 2F ast — —o0,
£, (1) = 2 as t — oo,

where 2F || 2k € Z]E\?O. By Lemmas 9 and 10, passing to a subsequence we have that
28— 2 € Zn,,i = —1,0.

By Remark 10 we obtain that up to a subsequence ., converges to a complete
trajectory g of problem (15) in the spaces C([-T,T], H}(Q)) for every T > 0, so
Ve, — Y0(0) in Hg(2). Thus, either 1y is equal to a fixed point Zg # 0 or there
exist two fixed points of problem (15), denoted by Z_1,Z, such that

E(zZ_1) > E(Zo),
Yo(t) = Z_1 as t — —o0,
Yo(t) = Zg as t — oo.
If Zo = 2o, then Z_1,%Z¢ € Zn,, which means that 1, (0) € E(])VU. This would imply

a contradiction with (27). Therefore, we assume that Zy # zo. Also, it is clear that
Zo = vt # 0, for some m € N.
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Let 79 > 0 be such that O,,(Zo) N Oy (20) # B and Og,,(Zp) does not contain
any other fixed point of problem (15). The previous convergences imply that for
each r < rg there exist a moment of time ¢, and k, such that &, (¢.) € O, (%) for
all k > k,. On the other hand, since &, (t) — 25, as t — oo, and 2§ — 2, there
exists ¢/, > t, such that

€er, (1) € Oy (Z0) for all t € [ty 1),

1€, () — ZollL2 = 7o.

Let us consider two cases: 1) ). — ¢, — 00;2)[t] — ¢,| < C. We begin with the
first case. We define the sequence of bounded complete trajectories of problem (13)
given by

&1 =& (E+ ).

By Remark 10 we can extract a subsequence of this sequence converging to a
bounded complete trajectory 1 of problem (15). Since t/. —t, — 0o, we obtain that
P1(t) € Op, (Zo) for all t < 0. Since Oay,(Zo) does not contain any other fixed point
of problem (15), it follows that ¢ (t) — Zo as t = —oo. But ||41(0) —Zg|| 2 = 0, sO
1 is not a fixed point. Therefore, 11 (t) — Z; as t — oo, where Z; is a fixed point
such that E(z1) < E(Zo).

In the second case we define the sequence

Eli,, (t) - §£kT (t + tr)'

Passing to a subsequence we have that
& (0) — 2o,
t—t, —t.
As E,ir converges to a solution ¢! of problem (15) uniformly in bounded subsets
from [0, 0o) such that £'(0) = Zo, &, (. —t,) — &'(t'), so that [[€'(¢') —Zo|| > = ro.
‘We put
[ =mift<o,
nit) = { 1) if £ > 0.
Then 1 is a bounded complete trajectory of problem (15) such that ¢ (¢t) — Z; as
t — oo, where z; is a fixed point satisfying F(z1) < E(Zp).
Now, if Z; = zg, then we have the chain of connections
Yo(t) = Z_1 as t = —00,Yp(t) = Zg as t — +o0,
P1(t) = Zg as t — —00,91(t) = Z1 as t — +o0,
which implies that Z_1,%9,21 € Z,, an then ¢y(0) € Z%. This would imply a
contradiction with (27).

However, if Z; # Zg, then we proceed in the same way and obtain a new connec-
tion from the point Z; to another fixed point with less energy. Since the number of
fixed points with energy less than or equal to E(Zy) is finite, we will finally obtain
a chain of connections of the form

Yo(t) = Z_1 as t = —o0, Yo(t) = Zg as t = +o0,

P1(t) = Zg as t — —o0, YP1(t) — Z1 as t — +o0,

Y (t) = Zmo1 as t = —00, Yp(t) = Zm = 20 as t — 4o0.

And again, this implies a contradiction with (27). O
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These convergences imply the existence of gy such that if € < g, then
M C O5(2Y) for any 1 < i < Nj.
Further, let

—_
—
—

e _ y : J € K* such that ¢(0) =y
T and () € Os(Z9) forallt e R [~

These sets are clearly maximal weakly invariant for G. in O5(Z?), so condition
(H5) is satisfied for V; = O5(Z?). As a consequence of Lemmas 9, 13, Remark 9

i

and the definition of § we have
distr2(25,29) =0, as € — 0, for 1 <i < Np.

Therefore, condition (H3) is satisfied.
We also get by Remark 10 and the definition of § that

distHé(Ei,E?) — 0, ase — 0, for 1 <7< Ng.

Moreover, M*® = {Zf, ... ,E?VO} is a disjoint family of isolated weakly invariant
sets.
Applying Theorem 2 we obtain the following result.

Theorem 10. There exists €1 > 0 such that for all 0 < € < €1 the multivalued
semiflow G is dynamically gradient with respect to the family MF.

Acknowledgments. This paper is dedicated to the memory of Professor Valery
Melnik, on the tenth anniversary of his passing away, with our deepest respect and
SOTTOW.
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Abstract

In this paper we study a nonlocal reaction-diffusion equation in which the diffusion depends on
the gradient of the solution.

Firstly, we prove the existence and uniqueness of regular and strong solutions. Secondly, we obtain
the existence of global attractors in both situations under rather weak assumptions by defining a
multivalued semiflow (which is a semigroup in the particular situation when uniqueness of the Cauchy
problem is satisfied). Thirdly, we characterize the attractor either as the unstable manifold of the
set of stationary points or as the stable one when we consider solutions only in the set of bounded
complete trajectories.

Keywords: reaction-diffusion equations, nonlocal equations, global attractors, multivalued dynami-
cal systems, structure of the attractor
AMS Subject Classification (2010): 35B40, 35B41, 35B51, 35K55, 35K57

1 Introduction

In real applications there might exist several nonlocal effects that influence the evolution of a system. For
instance, usually we do not have enough information about the systems under study and its features at
every point. In reality, the measurements are not made pointwise but through some local average. This is
just one possible reason of introducing nonlocal terms in models. Actually, during the last decades many
mathematicians have been studying nonlocal problems motivated by its various applications in physics,
biology or population dynamics [13, 14, 15, 16, 17, 27].

For instance, let consider the problem of finding a function (¢, z) such that

uy — a( [o u(t, x)dz)Au = g(t,u), in Q x (0,00),
u=0 on JdQ x (0,00), (1)
u(0) =up in Q.

Here € is a bounded open subset in R™, n > 1, with smooth boundary and a is some function from R
to (0,+00). In such equation u could describe the density of a population subject to spreading. The
diffusion coefficient a is then supposed to depend on the entire population in the domain rather than on
the local density.

A wide literature with significant results about (1) have been developed during the last few decades
(see for example [14, 17, 27]). However, it is possible to distinguish two basic cases of the following more
general equation

ug — a(u)Au = g(t,u), t>0, z€Q,
u=0, on 9Q x (0,00),
u(0,2) =up(z) z €.



Some authors consider a depending on a linear functional I(u), i.e.,

with

I(u) = /Q B(@)u(z, t)dz,

where ®(z) is a given function in L?(Q2). For g(t,u) = f(t) the existence and uniqueness of solutions
and their asymptotic behavior are studied for example in [15, 16, 18, 32]. For g(t,u) = f(u) + h(t)
the existence, uniqueness and asymptotic behaviour of solutions is studied in [1, 6, 8, 9]. Moreover, the
authors prove the existence of pullback attractors in L?(Q) and H{(Q2). Extensions in this direction for
equations governed by the p-laplacian operator instead of the laplacian operator A are given in [7, 10],
whereas nonclassical diffusion equations are considered in [29].

On the other hand, it is possible to consider a function @ such that a (u) = a(||u||ilé) The existence

and uniqueness of solutions of the following problem

u—a(ulf)du=f, >0, ze,
u =20, on 90 x (0,00),
u(0,2) =up(xz) x €.

is proved in [32, 19], where f € L*(Q), ugp € H}(2) and a = a(s) is a continuous function such that
0<m<a(s) <M.
By this way, in this paper the following problem is considered

up — a(||uH%IS)Au = f(u) + h(t), in Q x (0, 00),
u=0 on JN x (0,00), (2)
u(0,2) = ug () in Q,

where h € L?(0,T; L?(2)), for all T > 0, a : RT — R is a continuous function such that a (s) > m > 0
and f is a continuous function satisfying standard dissipative and growth conditions (see (7) below).
The aim of this paper is three-fold. First, we will prove the existence of solutions for problem (2) under
different assumptions on the nonlinear function f. Second, we will obtain the existence of attractors for
the semiflows generated by either regular or strong solutions in the autonomous case, that is, when h does
not depend on time. Third, we establish that the global attractor can be characterized by the unstable
manifold of the set of stationary points. It is important to notice that the proof of this last fact requires
the existence of a Lyapunov function on the attractor, and for this aim the term a(||uH%101) is crucial. In

the case when a(u) = a(l(u)) it is not known whether such a function exists or not.

We prove the existence of strong solutions by assuming that either the function f is continuously
differentiable and f’(s) < n or a more strict growth condition on f. Supposing additionaly that the
function a has sublinear growth we prove the existence of regular solutions as well. Moreover, when
1" (s) < n and the function s — a (32) s is non-decreasing, uniqueness is proved.

When studying the asymptotic behaviour of solutions, new challenging difficulties arise for problem
(2). For this problem we consider the autonomous situation, that is, h € L? (Q) does not depend on t.

If uniqueness holds, then we define classical semigroups (one for regular solutions and one for strong
solutions) and prove the existence of the global attractor. Under some extra assumptions on the functions
a,h we are able to obtain that the global attractor is bounded in H? (Q) and L ().

If uniqueness is not known to be true, then we have to define a (possibly) multivalued semiflow. Then
the existence of the global attractor is proved for regular solutions in the topology of the space L2 (Q)
and for strong solutions in the topology of the space H} (Q) (or H} (2) N LP (9)), extending in this way
the known results for the local problem [21].

The structure of the global attractor is an important feature as it gives us an insight into the long-term
dynamics of the solutions. In the multivalued situation it is a challenging problem that has not been
completely understood yet. So far in the local case several results in this direction have been obtained
for reaction-diffusion equations without uniqueness [2, 5, 21, 22].



In our nonlocal problem for both situations (for regular and strong solutions) we are able under some
conditions to define a Lyapunov function on the attractor and to prove that it is characterized as the
unstable set of the stationary points (denoted by M™ (R)). Also, the attractor is equal to the stable
set of the stationary points when we consider solutions only in the set of bounded complete trajectories
(denoted by M? (R)).

2 Existence of solutions

Throughout this paper we will denote by ||-|| y the norm in the Banach space X.
We consider the following nonlocal reaction-diffusion equation

ur = alljull3, ) Au = £(a) + h(t), in © x (0,00)
u=0 on JN x (0,00), (3)
u(0,2) =wup(xz) in Q,

where  is a bounded open set of R” with smooth boundary 0.
Let us consider the following conditions on the functions a, f,h :

h e L*(0,T; L*(Q)) VT > 0, (4)
ac CRY), feCR), (5)
a(s)>m>0, (6)

—k —ag|s]” < f(s)s <k —oals|”, (7)

where m, a1, as >0 and kK > 0, p > 2. Observe that then there exists C > 0 such that
[f() <CA+slP7!) Vs eR, (8)
and that the function F(s) := [ f(r)dr satisfies
—an|slP — K < F(s) <k —aqls|? (9)
for certain positive constants oy, i = 1,2, and Kk > 0, and
[F(s)| < C(1+[s]?) Vs €R. (10)

Conditions (4)-(7) will be always assumed throughout the paper. Sometimes, some of the following
additional assumptions will also be used:

f € CY(R) be such that f'(s) <7, Vs € R, (11)
2n —2

p< . ifn>3, (12)

a(s) < My + Mss, Vs >0, (13)

s+ a(s®)s is non-decreasing, (14)

a(-) € C' (R") and a’ (s) >0, Vs >0, (15)

for some constants My, M, n > 0.

Remark 1 o (s) > 0 implies that (14) holds, so condition (15) is stronger than (14). Assumption (14)
is used to prove uniqueness of solutions. Assumption (15) is used to obtain the H? () regularity of the
global attractor.



Definition 2 A weak solution to (3) is a function u (-) such that u € L>°(0,T; L?(Q))NL%(0,T; H}(Q))N
LP(0,T;LP(R)) for any T > 0 and satisfies the equality

jt(u v) + a((lu(®) |5, (Vu(t), Vo) = (f(u(),v) + (h(t),v) Vv € Hy(Q) N LP(9), (16)

in the sense of scalar distributions.

Here, we denote by (-,-) the inner product in L*(Q2) (or (L2(Q))d for d € N) and also the duality
product between LP(Q)) and L(Q2) (where ¢ is the conjugate exponent of p, that is, ¢ = p/(p — 1)). The
duality between H} (Q) and H~! () will be denoted by (-,-) .

We need to guarantee that the initial condition of the problem makes sense for a weak solution. This
can be achieved in a standard way assuming that the function a has an upper bound, that is, there exists
M > 0 such that

a(s) < M for all s > 0. (17)

Indeed, if u is a weak solution to (3), taking into account (8) and (17) it follows that
ue = al||ull3) Au+ f(u) +h € L*(0, T H™H(Q)) + LI(0, T LY(Q)). (18)

Therefore, by [12, p.33] u € C([0,T], L?(2)) and the initial condition makes sense when ug € L?().
For the operator A = —A, thanks to the assumptions on the domain €2, it is well known that
D(A) = H?(Q) N H () [30, Proposition 6.19].

Definition 3 A regular solution to (3) is a weak solution with the extra reqularity u € L>(g,T; H}(Q))
and u € L*(e,T; D(A)) for any 0 < e < T.

d
Remark 4 Since — € Li (e,T; L1 () for any regular solution, in this case equality (16) is equivalent

to the following one:

/ /d“ ) dedt — /T (lu()I%,) /Aufdmdt (19)
//f (t,x)) tldldt+// (t,x) & (t, x) dedt,

forall0 <e <T and £ € LP (0,T; L (R)) .

d
Lemma 5 Let u € LP (¢,T; X), ditl € Li(e,T;X’) for all 0 < ¢ < T, where X is a reflexive and
separable Banach space and X' denotes its dual space. Assume that § € C(RT) is such that B €
Whee (e, T;[B(e),B(T)]) and 0 < B(e) < B(T) for all0 <e <T. Thenw(-) =u(B(-) € LP (¢,T; X),

d
dif e Ll(e, T;X'), for all0 <e <T, and

dw du dg
- =" (B(1) - (#) for a.a. t>0. (20)

Proof. We fix arbitrary 0 < ¢ < T. There exists a sequence u,, € C*([8(¢),B(T)], X) such that

u, = win LP (B (e), 5(T); X) and % — % in L7 (8 (¢),8(T); X') [20, Chapter IV]. We define w, (t) =

un, (B (t)). Following the same proof of [4, Corollary VIIL.10] we obtain that w,, (-) € W (¢, T; X) and

dw,, _ duy, dg
It is clear that w, — w in L? (¢,T; X) and CZL—; BE) — % (B(+)) in L (e, T; X'). Passing to the limit
we obtain that J J a8
w u
W=y



dt

B L () e i X, %’ € L9(s,T; X') and

in the sense of distributions D’ (0, +o00; X). A o

(20) holds true. m

We would like to avoid a being uniformly bounded by above (i.e. to relax assumption (17)). We
can still prove the continuity in L2 () of u for regular solutions by assuming that a has at most linear
growth.

Lemma 6 Assume that conditions (4)-(7), (13) hold. Then any regular solution satisfies that u €

C([0,T], L*(Q)) for all T > 0. Moreover, w (t) = u (™" (t)), where a(t) = fot a(||u(s)||i1é)ds, is a regular

solution to the problem

f(w) + n(t)
a(llZ,)

w=0 ondx(0,00),

w(0,z) = ug(z) in Q.

wy — Aw = , in Q x (0,00),

(21)

Proof. Condition (13) guarantees that a(||u(-)||%,:) € L' (0,T) if u € L? (0,T; H} (€2)). We make the
0
following time rescaling
u(t, z) = w(a(t), x).
As a(|[u(-)]|3,:) € L* (0,T), the function t — « (£) is continuous and 3 (-) = o' () satisfies the conditions
0
of Lemma 5. It is clear that the function w (¢,2) = u(a~! (¢), z) belongs to the space L>(0,T; L?(2)) N
L2(0,T; HY(Q)) N LP(0,T; LP(Q)) and also to the spaces L>(e,T; H}(Q)) and L?(e,T; D(A)) for any
d d
0 < e < T. Moreover, ditt € L1 (e, T; L7(Q)) and Lemma 5 give d—qf € L1 (e, T; L7(Q)) and

dw _du d _du

—1 L1 —1 1
T W)= (07 W) a7 (1) = 2 (@7 (1)

—— —_, fora.a t. (22)
2

a (I3,

Equality (19) implies that

Zi; (a7 (1) = a (lula™ )3 ) Au(a™ (1) = £ (u (@ (1)) + h(t), for aa. t >0,

so (22) gives

dw flw(?)) h(t)
— ) —Aw((t) = + for a.a. t > 0.
dt a(lw (@) I7,) — allw (@) [I7,)
1 1
Hence, w is a regular solution to problem (21). Since 0 < @ < s we obtain that

‘fl—:’ € L*(0,T; HY(Q)) + LI(0, T; LY()).

Therefore, w € C([0,T], L?(2)), so that
ue C(0,T], 1(@).

d
Remark 7 Under assumptions (4)-(7) any regular solution u (-) satisfies that ditl € L1 (e, T; L1 (Q)) for

all0 < & < T. Then by [12, p.33] u € C([e,T],L2(Q)), t — |u(t)||* is absolutely continuous on [e,T)
and p g
7 ||u(t)Hi2 =2 ((;:,u> for a.a. t > e.

If the initial condition belongs to Hj (Q2) N LP (), we can define strong solutions as well.



Definition 8 A strong solution to (3) is a weak solution with the extra reqularity w € L>(0,T; Hg(2) N
d
LP(Q)), u € L*(0,T; D(A)) and ditl € L?(0,T;L* () for any T > 0.

We observe that if u is a strong solution, then u € C([0,T], H} () (see [31, p.102]). Also, u €
L>(0,T; LP(2)) and u € C([0,T], L? (2)) imply that u € C,,([0,T], LP(2)) (see [33, p.263]). Thus, an
initial condition in H} (£2) N LP () makes sense. Also, the equality f (u) = u;—a (||u||?{&) Awu—h implies
that f (u) € L* (0,T;L? (Q))

Also, if u is a regular solution such that Z—? € L?(e,T;L*(Q)) for all 0 < ¢ < T, then u €

C((0,T], H ().

The phase space for regular solutions will be L? (), whereas for strong solutions we will use the space
HY ()N LP(Q) (or just H (Q) when HE (Q) C LP (Q)).

The following results will be proved in Theorems 9, 10, 11, 12, 14:

e Conditions (4)-(7), (11), (13) imply the existence of at least one regular solution for any ug € L?(f2).
If, in addition, (14) holds, then it is the unique regular solution.

e Conditions (4)-(7), (11) imply the existence of at least one strong solution for any ug € H}(Q) N
LP(Q). If, in addition, (14) holds, then it is the unique strong solution.
)

e Conditions (4)-(7), (12) imply the existence of at least one strong solution for any ug € H}(Q).
e Conditions (4)-(7), (12), (17) imply the existence of at least one regular solution for any ug € L?(£2).
To start with we prove the existence of regular solutions for initial conditions in L? ().

Theorem 9 Assume that conditions (4)-(7), (11) and (13) hold. Then, for any ug € L?(Q) there exists
at least one regular solution to (3).

Proof. We will prove the result by compactness and using Faedo-Galerkin approximations.

Consider a fixed value T > 0. Let {w;};>1 be a sequence of eigenfunctions of —A in Hg(Q) with ho-
mogeneous Dirichlet boundary conditions, which forms a special basis of L(2). If Q is a bounded regular
domain, then it is well known that {w;} C H} ()N LP(Q) and that for the set V,, = spanfwy, ..., w,] we
have that U,enV,, is dense in L2(£2) and also in H}(Q) N LP(Q) [25]. As usual, P, will be the orthogonal
projection in L2 (Q), that is

= Z (z,w;)w;,

and A; will be the eigenvalues associated to the eglenfunctlons w;. For each integer n > 1, we consider
the Galerkin approximations
n
(t) =D i (t)wj,
j=1

which satisfy the following nonlinear ODE system

d 9 _ _
{ %(un,wz) + a(||un||1,{é)(Vun7 Vw;) = (f(un),w;) + (hyw;) Vi=1,...,n, (23)
1, (0) = Pyug.

where P,ug — ug in L?(Q2). Since (23) can be written in the normal form with a continuous right-hand
side, this Cauchy problem possesses a solution on some interval [0, ¢,,). We claim that for any 7" > 0 such
a solution can be extended to the whole interval [0, T, which follows from a priori estimates in the space
L?(2) of the sequence {uy,}.

Multiplying by v,;(t) and summing from i = 1 to n, we obtain

3 g lun(t MZe + alllunlzz) lun (Wl = (F (n(8)), un(t) + (h,un(t)) for a.e. t € (0,tn).  (24)



Using (7) and the Young and Poincaré inequalities we deduce that

(f (un(t)), un(t)) < &IQ] = aa[lun (B)II7,,

m 1
< Flun By + 55 B
Hence, from (24) it follows that

1d

S lun (@3 + 2

5 =l (2 W + arllun ()7, < £IQ]+ 7|Ih( )Z: for a.e. t € (0, ). (25)

Then, integrating (25) from 0 to ¢ € (0,t,) we deduce

1

SO+ 5 [ g +ar [ (ol
1 (20

< w0t g [P + Gl O < TR + Ko(T) + Fua O

Therefore, the sequence {u,, } is well defined and bounded in L (0, T; L%(Q))NL2(0, T; H} (Q2))NLP(0, T; LP()).
Also, {—Au,} is bounded in L?(0,T; H=1(Q)).
On the other hand, by (8) it follows that

T T
/ / | Flule, 1)) dadt < 2971 CU(|QUT + / lu(t)|2, db),
0 Q 0

with & + 2 = 1. Hence, since {u,,} is bounded in L?(0, T; LP(€)), {f(un)} is bounded in L9(0,T; L9(S)).
On the other hand, multiplying (23) by A;v,i(t) and summing from ¢ = 1 to n, we obtain

gy + mll A3 < ¢ un, ~ ) (h(8), ~Bin) < mllunliy + 5B+ et
Integrating the previous expression between s and ¢, with 0 < s < ¢ < T, and using (11) we have
1 2 m (" 2 g 2 1 2 1 ! 2
Slen®ly + 5 [ 18u)dr < [ )Bygdr + 5lhua 0y + 5 [ IO (20)
Now, integrating in s between 0 and t, it follows that

T
Hlun () < o7 +1) [ an(0)lByydr + Ko(TT.

Hence,

T +1 [ K3(T)T
Jan )y < 2 [ a0l + =22 (28)

for allt € [e, T] with e € (0, 7). From the last inequality and (26) we deduce that {||un(¢)| z; } is uniformly
bounded in [¢, T] and by the continuity of the function a we get that {a(||u,(t)[|%,)} is bounded in [e, T].
0

Also, it follows that
{u,} is bounded in L™ (e, T; Hy(S2)). (29)

On the other hand, taking s = ¢ and ¢t = T in (27), by (26) we obtain that
{u,} is bounded in L?(e, T; D(A)), (30)

so {—Au,} and {a(HunHiIé)Aun} are bounded in L%(e,T; L?(€2)). Thus,

{le} is bounded in L9(e, T; LI(R)). (31)



Therefore, there exists u € L (e, T; Hi(Q)) N L2(0,T; HE(Q)) N L*°(0,T; L*(Q)) N L2(e, T; D(A)) N

d
L?(0,T; LP(Q?)) such that ditt € L(e,T; L1 () and a subsequence {uy}, relabelled the same, such that

U, = win L®(e, T; HY (),

u, = u in L=(0,T; L*(Q)),

u, — u in L2(0,T; HY(Q)),
(0,75 LP(92)),

) (32)

)

Uy — u in LP
u, — u in L?(g,T; D(A)
duy, du (

[ N q q
o 7 in LY(e, T LY(Y)),

Flun) = x in L0, T5 L(%)),
alflunl%y) > b in L, T),

for any 0 < ¢ < T, where — means weak convergence and — weak star convergence.

Moreover, by (30)-(31) the Aubin-Lions Compactness Lemma gives that u,, — u in L?(e,T; H3(Q)),
S0 un(t) — u(t) in H (Q) a.e. on (g,T) for any € > 0. Consequently, there exists a subsequence {u,},
relabelled the same, such that u, (t,2) = u (¢,2) a.e. in Qx (0,7T). Also, we know that P, f(u,) — x (see
[30, p.224]). Since f is continuous, it follows that f(u, (t,z)) — f(u (t,z)) a.e. in @ x (0,T). Therefore,
in view of (32), by [26, Lemma 1.3] we have that x = f(u).

As a consequence, by the continuity of a, we get that

alllun(®)l%y) = alllu(®)%;)  ae. on (€. T).

Since the sequence is bounded, by the Lebesgue theorem this convergence takes place in L?(g,T) and
b= a(|lul]3,) on (e, T). Thus,
0

al(Junl%y) Ay — alullyy)Au, i L(e, T L2(2)). (33)

Finally, since {w;} is dense in Hg(2) N LP(Q), in view of (32) and (33), we can pass to the limit in
(23) and conclude that (16) holds for all v € H}(Q) N LP(Q).
To conclude the proof, we have to check that u(0) = ug. Indeed, let be ¢ € C1([0,T]); HE(Q)NLP(Q)),
With ¢( ) =0, ¢(0 ) 7& 0. We consider the functions w (t) = u(a™" (t)), wy (t) = uy (o' (t)) (here
= fo a(||uy (r 1d7“))7 which by Lemma 6 are regular solutions to problem (21) with initial
condltlons w (0) = ug and to the corresponding Galerkin approximations with initial condition wy, (0) =

d
un, (0) = Pyug, respectively. Since d—f € L2(0,T; H=(2))+L4(0,T; L9(£2)), we can multiply the equation
in (21) by ¢ and integrate by parts in the ¢ variable to obtain that

f(w®)) + h(t)

T , T
| o) - sww.omi- | (W)”H)

,¢>(t)) dt + (w (0),0(0)),  (34)

P f(wn (1) + Paho(t)
a(llwn (t)|7)

| = w00 @) - @, 0,000 dt = | (

We can easily obtain by the previous convergences and (6) that

w, = w in L* (0, T; Hy (),
Aw,, — Aw in L? (0 T:H! (Q)) )
Puf(wa(®)) + Pah(t) | flw(t) +1h(2)

a(llwn ()]5) a(w(®)%,) n L7(0,T;L7(Q)).




Passing to the limit in (35), taking in to account (34) and bearing in mind w, (0) = P,uq — uo we get

(w(0),¢(0)) = (uo, 9 (0))-
Since ¢ (0) € H}(Q) N LP(Q) is arbitrary, we infer that w(0) = u (0) = uo.

Hence, u is a regular solution to (3) satistying u (0) = ug. m

Second, we will prove the existence of strong solutions for initial conditions in Hg(£2) N LP(£2). In this
case, we do not need to impose the upper bound (13) of the function a.

Theorem 10 Suppose that conditions (4)-(7) and (11) are fulfilled. Then, for any ug € H () N LP(Q)
there exists at least a strong solution to (3).

Proof. We consider, as in Theorem 9, the Galerkin approximations {u,} and an element u for which
(32) holds. Under the aforementioned conditions, we will obtain that w, converges to a strong solution
to (3). In this proof it is important to observe that P,ug — wug in the spaces H} () and LP (2) [30,
p-199 and 220]. Thus, the sequences ||Pnu0HH1 and ||Ppugl|;,» are bounded.

d
First, we multiply the equation in (23) by ——~ to obtain

dt
Il + a5 Sy = % [ Flanto + 00, 2,
Introducing |
A(s) = /O Sa(r)dr, 56)
we have
S0+ o { Mlaliy) =~ [ Float dx} - -

Now, integrating (37) we have

3 | I5sunods + 5 A Oly) ~ [ Flun(®)da

< AU Ol - [ FooO)dot 5 [ IA]Eads

From (6) and (9) we get

m
0y + a1 + 5 [ )l
. (38)
< SAUun(0)lI7) + @2 llun (O, + K(T).
Now, from (38) we obtain that
dun . . 2 2
[ 8 bounded in L(0,T; L*(R2)), (39)
S0 J J
Un U, r2 2
O p2(0, T 12()), (40)

On the other hand, the embedding H{(2) CC L?(Q) and the Aubin-Lion Compactness Lemma imply
that
u, — win L2(0,T; L*(Q)).

Hence,
u, — u for a.e. (x,t) € Q x (0,7).



Moreover, thanks to

2

d
< ||EU7L|‘%2(O,T;L2(Q)) [t2 —t1| Vt1,t2 € (0,77,
L2 ¢

ta d
/t1 %un(s)ds

(38), (39) and H{(Q) cc L*(Q), the Ascoli-Arzela theorem implies that {u,} converges strongly in the
space C([0, T]; L?(Q2)) for all T > 0. Therefore, we obtain from (38) that u,, (t) — u(t) in H(Q)NLP(Q),
for any ¢t > 0, and

et (t2) — (12|20 = ‘

u, = win L0, T; H} (Q) N LP(Q)). (41)

Also, by the continuity of the function a, {a(||un (t) ||i,1)} is uniformly bounded in [0, T.
0
Multiplying (23) by A;vni(t) and summing from i = 1 to n, we obtain

1d

1 m
o el ] = A = (f (), =) + (1), ~Aun) < nlfun g + 5 - IO + 1| = Avwn
Integrating the previous expression between 0 and T it follows that
1 2 m [T 2 g 2 1 2
Sllun(Mligy + 5 [ Aun(s)lzeds <n | Jun ()l dt + S llun(0)]zy + K(T). (42)
2 0 2 0 0 0 2 0
Finally, taking into account (26), from (42) we deduce that
u,, is uniformly bounded in L?(0,T; D(A)),
SO
un, — u in L?(0,T; D(A)). (43)
Arguing as in Theorem 9 we also obtain that
un, — win L? (0,T; Hj (),
a (llunliy ) = a (Nl ) in 22(0,7),
fun) = f(u) in L7(0,T5 L7 (2)),
@ (lunll3yy ) Aun — a (Jluli; ) Auin £2(0,T; L2(Q). (44)

Therefore, we can pass to the limit to conclude that u is a strong solution.

It remains to show that « (0) = ug. This can be done, in a similar way as in Theorem 9, by multiplying
the equation in (3) by a function ¢ € C1([0,T1]); H}(Q)NLP(£2)), with ¢(T) = 0, ¢(0) # 0 for the Galerkin
approximations u,, and the limit function u and integrating by parts. Then taking into account the above
convergences and P,ug — ug in L? (£2) we obtain that u (0) = ug. =

We can still ensure the existence of strong solutions without using condition (11) by imposing extra
assumptions on the parameter p. Indeed, if (12) is satisfied, then the embedding H{ (Q) c L*®~1 (Q)
LP () and (8) imply that

IO <200+ [ fu(t. )P0 Vdn) < & (14 )3 7) (45)

S0

f(u) € L*(0,T; L*()) (46)
provided that u € L>(0,T; H}(2)). Moreover, f (A) is bounded in L?(0,T; L?(f2) if A is a bounded set
of L>(0,T; H} (2)).

Theorem 11 Assume that (4)-(7) and (12) hold. Then for any ug € HL(Q) there exists at least one
strong solution to (3).

10



Proof. Reasoning as in Theorem 10 and considering as well the Galerkin scheme, (32), (40) and (41)
hold. We just need to check that (43) is also true and then repeat the same lines of Theorem 10.
Multiplying (23) by A;vni(t) and summing from ¢ = 1 to n, we obtain

1d
5%”“77”%11 +m| Aupl|7: = (f (un), —Aup) + (b(t), —Au)
1 m 1 m
< %Ilf(un)lliz +50 - Aup|7z + E\Ih(t)\\%z + ZHAunllsz-

Integrating between 0 and T it follows that

1 m [T

Sl + 7 [ 18uo)lads
1 ’ 1 1 T (47)

< g | I )+ 5 ln O) 5 + / ()|t

In view of (41) and (45), we have that f (u) is bounded in L? (0,7 L? (Q)), so from (47) we get that
{un} is bounded in L?(0,T; D(A)). Therefore,

u, — u in L*(0,T; D(A)), (48)
as required. m

Actually, in the case of regular solutions, we can get rid of the condition (11) as well by imposing the
extra assumption (12) on the constant p.

Theorem 12 Assume that (4)-(7), (12) and (17) hold. Then, for any ug € L?(2) there exists at least
one regular solution to (3).

Proof. Let u? € H}(Q) be a sequence such that uf — ug in L*(Q2). By Theorem 11 there exists a strong
d n
solution u™(+) of (3) with u™(0) = u?. Since u™ € L? (0,T; D (A)) and % € L?(0,T;L? (1)), from [31,

p.102] the equality
d

Sy = 2= A )
holds true for a.a. ¢ > 0.
Now, multiplying (3) by u™ and using (7) it follows that
1d
2 dt
< QL+ [ ]2 lu™ (@) L2 < ]9 + LHh(lﬁ)\liz + | (1) 12
2mA; 2 Hp?

lu™ ()17 + mllu[[F + eallu™ (@)1 (49)

[u™ (B)II72 < llu™ (0)][72 + K (T). (50)

Thus, integrating in (49) between ¢ and t + r we get
t+r t+r
e+ Dl [ s +2a0 [ a6 ds

1 t+r N .
< 26|+ / 1h(s)I72ds + [lu™ (8) |72 < [lu™(0)][72 + K2(T).
t

Also, by (9) and (17) we deduce that

/t o @A(nu"(s)nzp - /Q f(un@)dz) ds

tHr r B il 52
<[ G s IRl [ 0 o)lds %
t t

< K3(T) (1+ [[u™(0)]22) ,
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for all n > 0 and ¢ > 0.
On the other hand, multiplying (3) by u}* we have

Sl @I + 5 (GA0 @) - [ Far@)s) < 5In01% (5)

where the fact that ¢ — [, F(u"(t))dx is absolutely continuous on [0,7] and

4 @) = (f (" (1),

du™

— (t for a.a. t >0
i ), o ()), or a.a. t > 0,

is proved by regularization using the regularity of strong solutions and (45). By the Uniform Gronwall
Lemma [34] we obtain

K3(T)(1 + [[u"(0)]17)

1
EA(HU"(t—i—r)H%,é) —/ Fu"(t+r))de < + K4(T), forall0<t<t+r (54)
Q

so that by (6) and (9) we obtain that

K5(T)(1 + [u"(0)]2.) + Ko(T) (55)

for all t > 0. Therefore, the sequence u™(-) is bounded in L (r, T; Hi () for all 0 < r < T'. Consequently,
a([[u™ () [I3,1) is bounded in [r, T].
0
Integrating (53) over (r,T'), from (6), (9) and (54) it follows that

lu™ (¢ + )3 + ™ (E+ 7)1 <

1 T d n 2 m n 2 == n P
3/ Iz @Olz2dt + o llu™ (D)l + aaflu™ (D)L, — &I

<3 | 1@l + GAG DIy — [ Fr @)
i
s %/T Hh(t)Hizdt—F%A(Hu"(r)”%(%)_/Q]:(un(r))dx

1

2 /,.T (|t + DA 1w Oll7)

r

<

+ K4(T).

n

d
Thus % is bounded in L?(r,T; L*(Q)) for all 0 < r < T.

Taking into account (45) and (55) we infer that f (u™) is bounded in L? (r, T; L*(Q2)). By this way,
the equality a(||u”[|%,)Au™ = u — f(u") + h(t) implies that u" and a(Hu”Hf{é)Au" are bounded in
0
L?(r,T; D(A)) and L?(r,T; L*(2)), respectively, for all 0 < r < T.
By the compact embedding H{ (2) € L?(Q), we can apply the Ascoli-Arzela theorem and obtain that,
up to a sequence, there exists a function u such that

u" = in L (r, T; HE (),
u" — win C([r,T], L*()),
u™ — u in L?(r,T; D(A)), (57)
ddit — % in L*(r, T; L*(2)),
forall 0 <r<T.

On the other hand, from (51) we infer that u™ is bounded in L>°(0,T;L*(Q)) N L?(0,T; H(R)) N
LP(0,T; LP(QY)), for all T > 0. Therefore, there exists a subsequence u™, relabelled the same, such that
u™ = uin L0, T; L3(Q)),
u™ — uin L*(0,T; H} (), (58)

u™ — uin LP(0,T; LP(£2)),

12



for all T > 0. On the other hand, arguing as in the proof of Theorem 9 we obtain that
f) = f(u) in L9(0,T; L (%)),
u" — win L2(r, T; HY (),
alu 23) = a(ull%y) in L2 (0,T),
alllu" (®) ) Au" = a(lu(®)]Z)Au in L2(r, T; L2(€).

Passing to the limit we obtain that w (-) is a regular solution.
Finally, by a similar argument as in the proof of Theorem 9 we establish that u (0) = up. ®

Remark 13 Under the conditions of Theorem 12 any regular solution u () satisfies from (45) that f (u) €
d

L? (e,T;L* (Q)) for all0 <e < T, and then ditL € L? (e, T;L*(Q)) as well. Hence, u € C((0,T], H} (2))

for all T > 0.

We finish this section by giving a sufficient condition ensuring the uniqueness of solutions.

Theorem 14 Assume the conditions of Theorem 9 and additionally that (14) is satisfied. Then there
can exists at most one regular solution to the Cauchy problem (3) for ug € L? ().
If, moreover, My = 0 in condition (13), then there can be at most one weak solution.

Under the conditions of Theorem 10 and (14), there can exists at most one strong solution to the
Cauchy problem (3) for ug € H} () N LP ().

Proof. Suppose that u and v are two regular solutions to (3) with the same initial condition ug = vy.
Then by subtraction and multiplying by u — v we get by Remark 7 that

L2 = o2 + (—alllu (8) 1) Au+ a(lo (&) 1) Av,u = v) = (F(w) = F(v),u—v).

Let us consider
I = (=a(llu(®) [I7)Au +a(llv (t) [I7) Av, u = v).

After integrating by parts, we obtain
T= [ (@l ®) ) IVal? = a0 [y V¥ = allo (0 ) Vu¥o -+ oo (1) ) V) da

> au (8) )l 0) 2 — (ol () 113) + o (2) 135 ) s C8) g o C8) iy + o (13 1o () 1y
= (ol (8) 2 ) 8) g = aClo 2) )10 0 g ) (s 8 g = Tl (8) g ) > 0, (59)

where we have used (14) in the last inequality.
Hence, from (59) and f’ (s) <7, we infer

gl ol < [ () - o) - do= [ (" 76)as) 0= 0o <ol

By Remark 7 it is correct to apply the Gronwall lemma over an arbitrary interval (,t), so
lu() = v(®)I72 < llu(e) —v(e) |72 779, t>0.

Since Lemma 6 implies that u,v € C([0,T], L? (£2)), we pass to the limit as e — 0 to get

lu(t) = v(®)[|72 < [lu(0) — v (0) |22 €™, t>0.

Hence, the uniqueness follows.

If My =0 in (13), then by (18) the above argument is valid for weak solutions as well.

The proof of the last statement is the same with the only difference that condition (13) is not needed.
]
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3 Existence and structure of attractors

In this section we will prove the existence of global attractors for the semiflows generated by regular and
strong solutions under different assumptions in the autonomous case, that is, when the function A does
depend on t. We will also establish that the attractor is equal to the unstable set of the stationary points
or to the stable one when we only consider solutions in the set of bounded complete trajectories.

We consider the following condition instead of (4):

heLl*(Q). (60)

Throughout this section, for a metric space X with metric p we will denote by distx (C, D) the
Hausdorff semidistance from C to D, that is, distx (C, D) = sup.c¢ infaep p (¢, d).

It is important to observe that in the theorems of existence of solutions of the previous section we
have used either assumption (11) or (12). Now, when we use condition (11) in some cases it is necessary
to add a restriction on the constant p given below in (83).

We summarize the main results of this section:

e Conditions (5)-(7), (11), (17), (14) and (60) imply that the regular solutions generate a semigroup
in the phase space L? (Q) possessing a global attractor, which is compact in H{ (©2) and bounded in
L? (Q) (Theorem 17 and Lemma 39). If, in addition, either h € L*> () or p < 2n/(n—2) for n > 3,
then it is characterized by the unstable set of the stationary points (Proposition 40). Moreover,
condition (15) implies that the attractor is bounded in H? (Q) (Proposition 19).

e Conditions (5)-(7), (17), (60) and either (12) or (11), (83) imply that the regular solutions generate
a (possibly) multivalued semiflow in the phase space L? (2) possessing a global attractor, which is
compact in Hj () and L? (Q) and is equal to the unstable set of the stationary points (Theorems
33, 37).

e Conditions (5)-(7), (17), (60) and either (12) or (11), (83) imply that the strong solutions generate
a (possibly) multivalued semiflow in the phase space Hg (€2) possessing a global attractor, which is
compact in Hi () and L? (Q) and is equal to the unstable set of the stationary points (Theorems
45, 48).

e Conditions (5)-(7), (11), (17), (14), (60) and (83) imply that the strong solutions generate a semi-
group in the phase space H (2) possessing a global attractor, which is compact in H} (€2) and
LP (2) and is equal to the unstable set of the stationary points (Theorems 50, 53). Moreover,
condition (15) implies that the attractor is bounded in H? (2) (Proposition 54).

e Conditions (5)-(7), (11), (17), (14) and (60) imply that the strong solutions generate a semigroup
in the phase space H} (2) N L? (Q) (endowed with the induced topology of Hg (€)) possessing a
global attractor, which is compact in H} () and bounded in L? () (Theorem 57). If, in addition,
either h € L™ (Q) or p < 2n/(n — 2) for n > 3, then it is characterized by the unstable set of the
stationary points (Theorem 60). Moreover, condition (15) implies that the attractor is bounded in
H? (Q) (Proposition 61).

e In all the above situations h € L () implies that the global attractor is bounded in L ()
(Theorems 18, 36, 47, 59).

3.1 Regular solutions

We split this part into three subsections.

3.1.1 The case of uniqueness

If we assume conditions (5)-(7), (11), (14), (60), then by Theorems 9 and 14 we can define the following
continuous semigroup 7). : RT x L*(Q) — L*(Q) :

Tr(tau()) = u(t)v (61)
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where wu (+) is the unique regular solution to (3). We denote by R the set of fixed points of T;., that is,
the points z such that T (¢, z) = z for any ¢t > 0.

We also observe that if we assume (17), then using the calculations in (52)-(55) for the Galerkin
approximations of any regular solution u (-) one can obtain that u € L (e, T; L? (Q0)), forall 0 < e < T,
and then u € C,,((0, +00), L? ().

Our first purpose is to obtain a global attractor. We recall that the set A is a global compact attractor
for T, if it is compact, invariant (which means T, (¢, A) = A for any ¢t > 0) and it attracts any bounded
set B, that is,

disty2 (T-(t,B),A) = 0 as t — +o0.

Proposition 15 Let (5)-(7), (11), (13), (14) and (60) hold. Then the semigroup T, has a bounded
absorbing set in L?; that is, there exists a constant K such that for any R > 0 there is a time to = to(R)
such that

lu@llz2 < K forall t>to, (62)

where ||uoll 2 < R, u(t) = T,(t,up). Moreover, there is a constant L such that
t+1
/ \|u(s)||§,éds <L foral t>to. (63)
¢
Proof. Multiplying equation (3) by u and using (7) and Remark 7 we have
1d 9 K1

m 2 1 2
5 O + Sl + aallul» < w9+ 5[l = 5 (64)

12 > Mllu(®)3 give

The Gronwall lemma and the inequality ||u(t)
u(®)]|22 < JJu(e)]2e™ ™) 4 &7 for any € > 0.
L L
)\1m

Asu € C([0,T],L? () by Lemma 6, passing to the limit we have

K1

(@) < () Fem + 5 (63)
Hence, taking
1 AlmR2
t>tg = In
)\1m K1

we get (62) for K = /\zl”;n On the other hand, integrating (64) between ¢ and ¢ + 1 and using (65) we
obtain

t+1
m [ () Byds < Ju@)- +
t
and using the previous bound we get
t+1 2
/ lu(s) Zyds < 2+ 25 forall ¢ > to,
‘ m m

so that (63) follows. m

Proposition 16 Let (5)-(7), (11), (17), (14) and (60) hold. Then there ezists a bounded absorbing set
in HY () N LP (Q); that is, there is a constant M such that for any R > 0 there is a time t; = t1(R)
such that

lu@ g + lu @, <M for all t > t,

where ||ug|| 2 < R, u(t) =T (t, up).
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Proof. The following calculations are formal but can be justified by the Galerkin approximations.
Arguing as in (52)-(55) we obtain the existence of a constant C' such that

I1T5-(1, 2 (0)) 52 + 1T (1w (0)[I7 < C(1+ u(0)]|Z2)-
Hence, the semigroup property T,.(t + 1, ug) = T»(1,T;-(¢, up)) and (62) imply that
IT-(t+ 1 wo) 17y + 1T (E+ 1, u0) |7, < C(L+ K?) ¥t > to (R),

if |luo|| ;2 < R, which proves the statement. m

Theorem 17 Let (5)-(7), (11), (17), (14) and (60). Then the equation (3) has a connected global
compact attractor A,., which is bounded in H} (Q) N LP (£2).

Proof. Since a bounded set in H} () is relatively compact in L?(Q2) which is a connected space, the

result follows from Theorem 10.5 in [30] and Proposition 16. m

We will also obtain the boundedness of the attractor in the spaces L () and H? (Q).

First, we recall that a function ¢ : R — L?(f) is a complete trajectory of the semigroup T, if
¢(t) =T-(t —s,¢(s)) for any t > s. ¢ is bounded if the set User (s) is bounded. It is well known [24]
that the global attractor is characterized by

= {¢(0) : ¢ is a bounded complete trajectory}. (66)

Theorem 18 Let (5)-(7), (11), (17), (14) and (60) hold. Then the global attractor A, is bounded in
L>(Q), provided that h € L>(Q).

Proof. We define v, = max{v,0}, v_ = —max{—wv,0}. We multiply equation (3) by (u— M), for some
appropriate constant M and integrate over ) to obtain

535 L 1= M) P+ a(lu@ly) [ (V0= 2)sPdo = [ (F®) + B = M).do

where we have used the equality %ﬁ Jo [(w—M)4 *dx = (us, (w — M)4) , which is proved by regulariza-

tion.
Since h € L>(2), by (7) we deduce that

(f(u) + h)u <k — alul?.
It follows that

fu)+h<0 when u> (g)l/p:M.

Therefore, we have
(f(u) + h)(u — M) <0.

Thus, by (6) and the the Poincaré inequality, we deduce that

d
%/ |(ufM)+|2dx§72m/\1/ |(u— M), |*dx.
Q Q

Using the Gronwall inequality, we have

[ ) =3y e < =m0 () = an). P

For any y € A, there is by (66) a bounded complete trajectory ¢ such that ¢ (0) =y. Then taking ¢t =0
and 7 — —oo in the last inequality, we obtain y (z) = ¢(0,2) < M, for a.a. z € Q. The same arguments
can be applied to (v — M)_, which shows that

lyllLe < M, Vye A,.

If we assume (15), then it is possible to show that the global attractor is more regular.
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Proposition 19 Let (5)-(7), (11), (17) and (60) hold. If, additionally, (15) is satisfied, then there exists
an absorbing set in H? () and the global attractor is bounded in H?(2).

Proof. We will prove the existence of an absorbing set in H?(2). The boundedness of the global
attractor in this space follows then immediately. We proceed formally, but the estimates can be justified
via Galerkin approximations.

Let u(t) = T,.(t, uo) with |lugl| ;2 < R. First, we differentiate the equation with respect to ¢

d
e — () Sl 3 Avw — a3 ) A = £ (.

Multiplying by u; we get

1d

1
5 gz + 5 a(HUIIHl)( llllZy)? + alllullf) ey = /f )(u)*da. (67)

By (6), a’ (s) > 0 and f’ (s) <17 we obtain

1d

5 e lall2a + mlluel 3y < el (68)

Second, multiplying (3) by u; and reordering terms, we obtain

a (i) (i)
dt( Sy - [ Fyde— [ nwpude ) + e = 3 fully Sl (©9)

Proposition 16 implies that
a'(|2l3) < 7 = supjs<ma’ (s?)

if 2z belongs to the absorbing set in Hg (©2). On the other hand, multiplying the equation by —Aw and
using Proposition 16, we obtain

d
Zllully +mlAu@®)ze < 2nlluw@)liz; + — Hh||L2 < Ky Ytz ti(R).
Hence, by (69) and Proposition 16, it follows
a(flu H2 ) 2 _ 7 2
dt il ia ||uHH1 .7: ydx — h(w)udm + |lue]| 72 < §K1M , VYt >t (R). (70)
Multiplying both sides of the inequality f’(s) < n by s and integrating between 0 and s, we obtain
$2
sf(s) < F(s)+ 5 Vs e R. (71)
Moreover, integrating f’(s) < 7 twice between 0 and s, we infer
F(s) < gSQ +Cs, VseR. (72)
Now, we multiply (3) by u and integrate between ¢ and ¢ + 1 to obtain
1 2 o 2 2
Sllu(t+ 172 + a(llullg)llu(s) Iz — [ flwude — [ h(@)udz | ds = 5 [[u(t)]7-- (73)
2 t 0 0 Q Q 2

From (71), (73) and Proposition 15 it follows

t+l a(||u||§{5) 9 1 9 n [N ~
T||u||Hé — [ Fu)dz — | h(z)udz | ds < §|\u(t)||L2 +3 lulli2ds < L Vt >ty
t Q Q t
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The last inequality allows us to apply the Uniform Gronwall Lemma to (70) in order to obtain

2
i) e Fu)d h(z)ude <L+ JKAM? V>t + 1 74
5l = | Flwyde— | hxjudz < L+ 5K, t>t+1. (74)
Using (6) and (72) we get
a((lullF;.) _
5l - [ Fds ~ [ hwyuds = ~Fulfs - Clule (75)
Q Q

Now, integrating (70) from ¢ to ¢ + 1, using (74), (75), by Proposition 15 we have
t4+1 _ 0 _
/ ||us|\%2ds§L+7K1M2+§K2+CK:/)1, Vit >t + 1. (76)
t
Hence, the last equation allow us to apply to (68) the Uniform Gronwall Lemma [34] to obtain
du , o
”E(t)HL? < po, Vt>t1+2. (77)

Finally, we multiply (3) by —Awu and use (6) to obtain

m 1 1
TAulRs < lully + 83 + el 2

Thus, by Proposition 16 and (77), we deduce that
lu()|f < pa VE>t +2.

3.1.2 Abstract theory of attractors for multivalued semiflows

Prior to studying the case of non-uniqueness, we recall some well-known results concerning the structure
of attractors for multivalued semiflows.

Consider a metric space (X, d) and a family of functions R C C(Ry; X). Denote by P(X) the class
of nonempty subsets of X. Then we define the multivalued map G : Ry x X — P(X) associated with
the family R as follows

G(t,up) = {u(t) : u(-) € R,u(0) = ug}. (78)

In this abstract setting, the multivalued map G is expected to satisfy some properties that fit in the
framework of multivalued dynamical systems. The first concept is given now.

Definition 20 A multivalued map G : Ry x X — P(X) is a multivalued semiflow (or m-semiflow) if
G(0,z2) =z for allz € X and G(t+ s,z) C G(t,G(s,x)) for allt,s >0 and x € X.

If the above is mot only an inclusion, but an equality, it is said that the m-semiflow is strict.
Once a multivalued semiflow is defined, we recall the following concepts.

Definition 21 A map v : R — X is called a complete trajectory of R (resp. of G) if y(- + h) [0,00)E R
for all h € R (resp. if v(t + s) € G(t,7v(s)) for all s € R and t > 0).
A point z € X is a fized point of R if () = z € R. The set of all fixed points will be denoted by Rx.
A point z € X is a stationary point of G if z € G(t, z) for allt > 0.

Definition 22 Given an m-semiflow G a set B C X is said to be negatively (positively) invariant if
B C G(t,B) (G(t,B) C B) for all t > 0, and strictly invariant (or, simply, invariant) if it is both
negatively and positively invariant.

The set B is said to be weakly invariant if for any x € B there exists a complete trajectory v of R
contained in B such that v(0) = x. We observe that weak invariance implies negative invariance.
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Definition 23 A set A C X is called a global attractor for the m-semiflow G if it is negatively invariant
and it attracts all bounded subsets, i.e., distx(G(t,B),A) = 0 as t — +o0.

Remark 24 When A is compact, it is the minimal closed attracting set [28, Remark 5].

In order to obtain a detailed characterization of the internal structure of a global attractor, we
introduce an axiomatic set of properties on the set R.

(K1) For any x € X there exists at least one element ¢ € R such that ¢(0) = .
(K2) ¢r():=¢(-+7) € R for any 7 > 0 and ¢ € R (translation property).
(K3) Let ¢1,p2 € R be such that ¢3(0) = ¢1(s) for some s > 0. Then, the function ¢ defined by

() 0<t<s,
@(t) = { zQEt)_ S) s S t,

belongs to R (concatenation property).

(K4) For any sequence {¢"} C R such that ¢™(0) — xo in X, there exist a subsequence {p™*} and
€ R such that ¢ (t) — ¢(t) for all ¢t > 0.

Remark 25 If in assumption (K1), for every x € X, there exists a unique ¢ € R such that ©(0) = z,
then the set {p € R : p(0) = x} consists of a single trajectory o, and the equality G(t,x) = p(t) defines
a classical semigroup G : Rt x X — X.

It is immediate to observe [11, Proposition 2] or [23, Lemma 9] that R fulfilling (K1) and (K2) gives
rise to an m-semiflow G through (78), and if besides (K3) holds, then this m-semiflow is strict. In such
a case, a global bounded attractor, supposing that it exists, is strictly invariant [28, Remark 8].

Several properties concerning fixed points, complete trajectories and global attractors are summarized
in the following results [21].

Lemma 26 Let (K1)-(K2) be satisfied. Then every fixed point (resp. complete trajectory) of R is also a
fized point (resp. complete trajectory) of G.
If R fulfills (K1)-(K/), then the fixed points of R and G coincide. Besides, a map v : R — X is a

complete trajectory of R if and only if it is continuous and a complete trajectory of G.

The standard well-known result in the single-valued case for describing the attractor as the union of
bounded complete trajectories (see [24]) reads in the multivalued case as follows.

Theorem 27 Consider R satisfying (K1) and (K2) and either (K3) or (K4). Assume that G possesses
a compact global attractor A. Then

A={7(0) : v € K} = Urer{~(t) : v € K}, (79)
where K denotes the set of all bounded complete trajectories in R. Hence, A is weakly invariant.

We finish this section by stating a general result about the existence of attractors. We recall that the
map t — G(¢, ) is upper semicontinuous if for any z € X and any neighborhood O(G(t,z)) in X there
exists § > 0 such that if d(y,x) < §, then G(t,y) C O.

Theorem 28 [28, Theorem 4 and Remark 8] Let the map t — G(t,x) be upper semicontinuous with
closed values. If there exists a compact attracting set K, that is,

distx(G(t,B),K) = 0, as t — +o0,

for any bounded set B, then G possesses a global compact attractor A, which is the minimal closed
attracting set. If, moreover, G is strict, then A is invariant.

We observe that, although in the papers [28], [21] the space X is assumed to be complete, the results
are true in a non-complete space.
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3.1.3 The case of non-uniqueness

If we do not assume the additional assumptions on the function a (-) of Section 3.1.1 ensuring uniqueness
of the Cauchy problem, we have to define a multivalued semiflow.

We have two possibilities: either to consider the conditions of Theorem 9 with an extra growth as-
sumption or to use the conditions of Theorem 12.

If we assume conditions (5)-(7), (12), (17) and (60), then by Theorem 12 for any ug € L* () there
exists at least one regular solution and (45) implies that f(u) € L?(e, T; L?(2)) for any regular solution,

d
S0 ditl € L?(e,T; L*(Q)) as well. In this case, as Hg (2) C LP (Q), we have that u € C((0,+00), H} (Q)) C
C((0,+00), L7 (2)).

If we assume conditions (5)-(7), (11), (13) and (60) as well, then we known by Theorem 9 that for
any ug € L? (Q) there exists at least one regular solution.

In order to obtain the necessary estimates leading to the existence of a global attractor, we need to
ensure that

d
dit‘ € L2(e,T; L*(Q)), forall 0 < & < T, (80)
holds, as by [31, p.102] we obtain that
T
%HUHH(} = 2(—Au, uy) for a.a. t. (81)

and u € C((0,+00), H} ().
We note that the set of regular solutions of that kind is non-empty if we assume (17), as using
inequalities (52)-(56) in the proof of Theorem 9 we prove that the regular solution satisfies (80).

We also observe that we can force all the regular solutions to satisfy d—? € L*(e,T; L*(Q)) with

an additional assumption on the constant p, which is weaker than (12). This is achieved by obtaining
that f(u) € L?(e,T;L*(R))), which can be done by using an interpolation inequality. Indeed, for u €
L> (e, T; H (2)) N L%(e, T; D(A)) we have the interpolation inequality

2(y+1 2 2
| ||L(’](v+1)) (e, T;L2(+1) () < HU‘HLZO(;;,T;LIH(Q))||UHL2(€,T;L1"2 Q) (82)
Where'y:ﬁ7p1:n2f’2,p2:n4,prov1dedthatn>4 v <2, pp =4, pQ—ﬁlfn—él v =

3, p1 =6, py = +oo if n = 3; and v > 0 is arbitrary for n = 1,2. We have used the embeddings H¢ () C
LP(Q), H?(Q) C LP2 (Q) and [35, Lemma I1.4.1, p. 72]. Thus, (8) implies that f(u) € L%(e,T; L*(Q))
if

p<~vy+2 (83)
and also that

O craay = [ [ 110G Paa <040 [ [ paopewa. @

Condition (83) also implies H} (2) C LP (Q2), so u € C((0, +00), LP(2)).
Another necessary property to obtain estimates is the fact that ¢ — [, F(u(t))dx is absolutely con-
tinuous on [, T] for all 0 < e < T and

/ F(u(t))dz = (f (u(t)), Cfl—? (t)) , for a.a. t > 0. (85)

This can be proved by regularization in both situations by using the regularity of regular solutions and
either (45) or (84).

Therefore, under either the conditions of Theorem 9 with the extra assumption (83) or the conditions
of Theorem 12 we define the set

R = K, := {u(-) : u is a regular solution of (3)}.
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We define the (possibly multivalued) map G, : R* x L2(Q2) — P(L*(Q)) by
G, (t,up) = {u(t) : u € K" and u(0) = ug}.

With respect to the axiomatic properties (K1) — (K4) given above, we observe that obviously (K1) is
true, and (K2) can be proved easily using equality (19). Therefore, G, is a multivalued semiflow by the
results of the previous section. In this case we are not able to prove (K3), so G, could be non-strict.
Further we will prove that (K4) holds true.

Lemma 29 Let us assume (5)-(7), (17) and (60). Additionally, assume one of the following assumptions:
1. (11) and (83) hold;
2. (12) is true.

Given a sequence {u"} C K, such that u™(0) — ug weakly in L?(SY), there exists a subsequence of
{u™} (relabeled the same) and u € K&, satisfying u(0) = ug, such that

u"(t) — u(t) strongly in HE () Vt > 0.

Proof. We take an arbitrary 7' > 0. Arguing as in the proof of Theorem 9 we obtain the existence of a
subsequence of ™ such that
{u"} is bounded in L>(0,T; L*(Q2)),
{u"} is bounded in LP(0, T LP(2)), (86)
{f(u"™)} is bounded in L4(0,T; LY(Q2)).
The only difference is that we obtain inequality (26) in an arbitrary interval [, T] and then pass to the
limit as € — 0 (see the proof of Proposition 15).
d n
Since % € L*(e,T; L*(Q)), for any ¢ > 0, we have that u € C((0,77], H} (Q)) and we know that
(81), (85) are true. Therefore, arguing as in the proofs of Theorems 9 and 12 and using (84) and (45)
there exists u € L>(g,T; L*(Q)) N L%(0,T; H}(2)) and a subsequence {u"}, relabelled the same, such
that
U, = u in L°(0,T; L*(2))
Uy, — uin L®(e, T; HL())
u, — win L2(0,T; HL())
un, — w in LP(0,T; LP(§2))
u, — u in L?(g,T; D(A)), (87)
du du
- s in L%(e, T; L2 (Q
s in (e, T 12())
fun) = f(u) in L0, T; LU(92)),
flun) = f(u) in L*(e, T; L* () ,
a(llunlF) Aun — a(llullF;) Au in L2 (e, T; L*()).

In view of (87), the Aubin-Lions Compactness Lemma gives
u, — uin L2(g,T; Hy (Q)). (88)

Since the sequence {u"} is equicontinuous in L?(2) on [¢,T] and bounded in C([e,T], H}(Q2)), by the
compact embedding H}(Q) C L?(Q) and the Ascoli-Arzela theorem, a subsequence fulfills

u™ — w in C([e, T], L*(Q)),

u(t) — u(t) in HY(Q) Vte e T).
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By a similar argument as in the proof of Theorem 9 we establish that u € K, u (0) = ug.
Finally, we shall prove that u"(t) — u(t) in H}(Q) for all ¢ € [¢, T].
Multiplying (3) by «} and using (36), (81), and (85) we obtain

1 || du™|? d (1 ) 1 ,
| | = n L — n <! -
2 ‘ at ||, o (QA(U ()17 /QJ-'(u (t))dx) <3 Inllfe =D
Thus,
A" @®)117) /]—‘ ))dx < AHu()HHl /f "))z 4 Dt — ), t> 53 e >0

The same inequality is valid for the limit function u(-). We observe that the map y — [, F(y (z))dz is

continuous in the topology of H} (£2), which follows easily from H0 (Q) C L? (92) and (10) using Lebesgue’s

theorem. Hence, the functions J,(t) = 3 A(||u" (¢ — Jo Fu™(t))dz — Dt, J(t) = $A(|u(®)]?:) —
0

Jo F(u(t))dz — Dt are continuous and non—lncreaslng in [e, T] Moreover, from (88) we deduce that
Jn(t ) —> J( ) for a.e. t € (¢,T). Take € < t,,, < T such that t,, = T and J,,(¢,,) = J () for all m. Then

Jn(T) - J(T) < Jn(tm) - J(T) < |Jn(tm) - J(tm)| + |J(tm) - J(T)|'
For any § > 0 there exist m(d) and N(m(d)) such that J*(T)— J(T) < ¢ if n > N. Then limsup J,(T) <

J(T), so limsup ||u”(T)H12LIé < lu(T)|I3, 1 (see the explanation below). As u™(T') — u(T) weakly in H}(Q2)

implies lim inf ||u”(T)||%,é > ||u(T) we obtain

||H17
(@)l — eI,
so that u™(T) — u(T) strongly in H}(Q).

In order to finish the proof rigorously, we have to justify that limsup J,(T) < J(T) implies the
inequality limsup ||u™(T)[|%,, < [|u(T)|3,,. First, we observe that by (10) we have
0 0

Fup, (T, x))dx
Q

<C | (1+|uy (T,2)|") dz
Q

so the boundedness of uy, (T') in L (Q2) implies that — [, F(uy, (T, z))dx < oo. Also, (9) gives —F (un, (T, x)) >
—K, so by Fatou’s lemma we obtain

lim inf < /.Fun Tx))dx) _/liminf( Flup (T,x))) de

/]: (T, x))

where we have used that F(uy (T,z) — F(u (T, x)) for a.a. x € Q. By contradiction let us assume that
lim sup ||y, (T)||H% > ||lu (T)|]. Then using the continuity of the function A (s) we have

msup (3 (||u<>||H1 - [ Flun (. apas)

llu™ ()13,
> lim sup 2/ a(s)ds + liminf (—/ F(unp (T,x))dx)
0 Q

timsup ™ ()2,
1 :
> 1 / a(s)ds — / Flun (T, 2))dz
0 Q

|,
> f/ a(s)ds — / Flun (T, x))dz,
2.Jo Q

which is a contradiction with limsup J,(T) < J(T). =
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Corollary 30 Assume the conditions of Lemma 29. Then the set K& satisfies condition (K4).

Proposition 31 Assume the conditions of Lemma 29. The multivalued semiflow G, is upper semicon-
tinuous for all t > 0, that is, for any neighborhood O(G,(t,ug)) in L%(Q) there exists 6 > 0 such that if
lluo — vol| < 9, then G..(t,v9) C O. Also, it has compact values.

Proof. We argue by contradiction. Assume that there exists t > 0,uo € L?*(Q), a neighbourhood
O(Gr(t,up)) and a sequence {y,} which fulfills that each y,, € G, (¢, uf}), where uf} converges strongly to
up in L*(Q), and y,, ¢ O(G,(t,u,)) for all n € N. Since y,, € G,.(¢,ud) for all n, there exists u" € K,I,
u™ (0) = uy, such that y, = u™(t). Now, since {uf} is a convergent sequence of initial data, making
use of Lemma 29 there exists a subsequence of {u"} which converges to a function u € K. Hence,
Yn — Yy € Gp(t,up). This is a contradiction because y, ¢ O(G,(t,up)) for any n € N. =

Proposition 32 Assume the conditions of Lemma 29. Then there exists an absorbing set By for G,
which is compact in H} () and LP ().

Proof. Reasoning as in Proposition 15, we obtain an absorbing set By in L? ().

d
Let K > 0 be such that ||y|| < K for all y € By. Since d—:: € L (e,T;L*()) and (85) holds, we are
allowed to multiply (3) by wu¢, use (81) and argue as in (52)-(55) to obtain the existence of a constant C

such that
lu (D) 77 + e (I < CQ+ [u(0)]|Z2), (89)

for any regular solution u (-) with initial condition w (0).
For any ug € L? () with |Jug|;. < R and any u € K, such that u (0) = up, the semiflow property
G.(t+1,ug) C G-(1,G(t,up)) and G, (t,up) C By, if t > to (R), imply that

lu ¢+ 1) 7 + llu @+ DIz, < C(L+K?) Ve 2 to (R).

Then there exists M > 0 such that the closed ball By in Hj () centered at 0 with radius M is absorbing
for G,.

By Lemma 29 the set By = G,.(1, Byy) is an absorbing set which is compact in H} (€2). The embedding
H} () c LP(Q) implies that it is compact in L? (Q) as well. =

Theorem 33 Assume the conditions of Lemma 29. Then the multivalued semiflow G, possesses a global
compact attractor A,.. Moreover, for any set B bounded in L*()) we have

distpy (Gr(t, B), Ar) =+ 0 ast— oo. (90)
Also A, is compact in H} () and LP ().

Proof. From Propositions 31 and 32 we deduce that the multivalued semiflow G, is upper semicontinuous

with closed values and the existence of an absorbing which is compact in H} () and L? (Q). Therefore,

by Theorem 28 the existence of the global attractor and its compactness in H () and L? (Q) follow.
The proof of (90) is analogous to that in Theorem 29 in [21]. m

The set of all complete trajectories of K,& (see Definition 21) will be denoted by F,.. Moreover, we
write K, as the set of all complete trajectories which are bounded in L2(2), and K® as the ones bounded
in H}(Q).

Lemma 34 Assume the conditions of Lemma 29. Then the sets defined above coincide, that is, K, = KL.

Proof. Let v(-) € K,. Then there is C such that ||y (¢)|;,. < C for any t € R. Let u. (-) =~v(-+7)
d
for any 7, which is a regular solution. Since d—Q: € L*(e,T; L*(Q)), for any € > 0, the equality (81) holds

true. Also, (85) is satisfied. Therefore, we can multiply the equation in (3) by u; and apply again similar
arguments as in Theorem 12 to deduce that

K (D) L+ [uO)lF) |

2
Jutt + )% < -

(T) forany 0 <r < T. (91)
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Denote B., = Uery(t). Therefore,
B, C G.(1,B,)
and (91) implies that B, is bounded in H}(£2), so v(-) € K1.

The other inclusion is obvious. =

In view of Corollary 30 and Theorem 27, the global attractor is characterized in terms of bounded
complete trajectories:

Ay ={3(0) :7() €K} = {5(0) :9() € KJ}
S CORROES ST YICTORRIORS 2 %2)

teR teR

The set R+ was defined in the previous section as the set of fixed points of K", which means
that z € Ry if the function u (-) defined by u (t) = 2, for all ¢ > 0, belongs to K. This set can be
characterized as follows.

Lemma 35 Assume the conditions of Lemma 29. Let R be the set of = € H? (Q) N HE () such that
—a(||z||?qé)Az = f(2)+hin L*(Q). (93)
Then Rp+ =R
. du
Proof. If z € R+, then u(t) = 2z € K.f. Thus, u(-) satisfies (19) and — o
(93) is satisfied.

d
Let z € R. Then the map u (t) = z satisfies (93) for any ¢ > 0 and d—qz =01in L?(0,T;L?(Q)), so
(19) holds true. m

=0in L?(0,T; L*(Q2)), so

The following result is proved exactly as Theorem 18.

Theorem 36 Assume the conditions of Lemma 29. Then the global attractor A is bounded in L>(Q),
provided that h € L>().

We are now ready to obtain the characterization of the global attractor.
Theorem 37 Assume the conditions of Lemma 29. Then it holds that

A = M (R) = M7 (R),

T

where
M7(R) = {z: () €K, v(0) = 2, dist p2(0)(v(t),R) = 0, t = +oo}, (94)

MI(R) ={z:I() € F, v(0) = 2, dist p2(q)(v(t),R) = 0, t = —oo}. (95)

Remark 38 In the definition of MM (R) we can replace F, by K,.. Also, as the global attractor A is
compact in Hg (Q), in the definitions of Mg (R) and M (R), it is equivalent to write H} () instead of
L? ().

Proof. We consider the function £ : A, — R

B) = 54wl — [ Flo@)de = [ by (@) da, (96)
where A(r) = [; af ds We observe that E(y) is continuous in H{ (Q). Indeed, the maps y +
LA(|ly|12 0) y = Joh(x)y(x)dx are obviously continuous in Hj (€2). On the other hand, both con-

ditions (12) and (83) imply that H} (Q) C LP (Q2), so making use of the Lebesgue theorem the continuity
of y = [, F(y (x))dz follows as well.
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d
Since di: € L? (e, T;L*(2)) and (85) holds for any u € K;5 and 0 < € < T, we obtain the energy
equality

/ | u(r) [adr + Bu(t) = B(u(s) for all £ > 5> 0. (97)

Hence, E (u(t)) is non-increasing and, by (6) and (9), bounded from below. Thus, E(u(t)) — I, as
t — +o0, for some [ € R.

Let z € A, and v (0) = z, where v € K,.. We reason by contradiction, so let suppose that there exists
e > 0 and a sequence v(t,), t, — +00, such that

dist L2(Q) (’}/(tn),%) > €.

In view of Theorem 33, A, is compact in H}(Q), so we can take a converging subsequence (relabeled the
same) such that v(t,,) — y in H}(Q), where t,, — +00. Since the function F : H}(2) — R is continuous,
it follows that E(y) = I. We obtain a contradiction by proving that y € R. In view of Lemma 29, there
exists v € K, and a subsequence v, (-) = v(- + t,,) such that v(0) = y and v, (t) — v(t) = z in H ()
for ¢ > 0. Thus, E(v,(t)) — E(z) implies that E(z) = [. Also, v(-) satisfies the energy equality for all
0 < s <t so that

l+/0 |vr||22dr = E(2) +/0 |ve||22dr = E(v(0)) = E(y) = 1.

d
Therefore, d—;}(t) = 0 for a.a. t, and then by Lemma 35 we have y € Rp+=NR. As a consequence,

A, C M3 (R). The converse inclusion follows from (92).

For the second equality we observe that for any v € F, the energy equality (97) is satisfied for all
—0 <5<t Let z €A, and let v € K, = K! (cf. Lemma 34) be such that v(0) = z. Since the second
term of the energy function is bounded from above by (9), E(y(¢)) — [, as t — —o0, for some [ € R. We
reason as before, so let suppose that there exists £ > 0 and a sequence y(—t,,), t,, — 00, such that

dist L2(Q) (’7(—tn),fﬁ) > g,

and we have that v(—t,) — y in H}(Q), E(y) = I. Moreover, for a fixed ¢ > 0, there exists v € K, and a
subsequence of v, () = v(- — t,,) (relabeled the same) such that v(0) = y and v, (t) — v(t) = 2z in H}(Q).
Therefore, E(v,(t)) — E(z) implies that E(z) = [ and reasoning as before we get a contradiction since
it follows that y € R®. Hence, A, C MY (R) and the converse inclusion follows from (92). m

We can improve the regularity of the global attractor of the semigroup 7;. of Section 3.1.1 and obtain
its characterization

Lemma 39 Let the conditions of Theorem 17 hold. Then the global attractor A, of the semigroup T, is
compact in H} (), bounded in LP (Q) and the convergence takes place in the topology of H} (), that is,

distyy (o) (T(t, B), A) = 0, ast — +oo,
for any set B bounded in L* (Q).

Proof. The estimates of Lemma 29 can be justified for T;. via Galerkin approximations, so in this case
we do not need to impose assumption (83) in order to use (85). Thus, the proof follows the same lines as
in Proposition 32 and Theorem 33. m

Proposition 40 Let the conditions of Theorem 17 hold. Also, assume one of the following conditions:

1. h e L™ (Q);

2. p< 2 ifn >3
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Then the global attractor A, can be characterized as follows:
Ap = MJ'(R) = M2 (R),
where M2 (R), M"(R) are defined in (94)-(95).

Proof. We recall that a function £ : A — R is a Lyapunov functional if E is continuous (with respect to
the topology of H{ (Q)), for any ug € A the map t — E(T,(t,up)) is non-increasing and E(T,(7,uq)) =
E(ugp), for some 7 > 0, implies that u (-) is a fixed point. We estate that the function E given in (96) is
a Lyapunov functional for the semigroup 7.

We prove that F (y) is continuous. First, the maps y — %A(||y||§{é), y = [oh(x)y(x)de are

obviously continuous in H{ (). Second, if h € L (Q), taking into account that A is bounded in L (Q)

by Theorem 18, it follows that
y1(x)
/ / f(s)dsdx
Q Jyz2(x)

so y — [o, F(y(z))dz is continuous as well. In the case of the second condition, this result follows from
the embedding H} () € LP (Q2) and the Lebesgue theorem.
Multiplying the equation in (3) by u; we obtain the energy inequality

Fy1) — Fyz)da
Q

< /Q Crlyr (2) — w2 (2) [dz < Callyr — wll 2,

/ ”diru(T)HQHdr + E(u(t)) < E(u(s)), forallt>s,

if u(-) is a bounded complete trajectory of T,.. This calculation is rigorous when h € L*°(Q) as the
boundedness of the solutions in L (R; L*°(€2)) implies by regularization that (85) is true. Under the
second condition, the calculations are formal but can be justified via Galerkin approximations. Hence,

d
E(u(t)) is non-increasing as a function of ¢. Also, if E(u(r)) = E (up), then ”di; (t)]|3. = 0 for a.a.

0 <t < T,sowu must be a fixed point.
The result follows then from [3, p.160]. m

3.2 Strong solutions

We split this part into two cases.

3.2.1 Attractor in the phase space H{ (Q2)

If we assume conditions (5)-(7), (60) and that either p satisfies (12) or that (11) is satisfied, then we know
by Theorems 10 and 11 that for any ug € H} (2) N LP (2) there exists at least one strong solution wu (+).

In the first case, H} () C L? () implies that Hg (Q) N LP () = H} (Q). This is also true in the
second case if we assume additionally that (83) holds true. Under such assumptions we define then the

set
R = K} :={u() : u is a strong solution of (3) with u (0) € HJ (2)}.

We define the (possibly multivalued) map Gy : RT x H} (Q) — P(H{ (Q)) by
Gs(t,up) = {u(t) : u € K} and u(0) = ug}.

With respect to the axiomatic properties (K1) — (K4) given above, property (K1) is obviously true, and
(K2) — (K3) can be proved easily using equality (19). Therefore, G is a strict multivalued semiflow by
the results of Section 3.1.2.

We shall obtain a similar result as in Lemma 29.

Lemma 41 Let assume conditions (5)-(7), (60). Additionally, assume one of the following assumptions:

1. (11) and (83) hold;
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2. (12) is true.

Given a sequence {u"} C KF such that u™(0) — ug weakly in HE (L), there exists a subsequence of
{u"} (relabeled the same) and u € K}, satisfying u(0) = ug, such that

u™(t) — u(t) in Hy(Q), ¥t > 0.

n

d
Proof. Since % € L*(0,T;L*(2)) and (85) hold, we can use (81) and multiplying (3) by u; and

integrating between s and ¢ we obtain
tod
/ 5 ) [3adr + Bu(t) = Blu(s)) for all t > 5 >0,
where E was defined in (96). Therefore, by (6) and (9) we have that
t d 2 m 2 ~ P 1 2 ~ P 2
| = ulr)zadr + - llu®)y + aflu(®)llz, < 5 AUwO)z,) + a2llu(0)z, + Kiflu (0)ll2 + K2 (98)

holds for all ¢ > 0.
In the first case, multiplying by —Awu, integrating over (0,7) and using (98) it follows that

1 m [T T 1
§|IU(T)||§{3 + 5/0 [Au(s)||72ds < n/o HU(S)H?{gds + §|IU(0)II§15 + K3 < K4 (T), (99)

for all T > 0. In the second case, combining (98) with (45) the boundedness of f (u™) in L? (0,7} L* (2))
follows for any 1" > 0. Hence, the equality

du™ -
a(llullfy) Au == f (@) = h

and (6) imply that u" is bounded in L? (0,7; D(A)).
Thus, the sequence {u"} is bounded in L*>°(0,T; H(Q))NL?(0,T; D(A)) and dst”, f (u™) are bounded

in L2(0,T; L*(Q)), for all T > 0. Therefore, there is u such that

u™ = in L0, T; HE (),

u" — u in L?(0,T; D(A)),

ul — uy in L?(0,T; L*(2)), .
Arguing in a similar way as in Theorem 9 we have

un, — u in L*(0,T; Hy (),

up(t,x) = u(t,z) a.e. on (0,T) x Q,
F (") = f (w) in L*(0, 75 L*(Q)),
a([Junll3) Aun — a(llullFy) A in L2(0, T3 L*(2)).

Hence, we can pass to the limit and obtain that u € K}. Following the same lines of Theorem 10 we
check that u (0) = uo.
Moreover, arguing as in Lemma 29 we obtain

u™(t) — u(t) in Hy(Q) for all t > 0.
[

Corollary 42 Assume the conditions of Lemma 41. Then the set K satisfies condition (K4).

27



Using Lemma 41 and reasoning as before the following result holds.

Proposition 43 Assume the conditions of Lemma 41. Then the map G, (t, -) is upper semicontinuous
for all t > 0 with compact values.

Proposition 44 Assume the conditions of Lemma 41 and (17). Then there exists an absorbing set By
for G, which is compact in Hi (Q) and LP (Q).

Proof. The proof follows the same lines of that in Proposition 32 but using Lemma 41. =

From these results and Theorem 28 we obtain the existence of the global attractor.

Theorem 45 Assume the conditions of Lemma 41 and (17). Then the multivalued semiflow G possesses
a global compact invariant attractor As, which is compact in LP (Q).

Lemma 46 Assume the conditions of Lemma 41 and (17). Then As = A,, where A, is the global
attractor in Theorem 33.

Proof. Since Gy (t,up) C Gy (t,ug) for all ug € H} (), it is clear that A, is a compact attracting set.
Hence, the minimality of the global attractor gives As C A,.

Let 2z € A,.. Since z = 7 (0), where v € K}, and v |[s,+-00) 15 @ strong solution of (3) for any s € R, we
get that z € Gs(tn, v (—ty)) for t,, = +oo. Hence,

dist (z, Ag) < dist (Gs(tn,v(—tn)), As) = 0 as n — oo,
soze€A;,. m

The set of all complete trajectories of K (see Definition 21) will be denoted by Fs. Let K be the
set of all complete trajectories which are bounded in Hg (€2).
In view of Theorem 27, the global attractor is characterized in terms of bounded complete trajectories:

As = {70):7() e Ko} = J (1) :7() e Ko} (100)

In the same way as in Lemma 35 we obtain that R+ = R.
Reasoning as in Theorem 18 we obtain the following Tesult.

Theorem 47 Assume the conditions of Lemma 41 and (17). Then the global attractor As is bounded in
L>(Q), provided that h € L*>(Q).

Following the same procedure of Theorem 37 we can prove an analogous characterization of the global
attractor.

Theorem 48 Assume the conditions of Lemma 41 and (17).Then it holds that
As = M (R) = M (R),
where
Mi(R) ={z:I() €K, v(0) =z, dist gia(y(t),R) =0, t = +oo}, (101)
M) ={z:3() €Fs, y(0) =2, distgia(y(t),R) =0, t - —oo}. (102)
Remark 49 In the definition of M*(R) we can replace F, by K.

Let us consider now the particular situation when G, is single-valued semigroup. Under the conditions
(5)-(7), (11), (60), (83), if we assume additionally that (14) is satisfied, then by Theorem 14 for any
up € H} (Q) there exists a unique strong solution wu (). Then we can define the following semigroup
T, : RT x H} () — H} (D) :

Ts(t, ug) = u(t),
where u (+) is the unique strong solution to (3). We recall also that u € C([0,T], Hg (Q)) for any T > 0.
Also, by Lemma 41 if u? — ug weakly in Hg (Q), then Ty (¢, uf) — T (t,ug) in Hy (Q) for all ¢ > 0.
Since Ts = G, by Theorems 45, 47, 48 and Lemma 46 we obtain the following results.
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Theorem 50 Assume the conditions (5)-(7), (11), (17), (60), (83) and (14). Then the semigroup T
possesses a global invariant attractor As, which is compact in HE (Q) and LP (Q2).

Lemma 51 Under the conditions of Theorem 50, A; = A,., where A, is the attractor of Theorem 17.

Theorem 52 Assume the conditions of Theorem 50. Then the global attractor A, is bounded in L™ ()
provided that h € L>=().

As before, we denote by R the set of fixed points of Ts. Also, the global attractor is the union of all
bounded complete trajectories

As ={¢(0) : ¢ is a bounded complete trajectory of T}.

Theorem 53 Assume the conditions of Theorem 50. Then the global attractor As can be characterized

as follows

where the sets MY (R), MZ(R) are defined in (101)-(102).
In this case we can obtain additionally that the attractor is bounded in H? (Q).

Proposition 54 Assume the conditions of Theorem 50 and also that (15) holds true. Then As is bounded
in H?(Q).

Proof. The proof follows the same lines as in Proposition 19, so we omit it. m

3.2.2 Attractor in the phase space H} (2) N L? (Q2)

We consider the metric space X = Hg (Q) N LP (Q) endowed with the induced topology of the space
H} (D).

If we assume conditions (5)-(7), (11), (14) and (60), then by Theorems 10 and 14 for any ug €
H} () N LP () there exists a unique strong solution w (-). Then we can define the following semigroup
T, Rt x X = X :

Ts(t, ug) = u(t),
where v (+) is the unique strong solution to (3). We recall also that u € C ([0, T], H} (£2))NCy, ([0, T7], L (2))
for any T > 0.

Lemma 55 Assume conditions (5)-(7), (11), (14) and (60). If ul — ug weakly in H} () NLP (), then
Ts(t,up) — Ts(t,ug) strongly in H} (Q) and weakly in LP (Q) for any t > 0.

Proof. Repeating the same proof of Lemma 41 we obtain that Ty (¢, ul) — Ts(t,up) strongly in H} ()
for all ¢ > 0. We observe that in this case the estimates are justified via Galerkin approximations, so we
do not need condition (83) in order to provide property (85).

Finally, by the Ascoli-Arzela theorem we deduce

u™ — u in C([0,T], L*(Q))
and combining this with (98) we infer that
u" (t) = w(t) in LP (Q) V> 0.
[

Proposition 56 Assume the conditions of Lemma 55 and (17). Then there exists an absorbing set By
for Ts, which is compact in HE () and bounded LP (12).

Proof. Following the same lines of that in Proposition 32 (and justifying the estimates via Galerkin
approximations), we obtain that there exists M > 0 such that the closed ball By in Hg (Q) N LP (Q)
centered at 0 with radius M is absorbing for T;. By Lemma 55 the set By = Ts(1, Bys) is an absorbing
set which is compact in H{ (Q) and bounded in L? (). m
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Theorem 57 We assume the conditions of Lemma 55 and (17). Then the semigroup Ts possesses a
global attractor As, which is compact in X and bounded in LP (£2).

Proof. We cannot apply directly the general theory of attractors for semigroup because we do not know
whether the semigroup T is continuous with respect to the initial datum in X.
We state that

As =w (By) ={y: 3t, = +00, yn € Ts (tn, B1) such that y, — y in X}

is a global compact attractor. The fact that set w (B7) is non-empty, compact and the minimal closed
set attracting Bj can be proved in a standard way (see for example Theorem 10.5 in [30]). Since Bj is
absorbing, w (B;) attracts any bounded set B. As w (By) C By, A; is bounded in L? ().

We need to prove that it is invariant.

First, we prove that it is negatively invariant. Let y € Ay and ¢t > 0 be arbitrary. We take a
sequence Yy, € T (t,, B1) such that y,, — y, t,, = +o00. Since T (t,, B1) = Ts(t, Ts(t, —t, B1)), there are
Zpn € Ty(t, —t, By) such that y, = Ts(t,z,). As for n large Ts(t, — t,B1) C By, the sequence {z,} is
bounded in LP (2) and relatively compact in H¢ (). Hence, up to a subsequence z,, — = € A, weakly
in LP (Q) and strongly in H} (2). We deduce by Lemma 55 that T (t,2,) — Ts(t,x) weakly in L? (Q)
and strongly in Hg (Q). Thus, y = Ty(t,x) C Ts (¢, As) .

Second, we prove that it is positively invariant. As A, = Ts(7, As) for any 7 > 0, this follows from

distx (Ts (t, As), As) = distx (T (, To(7, A)) , As) = distx (Tx (147, As), As) = 0.

|
Lemma 58 Under the conditions of Theorem 57, As = A,., where A, is the attractor of Theorem 17.
Proof. Since T, (t,ug) = Ts (¢, ug) for any up € X, we have

distyz (As, Ay) = distra (To(t, As), Ar) = distre (Tr(t, As), Ar) = 0,

so As C A,. In the same way,

distx (A, As) = distx (T,-(t, Ar), As) = distx (Ts(t, Ar), As) — 0,
and then A, C A,. =

The following two theorems are proved in the same way as Theorem 18 and Proposition 40

Theorem 59 Assume the conditions of Theorem 57. Then the global attractor As is bounded in L ()
provided that h € L™().

As before, we denote by R the set of fixed points of T. Also, the global attractor is the union of all
bounded complete trajectories

As ={¢(0) : ¢ is a bounded complete trajectory of Ts}.
Theorem 60 We assume the conditions of Theorem 57 and one of the following assumptions:
1. h e L™ (Q);
2. p< % if n > 3.
Then the global attractor Ag can be characterized as follows
As = M (R) = MJ(R),

where the sets M¥(R), MS(R) are defined in (101)-(102).

S

30



We obtain additionally that the attractor is bounded in H? ().

Proposition 61 Assume the conditions of Theorem 57 and also that (15) is satisfied. Then A is
bounded in H? (Q).

Proof. The proof follows the same lines as in Proposition 19, so we omit it. m
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Abstract

In this paper, we study the structure of the global attractor for the multivalued semiflow generated
by a nonlocal reaction-diffusion equation in which we cannot guarantee uniqueness of the Cauchy
problem.

First, we analyse the existence and properties of stationary points, showing that the problem
undergoes the same cascade of bifurcations as in the Chafee-Infante equation. Second, we study the
stability of the fixed points and establish that the semiflow is dynamically gradient. We prove that
the attractor consists of the stationary points and their heteroclinic connections and analyse some of
the possible connections.

Keywords: reaction-diffusion equations, nonlocal equations, global attractors, multivalued dynami-
cal systems, structure of the attractor, stability, Morse decomposition
AMS Subject Classification (2010): 35B40, 35B41, 35B51, 35K55, 35K57

1 Introduction

Ordinary and partial differential equations play a key role in modeling for all sciences: Engineering,
Physics, Chemistry, Biology, Medicine, Economy and many others. The right understanding of the
behavior of solutions (in particular, well-posedness versus blow-up) means not only to predict the future of
trajectories but also to establish strategies for control (i.e. optimization). Concerning PDE and Economy,
it is interesting to cite the nice survey [9] and the references therein on many different problems dealing
with effects as aggregation and repulsion, optimal control, mean-field games, and so on as applications.

Parabolic PDE models reflect the diffusion phenomena due to local touching of molecules and dissipa-
tion of energy, and when different internal and external factors come into play, it links naturally to some
reaction-diffusion models, as the growth versus capacity of the environment in Biology or the endogenous
growth versus the neoclassical theories in economy. In particular, capital accumulation distribution in
space and time following spatial extensions of the continuous Ramsey model [35] by Brito [6, 7, 8] and
others later uses the semilinear parabolic PDE

Ou — alAu = f(u) —c.

This spatiality introduces important issues about the steady states distribution as well as the dynamic
evolution, convergence, local interaction among local agents, and so on.



Not for the sake of generality but for real modeling purposes, in the last two decades the increment of
nonlocal PDE models that attempt to capture in a more accurate way the real spreading of the problem
(density of population, capital accumulation, consumption or prices and innovation indexes, and so on)
has been very important. Firstly we might comment about extensions by using some nonlocal operators
acting in the right-hand side of the PDE and/or the boundary conditions as integral operators, leading to
integro-differential equations. Among others we can cite [4] for a system coupling capital and pollution
stock model, a population dynamic model in [28]

Ot — adu = u < f) —a /R gle = y)uly, t)dy) ,

the elliptic (stationary) counterpart in population/physics models as the Fischer-KPP [2], or a logistic
model [27]. Secondly, we wish to point out that the nonlocal extensions have also been performed on the
diffusion operators as well. The literature about fractional laplacian is vast nowadays. However, let us
concentrate in an intermediate step. Coming originally from modeling of bacteria population in Biology,
the introduction of a nonlocal viscosity in front of the laplacian has become an interesting problem for
different applications and for its mathematical study, as for example occurs in the equation

up — a(/Qg(y)U(t y)dy)Au = f(t).

In this way, the spreading (or aggregating/concentrating) effects are given by the increasing (resp. non-
increasing) function a as a viscosity nonlocal coefficient. One should cite Prof. Chipot and his collab-
orators [20, 21, 22, 23, 24, 25, 39] among others for a detailed analysis including existence, uniqueness,
steady states and convergence of evolutionary solutions to equilibria.

When the reaction term f depends on the unknown w

up — a(Pq(u(t))Au = f(t,u) (1)

(here the functional ®¢, may represent a general nonlocal functional acting over the whole domain £, for
instance [|u(t)||3,. or [, g(y)u(t,y)dy) equilibria are difficult to analyse. Opposite to ordinary differential
equations, the aﬁlalysis of existence of stationary states for the above problem is much more involved.
Also, comparing with reaction-diffusion equations with local diffusion, another difficulty is that in general
a Lyapunov functional is not known to exist in most cases.

The dynamical analysis of problem (1) and in particular the existence of global attractors have been
established till now in several papers (cf. [3, 11, 12, 14, 15]). Other differential operators as the p-laplacian
coupled with nonlocal viscosity has also been considered (cf. [13, 15, 16]). However, in general little is
known about the internal structure of the attractor, which is very important as it gives us a deep insight
into the long-term dynamics of the problem. When we manage to obtain a Lyapunov functional some
insights can be obtained.

If we consider the non-local equation

0 0?
5~ alluli) 35 = AW (2)

with Dirichlet boundary conditions, then it is possible to define a suitable Lypaunov functional. In [11]
it is shown that regular and strong solutions generate (possibly) multivalued semiflows having a global
attractor which is described by the unstable set of the stationary points. Although this is already a good
piece of information, our goal is to describe the structure of the attractor as accurately as possible. For
this aim we need to study the particular situation where the domain is one-dimensional and the function
f is of the type of the standard Chafee-Infante problem, for which the dynamics inside the attractor has
been completely understood [29].

The first step when studying the structure of the attractor consists in analysing the stationary points.
In the case where the function f is odd and equation (2) generates a continuous semigroup the existence
of fixed points of the type given in the Chafee-Infante problem was established in [18]. Moreover, if a is
non-decreasing, then they coincide with the ones in the Chafee-Infante problem and, moreover, in [19] the



stability and hyperbolicity of the fixed points is studied. In this paper we extend these results for a more
general function f (not necessarily odd and for which we do not known whether the Cauchy problem
has a unique solution or not), showing that equation (2) undergoes the same cascade of bifurcations as
the Chafee-Infante equation. Moreover, when we allow the function a to decrease, though the problem
possesses at least the same fixed point as in the Chafee-Infante problem, we show that more equilibria can
appear. For a non-decreasing function a and an odd function f we prove also that even when uniqueness
fails the stability of the fixed points is the same as for the corresponding ones in the Chafee-Infante
problem. Finally, we are able to prove that in this last case the semiflow is dynamically gradient with
respect to the disjoint family of isolated weakly invariant sets generated by the equilibria, which is ordered
by the number of zeros of the fixed points. More precisely, the attractor consists of the set of equilibria
and their heteroclinic connections and a connection from a fixed point to another is allowed only if the
number of zeros of the first one is greater.

In Section 3 we study the existence of strong solutions of the Cauchy problem in the space Hg. In
Section 4 we prove that strong solutions generate a multivalued semiflow in H¢ having a global attractor
which is equal to the unstable set of the stationary points. In Section 5 we study the existence and
properties of equilibria. In Section 6 we analyse the stability of the fixed points and establish that the
semiflow is dynamically gradient.

2 Setting of the problem

Let us consider the following problem

2

— a(|lull3, ) —Af() h(t), t>0,z €,
(t 0) = u(t, 1) O (3)
(0, z) = up(x),

where Q = (0,1) and A > 0. Throughout the paper we will use the following conditions (but not all of
them at the same time):

feCR).

f(0) =

(A1)
(A2)
(A3) f'(0) exists and f'(0) = 1.
(Ad)
(A5)

A2

A4) f is strictly concave if u > 0 and strictly convex if u < 0.
A5) Growth and dissipation conditions: for p > 2, C; > 0, .., 4, we have
[f(w)] < C1 + CofulP™, (4)
flw)u < C5 — Cylul?, if p > 2, (5)
lim sup ——= Q) <0,ifp=2. (6)
u—toco U
(A6) The function a € C(R™) satisfies:
a(s) >m > 0.

(A7) The function a € C(R™T) satisfies:
a(s) < My, Vs>0,

where M; > 0.
(A8) The function a € C(R™T) is non-decreasing.

(A9) he L? . (0,+00; L? ().

loc



(A10) h does not depend on time and h € L? ().

We define the function F(u) = [ f(s)ds. We observe that from (4) we have
|F(s)| <C(1+sP) VseR, (7)

whereas (5) implies
F(s) <7 —aqs|”. (8)

Also, from condition (6) it follows that for all € > 0, there exists a constant M > 0 such that % <k,
for all |u| > M. Hence, there exists m. > 0 such that

fwu <m. +eu?, VYueR, 9)

In addition, it follows that
Flu) < eu? + C., (10)

where C. > 0. These two inequaities are also true under condition (5).

The main aim of this paper consists in describing in as much detail as possible the internal structure
of the global attractor in a similar way as for the classical Chafee-Infante equation.

Some of these conditions will be used all the time, whereas other ones will be used only in certain
results. In particular, the function h will be considered as a time-dependent function satisfying (A9) only
for establishing the existence of solution for problem (3). However, since we will study the asymptotic
behaviour of solutions in the autonomous situation, for the second part concerning the existence and
properties of global attractors the function h will be time-independent, so assumption (A10) will be used
instead. Finally, in order to study the structure of the global attractors in terms of the stationary points
and their possible heteroclinic connections we will assume that h = 0.

Throughout the paper, ||-||y will denote the norm in the Banach space X.

3 Existence of solutions

In this section we will establish the existence of strong solutions for problem (3) with initial condition
in the phase space H} (Q2). Although we will follow the same lines of a similar result given in [11], we
would like to point out that in the present case, as we are working in a one-dimensional problem, the
assumptions on the function f are much weaker. In particular, we do not need to impose a growth
assumption of any kind.

Definition 1 Forug € L?(2), a weak solution to (3) is an element u € L>(0,T; L?(2))NL2(0,T; H(Q)),
for any T > 0, such that

d
o (w o)+ allullF) (Vu, Vo) = Mf(u),0) + (h(t),v) Vv € Hy (), (11)
where the equation is understood in the sense of distributions.

d2
As usual, let A : D(A) — H, D(A) = H*(Q) N H (), be the operator A = o with Dirichlet

boundary conditions. This operator is the generator of a Cyp-semigroup T'(t) = e~ 4.

Definition 2 For uy € H}(Q), a strong solution to (3) is a weak solution with the extra regularity

u € L>®(0,T; H} (), u € L*(0,T; D(A)) and % € L?(0,T; L*(Q)) for any T > 0.

Remark 3 We observe that if u is a strong solution, then u € C([0,T); Hi(Q)) (see [37, p.102]). By
this way, the initial condition makes sense.



d
Remark 4 Since di: € L? (O,T; L? (Q)) for any strong solution, in this case equality (11) is equivalent

to the following one:

/OT/Qdu((ii,l‘)f(t7x)dxdt_/OTG(Hu(t”ﬁ{é)/Qg;gfdmdt (12)
/OT/QAf(u(t,:v))ﬁ(m)dxdw/()T/Qh(t,x)g(t,x)dxdt,

for all € € L? (O,T; L? (Q)) .

Theorem 5 Assume conditions (A1), (A6) and (A9). Assume also the existence of constants §,v > 0
such that
fw)u <~y + Bu? for allu € R. (13)

Then, for any ug € HE(Q)) problem (3) has at least one strong solution.
Remark 6 Assumption (13) is weaker than the dissipative property (9) as the constant € is arbitrarily

small. Due to the fact that we are working in a one-dimensional domain, no growth condition of the type
given in (A5) is necessary in order to prove existence of solutions. Also, (13) implies that

F(u) <7+ B’ (14)
for some constants 7, B > 0.

Proof. Consider a fixed value 7' > 0. In order to use the Faedo-Galerkin method let {w;};>1 be the
sequence of eigenfunctions of —A in H} () with homogeneous Dirichlet boundary conditions, which forms
a special basis of L*(Q). Since 2 is a bounded regular domain, it is known that {w;} C Hg () and that
UnenVi, is dense in the spaces L(2) and H}(Q2), where V,, = spanfws, ..., w,]. As usual, P, will be the
orthogonal projection in L? (), that is

n

2y = Phz = Z(z,wj)wj,

j=1

and A; will be the eigenvalues associated to the eigenfunctions w;. For each integer n > 1, we consider
the Galerkin approximations

Un (t) = Z Ynj (H)wy,

which are given by the following nonlinear ODE system

{ %(un,wz) + a(||un||?qé)(Vun,Vwi) = A(f(upn),w;) + (hyw;) Vi=1,...,n, (15)
un (0) = Pyuo.

We observe that P,ug — ug in H&(Q) This Cauchy problem possesses a solution on some interval [0, ¢,,)
and by the estimates in the space L?(Q) of the sequence {u,,} given below for any T' > 0 such a solution
can be extended to the whole interval [0, T7].

Firstly, multiplying the equation in (15) by 7y,;(¢) and summing from i = 1 to n, we obtain

5 7 lun@)ll72 + allunlz) lun Ol T = AMf (un(t), un(t) + (h(t), un(t))  for ae. t € (0,ta).  (16)

Using the Young and Poincaré inequalities we deduce that

(1(t), 0 (®) < GOy + g IO



where m is the constant from (A6). Hence, from (A6), (13) and (16) it follows that

m 1
gallun(t)\lﬂ + gHun(t)II?qé < M[Qf + BAJun(t)]72 + MIIh(t)II%m

We infer that
t
1
lun(® < lun O 4 [ 2369 (27010 + (o) ) s (")
0 1
< fun (0)][72 €* + Ky (T).

Therefore, the solution exists on any given interval [0, 7] and

{u,} is bounded in L>(0, T; L*(Q)). (18)
Now, we multiply the equation (3) by dd—t to obtain
du,, 1d d du,,
I O + ol )5 Flhually = 5 [ AF(u)da+ (), G2,
Introducing
Als) = / a(r)dr (19)
0
we have J d /1 )
Un D) 2
SISO+ 5 (540wl - [ AF)is) < 5101
Integrating the previous expression between 0 and ¢ we get
$A0unO13) + A [ FnOdo + 3 [ 18 wa(s)135
1 (20)
< 5A<||un<o>||§,é> 2 [ Flun)do+ 3 / 5.
Q 0
y (A6), (14) and (17) it follows that
m 2
5 lun @7 + A f (un( ))dx+ H un(s)|[z2ds
< fA<\|un<o>||Hé> + ABun ()13 + mm + Ko (T) (21)
< SA(lun(0)13) + A8 [[un(0)]172 + Ks(T).

Since dim(Q) = 1, H} (2) C L*°(£2), so u,, (0) is bounded in L>°(£2). Thus, as f maps bounded sets of R
into bounded ones, F (uy, (0)) is bounded in L>=() as well. Therefore, we deduce that

{un} is bounded in L*°(0,T; Hy (2))

and

dditn is bounded in L*(0,T; L*(f2)). (22)

Using again the embedding H}(Q) C L>°() we obtain that u,, is bounded in the space L>(0,T; L>(Q)).
Thus,
f(uy) is bounded in L*(0,T; L= ()). (23)

Also, we deduce that [u,(t)]|3,, is uniformly bounded in [0, 7] and then by the continuity of the function
0
a (-) we get that the sequence a (||un (t)HiIé) is also uniformly bounded in [0, T].



Finally, multiplying (15) by A;vn:(t) and summing from i = 1 to n we obtain

1d
5 a2+l B30 < A (un), ~Dun) + (A(2), ~u).
By (23) and applying the Young inequality, we get
1d A2

m
3 g lltnllz +mllAunllZe < =1 (w)lZz + 7 IIAunHm + *Ilh( e+ 7 I1Aula.

Integrating the previous expression between 0 and ¢, it follows that

t 2)\2
wmwa+mAHmMﬂmwswnHm+—1/wun|mw+ /Whuyw

Taking into account (23), the last inequality implies that
u,, is bounded in L?(0,T; D(A)), (24)
so {—Au,} and {a(HunH%{&)Aun} are bounded in L?(0,T; L*(Q)).

As a consequence, there exists u € L°>(0,T; H}(Q)) and a subsequence u,, (relabeled the same) such
that

U, = u in L0, T; Hi(Q)),
un, — u in L*(0,T; D(A)),
flun) = x in L>(0,T; L*()),
alllunlZyy) = b in L=(0,T),

(25)

where — () stands for the weak (weak star) convergence. By (22) and (24) the Aubin-Lions Compact-

ness Lemma gives that u,, — u in L2(0,T; H} (2)), so u,(t) — u(t) in H}(Q) a.e. on (0,T). Consequently,

there exists a subsequence u,,, relabelled the same, such that w,(t,2) — u(t,z) a.e. in Q x (0,7).
Moreover, thanks to the inequality

to d 2
—uy,(8)ds
/tl dt (®) 2

(21), (22) and HE(Q) CC L2(1), the Ascoli-Arzela theorem implies that {u,} converges strongly in
C([0,T); L*(2)) for all T' > 0. Therefore, we obtain from (21) that u,(t) — u(t) in H}(2), for any ¢ > 0.
Also, by (25) we have that P, f(u,)) = x in L9(0,T; LY(Q)) for any ¢ > 1 (see [36, p.224]). Since f is
continuous, it follows that f(u,(t,z)) — f(u(t,x)) a.e. in Q x (0,7T). Therefore, in view of (25), by [33,
Lemma 1.3] we have that x = f(u).
As a consequence, by the continuity of a we get that

a(llun(®)l7) — allu(®)llz,) ae. on (0,7).

Since the sequence is uniformly bounded, by Lebesgue’s theorem this convergence takes place in L?(0,7),
s0 b= a(/|ul|3;:). Thus,
0

d
2
un(ta) — wn(t)||72 = < ||@Un\\%2(o,T;L2(Q)) lta —t1| Vti,t2 € 0,71,

allunlFry) Aun — a(ullF)Au,  in - L*(0,T; L*(Q)).

Therefore, we can pass to the limit to conclude that u is a strong solution.

It remains to show that u(0) = ug which makes sense since u € C([0,T]; H}(2)) (see Remark 4).
Indeed, let be ¢ € C1([0,T]; H(2)) with ¢(T) = 0, ¢(0) # 0. We multiply the equation in (3) and (15)
by ¢ and integrate by parts in the ¢ variable to obtain that

T
{A (—((t), 8'®) = alllu(®) 3 (Au(t), 6(2))) dt (26)
T
= [ fute) + ho). )t + (u(0). (0)),

0



/0 (= Cun(8), 8/ () = alllun(®)l3y) (Aun (1), (1)) ) dt (27)

T
- / (A (tn (1)) + B(£), B(£))dt + (1 (0), H(0)).

In view of the previous convergences, we can pass to the limit in (27). Taking into account (26) and
bearing in mind u, (0) = P,uq — ug, since ¢ (0) € H}(Q) is arbitrary, we infer that u(0) = ug. =

4 Existence and structure of attractors

In this section, we will prove the existence of a global attractor for the semiflow generated by strong
solutions in the autonomous case. Thus, the function h will be an independent of time function satisfying
(A10) instead of (A9). Also, we will establish that the attractor is equal to the unstable set of the
stationary points (see the definition in (45)).

Throughout this section, for a metric space X with metric d we will denote by distx (C, D) the
Hausdorff semidistance from C to D, that is,

distx(C,D) = igg diglgp (¢c,d).

Let us consider the phase space X = H} (Q) and the sets
K (up) = {u(-) : u is a strong solution of (3) such that u (0) = o},

R = UuOGXK (UO) 5

Denote by P(X) the class of nonempty subsets of X. We define the (possibly multivalued) map G :
Rt x X — P(X) by
G(t,up) = {u(t) : v € R and u(0) = ug}. (28)

In order to study the map G let us consider the following axiomatic properties of the set R:
(K1) For every z € X there is ¢ € R satisfying ¢(0) = x.
(K2) ¢-(-) :==¢(- +7) € R for every 7 > 0 and ¢ € R (translation property).
(K3) Let ¢1,¢2 € R be such that ¢2(0) = ¢1(s) for some s > 0. Then, the function ¢ defined by

¢1(t) 0<t<s,
¢(t):{q§2(t—s) s<t,

belongs to R (concatenation property).

(K4) For every sequence {¢"} C R satisfying ¢ (0) — ¢ in X, there is a subsequence {¢"*} and ¢ € R
such that ¢k (t) — ¢(t) for every ¢ > 0.

Assuming conditions (A1), (A6), (A10) and (13) property (K1) follows from Theorem 5, whereas
(K2)-(K3) can be proved easily using equality (12). By [17, Proposition 2] or [32, Lemma 9] we know
that R fulfilling (K1) and (K2) gives rise to a multivalued semiflow G through (28) (m-semiflow for short),
which means that:

e G(0,z) =z for all z € X;
e G(t+s,2) C G(t,G(s,x)) for all t,s > 0 and = € X.

Moreover, (K3) implies that the m-semiflow is strict, that is, G(t+s,2) = G(t,G(s,z)) for all t,s > 0
and z € X.

We will show first that the m-semiflow G possesses a bounded absorbing set in the space L? () and
that property (K4) is satisfied.



Lemma 7 Assume conditions (A1), (A6), (A10) and (13). Given {u™} C R, u™(0) — ug weakly in
H} (), there exists a subsequence of {u™} (relabeled the same) and u € K (ug) such that

u(t) — u(t) in HY(Q), Vt > 0.

Also, if u™(0) — ug strongly in H}(Q), then for t, — 0 we get u™(t,) — ug strongly in H ().
d n
Proof. Since % € L?(0,T; L*(Q)) and u™ € L?(0,T; H3()), we have by [37, pg. 102] that
d n|2 n o,mn
%Hu ”H(} =2(—Au",uy) for a.a.t (29)

and v € C([0,T); H(Q)). Also, as f(u") € L*(0,T; L>(Q)), by regularization one can show that
(F(u™(t)),1) is an absolutely continuous function on [0, 7] and

%(F(u”(t)), 1) = (Fu" (1)), ddit") for a.a. > 0, (30)

By a similar argument as in Theorem 5, there is a subsequence of u™ such that
u™ is bounded in L*°(0,T; L>°(Q)),
u™ is bounded in L*>(0,T; H} (Q)),
f(u™) is bounded in L*°(0,T; L>(£2)),
u™ is bounded in L?(0,T; D(A)).

(31)

Therefore, arguing as in the proof of Theorem 5, there exists u € K (ug) and a subsequence u™,
relabelled the same, such that
u™ >y in L0, T; H3 (Q))
u, — u in L*(0,T; D(A))
fu™) = f(u) in L>(0,T; L>())
du™  du
a dt
a(llu™ 3 Au™ — allul|F,)Aw in L*(0,T; L*(Q)),
u" — win L2(0,T; HY (),
u™ — w in C([0,T], L*(Q))
u(t) — u(t) in HY(Q) vt e (0,T).

in L2(0,T; L*(Q2)) (32)

)

We also need to prove that u™(¢) — u(t) in H}(Q) for all ¢ € (0,T]. For this end, we multiply (3) by
uf and using (A10), (29) and (31) we have

)+ (sagwoiy) <o

Lo dt
A" (1) 13) < Al (5)]13y) +2C(E = 5), £ 5>0.

Since this inequality is also true for u(-), the functions Q, (t) = A([lu™(t)||3, ) 2Ct, Q(t) = A(||lu(t)||3;:)—
) w

du™

dt

Thus, we obtain

2C't are continuous and non-increasing in [0,7]. Moreover, from (32) we deduce that

Qn(t) = Q(t) forae. te (0,7

)-
Take 0 <t <T and 0 < t; <t such that ¢; = ¢ and Q,(t;) = Q(¢;) for all j. Then

Qn(t) — Q) < Qn(t;) — Q) < |Qn(t;) — QE;)] +1Q(t;) — Q(E)].



For any 6 > 0 there exist j(0) and N(j(d)) such that Q,(t) — Q(t) < J if n > N. Then limsup @, (t) <
Q(t), so limsup [[u™(t)[|3,, < [Ju(t )||H1, which follows by contradiction using the continuity of the function
9

A(s). As u™(t) — u(t) weakly in H} (Q) implies that liminf [|[u”(t)[|2, > [lu(t )||H1, we obtain
0
an @)l - Nu(®)l3.

so that u™(t) — u(t) strongly in Hg ().
Finally, if u™(0) — ug strongly in Hg(£2) and we take t,, — 0, then

Qu(tn) = Q(0) < Qn(0) — Q(0) = A([[u" (0) [I73) — A(lluoliF) — 0,

so limsup Q,(t,) < Q(0). Repeating the above argument, we infer that u"(t,) — ug strongly in H} ().
[

Corollary 8 Assume the conditions of Lemma 7. Then the set R satisfies condition (K4).

The map t — G(t, z) is said to be upper semicontinuous if for every z € X and for an arbitrary
neighborhood O(G(t,x)) in X there is § > 0 such that as soon as d(y, ) < §, we have G(t,y) C O.

Proposition 9 Assume the conditions of Lemma 7. The multivalued semiflow G is upper semicontinuous
for allt > 0. Also, it has compact values.

Proof. By contradiction let us assume that there exist t > 0, ug € HJ(£2), a neighbourhood O(G(t,uo))
and sequences {y,}, {ufl} such that vy, € G(t,u?), uf converges strongly to ug in H}(Q) and v, ¢
O(G(t,uy)) for all n € N. Thus, there exist u” € K(ul) such that y, = u™(t). From Lemma 7 there
exists a subsequence of y,, which converges to some y € G(t, up). This contradicts y, ¢ O(G(t,ug)) for
anyn €N. m

In order to prove the existence of an absorbing set in the space L? (€2) we need to use the stronger
condition (A5) instead of (13).

Proposition 10 Assume that conditions (A1), (A5), (A6) and (A10) hold. Then the m-semiflow G has
a bounded absorbing set in L* (Q), that is, there exists a constant K > 0 such that for any R > 0 there
is a time to = to(R) such that

lyllLe < K forall t>ty, y€ G(t up), (33)

where ||ug|| > < R. Moreover, there is L > 0 such that
t+1
/ ||u(s)||?qéds <L forall t>ty, ue K (up). (34)
¢

Proof. Multiplying equation (3) by u and using (A6) and (9) we get

1d

5 sl + mllu@ly < (F),u) + (hw) (35)

1 /\1m
<m0+ elu(®) |2 + g5 lhlE + =5
Using the Poincaré inequality it follows that

d m
%HUIliz < 2me | +2(e — oA [lult )72 5 IIhHL2 = —0lu(®)]7z + &,

where § = mA\; — 2¢, kK = 2m|Q| +
lemma gives

|h]|2.. We take e > 0 small enough, so § > 0. Then Gronwall’s

>\1’m

— K
lu(®)lZe < [lu(0)[F2e™" + <

5 (36)

10



Hence, taking

2
tZtollI‘l((sR)
é K
o

On the other hand, using again the Poincaré inequality from (35) we get

d mA
S + (P2 o < x

and integrating from ¢ to ¢ + 1 we obtain

A\ — 9 t+1
(mlf) / lu(s) 7y ds < Tu(@®)lz2 + .
)\1 t ’

Therefore, applying (33), (34) follows. m

we get (33) for K = /2.

Further, in order to obtain an absorbing set in Hj () we need to assume additionally that either the
function a (+) is bounded above or that it is non-decreasing.

Proposition 11 Assume the conditions in Proposition 10 and that either (A7) or (A8) holds true. Then
there exists an absorbing set By for G, which is compact in Hg ().

Proof. In view of Proposition 10 we have an absorbing set By in L?(2). Let K > 0 be such that |y|| < K
for all y € By.
Multiplying (3) by w and using (9) and (36) we get

d
@)1 +a (@ ) @3y < 2mlQl + 22 lu@®)ls + 5= 4l
§ K1 + KQHU(O)HLz

Thus, integrating between ¢ and ¢t + 7, 0 < r < 1, we deduce by using (36) again that

t+r
e+ + [ @ () o) s

(37)
<K+ KQHU(O)H%z + ||’u(t)||%2 < K3||u(0)|\%2 + K.
Also, if p> 2 in (A5), we multiply again by (3) by u and use (5) and (A6) to obtain
|| ON2 + 2 (@)l + Ca fu (Bl < C +7Hh||
2 dt L Hg A =3 Lz
Integrating over (t,t+ r) we have
t+r
lu(t + )17 + 204/ lu ()%, ds < K5 + lu(®)|IZ> < Ko + [[u(0)]Z-- (38)
¢
If we assume (A7), by (37) and (A6) we have that
t+r t4r
[ A s < [ iluts) s < 1+ 0], (39)
t t
If we assume (A8), by (37) we obtain
tr uu<s>||H1
/ A(|lu(s ||H1 / / r) drds
t
< [ a(me >||H5) Ju($) 3y s < K u(O) 2 + K (10)
¢

11



On the other hand, by (7) we get

_/ F(u(t))de > —6/(1+ |u (t) [P)d. (41)
Q Q

Using (29) and (30) we can argue as in Theorem 5 to obtain

1, g d (1 . 1,
sl + 5 (54001 - [ AF)te) < SnlE.

Since (38)-(41) imply that

[ (30— [ 2Fen) ds < Ko+ Koo

we can apply the Uniform Gronwall Lemma to get

< Ky + Kol|u(0)
- r

1 1
§A(||u(t + 7”)”?{5) - /Q AF(u (t+7))dx I + K9, forallt>0,

so by condition (A6), (10) and (36) it follows that
lu(t + DI < K+ Kizlu(0)]|Z:,

for all ¢ > 0. In particular,
a1 < Kix + Kazl[u(0)]| e,

for any strong solution u(-) with initial condition u(0).
For any ug € Hg () with HUOHHg < R and any u € R such that u (0) = ug, the semiflow property
G(t+ 1,u9) C G(1,G(t,up)) and G(t,ug) C By, if t > to (R), imply that

lu (¢ +1) I3 < C(L+K?) Vt > to (R).

Then there exists M > 0 such that the closed ball Bys in H} () centered at 0 with radius M is absorbing
for G.
By Lemma 7 the set By = G(1, By) is an absorbing set which is compact in H} (). =

Given an m-semiflow G, a set B C X is said to be negatively (positively) invariant if B C G(t, B)
(G(t,B) C B) for all t > 0, and strictly invariant (or, simply, invariant) if it is both negatively and
positively invariant.

We recall that a set A C X is called a global attractor for the m-semiflow G if it is negatively invariant
and attracts all bounded subsets, i.e., distx(G(t, B), A) — 0 as t — +0o. When A is compact, it is the
minimal closed attracting set [34, Remark 5].

Theorem 12 Assume the conditions of Proposition 11. Then the multivalued semiflow G possesses a
global compact invariant attractor A.

Proof. From Propositions 9 and 11 we deduce that the multivalued semiflow G is upper semicontinuous
with closed values and the existence of an absorbing which is compact in H} (€2). Therefore, by [34,
Theorem 4 and Remark 8] the existence of the global invariant attractor and its compactness in Hg ()
follow. m

We recall some concepts which are necessary to study the structure of the global attractor.

Definition 13 A map ¢ : R — X is a complete trajectory of R if (- + ) |j0,00)€ R for all s € R. It is
a complete trajectory of G if ¢(t + s) € G(t, d(s)) for every s € R, t > 0.
An element z € X is a fized point of R if p(-) = z € R. We denote the set of all fized points by Rr.
An element z € X is a fixed point of G if z € G(t, z) for every t > 0.

12



Several properties concerning fixed points, complete trajectories and global attractors are summarized
in the following results [31].

Lemma 14 Let (K1)-(K2) hold. Then each fized point (complete trajectory) of R is also a fized point
(complete trajectory) of G.

Let (K1)-(K}4) hold. Then the fixed points of R and G are the same. In addition, a map ¢ : R — X
is a complete trajectory of R if and only if it is continuous and a complete trajectory of G.

The standard well-known result in the single-valued case for describing the attractor as the union of
bounded complete trajectories reads in the multivalued case as follows.

Theorem 15 Suppose that (K1)-(K2) are satisfied and that either (K3) or (K4) holds true. The semiflow
G is assumed to have a compact global attractor A. Then

A={7(0): v € K} = Urer{7(t) : v € K}, (42)
where K stands for the set of all bounded complete trajectories in R.

In view of Theorem 15, as R satisfies (K3) and (K4) (by Corollary 8), the global attractor is charac-
terized in terms of bounded complete trajectories, so (42) follows.

The set B is said to be weakly invariant if for any = € B there exists a complete trajectory +v of R
contained in B such that v(0) = z. Characterization (42) implies that the attractor A is weakly invariant.

The set of fixed points SRy is characterized as follows.

Lemma 16 Assume the conditions of Lemma 7. Let R be the set of z € H*(Q2) N HE () such that

2
a2 T2 = M) +h i L2(0) (13)

Then Rr = R.

Proof. If z € R, then u(t) = 2z € R. Thus, u(-) satisfies (12) and % = 0 in L2(0,T; L?*(2)), so (43) is
satisfied. Let z € . Then the map u(t) = z satisfies (43) for any t > 0 and 2% = 0 in L?(0,T; L*(2)),
0 (12) holds true. m

Finally, we shall obtain the characterization of the global attractor in terms of the unstable and stable
sets of the stationary points.

Theorem 17 Assume the conditions of Proposition 11. Then it holds that
A= MH®R) = M—(R),

where
M*TR) ={z:3() €K, (0) =z, dist m (V(t),R) = 0, t — +oo}, (44)

M™(R) ={z:3() €F, 7(0) =2, dist y2(7(t),R) =0, t = —o0}, (45)
and F denotes the set of all complete trajectories of R (see Definition 13).

Remark 18 In (45) it is equivalent to use K instead of F because all the solutions are bounded forward
m time.

Proof. We consider the function £ : A — R

B() = 5 Al = | Fot)ds = [ hay(a)da. (46)

Q

Note that E(y) is continuous in H (). Indeed, the maps y %A(||y||fqé) and y — [ h(z)y(z)d

are obviously continuous in H}(€). On the other hand, by the embedding H{(2) C L*°(Q) and using
Lebesgue’s theorem, the continuity of y — [, F(y(z))dz follows.

13



d
Using (29)-(30) and multiplying the equation (3) by di: for any v € R we can obtain the following
energy equality

/ | (r) adr + Bu(t) = B(u(s) for all £ > 5> 0.

Hence, E(u(t)) is non-increasing and by (A6), (10) and the boundedness of A, it is bounded from below.
Thus E(u(t)) — I, as t — 400, for some I € R.

Let z € A and u € K be such that u(0) = z. By contradiction, suppose the existence of € > 0 and
u(tn), where t, — +oo, for which distg (u(tn), R) > €. Since A is compact in H}(Q), we can take a
converging subsequence (relabeled the same) such that u(t,) — y in Hg(2), where ¢, — oo. By the
continuity of the function F, it follows that F(y) = l. We will obtain a contradiction by proving that
y € R. Define v, (-) = u(- + t,,). By Lemma 7, there exist v € R and a subsequence satisfying v(0) = y
and vy, (t) — v(t) in H}(Q) for t > 0. Thus, from E(v,(t)) — E(v(t)) we infer that E(v(t)) = I. Also,
v(-) satisfies the energy equality, so that

I+ / o |22dr = E(w (1)) + / o 22dr = E(v(0)) = E(y) = 1

d
Therefore, d—:(s) = 0 for a.a. s, and then by Lemma 16 we have y € Rr = R. As a consequence,

A C MT*(R). The converse inclusion follows from (42).

As before, take arbitrary z € A and u € K satisfying u(0) = z. Since by the embedding H}(Q) C
C([0,1]) the energy function is bounded from above in A, E(u(t)) — [, as t — —oo, for some | € R.
Suppose that there are € > 0 and u(t,), where t, — +o0, such that disty(u(—t,),R) > e. Up to
a subsequence we have that u(—t,) — y in H3 (), E(y) = [. Moreover, for v,(-) = u(- — t,) there
are v € R and a subsequence such that v(0) = y and v,(t) — v(t) in H(Q2) for ¢ > 0. Therefore,
E(v,(t)) = E(v(t)) gives E(v(t)) = and then by the above arguments we get a contradiction because
y € R. Hence, A C M~ (R) and we deduce the converse inclusion from (42). m

Finally, we are able to obtain that the global attractor is compact in the space C* ([0,1]). This
property will be important in order to study a more precise structure of the global attractor in terms of
the stationary points and their heteroclinic connections.

We define the function w (t) = u (a™* (t)), where a(t) = fg a(Hu(s)H?{é)ds, which is under the condi-

tions of Proposition 11 (see [11] for more details) a strong solution to the problem

ow  Pw  f(w)+h
— =D
ot Ox? a(||w||Hé)
w=0 on (0,00) x 9,
w(0,z) = up(z) in Q.

, in (0,00) x Q,
(47)

Let V2" = D(A"), r > 0. We will prove first that the attractor is compact in any space V2" with
0 <r < 1. For this aim we will need the concept of mild solution. We consider the auxiliary problem

{ W) =g, 1>0, (43)
v (0) = uo,

where g € L7, (0,400; L? (€2)). The function u € C([0, +00), L* (2)) is called a mild solution to problem
(48) if

t
v(t) = e~y —|—/ eiA(tfs)g(s)ds, vt > 0. (49)
0

In the same way as in Lemma 2 in [40] we obtain that a strong solution to problem (47) is a mild solution
to problem (48) with g (t) = (f(w (¢)) + ) /a(|Jw (¢) ||§Ié)

Lemma 19 Assume the conditions of Proposition 11. Then the global attractor A is compact in V" for
every 0 <r < 1.

14



Proof. Let z € A be arbitrary. Since A is invariant, there exist uyp € A and u € R such that
z=u(l) and u(t) € A for all t > 0. Since w(t) = u(a ! (¢)) is a mild solution of (48) with g (t) =
(f(w(t)) + h) /a(||w (t) ||3;1), the variation of constants formula (49) gives

0

a(l)
z=w(a (1)) = e A*Wyy + / e A=) g(5)ds.
0

As A is bounded in H{ (Q) (and then in L% (2)), condition (A6) and the continuity of f imply that
l[uoll2 < C, gl Lo (0,a(1);L2(0)) < C

where C' > 0 does not depend on z. The standard estimate He‘ <M t7"e % M, a>0

[37, Theorem 37.5], implies that

AtHl:(LQ(Q),D(A'f))

ds

A7) g < || A7e AW | .

o Aa(1)—s)
. +/0 | are 9(s)|

a(1)
< Mre*w(l)a(l)_rC’—FMrC/ (a (1) —s) " ds,
0

so A is bounded in V2" for every 0 < r < 1.
From the compact embedding V* C V?, for @ > 3, and the fact that A is closed in any V2" we obtain
the result. m

Corollary 20 Assume the conditions of Proposition 11. Then the global attractor A is compact in
c([o,1]).

Proof. We obtain by Lemma 37.8 in [37] the continuous embedding
2r 1 . 3
Vv CC([O,lleT>Z.

Hence, the statement follows from Lemma 19. m

5 Fixed points

In this section we are interested in studying the fixed points of problem (3) when h = 0, that is, the
solutions of the boundary-value problem

d2
—a(llul%,) 55 = M), 0<z <1, 0
w(0) =u (1) =0.

For this aim we will use the properties of the fixed points of the standard Chafee-Infante equation. In
order to do that, for any d > 0 we will study the following boundary-value problem

d?u

u(0) =u(l) =0,

as it is obvious that u (+) is solution to problem (50) if and only if u (-) is a solution to problem (51) with
d = |ullZ,-
0
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5.1 Dependence on the parameters of the fixed points for the Chafee-Infante

equation
Denoting X = a?d) problem (51) becomes
d*u  ~
u(0)=u(l)=0

Assuming conditions (A1)-(A5), it is known [10] that if n272 < XA < (n+ 1)> 72, then this problem has
exactly 2n + 1 solutions, denoted by vy = 0, vf:, ..., vE. The function v,f has k 4+ 1 simple zeros in [0, 1].

We need to study the dependence of the norm of these fixed points on the parameter by First, we
will show that the H'-norm of the fixed points of problem (52) is strictly increasing with respect to the

parameter \.

Lemma 21 Assume conditions (A1)-(A5). Let vy = UI:_M’ vy = v;/\z with k*m® < A\ < Aa. Then
loall gz < llvall gy -

Proof. We consider the equivalent norm in H{ (2) given by |[[v|| ;2. The fixed points are the solutions
of the initial value problem

d*u  ~
U(O) = 0, ’LLI(O) = Vo

such that w (1) = 0. The solutions of (53) satisfy the relation

(v (x))?
2

+AF(u(z)) =AE, 0<z <1, (54)

for some constant £ > 0. Denote us = ’U:X. By Theorem 7 in [10] we have that uy is associated with a

unique value E = E;° (X) > 0. Moreover, E,‘:(X) is a solution of one of the following equations:

N 5 1
m7(E) + (m — )12 (E) = 7
5 5 1
mt(E) + (m — 1)7}(E) = 7
mr(E) +mr(E) = \% (55)
where either K =2m — 1 or k = 2m and
- . Ut (E)
A(E) = A1 /O (E - F(u))~2 du, (56)
_ _ 0
™(E) = xl/2/U (E)(E — F(u))™Y? du, (57)

being U (E) (U-(FE)) the positive (negative) inverse of F' at E. It is obvious that for E fixed the functions
T}(E), T2 (E) are strictly decreasing with respect to A. Then from (55) we deduce that the root E; ()
is strictly increasing with respect to A. Thus, If A; < A, we have

VMBS () - F(w) < /220 (Bf () — F@), U(BF (W) Su<UHEL (). (58)

We will prove now that Hu’XH 12 is strictly increasing in A.
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The function us has k-+1 simple zeros in [0, 1] and us is positive in the first subinterval. Let T (E;" ()))
be the z-time necessary to go from the initial condition u(0) = 0 to the point where u} (T’ (E; ()))) = 0.
Then the length of the first subinterval is 27 (E;" (X)) [10]. By (54),

— VI EF (V) — Flug (@)l (),

A

so we have

T4 (B (V) Ty (B (V)
/ () s = | VI B (%)~ Fluy () ()

By the change of variable v = u5(x) we obtain
T (B () UNEEQ) — = ~
/ (uf ())*dz = / V2M\/EF(\) — F(v)dv = g(\).
0 0
Since A — U HEF (X)) is strictly increasing and using (58), we conclude that the function g()) is strictly
increasing. Hence, putting z1(\) = 2T (E; (X)) we obtain that the norm of us in the first subinterval,
‘ u’X 2(0.20()’ is strictly increasing. Arguing in the same way in the other subintervals we obtain that
L2(0,21 (X
A ||U/;HL2 is strictly increasing. m

Let us prove the same result but with respect to the norm H“XH 1 Withp > 1.

Lemma 22 Assume conditions (A1)-(A5) and let f be odd. Let vy = v,::)\l, vy = v;AQ with k2m? < A\ <
Xo. Then ||v1]l1p < |lv2|l e for any p > 1.

Proof. As in the previous lemma, denote us = ’UZ_X. The function us has k + 1 zeros in [0,1] at the
points 0 < x7 < 22 < ... < xp—1 < 1. When f is odd, by symmetry, the length of all subintervals has to

be the same, so z; = % regardless the value of .
We shall prove that in the first subinterval we have that uy, (z) < ux, (z), for all z € (0, §). By (54)

for x € [0 we have
() d
m—/ ds-/ ' - 5
RE

22 E* _F (u))

\ %)

o (58) yields

du du

/uxz(m) /uxl(f
02 (B () - O /20 (B () = F (w)

xr =

du , if € (0,

ux, ()
/0 V2 (Bf Qo) = F (w) 2’“]

Thus, uy, (z) < uy, (), for all z € (0, 5]. By symmetry we obtain that the inequality is true in (0, ).
Repeating the same argument in the other subintervals we get that

lux, ()] < |ux, (z)| for all x € (0,1), = # %, j=1.k—-1

This implies that |ux, ||, < ||ux,ll;» for anyp>1. m

Remark 23 The statements in Lemmas 21-22 are also true for v, <, because v, < (r) =wv 5 (1—2x), so

the H} and LP norms ofv < and v R ore the same.
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5.2 Nonlocal fixed points

Although in this paper we are mainly interested in problem (3), we will study the existence of stationary
points for an elliptic problem with a more general nonlocal term than in (50). Namely, let us consider
the following problem:

—a(l(w) gy = Af (u), 0 <z <1,
{ w(0) = u(1) =0, (5)
where
Hu) = |lullyy or flullp,, p=1,7>0.
Let

di, =sup{d: A >a (3) k2 Vd < d}.

Then for any d < dj, there exists the fixed point uz of (51), where ug is either equal to uz or uy .

Tt is obvious that any solution of (59) is a solution of (51) with d = (u) . Therefore, all the solutions
to problem (59) have to be solutions u{ to problem (51) for a suitable d.

Theorem 24 Assume conditions (A1)-(A6) and, additionally, that
a(0) T2k < \. (60)
Then:
o Forany 1 < j <k there exists dj < dy, such that uj; is a fized point of problem (59).
e IfA<a(0)n?(k+1)° and a(0) = ming>o{a (s)}, there are no fized points for j > k.

If N > k is the first integer such that A < infs>o{a (s) 7% (N + 1)2}, there are no fized points for
j>N.

Ifl (u) = ||u||7;{é, A< a(0)72(k+1)? and a is non-decreasing, there are exactly 2k + 1 solutions to
problem (59): 0, ufdf,...,uid:.

If l(u) = |Jull}., A < a(0)n?(k+ 1)%, f is odd and a is non-decreasing, there are exactly 2k + 1

solutions to problem (59): 0, uli,di, ...,u,j;d;.

Proof. For the first statement, it is enough to prove the result for j = k. By condition (60) we have
that di, € (0, 4o0].

Consider first the case where dj is finite. We need to obtain the existence of dj < dj such that
l (uZZ) = d;. When d = 0 it is clear that [ (ug) > 0. Also, we know that [ (uZ’“) = 0. Multiplying (51)

by ug and using (9), (A6) and the Poincaré inequality we obtain

| ()’

so, by using the embedding H} () C L= (Q), I (uf) is bounded in d. This implies that the function

g(d) = I (uf) has to intersect the line y(d) = d at some point dj. It remains to check that dj < di.

For this aim we prove first that u{ W 0 strongly in Hg (Q). Indeed, as uf is bounded in H{ (€2), there
—dy

2 A
<
2 ~ a(d)

A 2 1 2
(F () ) < 2 (me e utlf) < Ko+ 3 )]

exist v and a sequence {uzj} such that uij — v in L? (). The embedding H{ () C C ([0,1]) and the
continuity of the function f (u) imply that {f(u?)} is bounded in C([0,1]), so from

‘ (uzj)// = a(>c\lj) Hf (UZJ)’ L2 = % Hf (uzj)’ ¢

L2 L2
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we deduce that {u}’ } is bounded in H2 (). Hence, uj’ — v in H¢ () and C*([0,1]). Also, f(ul?) — f(v)
in C ([0,1]). Therefore, for any ¢ € H} (2) we have that

((ui’z/’w’) = iy (£ (1) )

(U/7 T/Jl) = a(gk) (f (U) 71/1) )

which implies that v is a solution to problem (51) with d = dj. But from uzj — v in C1([0,1]) it follows
that v cannot be a point with less than k + 1 simple zeros in [0, 1] and then \/a (dy) = k*7? implies that

v = 0. As the limit is the same for every converging subsequence, u% d—g 0 strongly in H} (€2). Thus,
—d

dr > 0 and limg_,q,

[(ug)']| , =0 imply that dj < d.

LZ

Second, let dj, = +o00. Then the existence of dj, < +oo follows by the same argument as before.
The second and third statements are a consequence of

A<a()m?(k+1)? <a(d)x?(k+1)* for any d >0

and
A< ig%{a (s)}r% (N +1)* < a(d)7? (N +1)* for any d > 0,

respectively, because in such a case for problem (51) the fixed points vjt, j > k (respectively j > N), do
not exist.

The last two statements are a consequence of the first two statements and of the fact that the points of
intersection of the functions g (d) =1 (ug) and y (d) = d has to be unique, because if a is non-decreasing,
then g(d) is non-increasing by Lemmas 21 and 22. =

In view of this theorem, we have exactly the same equilibria and bifurcations as in the classical Chafee-
Infante equation (see [29], [10]) when the function a(d) is non-decreasing, because in this case in view
of the monotone dependence between the functions a(d) and g(d), there is only one intersection point of
the function g (d) with the bisector, as it is shown in Figure 1. This follows from the fact that g(d) — d
is strictly decreasing, but there may be weaker conditions on « (-) that would lead g(d) — d to be strictly
decreasing.

When the function a(-) is not assumed to be monotone, an interesting situation appears. More
precisely, it is possible to have more than two equilibria with the same number of zeros. If [ (u) = Hu||§{é,

for the equilibria with &k + 1 zeros in [0, 1] this happens when the equation

1
/
0

has more than one solution. For instance, if a(0) = a(d) for some 0 < d < g(0), then g(0) = g(d).
Assuming that there are 0 < d}, < di < d such that a(d}) = a(d}) = —#, there must exist 0 < dj <
dl < d? < d} < d such that g(d}) = d}. Now, by the argument in Theorem 24, there must exist a d5 > d
such that g(d}) = dj, obtaining six fixed points with k& + 1 zeros in [0,1]. This situation is shown in
Figure 2, where df,d5 and dj are solutions of (61), that is, there are three intersection points with the
bisector. We notice that when a(d) > \/(7%k?), the function g(d) is not defined since the condition for
such equilibria to exist is not satisfied, but we can make this function continuous by putting g (d) = 0
whenever a(d) > A\/(w2?k?). This procedure establishes that, having fixed a natural number &, for any
j € N we may construct a () in such a way that we have 2(2j + 1) equilibria with k + 1 zeros in [0, 1].

At least there is always one intersection point with the bisector, but the function g(d) could be even
tangent to the bisector at some point or not cut it again.

du‘,ﬁ (x) 2

| =9 (61)

Figure 1: a(d) non-decreasing Figure 2: a(d) whatever
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5.3 Lap number and some forbidden connections

With Theorem 24 at hand we can improve the description of the global attractor given in Theorem 17.
Under conditions (A1)-(A6), (A8) and h =0, if

a(0)m?n? < A <a(0)7®(n+1)° (62)

then problem (3) possesses exactly 2n + 1 fixed points: vg = 0, ufdf s ey uid:’.
Let ¢ be a bounded complete trajectory. We know by Theorem 17 that

distp (¢ (t),R) — 0, as t — £oo.

As the number of fixed points is finite, we will prove that in fact the solution has to converge to one fixed
point forwards and backwards. We recall the omega and alpha limit sets of ¢, given by

w(¢) =4y : I, = +o0 such that ¢ (t,) = vy},
a(¢) ={y: 3, - —oo such that ¢ (t,) = y},

are non-empty, compact and connected [5, Lemma 3.4 and Proposition 4.1]. Also, distp (o(t),w(9)) —

t—+oo

0, distyy (¢ (t),a(d)) R 0. Since w(¢),a(¢) C R and R is finite, the only possibility is that

w(p) =21 €ER, a(p) =2 €R.
Thus, we have established the following result.

Theorem 25 Let assume conditions (A1)-(A6), (A8), (62) and h =0. Then
A= UM (o) = URGT M (w),

where n is given in (62) and vg =0, v; = uj'd,{, Vg = Uy g, oo
In other words, the global attractor A consists of the set of stationary points R (which has 2n + 1
elements) and the bounded complete trajectories that connect them (the heteroclinic connections).

Remark 26 As the Lyapunov function (46) is strictly decreasing along a trajectory ¢ which is not a
fixed point, then there cannot exist homoclinic connections for any fixed point. This implies in particular
that if n =0, then A= {0}.

Remark 27 If we use condition (A7) instead of (A8), then we cannot guarantee that the number of fized
points is finite. But if we suppose that this is the case, then the result remains valid. In this situation,
there could be more than two fixed points with the same number of zeros.

Lemma 28 Let assume conditions (A1)-(A6), h = 0 and either (A7) or (A8). Let u;d?u;dz be a

pair of fized points corresponding to the same value dy. Then there cannot be an heteroclinic connection
between them.

Proof. The function v (z) = U:d; (1 —z) is a fixed point corresponding to dj as

9*v (Q)zu;dz A
a2 (z) = T o2 (1-2)= sz)f (U;d; (1- 37)) = (@)

SO Uy g+ (x)=wv(z) = “;:,d;; (1 — z). The equalities

2 2 2
L Ouy 4 L ouf . 1 Ouf .
s _ el _ — s
/ ( - <x>> a= [ ( G| w= [ (FEw) a
1 pug. (@) 1 puf.(1-2) 1 pub (y)
// " f(s)dsdx:// § f(s)dsd:c:// " f(s)dsdy
0o Jo o Jo o Jo

imply that E(uy dZ) =F (u: d;), where E is the Lyapunov function (46). Since this function is strictly

decreasing along a trajectory ¢ which is not a fixed point, there cannot exist a heteroclinic connection
between these two points. m
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Remark 29 In the case where condition (A7) is assumed, there could be more than two equilibria with
k+1 zeros in [0,1]. In this case there could exist connections between fized points with different values
of the constant d.

Using the concept of lap number of the solutions we can discard some more heteroclinic connections.
We consider the function w () = u(a™! (t)), which is a strong solution to problem (47). For any
strong solution u (-) conditions (A1), (A3), (A6) and u € C([0, +00), H}(2)) imply that the function

A f(w(t x))
lw (@) 152)  w(t,2)

r(t,x):a(

is continuous and w () is a solution of the linear equation

ow_ 2w

5 92 =" (t, ) w. (63)

Thus, by Theorem 51 in the Appendix (see also Theorem C in [1]) the number of zeros of w (t) in
[0,1] is a nonincreasing function of ¢. Since a~! (¢) is an increasing function of time, the result is also
true for the solution w (). Making use of this property we will prove the following result.

Lemma 30 Let assume conditions (A1)-(A6), h = 0 and either (A7) or (A8). Then if n > k, there

cannot exist a connection from the fixed point uidz to the fixed point uid;’ that is, there cannot exist a
bounded complete trajectory ¢ such that

o(t) — uid* ast — o0, ¢(t) — ukin,d,t as t — —oo.

Proof. By contradiction assume that such complete trajectory exists. Denote by [ (z) the number of
zeros of z in [0,1]. Using the compactness of the attractor in C'(]0,1]) (see Corollary 20) we obtain that

¢ () = ut . in C([0,1]) as t — +oo,

*
n,d?

o (t) — ulj-:,d; in C'([0,1]) as t — —oo.

Then, as the zeros are simple, we can choose t; > 0 large enough such that I (¢ (—t1)) =1 (uid;) =k+1.
Put w(t) = ¢ (¢t —t1), which is a strong solution of (3). Now we choose t; > 0 such that [ (u(t2)) =
l (uid%) =n+1. Then ! (u(0)) = k+1 and I (u(t2)) = n+1 > k+ 1. This contradicts the fact that the

number of zeros of w (t) is non-increasing. ®

6 Morse decomposition

In this section we study in more detail the structure of the global attactor in the case where the function
f is odd. More precisely, we obtain that the m-semiflow G is dynamically gradient, which is equivalent
to saying that there is a Morse decomposition of the attractor [26], and study the stability of the fixed
points.

6.1 Aproximations

We consider now the situation when conditions (A1)-(A6), h = 0 and either (A7) or (A8) are satisfied
and, moreover, the function f is odd.
In this section we consider the following problems:
ou 0%u
O () 2 = A ), >0, 2 € (0,),
u(t,0) =0, u(t,1) =0,
(0, z) = uo(x),

(64)
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where the function f. is defined below and ¢, — 0, as n — oo.

Let pc,(-) be a mollifier in R. We define the function f"(u) = [; pc, (s)f(u — s)ds. It is well known
that fe»(-) € C*°(R) and that for any compact subset A C R we have f*» — f uniformly on A. It is
clear that for u > €, the function f» (u) is strictly concave.

We need the approximation to fulfil (A2)-(A3). For that end, we consider the approximation except
on the interval [—e,, &,], for any &, > 0. There exists a polynomial of sixth degree p(x) such that

p(0) =0, p(en) = hien),

P’ 0) =1, p/(sn) = h/(&‘n),
p'(0) =0, P'(en) = B (),
p"(0) = —1.

We choose v > 0 such that p” (s) < 0 for all s € (0,]. We can assume that ¢, < v for all n.
Thus, by construction the function

—fen(—x) if T < —€p,

—p(—x) if —en<2<0,
feu(x) = p(];) ’ ;f 0€§ x 2 En, (%)
fen(z) if T > ey

approximates the function f uniformly in compact sets, that is, for any [—M, M] and § > 0 there exists
no(M,0) € N such that

|f(z) = fe, (x)] < 0, foralln>ng, e |[-M,M]. (66)

Also, it satisfies the following properties:

(B1) fe, € C*(R);

(B2) fe,(0) = 0;

(B3) fZ, (0)=1;

(B4) f., is strictly concave if u > 0 and strictly convex if u < 0;
(B5) f., is odd

Lemma 31 Let f satisfy (A5). Then the functions f., satisfy condition (A5) and (9) with independent
constants of €.

Proof. We assume without loss of generality that £, < 1. In order to check (4)-(5) we only need to
consider u outside the interval [—1, 1], because the sequence { f¢, } is uniformly bounded in any compact
set of R. Then for u ¢ [—1, 1] the Holder inequality and [; pc, (s)ds = 1 give

|fen (W) =

[1w=spe @ ds| < [ 17 @=9)pe, () ds
R R
S/R(Cl—&—C’ﬂu—s\p* ) pe,, (s)ds

<o ([ () e (9)as)

—€n

< 51 + 52 |u|p71 .
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If f satisfies (5), then
foowyu= [ Flu=s) (=) pe, st [ u=s)sp., (s)ds
< / (C5 — Cylu — s|?) pe, (s)ds —|—/ (C1 + Colu—s|P71) sp., (s)ds
R R
<K= Co [ @l = ) g, ()
R

a2 [ (P 1) spe, (5)ds
R
§ 63 - 6'4‘u|p’
where we have used |u|” < 2P~! (|sP| + |u — s|”) and the Young inequality.
For (9) we put in the above inequality p = 2, C3 = m., Cy = —¢ and obtain
fe, (W) u < M. + eu?,

which obviously implies (6). m

Our next aim is to focus on the convergence of solutions of the approximations.

Theorem 32 Let conditions (A1)-(A6), h = 0 and either (A7) or (A8) be satisfied and let, moreover,
the function f be odd. If uc, o — ug in Hi(Q) as e, — 0, then for any sequence of solutions of (64) u.,, ()
with ue, (0) = ue, o there exists a subsequence of €, such that u., converges to some strong solution u (-)
of (8) in the space C([0,T], H(Q)), for any T > 0.

Proof. Using (29) and (30) we can repeat the same lines of the proof of Theorem 5 and obtain the
existence of a function w (-) and a subsequence of u., such that
e, —win L(0,T; Hi (9
ue, — u in L?(0,T; D(A)
duE" _\dﬂ
dt  dt

e, —uin C([0,T); LA(9)),

ue, — uin L?(0,T; HY (),

Fe (n,) = f(u) in L%(0,T; L(9)),

a||ue, |3) Aue, — al|lullFy)Au in L2(0, T3 L*(22)).

),

b

)
)

in L2(0,T; L(2)),

Also, in the same way we prove that u (-) is a strong solution to problem (3) such that u (0) = ug.

The uniform estimate in the space H} (Q) implies also that if t,, — tg, then ue, (t,) — u (to) in H} ().
We need to prove that this convergence is in fact strong, proving then the convergence in C([0, 7], Hg (£2))
for any T > 0.

In the same way as in the proof of Lemma 7 we deduce that for some C' > 0 the functions @, (t) =
A([Jue, (1)[15,1) — 2Ct, Q(t) = A(|Ju(t)]|3;,) — 2Ct are continuous and non-increasing in [0, T]. Moreover,

0 0 .
Qn(t) = Q(t) for ae. t € (0,T). Let first £ty > 0. Then we take 0 < t; < o such that t; — ¢o and
Qn(t;) = Q(t;) for all j. Then
Qn(tn) — Qto) < Qn(t;) — Qto) < |@n(t;) — Q)] +Q(t;) — Q(to)] for £, > t;.
For any 6 > 0 there exist j(4) and N(j(5)) such that Q,(t,) — Q(to) < d if n > N, so limsup Q,(t,) <
Q(to). Hence, a contradiction argument using the continuity of A (s) shows that limsup [uc, (t,)]3,, <
0

||u(t0)||§{&. This, together with lim inf ||u€n(tn)||§lé > ||u(t0)||§l017 implies that Hugn(tn)HiIé — ||u(t0)||§13,
so that uc (t,) — u(tg) strongly in HE (). For the case when ty = 0 we use the same argument as in
Lemma 7. m

We denote by A, the global attractor for the semiflow G, corresponding to problem (64).
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Lemma 33 Assume the condition of Theorem 32. Then U
UnenAe, is compact in L*(Q).

A.,, is bounded in H}(Q). Hence, the set

neN

Proof. By Lemma 31 inequality (9) is satisfied for any n with constants which are independent of &,
so inequality (36) holds true with constants independent of &,,. Thus, there a exists a common absorbing
ball By in L? (Q) (with radius K > 0) for problems (64). Further, by repeating the same steps as in
Proposition 11 we obtain a common absorbing ball in Hg () (with radius K > 0) as by Lemma 31 the
constants which are involved are independent of ¢,,. Thus, ||y||Hé < K for any y € U,cnAe,. |

Lemma 34 Assume the condition of Theorem 32. Then U, _ A., is bounded in V" for any 0 <r < 1.
Hence, U, . A., is compact in V" and C1([0,1]).

neN

Proof. Using Lemma 33 we obtain the boundedness of U,_,A., in V" by repeating the same lines
in Lemma 19. The rest of the proof follows from the compact embedding V* C V#, a > 3, and the
continuous embedding V2"  C1([0,1]) if r > 2. m

Corollary 35 Assume the condition of Theorem 32. Then any sequence &, € A., with €, — 0 is
relatively compact in C*([0,1]).

Lemma 36 Assume the condition of Theorem 32. Then up to a subsequence any bounded complete
trajectory u.,, of (64) converges to a bounded complete trajectory u of (3) in C([-T,T], Hi(Q)) for any
T > 0. On top of that, if y, € A, , then passing to a subsequence y, — y € A in Hg (). Hence,

disty (A-,, A) = 0 as n — 0. (67)

Proof. Let fix T > 0. By Corollary 35 u., (—=7T) — vy in H(£2) up to a subsequence. Theorem 32 implies
that u., convergesin C([-T,T], H}(Q)) to some solution u of (3). If we choose successive subsequences for
—2T,-3T ... and apply the standard diagonal procedure, we obtain that a subsequence u., converges
to a complete trajectory u of (3) in C([-T,T], H}(Q2)) for any T > 0. Finally, from Lemma 33 this
trajectory is bounded.

If y, € A.,, by Corollary 35 we can extract a subsequence converging to some y. If we take a
sequence of bounded complete trajectories ¢, (-) of (64) such that ¢, (0) = y,, then by the previous
result it converges in C([~T,T], H}(Q)) to some bounded complete trajectory ¢ (-) of (3), so y € A.

Finally, if (67) was not true, there would exist § > 0 and a sequence y, € A., such that disty; (y,.A) >
0. But passing to a subsequence y, — y € A, which is a contradiction. m

Lemma 37 Assume the conditions of Theorem 32. Let 70" be the functions (56)-(57) for problem
(51) but replacing f by fe, and d by d,,. Let d,,, E,, — 0 as n — co. Then
0
lim 7dven (5,) = YOT

n— 00 vV 2\

Proof. Let us consider fq, ¢, (v) = )‘Zzgi?). In view of property (B4) and (66), since f. (0) = f'(0) =1
and f., (0) = f(0) =0, given v € (0, 1) there exists § > 0 (independent of £,,) such that

(1—+ 2u<fE (u) < (1+7)u, for any u € (0, 9).

; 1 for any u € (0, 9).

(68)
< fsn( ) -

The sequence F¢, (-) converges uniformly to F () in compact sets. Moreover, as Uy (E) is continuous
and using [38, p. 60], given 6 > 0, there exists > 0 such that U (E) < § for any 0 < E < 7. Now, if
we integrate the first inequality in (68) between 0 and v we obtain

%(1—7)u2§}'€n( )< —(1+y)u?, forany 0 <u < 4.

l\J\H

Using the change of variable E,y* = F. (u), we have

1y 1/2 - 1/2 _
(E) ugyg(wn) u, f0O<FE,<n 0<y<l1.
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Dividing the previous expression by ﬁ fd, e, (u) and using (68) we obtain

1/2 [, 1/2
a(d,)(1— a(dn)y a(d,)(1+ .
(2AETL)<(1+J))2) S Dfanen = <2A(En)((17f7))2) HO<E,<m 0<y<l

Now if we multiply by 2v/E, (1 — 42)"2 and integrate from 0 to 1, we get

@ _ 1/2 " 1/2 )
7 (42(‘;761)5;)?) <7 (Bp) < (72(;1(1)(;5;)) . if0< E, <n.

Then the theorem follows as a (d,,) — @ (0) when n — oco. The proof for 75" is analogous. =

Under the conditions of Theorem 32, if (A8) is satisfied and

a(0)m?k? <A<a(0)n®(k+1)*, keZ, k>0, (69)

holds, then by Theorem 24 problem (64) has exactly 2k+1 fixed points (denoted by vy = 0, Uitdgn, cey v:dsn)
[hadl "k
and v* has m + 1 zeros in [0, 1] for each 1 < m < k. The same is valid for problem (3) and we denote

m,dg
o _ + +
the 2k + 1 fixed points by vg = 0, UL g oo U

Lemma 38 Assume the conditions of Theorem 32, (A8) and (69). Let m € N, 1 < m < k, be fized.
Then vt (resp. v e.) do not converge to 0 in Hi () as e, — 0.

cn
m,dp,

Proof. Assume that vt — 0in H} (0,1). Then it converges to 0 in C ([0, 1]) and the equality

m,d;?
+
,d20;7dfr{‘, ) = Me <vmvdfr? (ff)>
da? a(dyy)
dv:l £ 2
implies that v;’d% — 0 in C?([0,1]). In particular, d’x ™ (0) = 0 and di» = HU;,dfn" ; — 0. The
_ _ . a (dsp) 4V ey .
value E,, corresponding to the fixed point vjn 4en 18 equal to ne——om (0), so B, — 0. We will

dz
show that this is not possible. We know by Lemma 37 that

En 0
lim 0o () = TV al

n—00 vV 2)\

is a fixed point with d = dr one of the following conditions has to be satisfied (see

~

Also, since v;z &
(55)):

N

it en . dn en 1
I )+ G- 0 ) = () (70)
. div e . dim e 1\ | .
JT_" (En) + (] - 1) 7" (E'n) = 5 , ifm= 25 —1 (7]_)
1
- dfr?76n . dfy?aan 1 2 . .
Tt () gt T (Ee) = (5 ) i m=2j. (72)

Since E,, — 0 and A > k?72a(0) > m?72a(0), there exists ,, such that

€ng
dm s€ng 1

[ (Eny) < E

Hence, neither of (70)-(72) is possible. ®
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Lemma 39 Assume the conditions of Theorem 32, (A8) and (69). Let m € N, 1 < m < k, be fized.
Then v’ (resp. v e.) converges to ufmd* in H} () (resp. Uy, g« ) as €n — 0.

cn
m,dp,

+

Proof. We consider v; <, . In view of Corollary 35, v ..., is relatively compact in C*([0,1]), so up to

d
— v strongly in C1([0,1]) and d5» — d* = ||”||§J§ The proof will be finished if

We observe that since in such a case every subsequence would have the same
+

m,d,

) converges to f (v) in C([0,1]). It follows that

+
a subsequence Uy g
+

we prove that v =u,} ...

limit, the whole sequence would converge to u
In view of (66) f., (v’

En
m,dp;

0% Af (v)

9> a(||vll%s)

and v is a solution of (50), so v is a fixed point of (3). We need to prove that v = “2—1,(1* . By Lemma
38 v #£ 0, and then v = u]id* for some 1 < j < k. Since ujcd* has j 4+ 1 simple zeros, the convergence
@ )

v+ €
m,d,
zeros in [0,1]. Thus, m = j.

For the sequence v_

has j + 1 zeros for n > N. But v’ possesses m + 1

m,d;?

— uji,d; in C1([0,1]) implies that v

€
s

the proof is analogous. m

m,dpt

6.2 Instability

We will prove that the fixed points 0 and uf dxs k > 2, are unstable under some additional assumptions
on the functions f and a. For this aim we need to use the approximative problems (64).

Theorem 40 Assume that the conditions (A1)-(A8), h = 0, (69) with k > 1 are satisfied and let,
moreover, the function f (-) be odd and a (-) be globally Lipschitz continuous. Then the equilibria vg = 0
and u;td,f, 2<j<k (if k>2), are unstable.

()

Remark 41 The condition that a (-) is globally Lipschitz continuous could be dropped, as we can replace
a(-) in (64) by a sequence a., () of globally Lipschitz continuous functions.

Proof. Problem (64) generates a single-valued semigroup {7, (¢);¢ > 0} with a finite number of fixed

points: vy = 0, dei" , ""Uki,di" [19]. We know by Theorems 3.5 and 3.6 in [19] that for any U;de." with

7 > 2 and vg there exists a bounded complete trajectory u®~ such that

u(t) — vl .. ast— —oo, fork>2,
Jrd;
SO vy, vj' gon are unstable. The same is valid for vj_ gon- On the other hand, by Lemma 39 we have
4, 4,
+ +
Ujazn = Ujlars (73)
where u;td* is a fixed point of problem (3) with j + 1 zeros in [0, 1]. We prove the result for u;rd*. For
b J 9 ]

(s and vy the proof is the same.
4

By Lemma 36 we obtain that up to a subsequence u®" converges to a bounded complete trajectory u
of problem (3) in the space C([-T,T], H}(Q)) for every T > 0. Thus, either u (-) is a fixed point v_; or
by Theorem 17 there exists a fixed point v_; of problem (3) such that

u(t) - v_, ast— —ooin Hi(Q).

In the second case, if v_; = uj'd*, the proof would be finished, so let assume the opposite.
4
Assume first that either u () is not a fixed point or it is a fixed point but v_; # uj'd We consider
@

ro > 0 such that the neighborhood Oa,,(v_1) does not contain any other fixed point of problem (3). For
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any r < ro we can choose ¢, — —oo and n, such that u"(¢.) € O,(v_1) for all n > n,. On the other

hand, since u*»(t) — v;.rdan, as t - —oo, and ’U;.rdgn — ujd* & Bay,(v_1), there exists ¢, < t, such that
[aat] g g

wrr (8) € Opy(v-y) for t € (81, 1,],

[us () = v-1ll gy = 70.

Let first ¢, — ¢, — +00. We define the sequence u;"" (t) = u"r (¢ + t..), which passing to a subsequence
converges to a bounded complete trajectory ¢ (t) such that ¢ (¢t) € O, (v_1) for all ¢ > 0. As there is
no other fixed point in O,y (v_1), ¢ (t) = v_1 as t — +oo. But ||¢(0) —v_1]| = 7o, so ¢ (-) is not a
fixed point. Then ¢ (t) — v_g as t — —oo, where v_s is a fixed point different from v_;. Second, let
[ty — t.| < C. Then put u]"" (t) = u®"r (t +t,.). Passing to a subsequence we have that

ul™ (0) = v_q,

t, —t —tg, asr — 0.

Also, u7"" () converges to a bounded complete trajectory u' (-) of problem (3) such that u'(0) = v_;.
Let

ul (t) if t <0,
) = { v_yif t > 0.
We note that ||u'(—to) —v_1]|,;, = ro implies that ' () is not a fixed point. Then t; is a bounded
0

complete trajectory of problem (3) such that ¢ (¢t) = v_s £v_1 ast — —oo. If v_g = u;fd;7 the proof is

finished.
Ifv_o # u;'d*, we continue constructing by the same procedure a chain of connections in which the
45

new fixed point is always different from the previous ones, because the existence of the Lyapunov function
(46) avoids the existence of a cyclic chain of connections. Since the number of fixed points is finite, at
some moment we obtain a bounded complete trajectory ¢ (-) such that ¢ (¢t) — uj:d; as t — —oo, proving

that u;”d* is unstable.
dj
Now let u(-) =v_1 = u?d*. Defining the neighborhood Os,,(v_1) as before, for any r < ry we can
odj

choose n, such that u"(0) € O,(v_1) for all n > n,. Also, since u*"(t) — z{, as t — 400, where
2y # v;'dgn is a fixed point of (64), there exists ¢, > 0 such that
d;

(1) € Opy (v-s) for t € [0,2,),

6™ (£) = -1y = ro.
The sequence {t,.} cannot be bounded. Indeed, if ¢, — tg, then u"r(¢.) — wu(tg) = v_1, which is
a contradiction with ||u®"r(t9) — U,1||Hé = ro. Then t, — +oo. We define the functions u]"" (t) =

ufnr (t 4 t,.), which satisfy that ui"" (t) € O,,(v_;) for all t € [~t,,0). Passing to a subsequence it

converges to a bounded complete trajectory ¢ (-) such that ¢ (t) € O, (v_1) for all ¢ < 0. This trajectory

is not a fixed point as [|¢(0) — vyl = 7o and ¢ () — ujfd; as t — —00, SO u;fd; is unstable. m

Further, we will prove that there is also a connection from 0 to the point uf d@x

Theorem 42 Assume the conditions of Theorem 40. Then there exists a bounded complete trajectory
¢ () such that ¢ (t) s 0, ¢(t) N @d; (and the same is valid for u’;d;i)' Thus, E(0) = 0 >
——00 —+00 ) )

E(uidz).

Proof. We start with the case where kK = 1. We have three fixed points: 0, ufd;’“;d;' By Theorem
40 there exists a bounded complete trajectory ¢ (-) such that ¢ (t) . — 0, whereas Theorem 17 and
——00

Remark 26 imply that it has to converge forward to a fixed point different from 0, that is, to either
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ude or Uy 4. If, for example, ¢ (t) e uidi’ then as the function f is odd, ¥ (t) = —¢ (t) is another
bounded complete trajectory and v (t) ot —uf‘d; = Uy g
—+o00 ’ )
Further we consider the problem

Ju 0%u
(HUHHl)a 3 =Afr(u), t>0,0<z< %,

u(t,0) = u(t, 1) =0,
u(0,2) = uo(),
where fi,(u) = Vkf (u/f) satisfies (A1)-(A5). In this problem, condition (69) implies that there are

again three fixed points: 0, u

(74)

By the above argument there is a connection (b (+) from

* w1
1,d3, 1’ 1d1,,€

0 to uIdI,% (also to u i, 1) Slnce the function f is odd, u',;dz (z) is equal to % fd* 1 (z) on [0, 1],
tg —‘ikuid;% (x — %) on [, 2], etc. Then the function ¢ (-) such that ¢ (t,z) = = 1) ¢1 (t,x — %) on
(£, %], j=0,1,....k — 1, is a bounded complete trajectory of problem (3) which goes from 0 to “Zd
[

Remark 43 When k = 1 the structure of the global attractor is the same as in the Chafee-Infante
equation.

6.3 Gradient structure

We will obtain that the m-semiflow G is dynamically gradient. Let us recall this concept.

A weakly invariant set M of X is isolated if there is a neighborhood O of M such that M is the
maximal weakly invariant subset on O. If M belongs to the global attractor A4, then it is compact [26,
Lemma 19]. In this case, it is equivalent to use a d-neighborhood Os(M) = {y € X : dist (y, M) < d}.

Suppose that there is a finite disjoint family of isolated weakly invariant sets M = {M,..., M,,} in
A, that is, for every j € {1,...,n} there is €¢; > 0 such that M; C A is the maximal weakly invariant set
on O, (M;), and suppose that there exists ¢ > 0 such that (’)5( ) NOs(M;)=0,if i # j.

Definition 44 We say the m-semiflow G: RT x X — P(X) is dynamically gradient with respect to the
disjoint family of isolated weakly invariant sets M = {My, ..., My} if for every complete and bounded
trajectory ¢ of R we have that either (R) C M, for some j € {1,...,m}, or a(y) C M; and w(¢p) C M;
with 1 < j <1< m.

Let us consider the case when the conditions of Theorem 40 hold. Then (3) possesses exactly 2k + 1
fixed points: vg = 0, ulidf, ...,ufdz. Also, as f is odd, u;rdf = —Uj g for any j. We define the following
sets: ’ ’

M, = {“fd;’ul_,d;}v ey My = {u;:,dZ?uI;,dZ}’ Mp41 = {0}. (75)
They are weakly invariant and using Lemma 28 we deduce easily that they are isolated. Then the family

M ={M,..., M1} is a finite disjoint family of isolated weakly invariant sets.

Proposition 45 Assume the conditions of Theorem 40. Then G is dynamically gradient with respect to
the family (75) after (possibly) reordering them.

Proof. We reorder the family (75) in such a way that if the value of the Lyapunov function F given in

(46) is equal to L; for the set M;, then L; < L,, for j < n. Then Theorem 25 in [26] implies that G is
dynamically gradient with respect to this family. m

We will obtain then that the fixed points u;r di,ul_ dr are asymptotically stable. The compact set
M C Ais alocal attractor for G in X if there is € > 0 such that w (O.(M)) = M, where

w(B) ={y: 3t, = 400, yn € G(t,, B) such that y, — y}

is the w-limit set of B. By Lemma 14 in [26] if M is a local attractor in X, then it is stable. Thus, a
local attractor is asymptotically stable.
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Theorem 46 Assume the conditions of Theorem 40. Then the stationary points uidi’uidi are asymp-
totically stable.

Proof. By [26, Theorem 23 and Lemma 15] Ml is a local attractor in X, so it is asymptotically stable.

By Theorem 40 the sets Mj, j > 2, are unstable. Thus, M; = M;. As M; consists of the two elements
uf df,u; s which are obviously disjoint, they are asymptotically stable as well. =

We will prove that there is a connection from 0 to any other fixed point u;.td*.
4;

Theorem 47 Assume the conditions of Theorem 40. Then there exists a bounded complete trajectory
@ () such that ¢ (t) s 0, ¢ (t) i uj'd* for all1 < j <k (and the same is valid for u ;. ).
——00 —4o00 DY >

Proof. Let us consider problem (74) with & = j. The function ui"d;%(:ﬂ) = \ﬁu;:d; (x), z € 0, %], is
the unique positive fixed point of problem (74). Let X;r = {u e H} (07 %) cu(x) > 0Ve €0, %}} be
the positive cone of H} (O, %) If we consider the restriction of the semigroup 77" (-) of problem (64) in

the interval (0, %) to Xj+7 denoted by T;”’Jr (+), then there exists a global attractor AZJ— [18]. Since 0
and vfdin’% = ﬂv;d;,L fdsn , is stable

105
[19] and A:; ; consists of the fixed points and their heteroclinic connections, there must exist a bounded

[0,2] are the unique fixed points of T;""“7 Al ; is connected, v
3 ;

complete trajectory qu" (+) of T;”’J“ which goes from 0 to vf 4on 1- By Lemma 36 up to a subsequence it
9 ] g

converges to a bounded complete trajectory ¢; (-) of problem (741) with k = j such that ¢; (¢) > 0 for all
t € R. Since by Theorem 46 the fixed point ufd*‘ . is stable, the only possibility is that ¢; (t) — 0, as

H

t — —00, ¢; (t) — ul

1,d%,4°
’dJ’J

as t — 4o00. Then the function ¢ (-) such that ¢ (t,z) = (jflj)? oy (t,x - %) on

[%, “;—1], 1=0,1,...,j — 1, is a bounded complete trajectory of problem (3) which goes from 0 to u;rdf.
)
For u; ., noting that u; ;. = —ujd*‘, the result follows by choosing the bounded complete trajectory
d; j,d; o
P(t)=—¢(t). =

As a consequence we obtain that the order of the family M has to be the one given in (75).

Theorem 48 The semiflow G is dynamically gradient with respect to the family M in the order given
in (75), that is, M; = M; for any i.

Proof. As by Theorem 47 there is a connection from 0 to u;td*_, 1 < j < k, we have proved that
]

Mk_H = {0} = Mgy1. The fact that the order of the other sets is the one given in (75) follows from
Lemma 30. m

7 Appendix

In this appendix we generalize the lap number property of solutions of linear equations proved in [29] to
the case when we do not have classical solutions. For this we will use a maximum principle for non-smooth
functions from [30].

Let O be a region in R? and let (¢9,70) € O and p,o > 0. We denote

Qpo ={(t,x) 1 t € (to — 0,t0), |v — 0| < p},

where we assume that tg, xg, p, 0 are such that @pﬂ cO.
We denote by W the space of all functions from L? (O) such that

/O <u(t,x)|2—|— ‘gZ(t,x)

As a particular case of Theorem 6.4 in [30] we obtain the following maximum and minimum principles.

2
)d,u<—|—oo.
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Theorem 49 (Mazimum principle) Let w € W be such that

ou  O%u
o oz =0 (76)

in the sense of distributions. If
sup ess(tyx)Equﬁalu(t,x) =M,

for some v, 0 <v <1, and any o1, where 0 < 01 < 0, then u (t,x) = M for a.a. (t,2) € Qp -
Theorem 50 (Minimum principle) Let u € W be such that

ou  0%u
% a2 >0 (77)

in the sense of distributions. If
inf ess(tyx)Eprlu(t, x) =M,

for some v, 0 <v <1, and any o1, where 0 < 01 < o, then u (t,x) = M for a.a. (t,2) € Qp 0.

We are ready to prove the lap-number property, saying that the number of zeros is a non-increasing
function of time.

Theorem 51 Let r (t,z) be a continuous function and u € C([to, t1], H (2)) NL? (to, t1; H? (Q)) be such
d
that ditL € L? (to, t1; L* (Q)) and satisfies the equation

ou 0%*u

a—@:r(t,x)u,0<x<1, tg <t <t. (78)

Then the number of components of
{z:0<z<1, u(t,z)# 0}
is a non-increasing function of t.

Proof. We follow similar lines as in [29, Theorem 6].

Denote Q (t) = {z € (0,1) : u(¢,x) # 0}. We need to show that there is an injective map from the
components of @ (¢1) to the components of Q (tg) if t1 > to. If we denote by C' a component of Q (¢1)
and by S¢ the component of [tg,t1] x (0,1) N {u(¢,x) # 0)} which contains C, then in order to obtain
the injective map it is necessary to prove two facts:

1. Sc N Q(ty) # ;
2. If Cy, Cy are two components of @ (t1), then S¢, NS, = @.

Let us prove the first statement by contradiction, so assume that Sc N Q(tg) = @. We can assume
without loss of generality that r (¢,2) < 0, because this property is satisfied for the function W (t,z) =
u(t,x) e~ with A > 0 large enough and the components of these two functions coincide. Consider for
example that u (¢,z) > 01in Sc¢. Let M = max yes. u (t, ). By hypothesis and the Dirichlet boundary
conditions this maximum has to be attained at a point (¢, 2’) such that to <t <t;, 0 < 2’ < 1. Also,
there has to be an € > 0 such that if (¢,2) € S¢ and tg < ¢t < to+e¢, then u (t,2) < M, as otherwise there
would be a sequence (t,,z,) € S¢, t, > to, such that ¢, — tg and w (¢t,,x,) = M. By the continuity of
u this would imply that u (tp,z9) = M for some (tp,z9) € Sc, which is a contradiction. Then we can
choose ¢’ as the first time when the maximum is attained, so u (¢t,z) < M for all (¢,z) € S¢, to <t <.
By the continuity of u there exists a rectangle R = [t/ — §,t'] x [2' — 7,2’ + 7] such that R belongs to Sc.
In order to apply Theorem 49 we put O = R and

Qs ={t,z):t e —6t), |z —2'| <~}
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We have that
sup  u(t,z) =M,
(t,2)EQuy,0q
for some 0 < v < 1 and any 0 < o1 < 4. Since u satisfies (76), we conclude from Theorem 49 that
u(t,z) = M for all (t,x) € Q,,», which is a contradiction.

For the second statement suppose the existence of two disjoints components Cy, Cs of @ (t1) such that
Se, NSe, # &, which implies in fact that S¢, = S¢,. In this case we can assume that 7 (¢,2) > 0, being
this justified by the function W (t,2) = u (t,x) e’ with A > 0 large enough. Let for example u (¢, z) > 0
in S¢, and assume that the interval C; has lesser values than the interval Cy. Also, it is clear that
between C; and Cy there must exist a point (£1,xo) such that u (1, z9) = 0. On the other hand, the set
Se, N (to, t1) x [0,1] is path connected. Thus, there exists a simple path & such that one end point is in
{t1} x Cy and the other one is in {t;} x Cy. Let us consider the set L of all points which are above the
curve ¢ and such that the function u vanishes at them. This set is non-empty because (t1,z¢) € L. Since
L is compact, the function g : L — [tg, 1] given by g (t,z) = t attains it minimum at a certain point
(t',x') € L such that ¢ty < t’. Then there exists a set R = [t — §,t') X [¢/ — 7,2’ + ~] which belongs to
Sc,. Let O = R and

Qs ={t,z):t e —d6t), |z —2a'| <y}

We have that
inf u(t,z) =0,
(t,2)EQu~y,0q
for some 0 < v < 1 and any 0 < o7 < 4. Since u satisfies (77), we conclude from Theorem 50 that
u(t,z) =0 for all (t,z) € Q, , which is a contradiction. m
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